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In electron storage rings, an accurate description of particle dynamics near third-integer resonance is
crucial for various applications. The conventional approach is to extrapolate far-resonance dynamics to near
resonance, but the difficulty arises because the nonlinear detuning parameter diverges at this critical point.
Here we derive, via a suitable application of the canonical perturbation theory, a revised detuning parameter
that is well behaved near resonance. The resultant theory accurately describes the morphology of resonance
islands for a wide range of parameter space and facilitates its optimization.
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I. INTRODUCTION

A charged particle in an electron storage ring experi-
ences a periodic potential which makes the particle sus-
ceptible to various resonances. Such resonance phenomena
have traditionally been viewed as detrimental to beam
confinement, and operating the electron storage ring near
resonance tunes has been avoided. However, if it has a
certain nonlinear potential, it can form additional or
secondary stable islands surrounding the central primary
island. Various means are being revisited to actually utilize
this resonance phenomenon in applications such as multi-
turn extraction [1–4]. CERN has made significant progress
in generating transverse resonance islands for proton beams
across various resonance tune orders [1–4]. In this
approach, the proton beam disperses from the main orbit
to the secondary stable orbit for utilization, thereby avoid-
ing the concurrent use of two orbits.
In operation modes of electron storage rings that utilize

resonance islands, electrons are simultaneously confined
to main and secondary stable orbits in transverse phase

space [5]. Sextupole magnets in electron storage rings can
form additional stable islands surrounding the central
primary island. Previous research focus had been on
eliminating these additional islands [6], but particles
can actually be trapped in them by choosing the appro-
priate tune and applying external kicks [7], allowing for a
multiobjective utilization of the stored beam [8,9]. This
mode has been implemented at several facilities such as
BESSY II [5] and MAX IV [10]. The presence of
additional stable orbits in the ring has enabled pump-
and-probe experiments with spatially separated short
x-ray pulses [11], synchrotron-radiation-based electron
time-of-flight spectroscopy [12], and control of x-ray
helicity using APPLE-type undulators in conjunction with
operation with resonance islands [9].
Despite the experimental implementation of resonance

islands, the theoretical description of this phenomenon is
still a subject of ongoing research and is not fully under-
stood [13]. Awidely used dynamical framework in electron
storage ring physics is the Hamiltonian formalism [14–16].
When investigating higher-order effects beyond linear
electron storage ring dynamics, a common approach is
to separate long-term and short-term motions to derive an
effective or average Hamiltonian that describes the system’s
long-term behavior and driving mechanisms. This math-
ematical approach has been applied to study amplitude-
dependent tune shifts [17] and nonlinear chromaticity [18]
in electron storage rings.
A key aspect for understanding resonance islands is the

dynamical properties near the tune νx ≅ l3νx=3, which
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corresponds to the third-integer resonance. Near this
resonance, the Hamiltonian has been proposed as [19]

Hðϕ;JÞ¼
�
νx−

l3νx
3

�
Jþg3;0;l3νx J

3
2 cosð3ϕÞþ1

2
α0J2; ð1Þ

where ðϕ; JÞ are the action-angle variables, νx is the
horizontal tune, l3νx is the integer number closest to 3νx,
g3;0;l3νx is the resonance strength, and α0 is the nonlinear
detuning parameter [19,20]. In special cases like single kick
approximation,Ω2 is also used instead of α0 [21]. However,

α0 diverges as νx →
l3νx
3
, and so this theory breaks down

near the third-integer resonance around which resonance
islands are supposed to form. In fact, in concurrent
theoretical studies and applications of resonance islands,
the detuning parameter is either deemed too difficult
to derive [22] or just artificially supplemented or
modified [13]. The derivation of the correct detuning
parameter near resonance is therefore a crucial challenge
in understanding and predicting resonance islands.
In this paper, we present a revised expression for the

nonlinear detuning parameter using perturbative canoni-
cal transformations. The revised parameter is well
behaved near third-integer resonance and so accurately
describes the presence and morphology of the resonance
islands. Particle tracking simulations using the lattice
information of a currently operating electron storage ring
(PLS-II) are performed and their results are shown to
conform to the analytical predictions. The bearing of our
findings on advanced operations of electron storage rings
is discussed.

II. THEORY

A. Hamiltonian for a electron storage ring
with sextupole magnet

The coordinate system (Frenet-Serret) employed in this
study is depicted in Fig. 1. The Hamiltonian, as given in
Eqs. (10)–(12) of Ref. [17], is presented below:

H1 ¼
Ix

βxðsÞ
þ Vðϕx; Ix; sÞ; ð2Þ

Vðϕx; Ix; sÞ ¼
mðsÞ
6
ffiffiffi
2

p
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

βxðsÞIx
p �

3½cos ð3ϕxÞ þ 3 cosðϕxÞ�;

ð3Þ

where βxðsÞ is a horizontal betatron function, ðϕx; IxÞ is
action-angle variables, and the sextupole magnet strength
mðsÞ is given by

mðsÞ ¼ e
p
∂
2B
∂x2

: ð4Þ

In the above definitions, p is the momentum of an
electron, e is the charge of an electron, and B is the
magnetic field strength of the sextupole magnet.
A canonical transformation mapping from ðϕx; IxÞ to

ðψ2; J2Þ is performed using the second type of generating
function, as given by [19]

F2ðϕx; J2; sÞ ¼
�
ϕx −

Z
s

0

1

βxðτÞ
dτ þ 2π

L
sνx

�
J2; ð5Þ

where L is the periodicity in the electron storage ring (for
example, the length of a lattice or the circumference) and νx
is defined as

νx ¼
1

2π

Z
L

0

1

βxðτÞ
dτ: ð6Þ

Note that the 3 times of tune is near an integer, which is
denoted as 3νx ≅ l3νx . The new canonical action-angle
variables are given below:

Ix ¼
∂F2

∂ϕx
¼ J2; ð7Þ

ψ2 ¼
∂F2

∂J2
¼ ϕx −

Z
s

0

1

βxðτÞ
dτ þ 2π

L
sνx; ð8Þ

where the numerical subscript signifies the number
of canonical transformations from the ðx; x0Þ position-
momentum space. Replacing the system variable from s
to θ ¼ 2πs

L ¼ s
R, the transformed Hamiltonian is given by

H2ðψ2; J2; θÞ ¼ νxJ2 þ Vðψ2; J2; θÞ; ð9Þ

FIG. 1. The Frenet-Serret coordinate system used in this study.
The particle moves along the trajectory line, with the position
denoted by the vector r⃗. The origin of the Frenet-Serret coordinate
system is denoted by the vector r0

!. The ideal orbit is represented
by the dotted curved line. The bending radius is denoted by ρ, and
the unit vectors of each axis are denoted by x̂, ŷ, and ŝ.
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where

Vðψ2; J2; θÞ ¼
RmðθÞ
6
ffiffiffi
2

p
h� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

βxðθÞJ2
p �

3
cos ½3ψ2 − 3νxθ þ 3χxðθÞ� þ 3

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
βxðθÞJ2

p �
3
cos ½ψ2 − νxθ þ χxðθÞ�

i
; ð10Þ

and

χxðθÞ≡ R
Z

θ

0

1

βxðΘÞ
dΘ: ð11Þ

Then, Fourier expanding V in θ, the Hamiltonian is now

H2ðψ2; J2; θÞ ¼ νxJ2 þ
� ffiffiffiffiffi

J2
p �

3
X∞
n¼−∞

g3;0;n cos ð3ψ2 − nθ þ ξ3;0;nÞ þ
� ffiffiffiffiffi

J2
p �

3
X∞
n¼−∞

g1;0;n cos ðψ2 − nθ þ ξ1;0;nÞ; ð12Þ

where the Fourier coefficients g3;0;n, ξ3;0;n, g1;0;n, ξ1;0;n are
given in Appendix A.
We now perform a canonical transformation using the

generating function

Gðψ2; J3; θÞ ¼
�
ψ2 −

l3νx
3

θ

�
J3; ð13Þ

which in effect eliminates the linear θ dependency of the
angle variable. Then, the new Hamiltonian is given as

H3ðψ3; J3; θÞ ¼ H2ðψ3; J3; θÞ þ
∂Gðψ2; J3; θÞ

∂θ

¼ δνJ3 þ Vðψ3; J3; θÞ; ð14Þ

where the resonance proximity parameter δν is defined by

δν ≡ νx −
l3νx
3

ð15Þ

and potential term is given by

Vðψ3; J3;θÞ ¼
� ffiffiffiffiffi

J3
p �

3
X∞
n¼−∞

g3;0;n cos ð3ψ3 þ ðl3νx − nÞθþ ξ3;0;nÞ þ
� ffiffiffiffiffi

J3
p �

3
X∞
n¼−∞

g1;0;n cos

�
ψ3 þ

�
l3νx
3

− n

�
θþ ξ1;0;n

�
:

ð16Þ

While ψ2 is a fast-varying variable, if ∂V
∂J3

≪ 1, ψ3 is now
a slowly varying function of θ because dψ3

dθ ¼ ∂H3

∂J3
¼

δν þ ∂V
∂J3

≪ 1 near resonance. Then, Eq. (16) shows that
V consists of fast-varying terms that depend on θ and a
slowly varying term cosð3ψ3 þ ξ3;0;l3νx Þ which depends
only on ψ3.

