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Coherent electron cooling is a novel method to cool dense hadron beams on timescales of a few hours.
This method uses a copropagating beam of electrons to pick up the density fluctuations within the hadron
beam in one straight section and then provides corrective energy kicks to the hadrons in a downstream
straight, cooling the beam. Microbunched electron cooling is an extension of this idea, which induces a
microbunching instability in the electron beam as it travels between the two straights, amplifying the signal.
However, initial noise in the electron bunch will also be amplified, providing random kicks to the hadrons
downstream which tend to increase their emittance. In this paper, we develop an analytic estimate of the
effect of the electron noise and benchmark it against simulations. We also discuss how this effect has
impacted the cooler design.
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I. INTRODUCTION

Microbunched electron cooling (MBEC) is a promising
technique to cool dense hadron beams at timescales of a
few hours, which will be necessary to prevent emittance
blowup due to intrabeam scattering (IBS) at the planned
electron-ion collider (EIC) [1]. This idea was introduced in
[2] and the theory extensively developed in [3–6]. A
diagram of the setup is shown in Fig. 1. The basic concept
is that the hadron beam to be cooled is propagated through
a straight “modulator” section alongside an electron beam
with the same relativistic gamma. During this time, a given
hadron will provide energy kicks to the nearby electrons.
The two beams are then separated, and the electron beam
travels through a series of chicanes and straight sections,
which use the microbunching instability to amplify the
initially seeded energy perturbations and turn them into
density fluctuations. Within the chicanes, the energy
modulation of the electron beam is turned into a density
fluctuation, with the scaling determined by the chicane’s
R56. Within the straights, the electron beam undergoes
roughly one quarter wavelength of a longitudinal plasma
oscillation, so that these density fluctuations are turned
back into energy fluctuations in preparation for passage
through the next chicane. An illustration of the process is
shown in Fig. 2. Meanwhile, the transit time of the hadrons
as they travel from modulator to kicker is dependent on

their initial offsets in energy, transverse positions, and
transverse angles. The electrons and hadrons then copro-
pagate within a straight “kicker” section, where the density
fluctuations in the electron beam provide energy kicks to
the hadrons, with the dependence of the energy kick
received by the hadron on its longitudinal delay in traveling
from modulator to kicker termed the “wake function.” By
correctly tuning the hadron modulator-to-kicker transfer
matrix and the transverse dispersion and dispersion deriv-
atives in the kicker, it can be arranged so that these energy
kicks tend to decrease the initial transverse and longitudinal
actions of the hadrons, providing a cooling force.
An important consideration in the operation of a cooler

is diffusion; a given hadron sees not only its own wake,
but also the wakes due to its neighbors, which provide a
heating term partially counteracting the cooling. This has
been previously discussed in [3–6]. However, there is also
a diffusion term originating in the noise in the electron
beam; it will start off with initial energy and density
fluctuations due to the Poisson statistics of discrete
electrons and potentially some upstream instability, which
will also be amplified within the cooler and provide
energy kicks to the hadrons in the kicker. While [4]
provides some discussion of the electron diffusion, this
ignores the effect of the electron-electron energy kicks in
the modulator. Reference [7] provided formulas related to
this effect, but left their derivation vague, and provided no
evidence of their accuracy. While direct particle-in-cell
simulations, such as those discussed in [8], allow for
direct computation of electron noise, such methods are
time-consuming, rendering an analytic model invaluable
for fast optimization and design work.
In Sec. II, we show an explicit derivation of the electron

diffusion. In Sec. III, we compare the results of the theory
to simulation. In Sec. IV, we discuss how the electron
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diffusion affects the cooler design, and in Sec. V, we
present the conclusions.

II. THEORY

A. Electron wakes

In order to determine the diffusion due to noise in the
electron beam, it is first necessary to determine the effect
that a single electron in the modulator will have on the
energy kick received by a hadron in the kicker, which
we can think of as the “electron wake.” The process of
determining the single electron wake is complicated by the
fact that it enters into the cooling process in two distinct
ways. First, any given electron in the modulator will
provide energy kicks to nearby electrons, inducing an
energy fluctuation in a manner almost exactly the same
as a hadron does. Second, this electron will also propagate
through the amplification sections itself; even if there were
no modulator, the initial electron density modulation from
shot noise alone would be amplified the same as one which
had been induced due to energy kicks in the modulator.
We follow the approach of [3,4] and use the conventions

