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Crab cavities will be deployed as a part of the High Luminosity Large Hadron Collider (HL-LHC)
upgrade to mitigate the luminosity reduction induced by the crossing angle at the main experiments
(ATLAS and CMS). Two prototype crab cavities have been installed in the CERN Super Proton
Synchrotron (SPS) in 2018 for studies with proton beams. An issue of concern is the transverse
emittance growth induced by noise in the crab cavity radio frequency (rf) system, which is anticipated to
limit the performance of the HL-LHC. In measurements conducted in the SPS in 2018, the crab cavity
noise-induced emittance growth was measured to be a factor of 4 lower than predicted from the existing
analytical models. In this paper, it is shown that the observed discrepancy is explained by damping
effects from the beam coupling impedance, which were not included in the models up to now. Using the
van Kampen mode approach, a new theory is developed, suggesting that the impedance can separate
the coherent tune from the incoherent spectrum leading to an effective reduction of the crab cavity
rf noise-induced emittance growth. This mechanism is validated in tracking simulations using the
SPS impedance model as well as in dedicated experimental measurements conducted in the SPS
in 2022. The implications for the HL-LHC project are discussed.
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I. INTRODUCTION

The aim of the High Luminosity Large Hadron
Collider (HL-LHC) project [1,2] is to extend the LHC
potential for discoveries by increasing the instantaneous
(leveled) and integrated luminosity by factors of 5 and
10, respectively, beyond the current operational values.
The crab cavities (CCs) are a key component of the
upgrade, as they will be used to optimize the luminous
region in the ATLAS [3] and CMS [4] detectors. In
particular, they will restore the luminosity reduction
caused by the large crossing angle, which is needed in
order to mitigate long-range beam-beam effects. The CCs
are radio frequency (rf) cavities that provide a transverse
kick to the particles depending on their longitudinal
position within the bunch, for restoring the head-on
collisions at the interaction points [5].

Noise in the rf system of the CCs1 is expected to result
in undesired transverse emittance growth leading to a loss
of luminosity [7]. The maximum allowed luminosity loss
due to emittance growth driven by CC rf noise is set at 1%
integrated over a physics fill, which translates to an
emittance growth of 2%/h at the lowest β⋆ (0.15 m) reached
at the end of the fill [8–10]. Given these very tight target
values, a good understanding of the CC rf noise-induced
emittance growth is critical for the HL-LHC performance.
To define the specifications for acceptable noise levels

for the design of the HL-LHC CC rf system, a theoretical
model was derived by Mastoridis and Baudrenghien
(referred to as the “zero-coupling model” in what follows)
to predict the transverse emittance growth caused by such
noise [11]. This model was validated through numerical
simulations with HEADTAIL [11]. To gain confidence in
the model’s validity and its predictions for the HL-LHC,
it was deemed necessary to benchmark it against exper-
imental data.

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI.

1Past studies with CC rf noise performed in KEKB can be
found in [6]. They were performed with leptons and with rf noise
characterized by discrete spectral lines. Thus they are not
applicable to the HL-LHC case, which entails proton beams
(where the bunch length is a significant fraction of the rf
wavelength) and broadband noise in the CCs.
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Emittance growth measurements took place in the Super
Proton Synchrotron (SPS at CERN), where two prototype
CCs (which will be referred to as CC1 and CC2) of double
quarter wave type [12], providing vertical deflection, were
installed in 2018 for experimental tests with proton beams.
The results from the first round of measurements did not
agree with the predictions of the zero-coupling model as will
be discussed in more detail in Sec. III of this paper. However,
it was suspected that the beam coupling impedance, which is
not included in the above-mentioned model, might have a
significant effect on the transverse emittance growth. The
main objective of this paper is to investigate the impact of the
impedance on the CC rf noise-induced emittance growth in
theory, in simulations, and in experiments.
This paper is structured as follows. Section II provides a

recap of the standard approach (zero-coupling model) for
predicting the emittance growth from CC rf noise. The
results from the first campaign for the experimental
benchmarking of this model that took place in 2018
are presented in Sec. III. A newly developed theory using
the van Kampen mode approach, suggesting that the
impedance can change the decoherence properties under
the conditions of the experiment, is developed in Sec. IV.
Section V presents results from tracking simulations,
including the machine impedance, which supports the
mechanism suggested by the newly developed theory
and allows for quantitative comparison with experimental
data. Section VI presents the experimental validation of the
new theory with measurements that took place in 2022
in the SPS. The studies conclude with a discussion of the
validity of the predictions of the zero-coupling model for
the HL-LHC case in Sec. VII.

II. THE ZERO-COUPLING MODEL

In the context of beam dynamics, the term noise
concerns the deflecting field experienced by the beam.
In the presence of CCs, it is considered that the CC voltage
is of constant amplitude and with a phase adjusted so that
the zero voltage is aligned with the longitudinal bunch core,
therefore, kicking the bunch head and tail in opposite
transverse directions. The deflecting voltage should ideally
be strictly sinusoidal at the CC rf frequency. Yet it will
suffer unwanted fluctuations coming from the low level rf,
i.e., low power electronics, and the high level rf, e.g., power
amplifier, cryogenic regulation. Typically, when discussing
rf noise, phase fluctuations (resulting in misalignment of
the deflecting field with the bunch core) and amplitude
noise (pertaining to fluctuations of the deflecting voltage
around the desired amplitude) are distinguished. Both cause
unwanted fluctuations of the deflecting CC kick and result
in transverse emittance growth in the plane of the kick,
which can be predicted by the zero-coupling model [11].
Further details can be found in Sec. IV of [11].
The zero-coupling model predicts the transverse emit-

tance growth due to CC noise assuming broadband rf noise

(discrete spectral lines are excluded). Furthermore, it is
assumed that the rf amplitude and phase noise are uncorre-
lated that the CC phase is set such that the zero-crossing of
the voltage coincides with the longitudinal bunch center
and that there is no synchrotron radiation damping. These
assumptions are valid for the case of the SPS in the studies
presented in this paper.
According to the zero-coupling model, the emittance

growth driven by CC rf noise is proportional to the noise
power spectral density (PSD) summed over all betatron
sidebands (phase noise) and synchrobetatron sidebands
(amplitude noise) and can be computed using Eqs. (20)
and (22) of [11]. The reason for the infinite sum is the
aliasing of the rf noise spectrum, coming from the periodic
passage of the beam over successive turns. For the
experimental and the simulation studies presented in this
paper, the noise spectra overlap and excite only the first
vertical betatron (at �7.8 kHz) and synchrobetatron side-
bands (at �8.02 and �7.6 kHz). The infinite sum, there-
fore, reduces to two terms (phase noise) and four
terms (amplitude noise). As discrete spectral lines are
excluded from this analysis, the rf noise spectrum can
be considered as constant within the boundary of two
synchrobetatron lines. Equations (20) and (22) of [11] can
thus be simplified to