B. Canonical perturbation and θ-independent
Hamiltonian H4

Now we perform another perturbative canonical trans-
formation from ðψ3; J3Þ to ðψ ; JÞ that renders the trans-
formed Hamiltonian to be explicitly θ-invariant for up to
second order in mðθÞ [17,23]. Consider a generating
function, written in the following way:

Fðψ3; J; θÞ ¼ ψ3J þ Fð1Þðψ3; J; θÞ þ Fð2Þðψ3; J; θÞ þ � � � ;
ð17Þ

where FðkÞ denotes the kth order generating function. Here,
the kth order means the proportionality to power of the
function mðθÞ. The transformed action variable J is now
determined by the following relation:

J3 ¼
∂Fðψ3; J; θÞ

∂ψ3

¼ J þ ∂Fð1Þðψ3; J; θÞ
∂ψ3

þ ∂Fð2Þðψ3; J; θÞ
∂ψ3

:

ð18Þ

The Hamiltonian H4 is given by

H4 ¼ H3 þ
∂Fðψ3; J; θÞ

∂θ
: ð19Þ

By using a Taylor series, the Hamiltonian H4 can
be arranged in order of mðθÞ and is given up to second
order by

H4ðψ3; J; θÞ ≅ Hð0Þ þHð1Þ þHð2Þ; ð20Þ
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where

Hð0Þ ≡ δνJ; ð21Þ

Hð1Þ ≡ Vðψ3; J; θÞ þ δν
∂Fð1Þ

∂ψ3

þ ∂Fð1Þ

∂θ
; ð22Þ

Hð2Þ ≡ ∂Vðψ3; J; θÞ
∂J

∂Fð1Þ

∂ψ3

þ δν
∂Fð2Þ

∂ψ3

þ ∂Fð2Þ

∂θ
: ð23Þ

Then HðnÞ for n∈ f0; 1; 2g is θ invariant if the nth order
generating function FðnÞ satisfies

HðnÞ − hHðnÞiθ ¼ 0; ð24Þ

where hAiθ means the average of A over θ. Note thatHð0Þ is
already θ invariant, so we start from n ¼ 1.
For the first-order Hamiltonian Hð1Þ, it should satisfy

Hð1Þ − hHð1Þiθ ¼ 0: ð25Þ

The θ average of the first-order Hamiltonian is given by

hHð1Þiθ¼
	
Vðψ3;J;θÞþδν

∂Fð1Þ

∂ψ3

þ∂Fð1Þ

∂θ



θ

¼hVðψ3;J;θÞiθþδν

	
∂Fð1Þ

∂ψ3



θ

þ
	
∂Fð1Þ

∂θ



θ

: ð26Þ

All terms in hVðψ3; J; θÞiθ are 0 except one term because
other terms in Vðψ3; J; θÞ have explicit oscillatory depend-
ency on θ. In order to satisfy Hð1Þ ¼ hHð1Þiθ, thus we need
to find the generating function that satisfies the following
relations:

	
∂Fð1Þ

∂ψ3



θ

¼ 0; ð27Þ

	
∂Fð1Þ

∂θ



θ

¼ 0: ð28Þ

Assuming that the above two equations are satisfied by
some generating function, the first-order Hamiltonian is
given by

Hð1Þ ¼ hHð1Þiθ
¼ hVðψ3; J; θÞiθ þ δν

	
∂Fð1Þ

∂ψ3



θ

þ
	
∂Fð1Þ

∂θ



θ

¼ ð
ffiffiffi
J

p
Þ3g3;0;l3νx cos ð3ψ3 þ ξ3;0;l3νx Þ: ð29Þ

From Eqs. (22) and (29), we can derive the following
equation:

�
δν

∂

∂ψ3

þ ∂

∂θ

�
Fð1Þ ¼ −

�
Vðψ3; J; θÞ −

� ffiffiffi
J

p �
3g3;0;l3νx cos ð3ψ3 þ ξ3;0;l3νx Þ

�
: ð30Þ

Using the above equation, we can determine the first-order generating function, Fð1Þðψ3; J; θÞ. We try the following ansatz
for the generating function based on the form of Vðψ3; J; θÞ:

Fð1Þðψ3;J;θÞ¼J
3
2

X∞
n¼−∞;n≠l3νx

f3;0;n sin ð3ψ3−ðn− l3νxÞθþξ3;0;nÞþJ
3
2

X∞
n¼−∞

f1;0;n sin

�
ψ3−

�
n−

l3νx
3

�
θþξ1;0;n

�
: ð31Þ

Note that the removed term ðn ≠ l3νxÞ is originated from

fact that there is a missing term g3;0;l3νx J
3
2 cosð3ψ3þξ3;0;l3νx Þ

in the potential V at the right side of Eq. (30). We can obtain
the following relations from Eqs. (30) and (31):

3δνf3;0;n þ f3;0;n ðl3νx − nÞ ¼ −g3;0;n; ð32Þ

and

δνf1;0;n þ f1;0;n

�
l3νx
3

− n

�
¼ −g1;0;n: ð33Þ

Thus, using the definition of δν, we obtain the
coefficients of the first-order generating function as
follows:

fa;0;n ¼ −
ga;0;n

aνx − n
for a∈ f1; 3g: ð34Þ

Now, we can calculate the second-order Hamiltonian
using the following relation:

Hð2Þ − hHð2Þiθ ¼ 0: ð35Þ
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The average value of the second-order Hamiltonian is
calculated as follows:

hHð2Þiθ ¼ δν

	
∂Fð2Þ

∂ψ3



θ

þ
	
∂Fð2Þ

∂θ



θ

þ
	
∂Vðψ3; J; θÞ

∂J
∂Fð1Þ

∂ψ3



θ

: ð36Þ

Following the same way as in the first-order Hamiltonian,
we can assume the following:

	
∂Fð2Þ

∂ψ3



θ

¼ 0; ð37Þ

	
∂Fð2Þ

∂θ



θ

¼ 0: ð38Þ

Detailed discussion for the existence of Fð2Þðψ3; J; θÞ is
given in Appendix B. Consequently, the second-order
Hamiltonian contains only θ-invariant terms, which can
be calculated to obtain the resulting expression:

hHð2Þiθ ¼
*
∂Vðψ3; J; θÞ

∂J
∂Fð1Þ

∂ψ3

+
θ

¼ 3

4
J2
* X∞

n;n0¼−∞;n0≠l3νx

3g3;0;nf3;0;n0 cos ð−ðn − n0Þθ þ ξ3;0;n − ξ3;0;n0 Þ

þ
X∞

n;n0¼−∞

g1;0;nf1;0;n0 cos ð−ðn − n0Þθ þ ξ1;0;n − ξ1;0;n0 Þ

þ
X∞

n;n0¼−∞;n≠l3νx

3f3;0;ng3;0;n0 cos ð6ψ3 − ðnþ n0 − 2l3νxÞθ þ ξ3;0;n þ ξ3;0;n0 Þ
+

θ

¼ 3

4
J2
( X∞

n¼−∞;n≠l3νx

3f3;0;ng3;0;n þ
X∞
n¼−∞

f1;0;ng1;0;n

þ cos ð6ψ3Þ
X

nþn0¼2l3νx ;n≠l3νx

3f3;0;ng3;0;n0 cos ξ3;0;n cos ξ3;0;n0

)

¼ 1

2
J2
(
α−1 þ

3

2
cos ð6ψ3Þ

X
nþn0¼2l3νx ;n≠l3νx

3f3;0;ng3;0;n0 cos ξ3;0;n cos ξ3;0;n0

)
; ð39Þ

where

α−1¼
3

2

 X∞
n¼−∞;n≠l3νx

3f3;0;ng3;0;nþ
X∞
n¼−∞

f1;0;ng1;0;n

!
: ð40Þ

For a mirror-symmetric ring, i.e., mðθÞ and βxðθÞ are even
functions of θ, the integrals in Eqs. (A12) and (A14) are

both zero. This means that both ξ3;0;n and ξ3;0;n0 are either 0
or π. Here we have assumed such a mirror-symmetric ring
so that cos ðAþ ξ3;0;n þ ξ3;0;n0 Þ ¼ cosA cos ξ3;0;n cos ξ3;0;n0
for any A. Note that for a nonmirror-symmetric ring, the
theory can still be applied with appropriate changes to
the cosine terms, albeit in a more complicated manner. The
coefficient of cos ð6ψ3Þ can be expressed in the following
form:

X
nþn0¼2l3νx ;n≠l3νx

f3;0;ng3;0;n0 cos ξ3;0;n cos ξ3;0;n0 ¼
X∞

k¼−∞;k≠0

g3;0;l3νxþkg3;0;l3νx−k
k − 3δν

cos ξ3;0;l3νxþk cos ξ3;0;l3νx−k

≅
X∞

k¼−∞;k≠0

g3;0;l3νxþkg3;0;l3νx−k
k

cos ξ3;0;l3νxþk cos ξ3;0;l3νx−k þOðδνÞ: ð41Þ
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In Eq. (41) because n ¼ l3νx − k and n ≠ l3νx , we naturally
have k ≠ 0. The function under the summation in Eq. (41)
is odd with respect to k, so the sum’s lowest order value is
zero, and Eq. (41) is OðδνÞ. However, Eq. (40) is constant
with respect to δν, thus Eq. (41) can be disregarded
(see details in Appendix C). Therefore, the second-order
Hamiltonian can be obtained as follows:

Hð2Þ ¼ 1

2
α−1J2: ð42Þ

The full Hamiltonian can be obtained from Eqs. (21), (29),
and (42) as follows:

H4ðψ3; JÞ ≅ δνJ þ g3;0;l3νx J
3
2 cos ð3ψ3 þ ξ3;0;l3νx Þ þ

1

2
α−1J2:

ð43Þ

To express the Hamiltonian in terms of new variables, we
use the following relation between the old and new angle
variables:

ψ ≅ ψ3 þ
∂Fð1Þðψ3; J; θÞ

∂J
; ð44Þ

where the last term Δψ is of first order in mðθÞ. However,

cos ð3ψ3 þ ξ3;0;l3νx Þ ¼ cos ð3ψ þ ξ3;0;l3νx − ΔψÞ
¼ cosð3ψ þ ξ3;0;l3νx Þ þOðΔψ2Þ
≅ cosð3ψ þ ξ3;0;l3νx Þ: ð45Þ

Here, the term OðΔψ2Þ is removed because, being of
second order in itself, it introduces a third-order effect in
the Hamiltonian H4. Therefore, the resulting θ-invariant
Hamiltonian H4 is obtained as follows:

H4ðψ ; JÞ ¼ δνJ þ g3;0;l3νx J
3
2 cos ð3ψ þ ξ3;0;l3νx Þ þ

1

2
α−1J2:

ð46Þ

It should be emphasized that the removed term in the
summation in Eq. (40) corresponds to the slowly varying
term in the first-order Hamiltonian in Eq. (22). By
comparison to Eq. (1), we can express α−1 as the revised
detuning parameter and it is one of our main results. The
first (unperturbed), second (resonance driving), and third
(detuning and island forming) terms in Eq. (46) correspond
to Hð0Þ, Hð1Þ, and Hð2Þ, respectively.
In contrast, the conventional detuning parameter in

Eq. (1) is effectively given by

α0 ¼
3

2

�X∞
n¼−∞

3f3;0;ng3;0;n þ
X∞
n¼−∞

f1;0;ng1;0;n

�
: ð47Þ

The reason why Eq. (47) corresponds to Eq. (63) in
Ref. [17] or Eq. (196) in Ref. [19] is given in
Appendix D. Equation (47) is derived by averaging over
both the faster-varying θ and the slowly varying ψ3 in
Eq. (24). The relation between Eq. (40) and (47) is given by

α0 ¼ α−1 þ
9

2

g3;0;l3νx
2

l3νx − 3νx
: ð48Þ

It is clear that the last term of Eq. (48), which is the
removed term in Eq. (40), diverges when the tune νx is
close to l3νx=3. Because of this removal, α−1 is well
behaved and correctly describes near-resonance dynamics.
The analytical prediction given by α−1 will now be

verified through comparisons to numerical simulations.
An electron tracking code was written in MATLAB that treats
dipole and quadrupole magnets as transfer matrices and
solves sextupole effects using the fourth-order Runge-Kutta
method. The algorithm was tested against the PLS-II
electron storage ring lattice [24]. To facilitate the compari-
son, we define the following quantities:

X ¼
ffiffiffi
J

p
cosðψÞ; ð49Þ

P ¼ −
ffiffiffi
J

p
sinðψÞ: ð50Þ

Note that above transform from ðψ ; JÞ into ðX;PÞ is also
canonical.
Because ξ3;0;l3νx is 0 or π in mirror-symmetric ring (see

Appendix A), Eq. (46) is now given by

H5ðX;PÞ¼δνfX2þP2gþg3;0;l3νx cosðξ3;0;l3νx ÞfX3−3XP2g

þ1

2
αjfX2þP2g2; ð51Þ

where j ¼ −1 yields the revised detuning parameter in
Eq. (40), and j ¼ 0 yields the conventional detuning
parameter in Eq. (47).

C. Size of secondary islands

In this part, we will show the relation between the size of
secondary islands and the revised nonlinear parameter α−1.
Figure 2 exhibits an example of islands in phase space. We
will calculate the fixed points of the islands on the horizontal
axis (P ¼ 0). According to the definition of fixed points, the
fixed points must satisfy the following condition:

dP
dθ

¼ ∂H5

∂X
¼ 2δνX þ 3GðX2 − P2Þ þ 2α−1ðX2 þ P2ÞX
¼ 2δνX þ 3GX2 þ 2α−1X3

¼ 0; ð52Þ
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where G ¼ g3;0;l3νx cos ξ3;0;l3νx to reduce notational clutter.
The relation between the fixed points and α−1 is given by the
following equation:

XUFP ¼ −3Gþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9G2 − 16α−1δν

p
4α−1

: ð53Þ

XSFP ¼
−3G −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9G2 − 16α−1δν

p
4α−1

: ð54Þ

If 9G2 < 16α−1δν, secondary islands cannot be formed. As
shown in Fig. 2, XUFP lies at the apex of the central triangle
while XSFP is in the center of the island.
To describe the sizes of the island and the central

triangle, the values of X1 and X2 in Fig. 2 need to be
known. Since H5ðX; 0Þ −H5ðXUFP; 0Þ is a fourth-order
polynomial with zero crossings at X1, X2, and XUFP, where
XUFP also corresponds to a local extrema, X1 and X2 should
satisfy the next equation:

H5ðX;0Þ¼
α−1
2

ðX−XUFPÞ2ðX−X1ÞðX−X2ÞþH5ðXUFP;0Þ

¼δνX2þGX3þ1

2
α−1X4: ð55Þ

By comparing the coefficients, we can compute X1 and X2

as follows:

X1 ¼
−
�
Gþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9G2 − 16α−1δν

p �
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4G2 þ 4G

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9G2 − 16α−1δν

pq
4α−1

; ð56Þ

X2 ¼
−
�
Gþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9G2 − 16α−1δν

p �þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4G2 þ 4G

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9G2 − 16α−1δν

pq
4α−1

: ð57Þ

III. NUMERICAL RESULTS

A. Validity of α − 1
While the designed tune of the PLS-II lattice is 1.273, the

fiducial tune was set to 1.3325 to form resonance islands.
There are four pairs of sextupole magnets (green boxes in
Fig. 3) whose strengths determine the values of αj. The
behavior of αj for the PLS-II lattice as a function of νx
around the fiducial νx is presented in Fig. 4. The original
detuning parameter α0 (red line) diverges when the frac-
tional tune is close to 1=3 (vertical dashed line) while the
revised parameter α−1 (blue line) is well behaved near 1=3.
At the fiducial tune νx ¼ 1.3325, α0 is 2594.2 and α−1 is
1058.1 (circles in Fig. 4).
The simulated electron phase-space trajectories are

shown as a Poincare section (red) in Fig. 5. About 10
electrons were initiated with ðX;PÞ ¼ ðX0; 0Þ, where X0

uniformly ranges from −0.0017 to 0.0017 in normalized
phase space. As they pass through the periodic lattice,
their phase-space positions at the start of the lattice were
recorded for 1500 cells. Also plotted in gray is a contour
plot of Hamiltonian in Eq. (51) with α−1 [Fig. 5(a)]
and α0 [Fig. 5(b)]. There is good agreement between
the Poincare section and the gray contour using α−1.

In contrast, the prediction given by α0 does not conform
to the simulation results.
To further contrast the analytical fidelity of α−1 to that

of α0, a parametric study was conducted by scanning the

FIG. 2. Example of phase space configuration with H5.

FIG. 3. Thehorizontal (blue) and vertical (red) beta functions, and
the horizontal dispersion function (black) in PLS-II lattice. PLS-II is
a “double bend achromat (DBA)” lattice. The initial horizontal
beta function is βx;0 ¼ 7.006 m and the tune is νx ¼ 1.3325. The
rectangular inset illustrates the magnet distribution within PLS-II,
where the red denotes the quadrupolemagnets, the blue the bending
magnets, and the green the sextupole magnets S1−4.
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strengths of the sextupoles S1−4. Varying these strengths
effectively changes the morphology of the Poincare section
in Fig. 5. Then, the value of the detuning parameter that
renders the contour to align exactly with the simulated
Poincare section is dubbed α1, i.e., α1 is the empirical
detuning parameter (see details in Appendix E). α1 for
different S1−4 are plotted in Fig. 6 (blue dots).
Also shown in Fig. 6 are α−1 (red lines) and α0 (black

dashed lines) as a function of the sextupole strengths. The
dependency of α−1 and α0 on S1−4 can be written as

α0ðSkÞ ¼ a2;kS2k þ 2a1;kSk þ a0;k; ð58Þ

α−1ðSkÞ ¼ b2;kS2k þ 2b1;kSk þ b0;k; ð59Þ

where k∈ f1; 2; 3; 4g. These coefficients are derived in
Appendix F. For instance in Fig. 6(c), the coefficients are
calculated as a2;3 ¼ 17.887 and b2;3 ¼ −0.251. It is clear
that α−1 agrees with α1 better than α0 does.
Another analytical prediction that the detuning param-

eter gives is the location of the fixed point of the rightmost
island. The distance from the origin to the fixed point can
be analytically derived from Eq. (51) and is given by [19],

ffiffiffiffiffiffiffiffi
JFP

p
¼
 g3;0;l3νxαj


 
3

4
þ 3

4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

16αjδν
9g23;0;l3νx

s !
: ð60Þ

The theoretical predictions of Eq. (60) with α−1 (red lines)
and α0 (black dashed lines) are plotted in Fig. 7. Again, the
better agreement between α−1 and α1 is clear.
In Fig. 7, there are regions in parameter space where α−1

and α0 yield similar predictions (for example, around
S3 ¼ −40 or S4 ¼ 48). This is because these are regions
where g3;0;l3νx changes sign and therefore its magnitude

becomes small. Then, at regions where g3;0;l3νx ≪
ffiffiffiffiffi
δν

p
,

α−1 ≃ α0 by Eq. (48) and so the two detuning parameters
are indistinguishable. This can actually be seen in Fig. 6 as
well; the regions in question correspond to regions
where α−1 ≃ α0.
Figure 8 depicts the predicted fixed points using Eq. (60)

while varying the tune. The red line represents the
predictions using α−1 while the dashed black line represents
the predictions using α0. As the tune approaches 4=3, the
predictions using α0 exhibit larger errors. On the other
hand, the predictions using α−1 show a better fit.