developed therein. We model the electrons and hadrons as
rigid charged discs, with the charge density falling off as
Gaussians in the transverse directions whose standard
deviations equal the horizontal or vertical beam sizes of
the electron or hadron beams, as appropriate. We also
assume a perfectly linear wake. Since the typical wake
length scale of a few microns is much shorter than the few
millimeter or few centimeter electron and hadron bunch
lengths, we will assume the currents in both bunches are
constant over any regions of interest. We note that the
amplification process detailed in [4] depends solely on the
electron density modulations at the start of the first
amplifier, after the first electron chicane. We will, therefore,
end our analysis at this point and use that paper’s
machinery to get the kick to the hadrons in the kicker.
The effect of the electron noise, therefore, only enters in
determining the longitudinal electron density perturbation
at the start of the first amplifier straight, δnðaÞðzÞ.
Let the electron distribution entering the modulator be

described by the longitudinal phase-space density:

fðm;eÞðz; ηÞ ¼ neF0ðηÞ þ δfðm;eÞðz; ηÞ; ð1Þ

where z is the longitudinal position within the bunch, η is
the electron’s fractional energy offset, ne is the constant

component of the longitudinal electron density, F0ðηÞ is the
baseline electron energy distribution, and δfðm;eÞ is some
perturbation to the above. Letting ΔηðzÞ be the energy kick
an electron receives as a function of its longitudinal
coordinate in the modulator, we may write the phase-space
density at the start of the first amplifier straight, after
passing through a chicane of strength R1, as

fðaÞðz; ηÞ ¼ fðm;eÞ½z − R1η; η − Δηðz − R1ηÞ�
¼ neF0½η − Δηðz − R1ηÞ�
þ δfðm;eÞ½z − R1η; η − Δηðz − R1ηÞ�: ð2Þ

Subtracting off the background neF0ðηÞ, Taylor expand-
ing the first term to the first order in Δη, and keeping only
the zeroth order of the second term (since it is already
assumed to be a small perturbation), we arrive at

δfðaÞðz; ηÞ ≈ −neF0
0ðηÞΔηðz − R1ηÞ

þ δfðm;eÞðz − R1η; ηÞ ð3Þ

and a corresponding frequency-space longitudinal density

δn̂ðaÞðkÞ≡
Z

∞

−∞
dze−ikzδnðaÞðzÞ

¼
Z

∞

−∞
dη

Z
∞

−∞
dze−ikzδfðaÞðz; ηÞ

¼
Z

∞

−∞
dη

Z
∞

−∞
dze−ikz½−neF0

0ðηÞΔηðz − R1ηÞ

þ δfðm;eÞðz − R1η; ηÞ�

¼ −
Z

∞

−∞
dηe−ikR1ηneF0

0ðηÞΔη̂ðkÞ

þ
Z

∞

−∞
dηδf̂ða;Δη¼0Þðk; ηÞ; ð4Þ

where we have defined appropriate frequency-space den-
sity functions. We have also defined δfða;Δη¼0Þðz; ηÞ≡
fðm;eÞðz − R1η; ηÞ as the longitudinal phase-space density
of the electron beam at the start of the first amplifier straight
if there were no energy kicks in the modulator.
If we assume that F0ðηÞ describes a Gaussian energy

distribution with rms fractional energy spread ση, we
arrive at

δn̂ðaÞðkÞ ¼ −ikR1

Z
∞

−∞
dηe−ikR1ηneF0ðηÞΔη̂ðkÞ

þ δn̂ða;Δη¼0ÞðkÞ
¼ −ikR1nee−k

2R2
1
σ2η=2Δη̂ðkÞ þ δn̂ða;Δη¼0ÞðkÞ: ð5Þ

FIG. 1. Schematic of the MBEC layout.
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FIG. 2. Evolution of the 2D phase space of the electron beam through an amplification section, seeded by 18 000 protons in the
modulator with longitudinal positions near the origin. The initial energy perturbation from the protons seen in (a) and (b) is rotated into a
density perturbation after the first chicane, as seen in (c) and (d). A partial plasma oscillation as the beam travels through the amplifier
straight generates a significant energy modulation again, as in (e) and (f), and the next chicane rotates this into an amplified density
perturbation, as in (g) and (h). Note the change in vertical scale in (h) relative to the preceding plots.
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We now need to calculate Δη̂ðkÞ. For the kick to the
electrons due to the hadrons, this is provided by
Eqs. (54)–(56) of [3]:

Δη̂ðehÞðkÞ ¼
2iZreLm

γ2Σ
Hðm;ehÞðϰÞδn̂ðm;hÞðkÞ; ð6Þ

with

Hðm;ehÞðϰÞ≡
Z

∞

0

dξΦðm;ehÞðξÞ sinðϰξÞ; ð7Þ

and

ϰ ≡ kΣ
γ

ð8Þ

Σ is just some normalization length scale, taken equal to
the horizontal hadron beam size in the modulator. However,
it cancels out everywhere and can be changed with
impunity. The other variables used are Z, the hadron
charge; re, the classical electron radius; Lm, the modulator
length; γ, the relativistic gamma factor; and δn̂ðm;hÞðkÞ, the
frequency-space hadron density perturbation in the modu-
lator. Φðm;ehÞðξÞ is the electron-hadron interaction function
in the modulator, defined based on Appendix C of [5] as

Φðm;ehÞðξÞ ¼
4ξffiffiffi
π

p
Z

∞

0

dλλ2
e−λ

2ξ2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2λ2ðΣ2

x;h þ Σ2
x;eÞ=Σ2

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2λ2ðΣ2

y;h þ Σ2
y;eÞ=Σ2

q ; ð9Þ

where the various Σ terms are the horizontal and vertical beam sizes of the hadrons and electrons, labeled appropriately.
We may insert Eq. (9) into the definition of Hðm;ehÞðϰÞ in Eq. (7). Using the antisymmetry of Φ to extend the ξ integral

from −∞ to ∞ and doing it analytically, we obtain

Hðm;ehÞðϰÞ ¼
Z

∞

0

dλ
ϰ

λ

e−ϰ
2=4λ2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 2λ2ðΣ2
x;h þ Σ2

x;eÞ=Σ2
q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 2λ2ðΣ2
y;h þ Σ2

y;eÞ=Σ2
q : ð10Þ

For the kicks due to electron beam noise, we recognize
that the physics is exactly the same and so immediately
write down

Δη̂ðeeÞðkÞ ¼ −
2ireLm

γ2Σ
Hðm;eeÞðϰÞδn̂ðm;eÞðkÞ: ð11Þ

The changes from Eq. (6) are division by −Z (the ratio of
the hadron to electron charges), replacement of the hadron
linear density by that of the electrons, and replacement of the
electron-hadronH function by the electron-electron version,
which uses electron instead of hadron beam sizes in Eq. (10).
Putting Eqs. (6) and (11) into Eq. (5), we obtain

δn̂ðaÞðkÞ¼
2ZreLm

γ2Σ
kR1nee−k

2R2
1
σ2η=2

�
Hðm;ehÞðϰÞδn̂ðm;hÞðkÞ

−
1

Z
Hðm;eeÞðϰÞδn̂ðm;eÞðkÞ

�
þδn̂ða;Δη¼0ÞðkÞ: ð12Þ

From [4], we see that the electron density at the kicker is
equal to the electron density at the start of the first amplifier
multiplied by the gain factors for the two amplifiers. These
factors are denoted here by G2 and G3, with the number
corresponding to the labeling of the associated electron
chicane, and an expression for them is provided by Eq. (26)
of [4]. Finally, it is evident that Eq. (6) describes the kick of
the electron beam on the hadrons in the kicker if we

multiply it by the ratio of the masses me=mh, and change
Lm → Lk (the kicker length), Hðm;ehÞ → Hðk;ehÞ (the
electron-hadron interaction function in the kicker), and
δn̂ðm;hÞðkÞ → δn̂ðk;eÞðkÞ (the electron density perturbation in
the kicker). We arrive at an energy kick to the hadrons in the
kicker:

Δη̂ðk;hÞðkÞ ¼ −
rhc
γ

½ZhðkÞδn̂ðm;hÞðkÞ

þ Ze;1ðkÞδn̂ðm;eÞðkÞ
þ Ze;2ðkÞδn̂ða;Δη¼0ÞðkÞ�; ð13Þ

where

ZhðkÞ ¼
−4iLmLkIe
IAcγ3Σ2ση

ϰq1e−ϰ
2q2

1
=2

×G2G3Hðm;ehÞðϰÞHðk;ehÞðϰÞ;

Ze;1ðkÞ ¼
4iLmLkIe
ZIAcγ3Σ2ση

ϰq1e
−ϰ2q2

1
=2

×G2G3Hðm;eeÞðϰÞHðk;ehÞðϰÞ;

Ze;2ðkÞ ¼
−2iLk

ZcγΣ
G2G3Hðk;ehÞðϰÞ ð14Þ

are the impedances for the hadrons, the self-induced
electron density modulations, and the pre-existing electron
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density modulations, respectively, rh ¼ Z2e2

4πϵ0mhc2
is the

classical hadron radius, IA ¼ ec
re
≈ 17 kA is the Alfvén

current, and q1 ≡ R1σηγ
Σ .