dϵgeoy

dt
¼ 4βy;CC

�
eVCCfrev

2Eb

�
2

CΔAð2πfCCσtÞSΔA; ð1Þ

and

dϵgeoy

dt
¼ 2βy;CC

�
eVCCfrev

2Eb

�
2

CΔϕð2πfCCσtÞSΔϕ: ð2Þ

In the above formulas, the index y denotes the vertical
plane, ϵgeoy is the geometric emittance, βy;CC is the beta
function at the location of the CC, VCC is the peak
amplitude of the CC voltage, frev is the revolution
frequency, Eb is the beam energy, e is the elementary
charge, and σt is the rms bunch length in seconds. The
parameters SΔA, SΔϕ are the power spectral densities
(PSDs) [13] of the noise at the excited first betatron and
synchrobetatron (for the amplitude noise case) sidebands.
The multiplication factors 4 and 2 show the contributions
from two betatron (phase noise) and four synchrobetatron
(amplitude noise) sidebands. CΔA and CΔϕ are correction
factors to account for the bunch length; their definitions are
given in [11]. Note that no collective force is considered
in the above equations. The effect of a transverse damper
(collective force proportional to, and in quadrature with
transverse position averaged over the bunch) has been
studied in [11], and formulas for the resulting reduction of
emittance growth have been derived. However, the exten-
sion to a more general collective force (caused by machine
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impedance) has not been studied in detail (transfer function
H0½z� in Fig. 5 of [11]).
Amplitude and phase noise from the CC rf system are

expected to result in emittance growth through decoherence
[11,14,15]. If the noise spectrum overlaps with the side-
bands of the betatron frequencies, it drives coherent
betatron oscillations. In the presence of a betatron tune
spread, which results in phase mixing of the particles within
the bunch causing decoherence of the betatron oscillations,
emittance growth is observed. The impact on bunch motion
of amplitude noise in the CC rf system differs from that of
phase noise. In the presence of amplitude noise, the head
and the tail of the bunch are kicked in opposite directions
resulting in intrabunch oscillations (related to head-tail
mode 1).2 In the presence of phase noise, the particles in the
bunch receive kicks that are in phase, resulting in a shift
of the bunch centroid that thus corresponds to dipole (or
head-tail mode 0) motion.

III. EXPERIMENTAL STUDIES IN 2018

The first round of measurements for the experimental
benchmarking of the zero-coupling model took place in
2018, using the SPS in storage ring mode at 270 GeV,
with four low-intensity bunches (3 × 1010 p=b). Only CC2
was used, operating at 1 MV. The linear chromaticity was
corrected to small positive values (Q0

x; Q0
y ∼ 0.5 units) in

both transverse planes to minimize emittance growth from
other sources [17]. The SPS octupoles were switched off;
nevertheless, a residual nonlinearity was present in the
machine coming mainly from multipole components in
the dipole magnets [18,19]. The main parameters used for
the emittance growth measurements in the SPS are listed
in Table I.
To characterize the CC rf noise-induced transverse

emittance growth, rf noise at a controlled level was injected
into the CC rf system, and the emittance evolution was
recorded for about 20–40 min. The injected noise was a
mixture of amplitude and phase noise up to 10 kHz,
overlapping and primarily exciting the first betatron and
synchrobetatron sidebands. The phase noise was always
dominant (i.e., much larger than the amplitude noise). For a
meaningful comparison between the different levels of
noise, the concept of effective phase noise is introduced:
this is the phase noise level that, according to the zero-
coupling model, would lead to the same emittance growth
as that from both phase and amplitude noise. Emittance
measurements using the SPS rotational wire scanners [20]
were performed for five different levels of CC noise. The
noise levels were measured with a signal source analyzer

E5052B [21] and are expressed as 10 log10LðfÞ (dBc/Hz).
The “single-sideband phase noise” LðfÞ, with f denoting
the frequency, is the standard measure for characterizing
instabilities in the frequency domain [22]. The power
spectral densities in Eqs. (1) and (2) (following the IEEE
conventions in [22]) are given by3 SΔA;ΔϕðfÞ ¼ LðfÞ, with
SΔA in 1/Hz and SΔϕ in rad2=Hz. A new beam was injected
every time the transverse emittance reached very large
values.
The emittance growth rates were obtained from a linear

fit to the transverse emittance evolution for each noise
setting. It should be noted that the normalized emittance,
ϵu ¼ β0γ0ϵ

geom
u , where β0 and γ0 are the relativistic factors,

is used in the following. Even though emittance growth was
observed mainly in the vertical plane, the total measured
emittance growth, given by dϵy=dtþ dϵx=dt, was consid-
ered in the analysis of the data from 2018 in order to
account for betatron coupling effects [23].
The results of the measurements are summarized in

Fig. 1, where the transverse emittance growth (blue) is
plotted for different injected noise levels. A measurement
without added noise in the CC yielded emittance growth
rates of dϵx=dt ¼ 0.6 μm=h and dϵy=dt ¼ 0.44 μm=h.
These values are subtracted from all the measurements
that were made with controlled noise injected. The values
predicted from the zero-coupling model [Eq. (2)] are also
shown in Fig. 1: the calculations were performed using
the parameter values given in Table I, and with the average
bunch length over each observation window and the
measured noise PSDs. The values of bunch length and
power spectral density are listed in Table II. Although
measurements were performed with four bunches in the

TABLE I. Parameter values in the experimental studies of
emittance growth from CC rf noise, performed in the SPS in
2018.

Parameters Values

Beam energy, Eb 270 GeV
Revolution frequency, frev 43.38 kHz
Bunch population, Nb 3 × 1010 particles
Horizontal/vertical betatron tune, Qx=Qy 26.13=26.18
Horizontal/vertical chromaticity, Q0

x=Q0
y 0.5=0.5

Vertical beta function at CC1, βy;CC1 76.07 m
Vertical beta function at CC2, βy;CC2 73.82 m
CC voltage, VCC 1 MV
CC frequency, fCC 400.8 MHz
Bunch length, 4σt 1.7 ns
Initial horizontal normalized emittance, ϵx 2 μm
Initial vertical normalized emittance, ϵy 2 μm

2Here, the term head-tail modes refers to the azimuthal modes
as defined in [16]. For the head-tail mode 0, the bunch moves
transversely as a rigid unit. For the head-tail mode 1, the bunch
also oscillates transversely but now the head and the tail of the
bunch are 180° out of phase.