FIG. 4. Nonlinear detuning parameter vs tune. The original
detuning parameter α0 is plotted by red line. The revised detuning
parameter α−1 is plotted by blue line. The circles denote the
values of detuning parameters when the tune is νx ¼ 1.3325 for
PLS-II lattice.

FIG. 5. (a) Phase-space trajectories with contour plots of the
Hamiltonian in Eq. (51) where δν ¼ −8.33 × 10−4, g3;0;l3νx ¼
−0.923 and j ¼ −1 (gray line). Red dots represent phase-space
trajectories from tracking results. Normalized coordinates are

defined as ðxn ¼ xffiffiffiffiffiffiffi
2βx;0

p ; pn ¼ −
ffiffiffiffiffiffi
βx;0
2

q
x0Þ where βx;0 is the beta

function at the starting position of the lattice. (b) Same as (a), but
for j ¼ 0.

FIG. 6. The empirical nonlinear detuning parameter α1 (blue
dots) when (a) S1, (b) S2, (c) S3, and (d) S4 sextupole strength
are varied. Also shown are α−1 (red lines) and α0 (black
dashed lines).
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From the results presented in Figs. 6–8, we conclude
that α−1 is a much better predictor of resonance islands in
electron storage rings than α0. It is also valid for a much
wider range of sextupole strengths or when g3;0;l3νx is large.
The simulation results shown so far are based on the
lattice of PLS-II. However, because the only assumption
behind the derivation of α−1 is that the tune is near the
third-integer resonance, the theoretical result can be
applied to any electron storage ring lattice. For instance,
our predictions were also checked favorably against
simulation results based on the BESSY-II lattice [25],
which are not presented here.
There are still some discrepancies between the prediction

by α−1 and the simulation results. These differences may

come from higher order terms in the perturbation or
from the approximations used in the derivation of the
Hamiltonian in Eq. (46). As in the case of Ref. [17],
the higher order terms can in principle be calculated
and is left here for future work. Coupling with other
motional degrees of freedom will also be left for future
work, although for flat beams the present theory should
suffice.

B. Optimization of secondary islands

In this section, a method is presented for optimizing the
size of the secondary islands. Sextupoles in a electron
storage ring can control not only the morphology of phase
space but also chromaticities. The method introduced in
this section allows for the adjustment of the size of
secondary islands and center triangle while maintaining
or changing both horizontal and vertical chromaticities to
desired values.
From Eq. (55), we can derive next relations:

0 ¼ XUFPðX1 þ X2Þ þ 2X1X2; ð61Þ

2δν
α−1

¼ X2
UFP þ 2XUFPðX1 þ X2Þ þ X1X2; ð62Þ

−
2G
α−1

¼ 2XUFP þ X1 þ X2: ð63Þ

Because X1 and X2 determine the size of the secondary
islands, one can choose the desired values of X1 and X2

and derive the required XUFP, α−1, and then G from
Eqs. (61)–(63). Now what is left is to determine the
sextupole strengths that yield these required values while
maintaining particular desired chromaticities ðξx; ξyÞ.
Because there are four target variables ðα−1;G; ξx; ξyÞ,

there should be at least four pairs of sextupole magnets in
one period. Now, S1, S2, and S3 can be represented as
follows:

0
B@

S1
S2
S3

1
CA ¼

0
B@

μ1 μ2 μ3

ζx;1 ζx;2 ζx;3

ζy;1 ζy;2 ζy;3

1
CA

−10B@
G − μ4S4
ξx − ζx;4S4
ξy − ζy;4S4

1
CA ð64Þ

≡
0
B@

κ1 − σ1S4
κ2 − σ2S4
κ3 − σ3S4

1
CA; ð65Þ

where μi ¼ ∂G=∂Si, ζx;i ¼ ∂ξx=∂Si, and ζy;i ¼ ∂ξy=∂Si for
i∈ ð1; 2; 3; 4Þ [see Eqs. (F8), (F19), and (F20) for details].
Equation (64) effectively expresses S1−3 as linear functions
of S4. The coefficients κi and σi are functions of μi, ζx;i, ζy;i,
G, and ξx;y. Therefore, because α−1 ¼

P
i;j AijSiSj for

FIG. 8. Fixed points (blue dots) vs tune. The theoretical
prediction of Eq. (60) with α−1 is plotted in red solid line and
that with α0 is plotted in black dashed line.

FIG. 7. Fixed points (blue dots) for varying (a) S1, (b) S2, (c) S3,
and (d) S4. The theoretical prediction of Eq. (60) with α−1 is
plotted in red solid line and that with α0 is plotted in black
dashed line.
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i; j∈ ð1; 2; 3; 4Þ [see Eq. (F10)], α−1 can be expressed as a
quadratic function of S4 by using Eq. (65) as follows:

α−1 ¼
�
A44 − 2

X3
i¼1

A4iσi þ
X3
i;j¼1

Aijσiσj

�
S24

þ 2

�X3
i¼1

A4iκi −
X3
i;j¼1

Aijκiσj

�
S4 þ

X3
i;j¼1

Aijκiκj

≡ B2S24 þ 2B1S4 þ B0: ð66Þ

Thus, knowing α−1, one can obtain S4 as follows:

S4 ¼
−B1 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2
1 − B2ðB0 − α−1Þ

p
B2

: ð67Þ

For example, let us assume the desired boundaries are
X1 ¼ 2.39 × 10−3 and X2 ¼ 2.47 × 10−4, and the desired
chromaticities are ðξx; ξyÞ ¼ ð3.016; 1.207Þ. ðX1; X2Þ can
be converted to ðα−1;GÞ using Eqs. (61)–(63), which give
ðα−1;GÞ ¼ ð1058.1;−0.923Þ. Now that the desired
ðα−1;G; ξx; ξyÞ are known, the above method can be
used to first find S4 from α−1 by using Eq. (67) [denoted
as black star in Fig. 9(a)] and then find S1−3 from Eq. (65)
[denoted as black stars in Fig. 9(b)]. The resulting set of
sextupole strengths is ðS1; S2; S3; S4Þ ¼ ð29.67;−35.21;
−74.84; 74.36Þ. These are the parameters that were used
in Fig. 5(a); the island boundaries indeed conform to the
desired ðX1; X2Þ, and the chromaticities were also found to
conform to the desired values.

IV. SUMMARY

In summary, we have derived a revised detuning param-
eter that is well behaved near third-integer resonance,
in contradistinction to the conventional parameter that
diverges near this critical point. The resultant Hamiltonian
accurately predicts the morphology of resonance islands in
transverse phase space, which are crucial for advanced
electron storage ring operations. This new theory paves the
way for the previously inaccessible, systematic optimiza-
tion of island sizes and locations in phase space and reduces
unnecessary efforts in haphazard empirical searches for
secondary stable orbits.
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APPENDIX A: FOURIER EXPANSION OF
SEXTUPOLE POTENTIAL

The sextupole potential in the Hamiltonian can be
separated into two terms based on the coefficient of ψ2

in the cosine function, as given by

Vðψ2; J2; θÞ ¼ RV1ðψ2; J2; θÞ þ RV2ðψ2; J2; θÞ; ðA1Þ
where

V1 ¼
� ffiffiffiffiffi

J2
p �

3mðθÞ
6
ffiffiffi
2

p � ffiffiffiffiffiffiffiffiffiffiffi
βxðθÞ

p �3 cos ½3ψ2 − 3νxθ þ 3χxðθÞ�;

ðA2Þ

V2 ¼
� ffiffiffiffiffi

J2
p �

3mðθÞ
2
ffiffiffi
2

p � ffiffiffiffiffiffiffiffiffiffiffi
βxðθÞ

p �3 cos ½ψ2 − νxθ þ χxðθÞ�:

ðA3Þ
We can separate the first subpotential V1 as follows:

V1≡
� ffiffiffiffiffi

J2
p �

3M3;cðθÞcosð3ψ2Þ−
� ffiffiffiffiffi

J2
p �

3M3;sðθÞsinð3ψ2Þ;
ðA4Þ

where

M3;cðθÞ≡mðθÞ
6
ffiffiffi
2

p � ffiffiffiffiffiffiffiffiffiffiffi
βxðθÞ

p �3 cos ½−3νxθ þ 3χxðθÞ�; ðA5Þ

M3;sðθÞ≡mðθÞ
6
ffiffiffi
2

p � ffiffiffiffiffiffiffiffiffiffiffi
βxðθÞ

p �3 sin ½−3νxθ þ 3χxðθÞ�: ðA6Þ

FIG. 9. (a) S4 vs α−1, (b) Si (i ¼ 1, 2, 3) vs S4.