Note that three terms are summed here. The first
corresponds to the wake due to the hadrons, which has
been discussed extensively in [3–5]. The second corre-
sponds to the wake due to the electrons, which operates on
the same principles as the hadron wake—each electron
provides an energy kick to neighboring electrons in the
modulator, resulting in a perturbation to the electron
density in the kicker which in turn causes an energy kick
to the hadrons. The third term is due to the fact that, in the
absence of energy kicks in the modulator, the initial shot
noise in the electron beam will still be present at the start of
the first amplifier, and so will be amplified and provide a
kick to the hadrons in the kicker. This third term is covered
in [4]. We need to keep two terms associated with the
electrons because the electron shot noise enters into our
calculations both by seeding energy perturbations in the
modulator and in its “raw” form at the start of the first
amplifier, forcing us to account for the unperturbed electron
density modulations in both locations. To look at it another
way, the hadrons can be approximated to leading order as
stationary in the modulator, and so we only have to deal
with their one-dimensional distribution, while the electrons
will change their longitudinal coordinate between the
modulator and the first amplifier due to their energy offsets,

so that we have to consider the full two-dimensional
longitudinal phase space, necessitating the use of two
wake functions.

B. Diffusion

We are now ready to calculate the diffusion, including
the contribution from noise in the electron beam. For
convenience, we move from frequency space to physical
space, with the definition

wðzÞ ¼ −
c
2π

Z
∞

−∞
ZðkÞeikzdk; ð15Þ

so that

Δηðk;hÞðzÞ ¼
rh
γ

Z
∞

−∞
½whðz − z0Þδnðm;hÞðz0Þ

þ we;1ðz − z0Þδnðm;eÞðz0Þ
þ we;2ðz − z0Þδnða;Δη¼0Þðz0Þ�dz0: ð16Þ

We assume that the electrons and hadrons entering the
modulator have pure Poisson shot noise. Since the integral
of each of the three wakes is zero, this implies that the
average kick a hadron receives due to this noise is zero. It
now remains to calculate the rms kick strength. The average
squared kick is given by

hΔη2ðk;hÞi ¼
�
rh
γ

�
2
�Z

∞

−∞

Z
∞

−∞
dz0dz00½whðz − z0Þδnðm;hÞðz0Þwhðz − z00Þδnðm;hÞðz00Þ

þ we;1ðz − z0Þδnðm;eÞðz0Þwe;1ðz − z00Þδnðm;eÞðz00Þ þ we;2ðz − z0Þδnða;Δη¼0Þðz0Þwe;2ðz − z00Þδnða;Δη¼0Þðz00Þ

þ 2we;1ðz − z0Þδnðm;eÞðz0Þwe;2ðz − z00Þδnða;Δη¼0Þðz00Þ�
�
: ð17Þ

We have ignored the hadron-electron cross terms, since
there is no correlation between those two beams. However,
we do need to be careful about the cross term from the two
electron wakes. The longitudinal density perturbation for
the particles in either beam can be written as

δnðzÞ ¼
X
i

δðz − zðiÞÞ − n0; ð18Þ

where n0 is the average particle density and zðiÞ is the
position of the ith particle. Going forward, we will ignore
the constant-background−n0 term at the end, since the total
integral of the wake is 0.
Putting this into the first term of Eq. (17), we obtain

�
rh
γ

�
2
�X

i;j

whðz − zðiÞm Þwhðz − zðjÞm Þ
�
; ð19Þ

where zðiÞm refers to the position of particle i in the
modulator.
Since we assume white noise in the hadron beam, only

the diagonal terms survive. We are then left with the sum
over all hadron positions of the average squared hadron
wake function, which can be rewritten as the integral

�
rh
γ

�
2

nh

Z
∞

−∞
w2
hðz0Þdz0; ð20Þ

where nh is the mean linear hadron density.
The second and third terms of Eq. (17) can be simplified

using an identical procedure. The fourth term requires
some special care. Recall that δnðm;eÞðzÞ is the density of
electrons at the modulator, while δnða;Δη¼0ÞðzÞ is the
electron longitudinal density at the first amplifier if we
ignore the energy kicks in the modulator. If electron i is
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located at position zðiÞm in the modulator, with fractional

energy offset ηðiÞ, it will be at position zðiÞm þ R1η
ðiÞ at the

start of the first amplifier in the absence of modulator
energy kicks. Using the same delta function and diagonal-
ization arguments as above, we arrive at a simplification of
the fourth term:

2

�
rh
γ

�
2
�X

i

we;1ðz − zðiÞm Þwe;2ðz − zðiÞm − R1η
ðiÞÞ

�

¼ 2

�
rh
γ

�
2

ne

Z
∞

−∞
dz0

Z
∞

−∞
dη

1ffiffiffiffiffiffi
2π

p
ση

e−η
2=2σ2η

× we;1ðz0Þwe;2ðz0 − R1ηÞ; ð21Þ

where we have assumed a Gaussian fractional energy spread
of rms ση and longitudinal electron bunch density of ne.
For a wake scale of ∼1 μm, a 6 cm hadron beam of

6.9 × 1010 protons, and a 1 nC beam of electrons with
bunch length of roughly 1 cm, we expect on the order of
several hundred thousand particles from each beam to
contribute to the diffusion term. Using the central limit
theorem, the diffusive kick which a proton receives each
turn can be approximated as being drawn from a Gaussian
distribution with a mean of 0 and a variance given by

hΔη2ðk;hÞi ¼
�
rh
γ

�
2
Z

∞

−∞
dz0

	
nhw2

hðz0Þ

þ new2
e;1ðz0Þ þ new2

e;2ðz0Þ

þ 2ne

Z
∞

−∞
dη

1ffiffiffiffiffiffi
2π

p
ση

e−η
2=2σ2η

× we;1ðz0Þwe;2ðz0 − R1ηÞ


: ð22Þ

This procedure for simulating the diffusive kicks as
random numbers drawn from an appropriate distribution is
similar to the methods used in [9] to model IBS in a
simulation of coherent electron cooling and in [10] to model
diffusion in a simulation of optical stochastic cooling.

III. SIMULATION

A. Nearly linear simulation

In order to verify the above calculations, we turn to a one-
dimensional particle-in-cell (PIC) simulation, described
previously in [8] and [11]. We use parameters based on
those currently planned for cooling 275 GeV protons at the
EIC, shown in Table I. However, in order to avoid nonlinear
effects, we use only one amplification section, i.e., we place
the kicker immediately after the second electron chicane.We
also track through themodulator and kicker in a single step to
avoid the impact of plasma oscillations in those regions, with
the effective R56 of the modulator length added to the R56 of
the first chicane when obtaining the theory wakes.

This code creates the same number of electrons within a
10 μm section of the beam as would be expected from the
peak electron bunch density. These have a uniform longi-
tudinal distribution and Gaussian momentum distribution.
We also generate 105 proton macroparticles within the
same region with uniform longitudinal and Gaussian
momentum distributions, each having the charge of 6.8
real protons. Since noise adds in quadrature, this is
statistically equivalent to having the full 4.6 × 106 protons
expected within a 10 μm length at the bunch center.
Particles are propagated through the cooler with a simple

kick-drift model. The kick is calculated using the usual
particle-in-cell (PIC) formalism with periodic boundary
conditions, 128 longitudinal bins of length ∼78 nm, and
with the electron-electron and electron-proton forcesmaking
use of the disk-disk interaction functions described in [3–5]
and discussed in Eqs. (6)–(11) of this paper.We convert these
to fractionalmomentumkicksbyΔδ ¼ Δη=β2, where δ is the
particle’s fractional momentum deviation and β ≈ 1 is the
relativistic beta function. The longitudinal coordinates are
then updated as z → zþ Δsδ=γ2, whereΔs is the step length
and γ is the relativistic gamma function common to both
particle species. The chicanes are modeled as simple point
elements translating the particles’ longitudinal coordinates
by z → zþ R56δ.
In Fig. 3, we show the kick to a test proton in the kicker

due to initial proton and electron noise in the modulator.
We compare this to a theory curve made by convolving the
initial proton and electron distributions with the wake
functions derived from the impedances of Eq. (14). We
see that the theory reproduces the simulated result quite
well. In order to focus on the electron wake, we rerun the
simulation with no protons in the modulator, with the result
shown in Fig. 4. Again, good agreement with simulation is
observed.
As a check of the necessity of both terms in the electron

wake, we compute the electron theory curve using only the
electron wakes corresponding to Ze;1ðkÞ and Ze;2ðkÞ
individually, with the results shown in Figs. 5 and 6,
respectively. We see that using Ze;1ðkÞ alone shows
noticeable discrepancies from the simulated result, and
using Ze;2ðkÞ alone produces theory kicks that have very
little correspondence to what is seen in simulation. Both
terms are, therefore, necessary for properly understanding
the evolution of the beam.
We finally turn to the question of diffusion. We run the

simulation 1000 times, starting with only electron noise,
and record the fractional momentum kick which a test
proton would receive in the kicker in each case at 128
locations over a 10 μm length of beam. A histogram of the
results is shown in Fig. 7, along with the expected Gaussian
distribution with the variance given by Eq. (22). The rms
kick received in simulation is 6.04 × 10−9 � 0.05 × 10−9,
similar to, but slightly above, the value of 5.81 × 10−9

obtained from Eq. (22). Since the simulation includes
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TABLE I. Parameters for longitudinal and transverse cooling.