3The statistical signal processing definition of SðfÞ that
includes both positive and negative frequencies [13] is used,
while the IEEE standard [22] considers positive frequencies only,
therefore, the factor of 2 difference.
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ring, only the results for the first bunch are shown since
the last three bunches were found to be longitudinally
unstable [23].
It is evident that the zero-coupling model systematically

overestimates the measured growth rates by a factor of 4 on
average, over all noise settings (numerical values are listed
in Table II). Simulations were performed to investigate
various possible reasons for this discrepancy, including:
beam losses, changes in the transverse distribution, varia-
tions of the longitudinal distribution [24], and the sensi-
tivity to the nonlinearities of the SPS. However, none of
these effects could explain the experimental observations.
Furthermore, detailed studies excluded the possibility that
the discrepancy is a result of some error in the analysis of
the experimental data. Instead, it was suspected that the
beam coupling impedance, which is not included in the
zero-coupling model, can impact the CC rf noise-induced
emittance growth and thus explain the experimental obser-
vations, as discussed in more detail in the following section.

IV. ANALYTICAL MODEL INCLUDING
IMPEDANCE EFFECTS

In order to understand how the impedance can impact
the emittance growth driven by an external noise source,
we follow the theoretical approach developed in [25],
considering beam-beam interactions. However, here we
shall rather consider a simpler collective force, which is
characterized by a complex frequency shift. For simplic-
ity, the development is limited to dipole noise, i.e.,
random kicks that affect identically all the particles in
a bunch at a given turn. This corresponds to the CC phase
noise, though neglecting the impact of the rf curvature.
This aspect does not change qualitatively the mechanisms
involved and is accurately taken into account in simu-
lations (Sec. V).

A. Vlasov equation

We use the action-angle variables J and θ relating to the
transverse position x and momentum px:

x ¼
ffiffiffiffiffi
2J

p
cosðθÞ; ð3Þ

px ¼ −
ffiffiffiffiffi
2J

p
sinðθÞ: ð4Þ

We assume that the initial beam distribution is uniform in
angle and can, therefore, be written as

Ψ0ðJ; θÞ ¼
1

2π
f0ðJÞ; ð5Þ

where f0 is the initial distribution of actions. The effective
Hamiltonian of the lattice H0 is that of an oscillator
with amplitude detuning, and we define the betatron
frequency:

ωðJÞ≡ ∂H0

∂J
: ð6Þ

We add a collective force Fc proportional to the average
position of the bunch hxi:

Fc ¼ −2ΔΩexthxi; ð7Þ

with ΔΩext being the corresponding complex frequency
shift. Thus we can write the Vlasov equation to the first
order in a perturbation of the beam distribution Ψ1:

∂Ψ1

∂t
þ ∂Ψ1

∂θ
ωðJÞ − ∂Ψ0

∂J

ffiffiffiffiffi
2J

p
sinðθÞFc ¼ 0: ð8Þ

We will be looking for harmonic solutions of the form:

Ψ1ðJ; θ; tÞ ¼
1

2π
gðJÞeiðθ−ΩtÞ: ð9Þ

FIG. 1. Measured (blue) and theoretically calculated (black)
using Eq. (2) transverse emittance growth rates as a function of
the noise injected in the CC rf system during the experiments in
the SPS in 2018. The theoretical values are calculated using the
zero-coupling model.

TABLE II. Comparison between the measured and the calcu-
lated emittance growth rates for different noise levels (effective
phase noise) in the SPS CC experiments in 2018. The average
bunch length for each case is also given. The theoretical values
are calculated using the zero-coupling model.

Growth rate ðμm=hÞ
10 log10LðfÞ (dBc/Hz) Measured Calculated h4σti (ns)
−114.8 0.47 1.83 1.67
−110.2 1.32 5.33 1.63
−110.1 1.18 5.29 1.75
−105.7 2.36 14.88 1.69
−101.3 18.08 40.04 1.72
−100.5 9.37 48.01 1.73
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The Vlasov equation becomes an integral equation in the
mode action distribution gðJÞ and the corresponding
oscillation frequency Ω:

ðΩ − ωÞg ¼ −
1

2
ΔΩext

df0
dJ

ffiffiffiffiffi
2J

p Z
dJ

ffiffiffiffiffi
2J

p
g: ð10Þ

B. van Kampen modes

Following the van Kampen approach [26], we consider
two sets of solutions to the Vlasov equation corresponding
to a coherent mode gcðJÞ and an incoherent spectrum gkðJÞ.
Exploiting the freedom in the scale of the solution gcðJÞ,

we choose the corresponding mode frequency Ωc such thatZ
dJ

ffiffiffiffiffi
2J

p
gc ¼ 1: ð11Þ

The condition translates into the well-known dispersion
relation [27]:

Z
dJ

J df0
dJ

Ωc − ω
¼ −

1

ΔΩext
: ð12Þ

This condition allows us to determine Ωc and write a
solution of Eq. (10):

gc ¼ −
1

2
ΔΩext

ffiffiffiffiffi
2J

p df0
dJ

Ωc − ω
: ð13Þ

Following van Kampen [26], we find another set of
solutions in the realm of distribution functions:

gk ¼ −
1

2
ΔΩext p:v:

 ffiffiffiffiffi
2J

p df0
dJ

Ωk − ω

!
þ λkδðJ − kÞ; ð14Þ

with k∈ ½0;∞½. The notation p:v:ð·Þ indicates that an
integration of the distribution function (e.g., to obtain
statistical quantities) should be performed as a Cauchy
principal value. For the coherent mode, the parameter λk in
Eq. (14) is chosen such thatZ

dJ
ffiffiffiffiffi
2J

p
gk ¼ 1: ð15Þ

This condition yields

λk ¼
1ffiffiffiffiffi
2k

p
 
1þ ΔΩext p:v:

Z
dJ

J df0
dJ

Ωk − ω

!
: ð16Þ

By introducing this expression into the Vlasov equation,
we determine the oscillation frequencies of the incoherent
modes Ωk ¼ ωðkÞ.

