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In the studies of optical injections in laser or beam-driven wakefield accelerators, there is a frequent
demand for using obliquely propagating assistant lasers in particle-in-cell simulations. In conventional
methods, this is only possible in either two- or three-dimensional Cartesian geometries, which have the
drawbacks of either lack of fidelity for the actual situation or requiring a huge amount of computational
resources. In this work, we develop a new method that uses an expression-defined oblique laser field to
simulate such situations in quasicylindrical geometry particle-in-cell simulations, having the advantages of
both maintaining good fidelity and saving computational resources. As an example, we use this method in
the scissor-cross ionization injection scheme for the optimization of the injected beam quality. This method
is widely applicable to particle injections with assistant lasers in wakefield accelerators, as long as the
assistant lasers only influence the injected particles during the injection process.
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I. INTRODUCTION

Laser wakefield accelerator (LWFA) has received much
attention since it was proposed due to its high acceleration
gradient [1]. In 2004, quasimonoenergetic electron beams
were obtained experimentally from LWFAs for the first
time [2–4]. In the following two decades, scientists have
been continuously improving the quality and reliability of
LWFAs for real applications [5,6]. The quality of the
accelerated electron beam in an LWFA mainly depends
on the injection scheme. The commonly used schemes
include self-injection [7–10], injection by modulation of
phase velocity of plasma wake [11–17], ionization injection
[18–30], and injection by laser collision [31–34]. Scissor-
cross ionization injection is an improvement of the ioniza-
tion injection scheme, which uses an oblique assistant
laser to intersect with the driving laser at an acute angle,
and thus triggers the ionization injection when the two
lasers overlap [35].

Particle-in-cell (PIC) algorithm is a widely used simu-
lation method for laser-plasma interactions and is one of the
most important tools in LWFA studies. The PIC algorithm
in three-dimensional (3D) geometry is usually considered
to have the most fidelity to the real situation, at the cost of
huge consumption of computational resources. Recently,
the analytic pulse technique (APT) for computational
electromagnetics has been proposed to reduce the computa-
tional cost [36]. The APT optimizes the PIC loop by
decomposing electromagnetic fields into analytically
solved vacuum fields and numerically solved plasma
response fields. Besides, the quasicylindrical geometry
(QCG) is developed for PIC simulations to save computa-
tional resources while maintaining fidelity for the problems
with partial cylindrical symmetry [37–40]. In such a
problem, the system can be decomposed into a finite
number of azimuthal modes, so that the original 3D
problem is reduced to a few two-dimensional problems,
and the time and space complexities are largely reduced.
The LWFAwith a cylindrically symmetric laser profile is a
very typical problem suitable for the QCG. Thus, PIC with
QCG is becoming one of the most commonly used methods
for LWFA simulations. However, for problems without
such partial cylindrical symmetry, such as problems
involving transverse or oblique assistant lasers, the QCG
is usually not applicable.
In this paper, we propose to use an expression-defined

laser field in the QCG to simulate the LWFA problems with
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oblique lasers, as suggested in a private discussion [41]. In
this method, the driving laser is conventionally launched on
the simulation grids and propagates self-consistently in the
longitudinal direction, while the oblique laser is defined by
math expressions of electromagnetic (EM) field. Similar to
APT, the oblique laser is prescribed, but we apply it to the
QCG, and the particle response is realized in the species
ionization and particle pushing processes of the PIC cycle.
In practice, such an expression-defined field is realizable by
the “external EM field” feature in most PIC codes [42].
However, the validity of using such an external oblique
laser field in the QCG, which is far away from cylindrical
symmetry, has not been proved before. Three simulation
tests of this method are in Sec. II, the application of this
method to the scissor-cross ionization injection scheme is
in Sec. III, and Sec. IV concludes this paper. We demon-
strate that although the oblique laser breaks the symmetry,
the QCG simulation can still maintain a satisfactory fidelity
compared with 3D simulations in the Cartesian geometry.
As one can see, this method makes the parameter scan of
LWFAs with oblique assistant lasers possible, which is
usually unaffordable in the conventional 3D Cartesian
geometry.