NAM, HWANG, YOON, and PARC PHYS. REV. ACCEL. BEAMS 27, 044001 (2024)

044001-10



We can express the second subpotential V2 in a similar
manner as follows:

V2 ≡
� ffiffiffiffiffi

J2
p �

3M1;cðθÞ cosðψ2Þ −
� ffiffiffiffiffi

J2
p �

3M1;sðθÞ sinðψ2Þ;
ðA7Þ

where

M1;cðθÞ≡mðθÞ
2
ffiffiffi
2

p � ffiffiffiffiffiffiffiffiffiffiffi
βxðθÞ

p �3 cos ½−νxθ þ χxðθÞ�; ðA8Þ

M1;sðθÞ≡mðθÞ
2
ffiffiffi
2

p � ffiffiffiffiffiffiffiffiffiffiffi
βxðθÞ

p �3 sin ½−νxθ þ χxðθÞ�: ðA9Þ

Equations (A5) and (A6) and (A8) and (A9), which are
periodic functions of θ, contain all the θ dependency of
the subpotentials V1 and V2, Note that V itself is not a
periodic function of θ. Expressing the above functions by
Fourier harmonics yields the following expression for the
Hamiltonian:

H2ðψ2; J2; θÞ ¼ νxJ2 þ
� ffiffiffiffiffi

J2
p �

3
X∞
n¼−∞

g3;0;n cos ð3ψ2 − nθ þ ξ3;0;nÞ þ
� ffiffiffiffiffi

J2
p �

3
X∞
n¼−∞

g1;0;n cos ðψ2 − nθ þ ξ1;0;nÞ; ðA10Þ

where

g3;0;n cos ξ3;0;n ¼
R
π

Z
2π

0

mðθÞ
12

ffiffiffi
2

p � ffiffiffiffiffiffiffiffiffiffiffi
βxðθÞ

p �3 cos ð−3νxθ þ 3χxðθÞ þ nθÞdθ; ðA11Þ

g3;0;n sin ξ3;0;n ¼
R
π

Z
2π

0

mðθÞ
12

ffiffiffi
2

p � ffiffiffiffiffiffiffiffiffiffiffi
βxðθÞ

p �3 sin ð−3νxθ þ 3χxðθÞ þ nθÞdθ; ðA12Þ

g1;0;n cos ξ1;0;n ¼
R
π

Z
2π

0

mðθÞ
4
ffiffiffi
2

p � ffiffiffiffiffiffiffiffiffiffiffi
βxðθÞ

p �3 cos ð−νxθ þ χxðθÞ þ nθÞdθ; ðA13Þ

g1;0;n sin ξ1;0;n ¼
R
π

Z
2π

0

mðθÞ
4
ffiffiffi
2

p � ffiffiffiffiffiffiffiffiffiffiffi
βxðθÞ

p �3 sin ð−νxθ þ χxðθÞ þ nθÞdθ: ðA14Þ

If mðθÞ and βxðθÞ are distributed mirror symmetrically, the oddness of the integrated function implies that Eqs. (A12)
and (A14) are equal to zero. This implies that the Fourier expansion of sextupole potential have a phase of either zero or π.
Another notable feature is that Eqs. (A11)–(A14) can be expressed in complex form as follows:

g3;0;neiξ3;0;n ¼
ffiffiffi
2

p
R

24π

Z
2π

0

mðθÞ� ffiffiffiffiffiffiffiffiffiffiffi
βxðθÞ

p �3 exp fi½−ð3νx − nÞθ þ 3χxðθÞ�gdθ; ðA15Þ

g1;0;neiξ1;0;n ¼
ffiffiffi
2

p
R

8π

Z
2π

0

mðθÞ� ffiffiffiffiffiffiffiffiffiffiffi
βxðθÞ

p �3 exp fi½−ðνx − nÞθ þ χxðθÞ�gdθ: ðA16Þ

APPENDIX B: DERIVATION OF THE SECOND-
ORDER GENERATING FUNCTION Fð2Þðψ3;J;θÞ
In this section, we derive the second-order generating

function Fð2Þðψ3; J; θÞ. In the context of a first-order
generating function, we assumed that

	
∂Fð1Þðψ3; J; θÞ

∂ψ3



θ

¼
	
∂Fð1Þðψ3; J; θÞ

∂θ



θ

¼ 0 ðB1Þ

and derived Fð1Þðψ3; J; θÞ using Eq. (25). Subsequently,

we showed that both h∂Fð1Þðψ3;J;θÞ
∂ψ3

i
θ

and h∂Fð1Þðψ3;J;θÞ
∂θ iθ

are actually zero. Applying the same logic, for the

second-order generating function Fð2Þðψ3; J; θÞ, we now
assume that	

∂Fð2Þðψ3; J; θÞ
∂ψ3



θ

¼
	
∂Fð2Þðψ3; J; θÞ

∂θ



θ

¼ 0: ðB2Þ

After this assumption, if we find the second-order gen-
erating function using Eq. (35) and if this function satisfies
the above condition, the aforementioned assumption holds
true. The differential equation for second-order generating
function is given as follows:

δν
∂Fð2Þ

∂ψ3

þ ∂Fð2Þ

∂θ
¼ −

∂Fð1Þ

∂ψ3

∂V
∂J

þ 1

2
α−1J2: ðB3Þ
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First-order generating function is given as follows:

Fð1Þðψ3;J;θÞ¼J
3
2

X∞
n¼−∞;n≠l3νx

f3;0;n sinð3ψ3−ðn− l3νxÞθþξ3;0;nÞþJ
3
2

X∞
n¼−∞

f1;0;n sin

�
ψ3−

�
n−

l3νx
3

�
θþξ1;0;n

�
: ðB4Þ

For simplicity, if we set f3;0;l3νx ¼ 0 only for notational reasons, above equation can be simplified as follows:

Fð1Þðψ3; J; θÞ ¼ J
3
2

X∞
n¼−∞;n≠l3νx

f3;0;n sin ð3ψ3 − ðn − l3νxÞθ þ ξ3;0;nÞ þ J
3
2

X∞
n¼−∞

f1;0;n sin

�
ψ3 −

�
n −

l3νx
3

�
θ þ ξ1;0;n

�

¼
X

a∈ ð1;3Þ

X∞
n¼−∞

fa;0;n sin

�
aψ3 −

�
n −

a
3
l3νx

�
θ þ ξa;0;n

�
: ðB5Þ

With same notation, V can be denoted as follows:

Vðψ3; J; θÞ ¼ J
3
2

X∞
n¼−∞

g3;0;n cos ð3ψ3 þ ðl3νx − nÞθ þ ξ3;0;nÞ þ J
3
2

X∞
n¼−∞

g1;0;n cos

�
ψ3 þ

�
l3νx
3

− n

�
θ þ ξ1;0;n

�

¼
X

a∈ ð1;3Þ

X∞
n¼−∞

ga;0;n cos

�
aψ3 −

�
n −

a
3
l3νx

�
θ þ ξa;0;n

�
: ðB6Þ

To estimate the form of second-order generating function, by expanding ∂V
∂J

∂Fð1Þ
∂ψ3

, we can obtain the following relations:

∂Fð1Þ

∂ψ3

∂V
∂J

¼ 3

2
J2
� X

a∈ ð1;3Þ

X∞
n¼−∞

afa;0;n cos

�
aψ3 −

�
n −

a
3
l3νx

�
θ þ ξa;0;n

��

×

� X
a∈ ð1;3Þ

X∞
n¼−∞

ga;0;n cos

�
aψ3 −

�
n −

a
3
l3νx

�
θ þ ξa;0;n

��

¼ 3

2
J2

X
a;b∈ ð1;3Þ

X∞
n;r¼−∞

bga;0;rfb;0;n cos

�
aψ3 −

�
n −

a
3
l3νx

�
θ þ ξa;0;n

�
cos

�
bψ3 −

�
r −

b
3
l3νx

�
θ þ ξb;0;r

�

¼ 3

4
J2
X

a∈ ð1;3Þ

X
b∈ ð−3;−1;1;3Þ

X∞
n;r¼−∞

�
jbjga;0;rfjbj;0;n

× cos

�
ðaþ bÞψ3 þ

1

3
ðaþ bÞl3νθ − ðrþ sgnðbÞnÞ s

R
þ ξa;0;r þ sgnðbÞξjbj;0;n

��
: ðB7Þ

We can try the following ansatz for the second-order generating function based on the form of ∂Fð1Þ
∂ψ3

∂V
∂J as follows:

Fð2Þðψ3; J; θÞ ¼ J2
X

a∈ ð1;3Þ

X
b∈ ð−3;−1;1;3Þ

X∞
n;r¼−∞

�
fa;b;r;n

× sin

�
ðaþ bÞψ3 þ

1

3
ðaþ bÞl3νθ − ðrþ sgnðbÞnÞ s

R
þ ξa;0;r þ sgnðbÞξjbj;0;n

��
: ðB8Þ

This satisfies following equation:
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δν
∂Fð2Þ

∂ψ3

þ ∂Fð2Þ

∂θ
¼ 1

2
α−1J2 −

3

4
J2
X

a∈ ð1;3Þ

X
b∈ ð−3;−1;1;3Þ

X∞
n;r¼−∞

�
jbjga;0;rfjbj;0;n

× cos

�
ðaþ bÞψ3 þ

1

3
ðaþ bÞl3νθ − ðrþ sgnðbÞnÞ s

R
þ ξa;0;r þ sgnðbÞξjbj;0;n

��
: ðB9Þ

From definition of α−1,

α−1 ¼
3

2

X
aþb¼0;a∈ ð3;1Þ

X∞
n;r¼−∞

�
jbjga;0;rfjbj;0;n cos

�
ðaþ bÞψ3 þ

1

3
ðaþ bÞl3νθ − ðrþ sgnðbÞnÞ s

R
þ ξa;0;r þ sgnðbÞξjbj;0;n

��
:

ðB10Þ
Thus, the cases where aþ b ¼ 0 and rþ sgnðbÞn ¼ 0 are removed due to α−1. In this case,

fa;−a;n;n ¼ 0: ðB11Þ
In other instances, the coefficient of second-order generating function is expressed as

fa;b;r;n ¼
− 3jbj

4
ga;0;rfjbj;0;n

δνðaþ bÞ þ ðaþ bÞ l3ν
3
− ðrþ sgnðbÞnÞ ¼

− 3jbj
4
ga;0;rfjbj;0;n

ðaþ bÞνx − ðrþ sgnðbÞnÞ : ðB12Þ

Since fa;−a;n;n ¼ 0, it always has a term periodic in θ and thus indeed,

	
∂Fð2Þðψ3; J; θÞ

∂ψ3



θ

¼
	
∂Fð2Þðψ3; J; θÞ

∂θ



θ

¼ 0: ðB13Þ

APPENDIX C: δν DEPENDENCE OF THE SECOND-ORDER COEFFICIENTS

In this section, we describe the physical properties of the α−1, α0, and α6 with respect to δν. Here, α6 represents the
coefficient of cos 6ψ3. The definitions of these parameters are given as follows:

α−1 ¼
9

2

X∞
n¼−∞;n≠l3νx

g3;0;nf3;0;n þ
3

2

X∞
n¼−∞

g1;0;nf1;0;n;

α0 ¼
9

2

X∞
n¼−∞

g3;0;nf3;0;n þ
3

2

X∞
n¼−∞

g1;0;nf1;0;n;

α6 ¼
9

2

X
nþn0¼2l3νx ;n≠¼l3νx

f3;0;ng3;0;n0 cos ξ3;0;n cos ξ3;0;n0 ; ðC1Þ

where g3;0;n and g1;0;n are Fourier coefficients defined by Eqs. (A11)–(A14), and f3;0;n and f1;0;n are first-order generating
functions defined by Eq. (34). These parameters can be represented as power series in terms of δν. The coefficients of these
power series effectively represent the physical characteristics of each parameter. To simplify the argument, we assume that
there is no dependence of g3;0;n and g1;0;n on δν. Under this assumption, α−1 is expanded as follows:

α−1 ¼
9

2

X∞
n¼−∞;n≠l3νx

g3;0;nf3;0;n þ
3

2

X∞
n¼−∞

g1;0;nf1;0;n;

¼ 9

2

X∞
n¼−∞;n≠l3νx

g23;0;n
n − 3νx

þ 3

2

X∞
n¼−∞

g21;0;n
n − νx

¼ 9

2

X∞
k¼−∞;k≠0

g23;0;kþl3νx

k − 3δν
þ 3

2

X∞
n¼−∞

g21;0;n�
n − l3νx

3

�
− δν
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¼

0
B@9

2

X∞
k¼−∞;k≠0

g23;0;kþl3νx

k
þ 3

2

X∞
n¼−∞

g21;0;n�
n − l3νx

3

�
1
CAþ

0
B@27

2

X∞
k¼−∞;k≠0

g23;0;kþl3νx

k2
þ 3

2

X∞
n¼−∞

g21;0;n�
n − l3νx

3

�
2

1
CAδν

þ

0
B@81

2

X∞
k¼−∞;k≠0

g23;0;kþl3νx

k3
þ 3

2

X∞
n¼−∞

g21;0;n�
n − l3νx

3

�
3

1
CAδ2ν þ � � �

≡ α−1;0 þ α−1;1δν þ α−1;2δ
2
ν þ � � � ; ðC2Þ

where we used the formula 1
1−x ¼

P∞
n¼0 x

nðjxj < 1Þ. α0 can be expanded using the same procedure except that the term

−
3g2

3;0;l3νx
2δν

can be omitted, and it is expressed as follows:

α0 ¼
9

2

X∞
n¼−∞

g3;0;nf3;0;n þ
3

2

X∞
n¼−∞

g1;0;nf1;0;n;

¼ 9

2

X∞
n¼−∞

g23;0;n
n − 3νx

þ 3

2

X∞
n¼−∞

g21;0;n
n − νx

¼ −
3g23;0;l3νx
2δν

þ 9

2

X∞
k¼−∞;k≠0

g23;0;kþl3νx

k − 3δν
þ 3

2

X∞
n¼−∞

g21;0;n�
n − l3νx

3

�
− δν

¼ −
3g23;0;l3νx
2δν

þ

0
B@9

2

X∞
k¼−∞;k≠0

g23;0;kþl3νx

k
þ 3

2

X∞
n¼−∞

g21;0;n�
n − l3νx

3

�
1
CAþ

0
B@27

2

X∞
k¼−∞;k≠0

g23;0;kþl3νx

k2
þ 3

2

X∞
n¼−∞

g21;0;n�
n − l3νx

3

�
2

1
CAδν

þ

0
B@81

2

X∞
k¼−∞;k≠0

g23;0;kþl3νx

k3
þ 3

2

X∞
n¼−∞

g21;0;n�
n − l3νx

3

�
3

1
CAδ2ν þ � � �

≡ α0;−1
δν

þ α0;0 þ α0;1δν þ α0;2δ
2
ν þ � � � : ðC3Þ

α6 is given as follows:

α6 ¼
9

2

X
nþn0¼2l3νx ;n≠¼l3νx

f3;0;ng3;0;n0 cos ξ3;0;n cos ξ3;0;n0

¼ 9

2

X∞
k¼−∞;k≠0

g3;0;l3νx−kg3;0;l3νxþk

k − 3δν
cos ξ3;0;l3νxþk cos ξ3;0;l3νx−k

¼ 9

2

X∞
k¼−∞;k≠0

g3;0;l3νx−kg3;0;l3νxþk

k
cos ξ3;0;l3νxþk cos ξ3;0;l3νx−k þ

27

2
δν

X∞
k¼−∞;k≠0

g3;0;l3νx−kg3;0;l3νxþk

k2
cos ξ3;0;l3νxþk cos ξ3;0;l3νx−k

þ 81

2
δν

2
X∞

k¼−∞;k≠0

g3;0;l3νx−kg3;0;l3νxþk

k3
cos ξ3;0;l3νxþk cos ξ3;0;l3νx−k þ � � � :

≡ α6;0 þ α6;1δν þ α6;2δ
2
ν þ � � � : ðC4Þ

Considering the coefficients of the 2pth power of δν (p is non-negative integer), denoted as α6;2p, these coefficients are
given as summations of g3;0;l3νx−kg3;0;l3νxþk cos ξl3νxþk cos ξl3νx−k divided by the 2pþ 1th power of k. The value of α6;2p is
calculated as follows:
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α6;2p ¼
X∞

k¼−∞;k≠0

g3;0;l3νx−kg3;0;l3νxþk

k2pþ1
cos ξl3νxþk cos ξl3νx−k

¼
X−1
k¼−∞

g3;0;l3νx−kg3;0;l3νxþk

k2pþ1
cos ξl3νxþk cos ξl3νx−k þ

X∞
k¼1

g3;0;l3νx−kg3;0;l3νxþk

k2pþ1
cos ξl3νxþk cos ξl3νx−k

¼ −
X∞
k¼1

g3;0;l3νxþkg3;0;l3νx−k
k2pþ1

cos ξl3νx−k cos ξl3νxþk þ
X∞
k¼1

g3;0;l3νx−kg3;0;l3νxþk

k2pþ1
cos ξl3νxþk cos ξl3νx−k

¼ 0: ðC5Þ

This derivation demonstrates that the summands in the
even powers of δν are always zero and so only odd powers
of δν remain. Therefore, α6 can be expressed as follows:

α6 ¼ α6;1δν þ α6;3δ
3
ν þ � � � : ðC6Þ

We can see that while α0 and α−1 have terms that are bigger
than OðδνÞ, α6 is only of OðδνÞ. Therefore, α6 ≪ α0; α−1.
Figure 10 shows the graph of Eq. (C1) in 10(a) and

compares the fitting results up to the first order of δν with
each parameter α−1 [Fig. 10(b)], α0 [Fig. 10(c)], and α6
[Fig. 10(d)]. In Fig. 10(b), the results of fitting α−1 to δν are
α−1;1 ¼ 6056, α−1;0 ¼ 1063, and α−1;−1 ¼ 0. It describes
that α−1 does not exhibit a term that diverges at νx ¼ 4

3
. In

case of α0 shown in Fig. 10(c), the fitting results for α0 are
α0;1 ¼ 6056, α0;0 ¼ 1063, and α0;−1 ¼ −1.27. It shows that
the nonzero term α0;−1 gives diverging behavior and other
all terms are same. Figure 10(d) shows that α6 is linear
function of δν that passes through the origin and its value is
α6;1 ¼ −885, α0;0 ¼ 0. It shows that it pass the origin, the

zeroth order of α6, α6;0, is zero and it approaches to zero
when δν becomes small.