A given perturbation can now be decomposed in terms
of van Kampen modes characterized by the coefficients ac
and ak for the coherent and incoherent part, respectively.
The time evolution of the perturbation is then given by

Ψ1ðJ; θ; tÞ ¼
ac
2π

gcðJÞeiðθ−ΩcÞt

þ
Z

dk
ak
2π

gkðJÞeiðθ−ΩkÞt: ð17Þ

C. Decomposition of the initial kick

In order to obtain the coefficients, we introduce the
scalar product

hgn; gmi≡
Z

dJ
gng�m
df0
dJ

: ð18Þ

It can be shown that the van Kampen modes are orthogonal.
With the initial condition corresponding to a beam offset
by δext, given by

Ψ1ðJ; θ; 0Þ ¼ δext
ffiffiffiffiffi
2J

p dΨ0

dJ
eiθ; ð19Þ

we apply the projection rule to obtain

ac ¼
δext

jhgc; gcij
; ak ¼

δext
jhgk; gkij

: ð20Þ

The norms are given by

hgc; gci ¼
1

2
jΔΩextj2

Z
dJ

J df0
dJ

jΩc − ωj2 ; ð21Þ

for the coherent mode and

hgk; gki ¼
1

2kdf0
dk

 
π2
����ΔΩext

∂ω
∂J

����2k2
�
df0
dk

�
2

þ 2πk
df0
dk

ℑΔΩext

j ∂ω
∂k j

þ
�����1þΔΩext p:v:

Z
dJ

J df0
dJ

Ωk −ω

�����
2
!
; ð22Þ

for the incoherent spectrum. A key step in the derivation of
this expression is the use of the Poincaré-Bertrand formula
to modify the order of integration, as in [28]. This leads to
the first term (with a factor of π2) inside the parentheses.
We note also that a single pole was assumed, imposing that
ωðJÞ is monotonic, but not necessarily linear at this point.

D. Emittance growth

Computing the time evolution of the emittance by
averaging Eq. (17), we find that it is constant, indicating
that the emittance growth due to a kick is a second order
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effect. Following [25], we obtain the second order term
using Hamilton’s equation for the action J and inserting it
into the Vlasov equation:

dJ
dt

¼ 1
∂Ψ0

∂J

�
∂Ψ1

∂t
þ ∂Ψ1

∂θ
ωðJÞ

�
: ð23Þ

Averaging over J and realizing that, up to second order, the
partial derivatives can be expressed as a total time deriva-
tive we obtain

d
dt

hJiΨ1ðtÞ ¼
1

2

d
dt

Z
dJdθ

1
∂Ψ0

∂J

Ψ2
1: ð24Þ

Using the expression for the time evolution of the distri-
bution in terms of van Kampen modes [Eq. (17)], we obtain

hJiΨ1ðtÞ ¼
δ2ext
8π2

Z
dJdθ

1
∂Ψ0

∂J

×

�
gcðJÞeiðθ−ΩctÞ

jhgc;gcij
þ
Z

dk
gkðJÞeiðθ−ΩktÞ

jhgk;gkij
�

2

: ð25Þ

As we are interested in the total emittance growth due to
a single kick, we compute the limit of the average emittance
toward infinite time. The limit exists if we assume that there
exists a damping force, i.e., ℑðΩcÞ < 0.0:

Δϵ≡ lim
t→∞

hJiΨ1ðtÞ − ϵgeo0

¼ 1

2
δ2ext

Z
dk

jhgk; gkij
; ð26Þ

where we have introduced the unperturbed rms emittance
hJiΨ0

≡ ϵgeo0 . The contribution of the coherent mode ac
vanishes when considering the limit, showing that all the
energy imparted to the collective motion is removed by the
damping force and thus does not contribute to the emittance
growth. Only the incoherent spectrum contributes to the
emittance growth. This result is consistent with results
obtained in the context of coherent beam-beam inter-
actions [25]. In the absence of any collective force, the
emittance growth due to a kick is given by 1

2
δ2ext [29]; thus,

it is convenient to define η, the emittance growth factor due
to the collective force:

η≡
Z

dk
jhgk; gkij

; ð27Þ

which can be solved numerically using the norm given
by Eq. (22).

1. Gaussian distribution and linear detuning

We apply the results above to a practical configuration
featuring linear detuning and a Gaussian distribution of the

particles. The Hamiltonian describing betatron motion of
particles in the lattice is

H0 ¼
Z

ωðJÞdJ; ð28Þ

where ωðJÞ is the betatron frequency of a particle with
amplitude J. In the case of linear detuning:

ωðJÞ ¼ ðQ0 þ aJÞω0; ð29Þ

where ω0 is the revolution frequency,Q0 is the unperturbed
tune, and a is the linear detuning coefficient. The unper-
turbed particle distribution is

f0 ¼
1

ϵgeo0

e−J=ϵ
geo
0 : ð30Þ

Introducing the normalized action I ≡ J=ϵgeo0 , we have

η ¼
Z

dI
Ie−I

GðIÞ ; ð31Þ

with

GðIÞ ¼
����
����1þ ΔΩext

aω0ϵ
geo
0

ð1þ Ie−IE1ð−IÞÞ
����2

− 2πIe−I
ℑΔΩext

jaω0ϵ
geo
0 j þ π2

���� ΔΩext

aω0ϵ
geo
0

����2I2e−2I
����: ð32Þ

where E1 is the exponential integral. We find that the
emittance growth factor is entirely determined by the
external complex frequency shift scaled by the rms fre-
quency spread ΔΩext=ðω0aϵ

geo
0 Þ or ΔQext=ðaϵgeo0 Þ. This

dependence is shown in Fig. 2. The presence of a damping
component, represented by the imaginary part of Ωext,
reduces the emittance growth in all configurations. This
behavior corresponds to the expectation for a classical

FIG. 2. Emittance growth factor with a positive detuning
coefficient, as a function of the real and imaginary parts of the
external frequency shift. The plot is produced using Eq. (31).
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resistive feedback. In addition, we observe that a real
frequency shift can significantly reduce the emittance
growth if the real frequency shift is much larger than the
frequency spread. There is a strong asymmetry between
negative and positive real frequency shifts. In this example,
the detuning coefficient a is positive, in which case,
a negative coherent frequency shift is favorable for sup-
pression of the emittance growth. This can be understood
with Fig. 3. The incoherent spectrum is mostly excited for
positive real external frequency shifts, i.e., external fre-
quency shifts matching the oscillation frequencies of
individual particles. In this regime, Eq. (12) does not admit
any solution for Ωc, implying that the coherent mode
does not exist, and only incoherent modes are possible.
Consequently, the collective force is inefficient at sup-
pressing the emittance growth. On the contrary, for larger
real external frequency shifts with either sign, the coherent
mode dominates the dynamics and thus the emittance
growth is efficiently suppressed by the collective force.