Geometry
Modulator length (m) 33
Kicker length (m) 33
Number of amplifier straights 2
Amplifier straight lengths (m) 49
Proton parameters
Proton energy (GeV) 275
Protons per bunch 6.9 × 1010

Proton bunch length (cm) 6
Proton fractional energy spread 6.8 × 10−4

Proton emittance (x=y) (nm) 11.3=1
Horizontal/vertical proton betas in modulator (m) 21.0=19.6
Horizontal/vertical proton dispersion in modulator (m) 0.002=0.067
Horizontal/vertical proton dispersion derivative in modulator 0.030= − 0.005
Horizontal/vertical proton betas in kicker (m) 21=20
Horizontal/vertical proton dispersion in kicker (m) 0.002=0.067
Horizontal/vertical proton dispersion derivative in kicker 0.030= − 0.005
Proton horizontal/vertical phase advance (rad) 3.17=4.76
Proton R56 between centers of modulator and kicker (mm) 1.348
Electron parameters
Electron energy (MeV) 150
Electron bunch charge (nC) 1
Electron peak current (A) 13
Electron fractional slice energy spread 5.9 × 10−5

Electron normalized emittance (x=y) (mm mrad) 2.8=2.8
Horizontal/vertical electron betas in modulator (m) 21.4=21.4
Horizontal/vertical electron betas in kicker (m) 7.9=7.9
Horizontal/vertical electron betas in amplifier straights (m) 4.9=4.9
R56 in first electron chicane (mm) 12.0
R56 in second electron chicane (mm) −6.7
R56 in third electron chicane (mm) −6.8
Cooling and heating times
Horizontal/vertical/longitudinal IBS/beam-beam times (h) 2.0=5.0=2.9
Horizontal/vertical/longitudinal cooling times (h) 0.9=1.9=1.2

FIG. 3. Fractional momentum kick to a proton in the kicker due
to initial proton and electron noise in the modulator. Good
agreement between theory and simulation is observed.

FIG. 4. Fractional momentum kick to a proton in the kicker due
to only initial electron noise in the modulator. Good agreement
between theory and simulation is observed.
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additional physics, such as keeping the full longitudinal
phase-space distribution at the start of the amplifier rather
than projecting to the spatial plane, exact agreement is not
expected.
If we recompute the theory value either ignoring the

cross term of Eq. (22) or assuming that the two separate
electron wakes can be simply added, we obtain rms kicks of
7.77 × 10−9 and 4.31 × 10−9, respectively, showing that the
form of the cross term we have derived is both necessary
and consistent with simulation. For comparison, the theo-
retical rms fractional momentum kick from the proton noise

is 11.3 × 10−9, so that the electron contribution to diffusion
cannot be neglected.

B. Realistic simulation

In order to understand the impact which the electron
noise will have in the actual cooler, we remove some of
the approximations used for the nearly linear simulation
described above. In particular, we include the full two
amplifiers, leading to saturation effects in the electron
beam; track through finite-length modulator and kicker
sections, leading to plasma oscillations and variations in
proton beam size in those elements; and add delays due to
the transverse actions of the electrons. We can easily update
the linear theory to handle to variations in the proton beam
size in the modulator and kicker, but the other effects are
more difficult to include in this manner. We discuss these
effects and their impacts in more detail below.

1. Two amplifiers

We simulate the full two amplifiers, rather than only
using the first one. This additional amplification provides a
larger wake for cooling but also further amplifies the noise
and increases the fractional density deviations in the
electron beam. To the extent that these density deviations
are a significant fraction of one, we approach the nonlinear
saturated regime, as can be seen in Fig. 8.

2. Finite-length modulator and kicker

We also track the protons and electrons through the
modulator and kicker in multiple steps, as opposed to the
single-step tracking in the nearly linear simulation. Using
the more realistic multistep tracking, the electrons will
provide energy kicks to one another in the modulator and

FIG. 5. Fractional momentum kick to a proton in the kicker due
to only initial electron noise in the modulator. The theory here
only uses the middle impedance in Eq. (14), and differs notice-
ably from the simulated result.