APPENDIX D: PROOF OF EQUIVALENCE
BETWEEN TWO DETUNING PARAMETERS

αx;x AND α0

In this section, we present a proof for the equivalence
between two parameters

α0 ¼
3

2

�X∞
n¼−∞

3f3;0;ng3;0;n þ
X∞
n¼−∞

f1;0;ng1;0;n

�
; ðD1Þ

and

αx;x¼−
1

64π

Z
L

0

dsmðsÞβ3
2
xðsÞ

×
Z

sþL

s
mðs0Þβ3

2
xðs0Þ

�
cos3Ψxðs0;sÞ

sin3πνx
þ3cosΨxðs0;sÞ

sinπνx

�
ds0;

ðD2Þ
where

Ψxðs0; sÞ ¼ χxðs0Þ − χxðsÞ − πνx: ðD3Þ

Equation (D1) is derived in the main article, Eq. (D2) is
the well-known nonlinear detuning parameter. By applying
the delta function approximation for the sextupole strength
mðsÞ into Eq. (D2), we show that the above equation is
equivalent to Eq. (196) in [19]. To prove the equivalence,
we separate integral form of the nonlinear detuning
parameter αx;x into two terms as follows:

αx;x;3 ¼ −
1

64π

Z
L

0

dsmðsÞβ3
2
xðsÞ

·
Z

sþL

s
mðs0Þβ3

2
xðs0Þ cos 3Ψxðs0; sÞ

sin 3πνx
ds0; ðD4Þ

αx;x;1 ¼ −
3

64π

Z
L

0

dsmðsÞβ3
2
xðsÞ

·
Z

sþL

s
mðs0Þβ3

2
xðs0Þ cosΨxðs0; sÞ

sin πνx
ds0: ðD5Þ

FIG. 10. Plot of coefficients and fittings. (a) Plot of α−1; α0 and
α6 vs δν (b)–(d) precise plot of each coefficients and fitting
results. Fitting was performed up to second order.

REVISED HAMILTONIAN NEAR THIRD-INTEGER … PHYS. REV. ACCEL. BEAMS 27, 044001 (2024)

044001-15



We express αx;x;3 as follows to facilitate further calculation,

αx;x;3 ¼ −
1

128π

 Z
L

0

dsmðsÞβ3
2
xðsÞe−i3χxðsÞ ·

Z
sþL

s
mðs0Þβ3

2
xðs0Þe−i3νxðs

0−s
R Þ e

iϒxðs;s0Þ

sin 3πνx
ds0

þ
Z

L

0

ds mðsÞβ3
2
xðsÞei3χxðsÞ ·

Z
sþL

s
mðs0Þβ3

2
xðs0Þei·3νxðs

0−s
R Þ e

−iϒxðs;s0Þ

sin 3πνx
ds0
!
; ðD6Þ

where

ϒxðs; s0Þ≡ 3χxðs0Þ − 3πνx þ 3νx

�
s0 − s
R

�
: ðD7Þ

If we apply the following relation [20]

X∞
n¼−∞

eiðnθþbÞ

n − 3νx
¼ −

π

sin 3πνx
ei½bþ3νxðθ−πÞ�; ðD8Þ

where 3νx is not an integer, we can express Eq. (D6) as follows:

αx;x;3 ¼
1

128π2
X∞
n¼−∞

(Z
L

0

dsmðsÞβ3
2
xðsÞeið−3χxðsÞþ3νxs

R −ns
RÞ
Z

sþL

s
mðs0Þβ3

2
xðs0Þ e

iðns0R −3νxs0
R þ3χxðs0ÞÞ

n − 3νx
ds0

þ
Z

L

0

dsmðsÞβ3
2
xðsÞeið3χxðsÞ−3νxs

R þns
R Þ×

Z
sþL

s
mðs0Þβ3

2
xðs0Þ e

−iðns0R −3νxs0
R þ3χxðs0ÞÞ

n − 3νx
ds0
)
: ðD9Þ

The exponential function can be modified as follows due to the periodicity of the internal functions:

eiðn
s0þL
R −3νxðs0þL

R Þþ3χxðs0þLÞÞ ¼ eiðns
0
R−3νxðs

0
RÞþ3χxðs0ÞÞ: ðD10Þ

Using the relation in Eq. (D8), we can express Eq. (D6) by using Eqs. (A15) and (A16) as follows:

αx;x;3 ¼
1

128π2
X∞
n¼−∞

(Z
L

0

dsmðsÞβ3
2
xðsÞeið−3χxðsÞþ3νxs

R −ns
RÞ
Z

L

0

mðs0Þβ3
2
xðs0Þ e

−ið−3χxðs0Þþ3νxs0
R −ns0

R Þ

n − 3νx
ds0

þ
Z

L

0

dsmðsÞβ3
2
xðsÞeið3χxðsÞ−3νxs

R þns
R Þ
Z

L

0

mðs0Þβ3
2
xðs0Þ e

ið−3χxðs0Þþ3νxs0
R −ns0

R Þ

n − 3νx
ds0
)

¼ 3

2

X∞
n¼∞

3g3;0;nf3;0;n; ðD11Þ

where f3;0;n is given in Eq. (34). By following a similar calculation process, we can also obtain the following relation:

αx;x;1 ¼
3

2

X∞
n¼−∞

g1;0;nf1;0;n: ðD12Þ

Thus, the nonlinear detuning parameter αx;x is expressed by

αx;x ¼ αx;x;3 þ αx;x;1 ¼
3

2

X∞
n¼−∞

ð3g3;0;nf3;0;n þ g1;0;nf1;0;nÞ ¼ α0: ðD13Þ

As a result, we have demonstrated the equivalence of the two nonlinear detuning parameters given in Eqs. (D1) and (D2).
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APPENDIX E: DETERMINATION OF THE
EMPIRICAL DETUNING PARAMETER α1

This section describes the process used to determine the
value of α1 in this study. First, a tracking simulation was
performed using an arbitrary value on the x axis as the
initial point. This simulation was conducted over 1500
cells, using the lattice presented in Fig. 4 of main article. To
ensure consistency, results were stored every three cells,
ensuring all tracking simulation results were in the same
island. The results are shown in Fig. 11(a).

Then, the point on the x axis closest to the fixed point of
the island was identified from the tracking results. The blue
line in Fig. 11(a) depicts the tracking result of the electron
closest to the fixed point. Following this, the Hamiltonian
was redefined as a function of α and the number of cells
which electron passed and it is given by

H4 ¼ δJ þ g3;0;l3νx J
3
2 cos ð3ψ þ ξ3;0;l3νx Þ þ

1

2
αJ2 ðE1Þ

The graph of the Hamiltonian’s oscillation part for the
electron closest to the fixed point at each α was obtained.
This oscillation part was calculated by subtracting the mean
value of the Hamiltonian with respect to its position from
the Hamiltonian itself. The graph of the oscillation part of
the Hamiltonian is shown in Fig. 11(b).
The value of α1 was defined by computing the standard

deviation of the oscillation part of the H4 for each α value
and selecting the point where σH4−hH4i is minimized as α1.
This selection was made because the same particle has the
same H4 values. Figure 11(c) shows the graph of the
standard deviation of the oscillation part. The α value which
has the minimum standard deviation corresponds to the
value of α1. Finally, α1 was used to redraw the contour of
the tracking results, and the Hamiltonian plot with α1 is
depicted in Fig. 11(d). This plot demonstrates that all
electrons on the contour can be covered. Therefore, we can
assume that α1 is a reliable value.

APPENDIX F: CALCULATION OF THE RING
AND RESONANCE ISLAND PARAMETERS AS A
FUNCTION OF SEXTUPOLE STRENGTH IN A

MIRROR-SYMMETRIC LATTICE

This section presents the derivation of the detuning
parameters α−1 and α0 as functions of sextupole strength,
for a symmetric ring. Equation (D2) can be simplified by
removing the s dependence of the integrand over the ds0
integration range.

α0 ¼ −
1

64π

Z
L

0

Z
L

0

mðs0ÞmðsÞβ3
2
xðs0Þβ

3
2
xðsÞ

�
cos 3 ðπνx − jχxðs0Þ − χxðsÞjÞ

sin 3πνx
þ 3 cos ðπνx − jχxðs0Þ − χxðsÞjÞ

sin πνx

�
ds0ds: ðF1Þ

To exploit the lattice symmetry, the integral range in the above equation can be shifted by L
2
, resulting in the following

expression:

α0 ¼ −
1

64π

Z L
2

−L
2

Z L
2

−L
2

m1ðs0Þm1ðsÞβ
3
2

x;1ðs0Þβ
3
2

x;1ðsÞ
�
cos 3 ðπνx − jχxðs0Þ − χxðsÞjÞ

sin 3πνx
þ 3 cos ðπνx − jχxðs0Þ − χxðsÞjÞ

sin πνx

�
ds0ds:

ðF2Þ

where m1ðsÞ ¼ mðsþ L
2
Þ and βx;1ðsÞ ¼ βxðsþ L

2
Þ. If the integral expression is rearranged such that the integral interval is

limited to 0 to L
2
, the resulting equation is as follows:

FIG. 11. α1 calculating process (a) Tracking results of electron
for 1500 cells and contour plot. The tracking was performed for
every three cells to confine the results to a single island. The blue
line represents the tracking results near the center of the islands.
(b) Oscillation part of H4 for blue line of Fig. 11(a). It is defined
by ðH4 − hH4iÞ (c) We calculated the standard deviation of the
oscillation part of H4 for the blue line in Fig. 11(a) and defined
the value of α that minimizes the function σH4−hH4i as α1. α−1 in x
axis is 1058.1 and α1 is 981.9. (d) Graph of tracking results and
Hamiltonian contours in (a) and plot of Hamiltonian defined by
using α1.
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α0 ¼ −
2