E. Experimental validation with dipole noise

Using the same setup of the SPS as for the CC noise
studies (Table I), a set of experiments were performed to
measure the emittance growth rates resulting from an
external noise source. In order to satisfy the assumption
in the analytical model that there is a uniform kick over the
length of the bunch, dipole noise was introduced using the
transverse feedback kicker. The measured emittance growth
compared to the model is shown in Fig. 4 for different
levels of amplitude detuning controlled by the SPS Landau

octupoles. Each data point was obtained by injecting a
beam, ramping the beam energy, and then injecting noise
for up to 10 min while monitoring the transverse emittance
with wire scanner measurements. The uncertainty in the
detuning is dominated by the growth of the emittance
during the measurement. For the configurations with a low
detuning, the variation of the emittance is small and the
uncertainty is dominated by the space-charge tune spread,
corresponding to an rms tune spread of approximately
6 × 10−5. This contribution is introduced as an uncertainty,
since the detuning is not linear with the transverse action
and varies with each particle’s synchrotron motion. These
features are not taken into account in the analytical model
described above. The uncertainty on the measured growth
rate is given by the linear fit of the emittance measurement
as a function of time.
To obtain predictions from the theoretical model (red

area), we define ΔQext based on the real tune shift and
damping rate of mode 0 obtained with tracking simulations
(PyHEADTAIL [30]) taking into account the full transverse
impedance model of the SPS [31] (ℜΔQ ≈ 6 × 10−4,
1=τ ≈ 1.6 × 10−4). The shaded area represents an uncer-
tainty of 50% on the damping rate, caused by the
uncertainty on the measured chromaticity, and an uncer-
tainty of 10% on the amplitude of the injected noise. The
agreement of the model with the experimental data is rather

FIG. 3. Spectrum of oscillation resulting from a kick for different
external frequency shifts ℜΔQext (top plot). The imaginary part is
kept constant at 2 × 10−4 and the detuning aϵgeo0 is 10−3. The
incoherent contribution is shown with a color scale, while the
coherent mode is represented by a red line; the corresponding
coherent mode coefficient ac is shown on the bottom plot. The plot
is produced using Eqs. (20)–(22).

FIG. 4. Measured emittance growth rate (blue) while applying
dipole noise to the beam in the SPS as a function of amplitude
detuning obtained by varying the strength of the SPS Landau
octupole magnets. The red and green shaded areas correspond to
predictions from the analytical model, which includes the
impedance effects for the condition of the experiments including
uncertainties. The red curve is based on the complex tune shift
driven by the impedance only. The green curve corresponds to the
same model including a shift of the incoherent spectrum due to
space charge (for details see text). The plot was produced using
Eq. (31) as a multiplicative factor to the emittance growth
rate expected from the dipole kick in the absence of impedance.
The latter value was obtained from a fit on the measured data
since the instrument applying the dipole noise to the beam was
not calibrated.
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poor, while good agreement could be obtained by consid-
ering a rough model of the space-charge interaction.
Indeed, the space-charge forces yield an additional shift
of the incoherent spectrum with respect to the coherent
mode, which we model by adding the tune shift caused by
space charge (ΔQSC ≈ −3.7 × 10−4) to ΔQext.

V. SIMULATION STUDIES WITH CRAB
CAVITY NOISE

In this section, we use tracking simulations to demonstrate
the emittance growth suppression mechanism described in
Sec. IV. The tracking simulations take into account the
impact of the CC rf curvature and were performed for
conditions as close as possible to those of the 2018 experi-
ments with CC noise, in order to allow for easier comparison
with the experimental results. Unless stated, otherwise, the
parameter values used are those shown in Table I.
In the simulation setup, the SPS ring is modeled in

two segments by linear transport maps. In between the
linear transport maps, particles receive kicks from the
lumped wakefields as obtained from the SPS impedance
model [31], and kicks from the CC noise, respectively. The
effect of the vertical CC rf amplitude noise is applied as

Δy0j ¼
eVCC

Eb
ΔAj sin

�
2πfCC
cβ0

zj

�
; ð33Þ

and the CC rf phase noise is applied as

Δy0j ¼
eVCC

Eb
Δϕj cos

�
2πfCC
cβ0

zj

�
; ð34Þ

where j denotes the turn number and y0 and z are the
vertical angles and longitudinal particle co-ordinates,
respectively. The parameters ΔAj and Δϕj are random
numbers taken from normal distributions with zero mean
and standard deviations of σΔA and σΔϕ, respectively. For a
white noise spectrum, the power spectral density of these
noise kicks can be computed as

SΔA ¼ σ2ΔA
frev

ð35Þ

and

SΔϕ ¼ σ2Δϕ
frev

: ð36Þ

In the simulations, the value of 2.7 × 10−3 is used for both
σA and σϕ: this is stronger than the noise levels injected in
the CC rf system in the 2018 experiments, but the larger
value was used since it results in a reasonable emittance
growth in the simulation time of 105 turns (∼2.5 s in the
SPS). Finally, detuning effects, such as detuning with

amplitude and chromaticity, are introduced as a change
of the phase advance of the individual particles.
First, the emittance growth was simulated in the presence

of phase and amplitude noise, with and without the SPS
impedance model, for a range of vertical amplitude detun-
ing coefficients, αyy. The horizontal detuning coefficient
and the cross term were left at zero, i.e., αxx ¼ αxy ¼ 0. The
emittance growth rate was obtained from a linear fit to the
normalized emittance values over the length of the simu-
lation. For every αyy setting, 20 simulation runs were
performed to reduce the uncertainty of the results. For each
run, the initial bunch distribution and the sequence of the
uncorrelated noise kicks were regenerated. For complete-
ness, the emittance growth induced by a pure dipolar noise
kick was also included in the simulations. The latter is
applied as Δy0j ¼ θj, where the values θj correspond to the
noise kick and are random numbers taken from a normal
distribution with zero mean and standard deviation σθ. For
a white noise spectrum, the power spectral density of the
kicks can be computed as Sθ ¼ σ2θ=frev.
Figure 5 illustrates the dependence of the simulated

emittance growth rates on the amplitude detuning coef-
ficient, αyy, normalized to the prediction of the zero-
coupling model. The secondary horizontal axis shows
the resulting rms tune spread, computed as rmsðΔQyÞ ¼
αyyϵ

geo
y . The predictions were obtained using Eqs. (1)

and (2) for amplitude and phase noise, respectively, while
for the dipole noise case Eq. (23) in [29] was used.
When the wakefields are not included in the simulations,

the emittance growth rates that are obtained are in good
agreement with the predictions of the zero-coupling model,
except for αyy ¼ 0. However, this is expected since the
theory assumes the observation time to be long compared to
the decoherence time, which is not valid for these simu-
lation points.
When the wakefields are applied to the beam, there is a