FIG. 6. Fractional momentum kick to a proton in the kicker due
to only initial electron noise in the modulator. The theory here
only uses the final impedance in Eq. (14) and is very different
from the simulated result.

FIG. 7. Histogram of fractional momentum kicks to a proton in
the kicker as obtained from the simulation and compared to the
theoretical Gaussian distribution. Decent agreement is observed,
although additional physics included in the simulation does lead
to slight discrepancies.
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kicker, and their longitudinal positions will drift based on
their energy offsets. The combination of these effects is the
basis for plasma oscillations. A trivial extension of Eq. (17)
of [4] gives the plasma oscillation wavelength at wave-
number k as

1

λ2
¼ 2knere

ð2πÞ2Σγ4β2 H
�
kΣ
γ

�
; ð23Þ

where the function H is either Hðm;eeÞ or Hðk;eeÞ in the
modulator or kicker, respectively, and β ≈ 1 is the relativ-
istic beta.
With the parameters of Table I, we see that the oscillation

wavelength is 564 m in the modulator and 375 m in the
kicker at the average wake wavenumber (1.4 μm−1).

The 33 m modulator and kicker, therefore, represent only
6% and 9% of a plasma wavelength, respectively, so that
we expect the plasma oscillations to have a small effect.
While we can use appropriate optics to maintain the

electron beam size roughly constant over the length of each
of the straight sections, the protons, having nearly 2000
times higher momentum, will not be significantly affected
by the magnetic elements, and so will see the modulator
and kicker straights as essentially drifts. The consequence
is that the proton beam sizes, and therefore, the proton-
electron interaction functions evolve over the course of
these elements.
The nominal proton beta functions from Table I

describe the beam at the modulator and kicker centers,
with the optics at other places obtained through the
evolution through a drift. These effects will be important

FIG. 8. Electron density modulation and fractional momentum kick to protons in the kicker when using either one amplifier or two.
We see that, while with 1 amplifier we only have up to ∼10% fractional electron density modulations at the start of the kicker,
2 amplifiers brings these fractional modulations up to ∼70%. As a consequence, we see disagreements with the linear theory.
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if the proton beam size changes appreciably over the
length of the modulator or kicker. For our parameters, the
horizontal and vertical beam sizes increase by roughly
45% and 40%, respectively, in going from the center of
the modulator or kicker straight to the ends, and so the
beam size variation is not negligible. This effect is
included in the simulation by using a new proton/electron
interaction function at each step in these elements. It is
also included in the theory calculation by computing the
H functions using the proton beam size at various
locations in the modulator and kicker and taking the
average value.

A comparison of the theory and simulation with these
modifications arising from finite modulator and kicker
lengths is shown in Fig. 9. We see that while there is a
slight reduction in the amplitude in theory and simulation
due to the larger proton beam sizes in the modulator and
kicker, the agreement between the two is similar to what we
had in the two-amplifier plots of Fig. 8.

3. Transverse-dependent delays

Up to now, we have considered only the longitudinal
motion of the electrons and protons. However, they will

FIG. 9. Electron density modulation and fractional momentum kick to protons in the kicker when using two amplifiers and treating the
modulator and kicker as elements of finite length. While both are somewhat decreased due to variations in the proton beam size, the
agreement is similar to that shown in the two-amplifier plots in Fig. 8.

FIG. 10. Electron density modulation and fractional momentum kick to protons in the kicker when using two amplifiers, treating the
modulator and kicker as elements of finite length, and including additional delays due to the electrons’ transverse motion. We see some
reduction in the simulated values relative to Fig. 9 as well as a prominent longitudinal shift.
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move in all three dimensions during their passage through
the cooler. One consequence of this is that electrons with
large transverse actions gain additional longitudinal delays
due to the contributions of the second order transfer matrix
elements. In particular, the path length which an electron
with transverse angles x0 and y0 travels in moving a
longitudinal distance Δs is Δs

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ x02 þ y02

p
. Taylor

expanding and taking the betatron phase average, we find
that an electron with transverse actions Jx and Jy traveling
through a region with Courant-Snyder gamma functions γx
and γy has an additional longitudinal shift

Δz ¼ −
γxJx þ γyJy

2
Δs: ð24Þ

We include this effect in simulation by assigning each
electron actions from the expected exponential distribution
and giving it an extra longitudinal shift at each time step as
described in Eq. (24). We pick the gamma functions to be 3
divided by the beta function in the relevant plane in order to
account for the fact that the Courant-Snyder alpha cannot
always be equal to 0. See [12] for further details. This
effect will be small if the delay described by Eq. (24) is
small relative to the wake wavelength when traveling
between the modulator and kicker centers. The parameters
in Table I give a typical delay of 0.7 μm. This is non-
negligible for our wake, which has its peak roughly 0.9 μm
from the zero-crossing.
If we include this effect in the simulation as well, we

obtain the curves shown in Fig. 10. We see that the
simulated saturation and kick amplitudes decrease some-
what relative to what we had in Fig. 9. We also note a
systematic shift toward negative z values, since the extra
transverse delay always causes electrons to arrive in the
kicker later. This shift has no impact on the diffusion.