II. SIMULATION TESTS OF OBLIQUE LASERS IN
THE QUASICYLINDRICAL GEOMETRY

In our method, the driving laser is linearly polarized and
has a cylindrically symmetric spatial profile, and it is
launched by the regular laser launching mechanism of a
PIC code. The self-consistent evolution of such a laser can
be simulated with high fidelity in the QCG. The assistant
laser coming from the side, usually at an oblique angle, is
realized by defining the expressions of its EM field. To find
the expressions, we first write down the vector potential of
the laser in its self-coordinate ðx0; y0; z0Þ, where z0þ is the
propagation direction, and x0 is the polarization direction of
the laser. If we assume the laser profile is Gaussian both
temporally and spatially, and the interaction region is much
shorter than the Rayleigh length, the vector potential
(normalized to mec=e, where me is the electron mass, c
is the speed of light in vacuum, and e is the elementary
charge) near the focal position can be written as

Ax0 ¼ a0 cos ðkz0 − ωtÞ exp
�
− r02

w2
0

− ðz0c − tÞ2
τ2

�
; (1)

and Ay0 ¼ Az0 ¼ 0, where a0 is the amplitude of the
normalized vector potential, ω is the laser angular fre-
quency, k ¼ ω=c is the laser wave number, w0 is the focal
radius, τ is the pulse duration, and r0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x02 þ y02

p
is the

transverse position. Within the focal region determined by
the Rayleigh length zR ¼ kw2

0=2, the laser radius does not
change significantly so that the simplified expression
Eq. (1) can be applied. Then, the expressions of the laser

EM field can be obtained based on Ex0 ¼ −∂Ax0=∂t,
By0 ¼ ∂Ax0=∂z0, and Bz0 ¼ −∂Ax0=∂y0. Finally, the expres-
sions of ðEx; Ey; EzÞ and ðBx; By; BzÞ in the simulation
coordinate ðx; y; zÞ are obtained by rotation of coordinates.
This method can be applied as long as the evolution of the
assistant laser can be expressed by functions of t and
ðx; y; zÞ. This EM field is directly applied to the electron
pushing and the species ionization algorithms, without
being solved by the EM field solver.
Generally, the assistant laser passes through a shorter

plasma region, and its power is smaller compared with the
driving laser. These lead to a less significant laser-plasma
interaction for the assistant laser, such as the self-focusing
effect. In this case, the evolution of the assistant laser can be
approximated as vacuum propagation, because the plasma
only makes very slight changes to the parameters of the
assistant laser. If more accurate assistant laser parameters
are required, such as the focal spot size and intensity
modified by the self-focusing effect, they can be estimated
theoretically or obtained through another PIC simulation.
In the following, we test our method in three very simple

cases using the code WarpX with the pseudospectral ana-
lytical time domain solver [43–47]. We use a very dilute
uniform plasma satisfying a0=ðkpw0Þ2 ≳ 1, where kp ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4πrenp

p
is the wave number of the plasma wake, re is the

classical electron radius, and np is the unperturbed plasma
density. This condition implies that the EM field from the
plasma is negligible compared with the laser field [48],
which is beneficial for the testing of the particle scattering
in the laser field [49]. In practice, we set a0 ¼ 2,
k=kp ¼ 4.2 × 108, kw0 ¼ 39.3, and ωτ ¼ 47.1 in the tests
of this section. The QCG is used with 4 azimuthal modes,
and 32 macroparticles per cell in total (8 in the azimuthal
direction, 2 in the longitudinal direction, and 2 in the radial
direction). The transverse cell size is dr ¼ λ=4, the longi-
tudinal cell size is dz ¼ λ=33, where λ is the laser wave-
length, and the time step is dz=c. For comparison,
simulations in 3D Cartesian geometry have also been
performed with the Cole-Karkkainen solver [50].