clear suppression of the emittance growth driven by dipolar
and CC rf phase noise. This suppression depends on the
detuning coefficient and is asymmetric between negative
and positive values of the detuning coefficient. For the
case of dipole noise, the analytical prediction from the new
model developed in Sec. IV is also plotted. The small
quantitative disagreement of the new theory with the
simulation results could be explained by the fact that the
simulations include the effect of the real wakefields over
the longitudinal distribution of the bunch, whereas the
theory assumes a damping force (resulting from the wake-
fields) which acts uniformly on the entire beam. For the CC
rf phase noise case, over the realistic range of betatron tune
spread values for the SPS experimental conditions (gray
shaded area) the emittance growth suppression reaches a
factor of 4 or 5. This is very close to the experimental
observations of 2018 and the simulation results show a
behavior similar to the one expected from the new theory
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presented in Sec. IV. Furthermore, Fig. 5 shows that the
emittance growth driven by CC rf amplitude noise is not
suppressed by impedance-induced effects. These observa-
tions are in agreement with the theory of Sec. IV, as the
phase noise (which is similar to a dipolar noise kick but
with a high-order distortion) is associated with head-tail
mode 0, while the amplitude noise is associated with head-
tail mode 1.
The sensitivity of the emittance growth suppression

mechanism to the linear chromaticity, as an additional
source of tune spread, was also investigated through
simulation studies. The results are shown in Fig. 6. No
negative chromaticity values were studied, as they would
result in the head-tail mode 0 instability. Figure 6 shows
that the impact of the linear chromaticity on the maximum
emittance growth suppression (observed for αyy ¼ 0) is
weak. In the regime of negative detuning coefficients, the
increasing values of chromaticity enlarge the region of
emittance growth suppression.
The next set of simulations aimed at validating that

the mechanism behind the emittance growth suppression
from the impedance is the separation of the coherent tune
(head-tail mode 0) from the incoherent tune spectrum, as
suggested in Sec. IV. Figure 7 illustrates the simulated
emittance growth driven by CC rf phase noise when the
SPS impedance is taken into account as a function of
different values of coherent tune shift scaled by the
incoherent tune spread. The simulations for this parametric
study were actually performed for different values of the
bunch intensity (upper horizontal axis), which translates to
different values of coherent tune shift from the impedance.
The incoherent spectrumwas introduced through amplitude
detuning, for αyy ¼ 12000 m−1.
Three different regimes are visible in Fig. 7. For small

(absolute) values of coherent tune shift, ≲10−4, the

emittance growth rates appear independent of the coherent
tune shift value and in good agreement with the predictions
of the zero-coupling model. For increasing coherent tune
shift values, the emittance growth rates decrease and
eventually saturate. The above-described dependence of
the emittance growth suppression on the coherent tune shift
is consistent with the mechanism suggested in Sec. IV: the
emittance growth suppression is a result of the separation of

FIG. 5. Simulated vertical emittance growth driven by (a) dipolar noise, (b) CC rf phase noise, and (c) CC rf amplitude noise, with and
without machine impedance, as a function of the vertical detuning coefficient, αyy (lower horizontal axis). The resulting rms tune spread,
rmsðΔQyÞ ¼ αyyϵ

geo
y , is shown on the upper horizontal axis. The displayed emittance growth rates, hdϵy=dtinorm, are the average over 20

simulation runs and normalized with the corresponding predictions from the zero-coupling model computed with Eqs. (1) and (2). The
gray shaded area indicates the estimated tune spread induced by residual nonlinearities of the SPS [18,19] and chromaticity (Q0

x;y ¼ 0.5).

FIG. 6. Simulated vertical emittance growth driven by CC rf
phase noise with impedance effects as a function of the vertical
detuning coefficient, αyy. The resulting rms tune spread,
rmsðΔQyÞ ¼ αyyϵ

geo
y , is shown on the upper horizontal axis.

The simulation is performed for different values of linear
chromaticity, Q0

y. The displayed emittance growth rates,
hdϵy=dtinorm, are the average over the 20 simulation runs and
normalized with the corresponding predictions from the zero-
coupling model computed with Eq. (2). The gray shaded area
indicates the estimated tune spread induced by residual non-
linearities of the SPS [18,19] and Q0

x;y ¼ 0.5.
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the coherent mode from the incoherent spectrum, as the
beam impedance leads to a shift of the coherent tune. This
mechanism is also supported by Fig. 8, which shows
the frequency spectra of the vertical bunch motion as
obtained from Fourier analysis of the turn-by-turn motion
of the bunch centroid for 106 turns (Schottky noise [32]).
The frequency of the coherent mode (highest amplitude) is
shown by a vertical magenta line. The simulations were
performed following the same procedure as for the studies

presented above, but without applying the noise kicks on
the bunch to minimize the external perturbations: this
allows a clear tune spectrum to be obtained, resulting only
from the wakefields and the detuning with amplitude.
By comparing Figs. 7 and 8, it becomes evident that

there is no suppression of the emittance growth when
the coherent tune lies inside the incoherent spectrum
[Fig. 8(a)]. Once the coherent mode emerges from the
incoherent spectrum [Fig. 8(b)], the emittance growth
suppression mechanism becomes apparent. Eventually,
when the coherent mode is well separated from the
incoherent spectrum, the dependence on the bunch inten-
sity saturates [Fig. 8(c)].
Finally, simulations were performed to characterize the

effect of the CC rf curvature on the emittance growth
suppression mechanism. To this end, emittance growth
driven by CC rf phase noise was simulated over a range
of different CC wavelengths, for a constant bunch length of
4σt ¼ 1.7 ns, and for a vertical detuning coefficient of
αyy ¼ 12000 m−1. The results are summarized in Fig. 9,
where the simulated growth rates, normalized to the
predictions of the zero-coupling model, are shown as a
function of the ratio between the bunch length and the CC
wavelength.
Figure 9 illustrates, as expected, that the simulation

results without the wakefields are in very good agreement
with the predictions of zero-coupling model, within the
error bars. In the presence of wakefields, the suppression
of the emittance growth appears stronger for longer CC
wavelengths. This could be explained by the fact that for
wavelengths much longer than the bunch length, the bunch
is affected mostly by the linear part of the CC kick, which is
closer to a pure dipolar excitation. Indeed, for short
bunches compared to the CC wavelengths, the simulated
emittance growth agrees very well with the predictions of
the new analytical model, developed in Sec. IV, which

FIG. 7. Simulated vertical emittance growth driven by CC rf
phase noise as a function of the negative coherent tune shift,
−ℜΔQy, scaled by the rms incoherent tune spread, αyyϵ

geo
y .