4. Diffusion calculation

With all the above effects included, we can recalculate
the rms energy kicks provided by the noise in the electron
and hadron beams. These are shown in Table II for both
theory and simulation [13]. We see that, as with the nearly
linear case, the contribution of the electrons to the diffusion
is on the same scale as the proton contribution. Even with
the addition of the nonlinear effects, the theory still holds
up quite well relative to the simulation.

IV. PRACTICAL DESIGN CONSIDERATIONS

The addition of the electron noise will increase the level
of saturation in the kicker. While we have not explicitly
written the equation in this paper, it is relatively easy to
obtain if we do not multiply by the electron-hadron
interaction term when we go from Eqs. (12) to (13).
Since the merit function used in our optimization procedure
includes a penalty term for solutions with large saturation,
adding the contribution of electrons to the saturation tends
to reduce the ideal system gain from what the optimizer
would have found if it had only considered the proton
contribution. As an example, a 15% higher total amplifi-
cation gain would increase the wake amplitude by the same
amount while giving the same saturation (assuming only
proton noise) as we have from our current design param-
eters (using both proton and electron noise).
Analytic formulas for the contribution of the electrons to

the saturation also allow us to set quantitative limits on the
amount of noise above Poisson shot noise which we can
tolerate in the electron beam. For example, if the electron and
proton beams have only Poisson shot noise, the parameters
of Table I give an rms fractional density modulation of the
electron beam in the kicker of 0.33. If we wish to limit this
saturation to be no more than 10% larger than its nominal
value, we find that the noise power in the electron beammust
be no more than 1.8 times its Poisson value.
There is another important effect to consider. A look at

Eq. (14) shows that the relative sign of the two electron
impedances depends on the sign of the R56 in the first
chicane. A negative R56 leads to these two impedance
terms having the same sign and adding constructively,
while a positive R56 leads to the two terms having opposite
signs and partially canceling. This is understood physi-
cally as the negative R56 giving the electrons an effective
negative mass, so that their space-charge repulsion will
tend to make them clump together, while a positive R56

will cause their mutual repulsion to push them apart.
Naturally, the latter option is preferred in order to
minimize the electron diffusion.
In a previous version of the cooler design, we had in

fact chosen to use a negative R56 in the first chicane in the
hope that having the smaller negative chicanes first would
help delay the onset of saturation and reduce the nonlinear
effects. While there have been a number of changes in the
lattice parameters between that optimization and those
described in Table I, we can make an estimate of the effect
of this change by swapping the first and third chicanes in
the current parameters. While the linear formulas show
that the wake function and proton diffusion are invariant
under reordering of the chicanes, the electron diffusion is
not. In particular, the rms kick from noise in the electron
beam increases from 3.72 × 10−8 to 6.65 × 10−8 according
to the linear theory. Adding this in quadrature to the
6.65 × 10−8 rms kick from proton noise, we find that the
total rms momentum kick increases from 7.62 × 10−8 to

TABLE II. rms momentum kick to test proton.

Theory Simulation

Electron and
proton noise

7.62 × 10−8 7.26 × 10−8 � 0.07 × 10−8

Proton noise only 6.65 × 10−8 Not simulated
Electron noise only 3.72 × 10−8 3.54 × 10−8 � 0.04 × 10−8
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9.40 × 10−8. Similarly, rms saturation in the electron beam
at the kicker increases from 0.32 to 0.39.

V. CONCLUSION

We have derived formulas for the diffusion expected in a
microbunched electron cooling system due to initial shot
noise in the electron beam. Along the way, we have shown
how to obtain the response to an arbitrary electron distri-
bution in the modulator. For a reasonable set of parameters,
this can be comparable to the proton noise. Properly
understanding electron diffusion allows better estimates of
the degree of saturation which will be induced by the time
we reach the kicker, resulting in a lower optimal gain, as well
as allowing us to set limits on initial electron beam noise
levels. It also allows us to quantitatively understand the
impact of the sign of the R56 of the first electron chicane;
picking it to be positive rather than negative has a significant
impact in reducing the total diffusion and saturation.
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