A. Electron scattering by a single oblique laser

We add a single oblique laser using the method above.
The scattering of electrons by such a laser with the
aforementioned parameters and θ ¼ 45° oblique angle is
tested, as shown in Fig. 1. Plasma electrons are pushed
outward due to the ponderomotive effect [51], creating a
plasma channel, as shown in Fig. 1(a). We also see a density
perturbation in the symmetric direction (from up left to
down right), which is nonphysical due to the imperfections
of the QCG to this problem. As a comparison, the
simulation in the 3D Cartesian geometry with the same
parameters is shown in Fig. 1(b), which does not have such
a nonphysical effect. Nevertheless, such imperfections do
not impact the momentum that electrons obtained from the
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scattering in the QCG, as shown in Figs. 1(c) and 1(d). In
Fig. 1(c), we see that the electrons with similar initial
positions kr0init ¼ 7.85� 0.39 form a circle after the scat-
tering, because their velocities have almost the same
amplitude but different directions. The difference in their
final momentum is due to the slight difference in r0init. We
have also verified the final momentum distribution using a
particle tracking code, which numerically solves the
electron trajectories under the influence of the laser field
[52], as shown in Fig. 1(d). One can see that the results
from the PIC simulation almost perfectly match the particle
tracking solution.

B. Electron scattering by two lasers

Now we add a longitudinally propagating laser, called
the driving laser, using the regular laser launching
mechanism of WarpX. The oblique laser, called the

colliding laser, is just the same as in Sec. II A. The
parameters of the two lasers are the same, except for their
propagation directions. The two lasers cross inside the
simulation region, which is filled with the uniform dilute
plasma, as shown in Figs. 2(a)–2(c). The plasma electrons
undergo a stochastic acceleration, which means two
electrons with slightly different initial positions can have
very different trajectories after the scattering [53,54].
Thus, precise tracking of the scattered electrons is impos-
sible. Nevertheless, a statistical prediction of them is pos-
sible. We show the final momentum distribution of the
electrons, which are initially located within a small cylinder
157 < kz < 236 and kr < 39, where r ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
, in

Figs. 2(d)–2(f). In order to verify our method, we have also
performed the same simulation in the 3DCartesian geometry,
which has almost the same results as the QCG simulation, as
one can see in Figs. 2(d)–2(f).

(a) (b)

(c) (d)

FIG. 1. A PIC simulation test of electrons scattered by a single oblique laser. (a) Electron charge density distribution ρe in the QCG
after the laser comes into the plasma from bottom left to up right. The shadow from up left to bottom right is a minor nonphysical effect
due to the imperfect representation of the plasma response to the oblique laser in the QCG. (b) The simulation plot in the 3D Cartesian
geometry with the same parameters as (a). (c) Distribution of position and momentum of some sample electrons at two different time
steps in the laser’s self-coordinate ðx0; y0Þ from the QCG simulation. Black dots: initial positions of electrons before laser comes; colored
dots: positions of the electrons after being scattered by the laser. The color reflects the amplitude of the momentum jpj, which is
normalized to mec. (d) The final momentum (normalized to mec) in z0 and r0 directions vs the initial position r0init for the electrons
scattered by the laser. The triangles are obtained by the PIC simulation in the QCG, while the solid lines are obtained by the numerical
solutions of a particle tracking code [52].
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C. Ionization ratio of N5 + by two lasers

Nitrogen is commonly used for the ionization injection
of LWFAs. For a nitrogen atom, the outer shell electrons are
usually ionized at a very early stage of the laser pulse due to
their relatively low ionization threshold, and the ion N5þ is
usually remained for the ionization injection, which has the
ionization threshold of a0 ∼ 2 for the laser with the wave-
length of λ ¼ 0.8 μm.
In this test, we use the same two lasers as in Sec. II B and

λ ¼ 0.8 μm, but the plasma is replaced by a uniform N5þ
region located within 157 < kz < 236 and kr < 39. As the
simulation starts, N5þ is gradually ionized to N6þ or N7þ
due to the electric field of the two lasers. The evolution of
ionization ratio, defined as the number of released electrons
divided by the initial number of N5þ, is plotted for both
QCG and 3D Cartesian geometry simulations in Fig. 3. We
have varied a0 from 1.8 to 2.1 to compare the results in both
geometries and find that the ionization ratio in the QCG is
slightly (up to 4%) smaller than in the 3D Cartesian
geometry. Such difference is due to the slightly (∼1%)
different superimposed electric field strengths in the two
geometries, as the ionization ratio is very sensitive to the
field strength when it is near the ionization threshold of

N5þ. We have also performed a series of convergence tests
with smaller cell sizes ðdz; drÞ and increased number of
macroparticles per cell and found that the ionization ratio
difference can be reduced by decreasing either dz or dr.