Machine impedance is included, and the change in incoherent
tune spread results from a change in bunch intensity. The
emittance growth rates, hdϵy=dtinorm, are the average over the
20 simulation runs and normalized with the corresponding
predictions from the zero-coupling model computed with
Eq. (2). The vertical magenta line shows the point, where the
coherent tune shift is equal to the incoherent tune spread. The
gray vertical band indicates the coherent tune shift expected for
the experimental conditions of SPS CC tests in 2018.

FIG. 8. Frequency spectra of the vertical bunch centroid motion in the presence of the SPS transverse impedance model, calculated
over 106 turns with 5 × 104 macroparticles for three different intensity values, and hence different shifts of the coherent tune (from the
impedance) with respect to the nominal value of 0.18. The incoherent tune spread is introduced primarily through detuning with
amplitude, with αyy ¼ 12000 m−1.
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includes the impact of the impedance for a pure dipolar
excitation (magenta dashed line). In particular, for the
parameters of the study, the new model predicts that the
emittance growth should be fully suppressed. For shorter
wavelengths, the bunch is affected by the rf curvature of the
CC, and the suppression mechanism becomes less effective
and even disappears.

VI. EXPERIMENTAL STUDIES IN 2022

The second experimental campaign with CCs in the SPS
took place in 2022 with the aim to investigate effects of
impedance and amplitude detuning on emittance growth
from CC rf phase noise. It consisted of two sessions, in
May and in September, with slightly different parameter
values, which are listed in Table III. The displayed CC
voltage and noise level values were measured during the
experiments with the head-tail monitor [33,34] and a signal
source analyzer [21], respectively. The bunch length values
are the average measured bunch length during the mea-
surements. The background emittance growth rates corre-
spond to the measured emittance growth induced by other
sources (without noise in CC1).4 Generally, the measure-
ments in 2022 were performed following the same

procedure as in 2018 and for very similar machine and
beam conditions. There were, however, some differences,
the main ones being that in 2022, the emittance growth
measurements were conducted with CC1 rather than CC2
(due to difficulties that appeared in the calibration of CC2);
slightly longer bunches were used in 2022 than in 2018;
and in 2022 measurements were made using a single bunch
in the machine, rather than four bunches. Furthermore, the
small but nonzero linear transverse coupling observed in
2018 was corrected in 2022 using skew quadrupoles. In
2022 as in 2018, the noise injected into the CC rf system
consisted of a mixture of phase and amplitude noise,
overlapping the first betatron and synchrobetatron side-
bands only, with the phase noise being dominant.
Different octupole settings were used, with the aim of

reproducing the dependence of the emittance growth mecha-
nism on the amplitude-dependent betatron tune shift, as
already observed theoretically (Sec. IV) and in simulations
(Sec. V). The octupole family consisting of the octupoles
adjacent to the defocusing quadrupoles was used (LOD). For
each setting of the octupoles, the evolution of the emittance
was recorded over a period of about 20–30 min. Emittance
measurements were made using a wire scanner, and the
growth rate determined by a linear fit. For each setting of the
octupoles, a freshly injected beam was used.
The experimental results from 2022 are summarized in

Fig. 10 showing the measured horizontal and vertical
emittance growth rates for different octupole strengths,
after subtraction of the background emittance growth rate in
the corresponding plane. Note that in the 2018 analysis,
the total emittance growth rate given by dϵy=dtþ dϵx=dt
was considered, to account for coupling effects; in the 2022
measurements, however, the emittance growth in the
horizontal plane is essentially independent of that in the
vertical plane as the linear coupling was corrected.
The predicted vertical emittance growth rate from the
zero-coupling model (without including impedance effects)
is also shown, as computed for the parameter values listed
in Table III. The contribution from both amplitude and
phase noise is taken into account.
In the first set of measurements, in May 2022, five

octupole settings (of small or moderate strength) were
tested. Figure 10(a) shows a clear dependence of the
measured vertical emittance growth rate on the octupole
strength and hence on the amplitude-dependent tune
spread: the dependence is qualitatively very similar to that
expected from the simulations. During this experiment,
the emittance growth rate could not be measured for
kLOD ¼ −10 m−4 since the bunch was found to be hori-
zontally unstable (resulting in loss of the beam). The most
likely explanation for this instability is that the chromaticity
was too low and may have drifted to small negative values
causing a head-tail mode 0 instability.
In the second set of measurements, in September 2022

[Fig. 10(b)], stronger octupole settings were used in order

FIG. 9. Dependence of the simulated vertical emittance growth
driven by CC rf phase noise on the ratio of the bunch length, 4σt,
and the CC wavelength, λCC. For the latter, the corresponding
CC frequency fCC is also shown (upper horizontal axis). The
emittance growth rates, hdϵy=dtinorm, are the average over 20
simulation runs and normalized by the corresponding predictions
from the zero-coupling model computed with Eq. (2). For
reference, the magenta line represents the prediction of the
new analytical model developed in Sec. IV, which is a horizontal
line since the rf curvature of the CC phase noise is neglected. For
the specific simulation conditions, a complete emittance growth
suppression is predicted.

4The background emittance growth was measured in May 2022
with the octupoles turned off and in September 2022 with
kLOD ¼ þ30 m−4.
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to explore the regime where no suppression (from the
machine impedance) of the emittance growth is expected
and the growth rates predicted from the zero-coupling
model should be restored. For this set of measurements,
the linear chromaticity was increased to Q0

x;y ¼ 0.7 (to
avoid the horizontal instability observed in May 2022).
The experimental results of the vertical emittance growth
appear to be in very good qualitative agreement with the
PyHEADTAIL simulations including the machine impedance.
Some quantitative discrepancies are observed and will be
discussed further below. The measured vertical emittance
growth rates also reproduce the asymmetry observed in the
simulations for positive and negative octupole strengths.
Note that the emittance growth in the horizontal plane is

TABLE III. Main parameters in the SPS CC emittance growth studies in 2022.

Parameters May 2022 September 2022

Beam energy, Eb 270 GeV 270 Gev
Bunch population, Nb 3 × 1010 particles 3 × 1010 particles
Horizontal/vertical betatron tune, Qx=Qy 26.13=26.18 26.13=26.18
Chromaticity, Q0

x;y ∼0.0–0.5 ∼0.7
Vertical beta function at CC1, βy;CC1 76.07 m 76.07 m
CC1 voltage, VCC1 1.1 MV 1.05 MV
CC1 frequency, fCC1 400.8 MHz 400.8 MHz
Bunch length, h4σti 1.83 ns 1.77 ns
Phase noise, 10 log10LðfÞ at f ≈ 8 kHz −104.5 dBc=Hz −103.3 dBc=Hz
Amplitude noise, 10 log10LðfÞ at f ≈ 8 kHz −116.5 dBc=Hz −123.3 dBc=Hz
Horizontal background emittance growth 0.81 μm=h 2.42 μm=h
Vertical background emittance growth 0.84 μm=h 1.72 μm=h

FIG. 10. Overview of the transverse emittance growth due to
noise injected in the CC1 rf system for different octupole settings,
as measured in (a) May 2022 and (b) September 2022. The
predictions from the zero-couplingmodel, computed with Eqs. (1)
and (2), are also shown (black dashed line). The error bars
indicate the uncertainty of the linear fit on the emittance values
acquired during each set of measurements.