(c)(b)(a)

(f)(e)(d)

FIG. 2. The PIC simulation test of our method of electron scattering by two lasers. (a–c) The plasma electron density distribution
during the collision of the two lasers in the QCG. (d–f) The comparison of the distribution of electron momentum px, py, and pz
(normalized to mec) after being fully scattered by the two lasers in the 3D Cartesian geometry and the QCG.

FIG. 3. The ionization ratio of the N5þ ion vs time (normalized
to laser cycle T laser) obtained in both QCG and 3D Cartesian
geometry simulations. Four cases of a0 are tested, and in each of
the cases, a0 is the same for both the driving and colliding lasers.
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Specifically, when dz is reduced to λ=66 for the a0 ¼ 1.8
case, the ionization ratio increases by 1.5% in the QCG and
by 0.8% in the 3D case. We use dz ¼ λ=33 as a good trade-
off between accuracy and cost.

III. SIMULATION OF SCISSOR-CROSS
IONIZATION INJECTION IN THE
QUASICYLINDRICAL GEOMETRY

In the ionization injection, the main problem is that the
injection process is usually continuous, which leads to a
large energy spread of the produced beam. By using the
self-truncated ionization injection scheme, the minimal
energy spread can reach ∼5% [26,28,29]. By controlling
the charge through localized ionization injection to opti-
mize the beam loading,∼1% energy spread can be obtained
[30]. Recently, another improved ionization injection
scheme, called the scissor-cross ionization injection, has
been proposed, which produces electron beams down to
1%–2% energy spread. In this injection scheme, an oblique
assistant laser intersects with the driving laser at an acute
angle θ, and the ionization of the inner shell of the atom is
only possible when the two lasers overlap [35]. Thus, the
length of the injection region and consequently the energy
spread of the produced beam are controllable by adjusting
the crossing angle θ. In conventional methods, the simu-
lation of the scissor-cross ionization injection is only
possible in either 2D (two-dimensional) or 3D Cartesian
geometries. While the parameter scan is unaffordable in
3D, the 2D simulations usually do not represent the real
situation well. Especially in the cases where the transverse
size of the driving laser evolves significantly, the energy
conservation in the 2D geometry leads to the constant of
a2w, where a and w are the instant values of the vector
potential amplitude and the transverse size of the laser,
respectively. In real situation, however, a2w2 should be a
constant, instead.
A high-fidelity parameter scan of the scissor-cross

ionization injection is possible using the method proposed
in this paper. We redo a similar simulation as in Ref. [35],
using the QCG and the expression-defined oblique laser
field. Because the interaction time between the two lasers is
short and the injected electrons do not interact with the
oblique laser anymore after the injection, the nonphysical
effects due to the breaking of the cylindrical symmetry,
such as the nonphysical shadow in Fig. 1(a), are not
conveyed by the electron beam in the long acceleration
process.
In the simulation, the driving laser has a0 ¼ 2.74,

λ ¼ 0.8 μm, w0 ¼ 20 μm, and τ ¼ 30 fs, while the oblique
laser has a0 ¼ 1.37, λ ¼ 0.4 μm, w0 ¼ 20 μm, and
τ ¼ 30 fs. Both lasers are polarized in the y direction,
while they propagate in the x − z plane. The plasma is
preionized with a linear up-ramp from z ¼ −30 to 0 μm
and a plateau with the density np ¼ 1.36 × 1018 cm−3 from

z ¼ 0 to þ∞. The simulation cell size is dz ¼ 0.0234 μm,
dr ¼ 0.234 μm, the time step is dt ¼ dz=c, the number of
azimuthal modes is 4, and the macroparticle number per
cell is 32 (8 in the azimuthal direction). The preionized
species is Ne8þ with the density of np=8, which means the
plasma is provided by the preionization of the outer-shell
electrons of the neutral Ne gas. Because the ionization
threshold of Ne8þ is a0 ∼ 4 for the laser with λ ¼ 0.8 μm, it
is guaranteed that any further ionization of Ne8þ is
impossible by the driving laser only, even if the intensity
of the driving laser is slightly increased due to the self-
focusing effect. The oblique laser intersects with the
driving laser at z ¼ 40 μm and the crossing angle θ to
assist the further ionization of Ne8þ.
We first check the phase space distribution of the injected