FIG. 11. Measured (magenta: May 2022 and green: September
2022) and simulated (orange) vertical emittance growth driven by
phase noise injected in the CC rf system for different octupole
settings. The displayed emittance growth rates are normalized
with the corresponding predictions from the zero-coupling model
computed with Eqs. (1) and (2). The error bars indicate the
uncertainty of the linear fit on the measured emittance values
during each set of measurements.
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faster for larger octupole strength (in absolute value).
A possible explanation, since the transverse coupling is
minimized, could be the operation of the octupoles at very
high currents. Further studies are needed to provide a
conclusive explanation for the dependence of the horizontal
emittance growth rate on the octupole strength, and the
effect is considered to be beyond the scope of the
current work.
A direct comparison of the measured vertical emittance

growth rate with the simulation results from PyHEADTAIL

including the SPS impedance model is shown in Fig. 11.
The tracking simulations were performed with parameters
very similar to the experimental conditions, as listed in
Table III. The bunch length was set to 4σt ¼ 1.83 ns,
the linear chromaticity Q0

x;y ¼ 0.5, and the CC1 voltage
VCC1 ¼ 1 MV. The values of the vertical (αyy) and cross-
plane (αxy) detuning coefficients were calculated using
MAD-X [35] for each of the displayed kLOD values, while the
horizontal detuning coefficient αxx was left at zero. The rms
tune spread (shown on the secondary horizontal axis) is
computed taking into account both the αyy and αxy
coefficients. The measured vertical emittance growth, after
the subtraction of the background, is shown from both
experiments that took place in the SPS in May 2022
(magenta) and September 2022 (green). Both measured
and simulated emittance growth rates are normalized to the
corresponding analytical prediction from the zero-coupling
model. Note that, for the measured emittance growth rates,
the computed analytical prediction includes the contribu-
tion from both amplitude and phase noise. In the simu-
lations, only phase noise is considered.
Overall, the qualitative agreement between the exper-

imental data and the simulations is very good. In particular,
the measured vertical emittance growth rate clearly depends
on the octupole strength and saturates for strong octupoles.
In that case, the measured emittance growth rates are very
close to the predictions of the zero-coupling model,
providing confidence in its validity (under the appropriate
conditions). Thus the experimental data from 2022 support
the hypothesis that the beam impedance can result in
suppression of the CC rf noise-induced emittance growth.
There is some uncertainty in the quantitative agreement:

this is expected from the complex nature of the effects
under investigation. Within the range of octupole strengths
where the emittance growth suppression mechanism is
effective, space charge may contribute to the differences
between results from simulations and experiments. Space-
charge effects have not yet been studied but could affect the
emittance growth behavior by introducing additional beta-
tron tune spread. Future simulation studies are planned to
investigate this possibility, though it is computationally
challenging. The level of quantitative agreement with the
zero-coupling model in the regime of strong octupoles is
very good, except for the case kLOD ¼ −30 m−4 where the
measured vertical emittance growth appears about 25%

higher than predicted. However, this could be explained by
a 10% uncertainty on the measurement of the CC1 voltage.
An additional factor is the uncertainty of about �0.5 dB
on the measurement of the rf noise power LðfÞ, which
translates to �12% in the estimated emittance growth rate.

A. Emittance growth driven by amplitude noise

Figure 12 shows the first experimental results of emit-
tance growth in the SPS driven primarily by amplitude
noise in the CC rf. The data were collected during the
measurement campaign in September 2022, with the octu-
poles at kLOD ¼ −30 m−4. The amplitude and phase noise
in CC1 were measured to be −102 and −122 dBc=Hz,
respectively, at ∼8 kHz. The emittance evolution for the
above conditions is shown in Fig. 12.
The vertical emittance growth rate was about

25.41 μm=h (after subtracting the background growth rate
of dϵy=dt ¼ 1.62 μm=h, observed without noise injection).
This is very close to the predictions of the zero-coupling
model: 32.35 and 0.38 μm=h from amplitude and phase
noise, respectively (using the parameters in Table III).
The measured emittance growth rate appears 20% lower
than the predictions, however, this is within the uncertainty
expected from the experimental setup. This agrees with the
PyHEADTAIL simulations and with the theory introduced in
Sec. V. However, the emittance growth due to amplitude
noise for different values of amplitude detuning needs to be
studied in future experimental campaigns.

VII. CONCLUSIONS

During the SPS CC tests in 2018, it was found that
the theoretical calculations of the vertical emittance growth
rates from CC rf noise using the standard approach of
the zero-coupling model overestimated the experimental
results by a factor of 4 on average. A new theory based on

FIG. 12. Transverse emittance growth driven primarily by
amplitude noise injected in the CC1 rf system, as measured in
September 2022.
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van Kampen modes was developed, which shows that
this discrepancy can be explained by impedance-induced
effects. In particular, when the coherent tune lies outside of
the incoherent tune spectrum, part of the excitation from the
external noise does not result in emittance growth. This
effect was demonstrated in the SPS experimentally and is
consistent with macroparticle tracking simulations. For
sufficiently large values of betatron tune spread, i.e., when
the coherent tune is inside the incoherent spectrum, the
emittance growth rate predicted by the zero-coupling model
is expected to be restored: this was also confirmed both
experimentally and in tracking simulations.
The emittance growth suppression mechanism described

in this paper is not expected to be observed for the
conditions planned for the HL-LHC. Past studies for the
LHC and HL-LHC, with complex bunch train structures
and multiple interaction points with asymmetric phase
advance, have shown that the coherent modes (dominated
by the beam-beam interactions) are expected to lie inside
the incoherent spectrum [36,37] and thus the zero-coupling
model is applicable. The strategy for mitigating the
emittance growth from CC rf noise in HL-LHC to meet
the performance specifications of the machine is based
on a feedback system that is under development [24,38].
An alternative solution would be to operate HL-LHC with
slightly flat optics [39]: this would allow for smaller beta
functions in the crabbing planes at the locations of the CCs
(due to the higher beta function at the interaction points)
and would thus reduce the emittance growth induced by
CC rf noise.
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