beam shortly after the injection occurs for the θ ¼ 8° case,
as shown in Fig. 4(a). As a comparison, we also show the
same plot from a 3D Cartesian geometry simulation with
the same configuration in Fig. 4(b). One can see that the
injected beams in these two simulations are similar, though
the mean energy is slightly lower in the 3D case (18 MeV in
the QCG, and 17 MeV in the 3D case). The difference is
probably due to the beam loading effect of the different
beam charge, which is 66 pC in the QCG and 73 pC in the
3D case. When the two lasers overlap, the maximum
superimposed electric field in the 3D is slightly (up to
∼1.5%) higher than in the QCG, which causes the ∼10%
difference in the injected charge. Such an enlarged differ-
ence is because the ionization ratio is sensitive to the
electric field strength if the field strength is near the
ionization threshold. Nevertheless, since even a 3D simu-
lation cannot perfectly reflect the real situation due to such
sensitivity, we regard this difference to be acceptable.
Next, we apply our method to the scan of the crossing

angle θ from 8° to 30°. For different θ, the two lasers
overlap for a different duration, so the charge of the beam
from the ionization injection is different. The acceleration
process afterward is not affected by the oblique laser, but
the beam quality is influenced by the status of the injection.
For each θ case, the injected beam is accelerated and
undergoes a phase space rotation process. Thus, the energy
increases, and the energy spread decreases initially. After a
certain length, the energy spread is minimal and starts to
increase. This length is the optimal acceleration length Lopt.
Each of the simulations is performed to exceed Lopt, and the
evolution of the energy spread is shown in Fig. 4(c). One
can see that Lopt increases as θ increases. Moreover, there is
a minimal energy spread for all cases at θ ¼ 20° as shown
in Fig. 4(d). We also plot the beam charge from the
ionization injection Qi and from the background plasma
Qb in Fig. 4(d) and see that Qi decreases, while Qb
increases, with an increasing θ. For a smaller θ, the
overlapping region of the two lasers (which is approx-
imately the injection region) is long, thus Qi is more and
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the energy spread is relatively larger. The beam is purely
from ionization injection for a small θ, as Qb is negligible
for θ < 25°. For a larger θ, the overlapping region of the
two lasers is short, thus causing Qi to decrease. However,
the injection mechanism is gradually transformed into the
laser collision injection of the background plasma elec-
trons, as Qb increases and becomes significant for θ > 25°.
In the cases with coexisting ionization injection and laser
collision injection, the electrons are spread in different
regions of the phase space, which cannot form a beam with
very low energy spread. Thus, the minimal energy spread is
achieved for a moderate crossing angle of θ ¼ 20°, with a
relatively short injection length and a negligible Qb. The
optimal case at θ ¼ 20° has the beam with a charge of
16 pC, an energy of 510 MeV, and an energy spread of
1.8%, and we show the whole acceleration process in
Supplemental Material [55]. One may notice that the
optimal θ ¼ 20° is different from the original paper of this
injection mechanism, which has the optimal at θ ¼ 30°,
because the scan was performed in the 2D Cartesian
geometry in the original paper [35].

IV. CONCLUSION

In this paper, we propose to use an expression-defined
EM field to simulate the LWFA problems with oblique
lasers in PIC codes with the quasicylindrical geometry, in
order to reduce the simulation costs while maintaining the
fidelity. This method has been tested in three simple cases
and applied to the scissor-cross ionization injection for the
scanning of the optimal crossing angle. We demonstrate
that although the oblique laser breaks the symmetry, the
QCG can still obtain the results with high fidelity. This
method is widely applicable to problems with the EM field,
which breaks the cylindrical symmetry as long as the
evolution of the EM field is predictable by expressions, and
the interaction time of the EM field with the plasma is short.
Especially, it can also be applied to the beam-driven plasma
wakefield accelerators with oblique assistant lasers [49,56].
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