64π

Z L
2

0

Z L
2

0

m1ðs0Þm1ðsÞβ
3
2

x;1ðs0Þβ
3
2

x;1ðsÞ½fcot 3πνxfcos 3½χxðs0Þ − χxðsÞ� þ cos 3½χxðs0Þ þ χxðsÞ�g

þ sin 3jχxðs0Þ − χxðsÞj þ sin 3ðχxðs0Þ þ χxðsÞ�g þ 3fcot πνx½cos ðχxðs0Þ − χxðsÞ� þ cos ½χxðs0Þ þ χxðsÞ�g
þ sin jχxðs0Þ − χxðsÞj þ sin ½χxðs0Þ þ χxðsÞ�gÞds0ds; ðF3Þ

where si is the positive position of ith sextupole magnet, li is a length of ith sextupole magnet, Si is a strength of sextupole
magnet, andN is the number of sextupole magnets pairs. The index is arranged according to the distance from the origin and
is restricted to sextupole magnets situated in the positive position due to their symmetrical distribution. Expressing the
above equation as a quadratic function for the kth sextupole strength yields the following result:

α0ðSkÞ ¼ a2;kS2k þ 2a1;kSk þ a0;k; ðF4Þ

where a2;k is

a2;k ¼ −
2

64π

Z
skþlk

sk

Z
skþlk

sk

β
3
2

x;1ðs0Þβ
3
2

x;1ðsÞð2 cot 3πδν cos 3χxðsÞ cos 3χxðs0Þ þ sin 3jχxðs0Þ − χxðsÞj þ sin 3ðχxðs0Þ

þχxðsÞjÞþ3f2 cot πνx cos χxðs0Þ cos χxðsÞ þ sin jχxðs0Þ − χxðsÞj þ sin ½χxðs0Þ þ χxðsÞ�gÞds0ds; ðF5Þ

a1;k is

a1;k ¼ −
2

64π

XN
i¼1;i≠k

Si

Z
skþlk

sk

Z
siþli

si

β
3
2

x;1ðs0Þβ
3
2

x;1ðsÞð2 cot 3πδν cos 3χxðsÞ cos 3χxðs0Þ þ sin 3jχxðs0Þ − χxðsÞj

þ sin 3ðjχxðs0Þ þ χxðsÞjÞþ3f2 cot πνx cos χxðs0Þ cos χxðsÞ þ sin jχxðs0Þ − χxðsÞj þ sin ½χxðs0Þ þ χxðsÞ�gÞds0ds; ðF6Þ

and a0;k is

a0;k ¼ −
2

64π

XN
i;j¼1;i;j≠k

SiSj

Z
sjþlj

sj

Z
siþli

si

β
3
2

x;1ðs0Þβ
3
2

x;1ðsÞð2 cot 3πδν cos 3χxðsÞ cos 3χxðs0Þ þ sin 3jχxðs0Þ − χxðsÞj

þ sin 3ðχxðs0Þ þ χxðsÞjÞþ3f2 cot πνx cos χxðs0Þ cos χxðsÞ þ sin jχxðs0Þ − χxðsÞj þ sin ½χxðs0Þ þ χxðsÞ�gÞds0ds: ðF7Þ

For a symmetric cell, the expression for g3;0;l3νx is given by

g3;0;l3νx cos ξ3;0;l3νx ¼
ffiffiffi
2

p

12π

XN
i¼1

Si

Z
siþli

si

β
3
2

x;1ðsÞ cos
�
3χxðsÞ − ð3νx − l3νxÞ

s
R

�
ds≡XN

i¼1

Siμi: ðF8Þ

Hence, the expression for g23;0;l3νx is given by

3

2δν
g23;0;l3νx ¼

2

96δνπ
2

XN
i;j¼1

SiSj

Z
sjþlj

sj

Z
siþli

si

β
3
2

x;1ðs0Þβ
3
2

x;1ðsÞ cos
�
3χxðs0Þ − 3δν

s0

R

�
cos

�
3χxðsÞ − 3δν

s
R

�
ds0ds: ðF9Þ

Thus, the value of α−1 is obtained as follows:
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α−1 ¼ −
1

32π

XN
i;j¼1

SiSj

Z
sjþlj

sj

Z
siþli

si

β
3
2

x;1ðs0Þβ
3
2

x;1ðsÞ
�
2 cot 3πνx cos 3χxðsÞ cos 3χxðs0Þ

−
2

3δνπ
cos

�
3χxðs0Þ − 3δν

s0

R

�
cos

�
3χxðsÞ − 3δν

s
R

�
þ sin 3jχxðs0Þ − χxðsÞj

þ sin 3½χxðs0Þ þ χxðsÞ� þ 3f2 cot πνx cos χxðsÞ cos χxðs0Þ þ sin jχxðs0Þ − χxðsÞj þ sin ½χxðs0Þ þ χxðsÞ�g
�
ds0ds

≡XN
i;j¼1

SiSjAi;j ðF10Þ

Expressing the above equation as a quadratic function for the kth sextupole strength yields the following result:

α−1ðSkÞ ¼ b2;kS2k þ 2b1;kSk þ b0;k; ðF11Þ
where b1;k is

b1;k ¼ −
1

32π

XN
i¼1;i≠k

Si

Z
siþli

si

Z
skþlk

sk

β
3
2

x;1ðs0Þβ
3
2

x;1ðsÞ
�
2 cot 3πνx cos 3χxðsÞ cos 3χxðs0Þ

−
2

3δνπ
cos

�
3χxðs0Þ − 3δν

s0

R

�
cos

�
3χxðsÞ − 3δν

s
R

�
þ sin 3jχxðs0Þ − χxðsÞj þ sin 3½χxðs0Þ þ χxðsÞ�

þ 3f2 cot πνx cos χxðsÞ cos χxðs0Þ þ sin jχxðs0Þ − χxðsÞj þ sin ½χxðs0Þ þ χxðsÞ�g
�
ds0ds; ðF12Þ

b0;k is

b0;k ¼ −
1

32π

XN
i;j¼1;i;j≠k

SiSj

Z
siþli

si

Z
sjþlj

sj

β
3
2

x;1ðs0Þβ
3
2

x;1ðsÞ
�
2 cot 3πνx cos 3χxðsÞ cos 3χxðs0Þ

−
2

3δνπ
cos

�
3χxðs0Þ − 3δν

s0

R

�
cos

�
3χxðsÞ − 3δν

s
R

�
þ sin 3jχxðs0Þ − χxðsÞj þ sin 3½χxðs0Þ þ χxðsÞ�

þ 3 f2 cot πνx cos χxðsÞ cos χxðs0Þ þ sin jχxðs0Þ − χxðsÞj þ sin ½χxðs0Þ þ χxðsÞ�g
�
ds0ds; ðF13Þ

and b2;k is

b2;k ¼ −
1

32π

Z
skþlk

sk

Z
skþlk

sk

β
3
2

x;1ðs0Þβ
3
2

x;1ðsÞ
�

2

3πδν
cos3χxðsÞ cos3χxðs0Þ−

2

3πδν
cos

�
3χxðsÞ− 3δν

s
R

�
cos

�
3χxðs0Þ− 3δν

s0

R

�
− 2 cos3χxðsÞ cosχxðs0Þπδν þ sin3jχxðs0Þ− χxðsÞj þ sin3½χxðs0Þ þ χxðsÞ�

þ 3f2 cotπνx cosχxðsÞ cosχxðs0Þ þ sin jχxðs0Þ− χxðsÞj þ sin ½χxðs0Þ þ χxðsÞ�g
�
ds0ds: ðF14Þ

Taking the limit of δν → 0, we can use next relation,

lim
δν→0

�
sin ð3δν

2
s
RÞ

3πδν

�
¼ s

2πR
: ðF15Þ

Finally, b2;k is calculated as,

b2;k ¼ −
1

32π

Z
skþlk

sk

Z
skþlk

sk

β
3
2

x;1ðs0Þβ
3
2

x;1ðsÞ
�
−8 sin

�
3χxðs0Þ −

3δν
2

s0

R

�
cos

�
3χxðsÞ −

3δν
2

s
R

�
cos

�
3δν
2

s
R

�
s0

2πR

− 2 cos 3χxðsÞ cos 3χxðs0Þπδν þ sin 3jχxðs0Þ − χxðsÞj þ sin 3½χxðs0Þ þ χxðsÞ�

þ 3f2 cot πνx cos χxðsÞ cos χxðs0Þ þ sin jχxðs0Þ − χxðsÞj þ sin ½χxðs0Þ þ χxðsÞ�g
�
ds0ds: ðF16Þ

Due to the absence of δν in the denominator, the coefficient b2;k remains finite for all values of δν.
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Horizontal and vertical chromaticities are given as
follows:

ξx;total ¼ −
1

4π

I
βxðk −mηxÞds; ðF17Þ

ξy;total ¼
1

4π

I
βyðk −mηxÞds; ðF18Þ

where k is the quadrupole distribution function, ηx is the
horizontal dispersion function, βy is the vertical betatron
function, and the integral is performed over the inside of the
cell. Chromaticity is represented as the sum of contribu-
tions from the sextupole and quadrupole components.
Particularly, the terms − 1

4π

H
βxkds and 1

4π

H
βykds arising

from the quadrupole component are denoted as ξx;nat and
ξy;nat, respectively, and referred to as horizontal and vertical
natural chromaticity. If the cell is mirror symmetric,
Eqs. (F17) and (F18) can be arranged as linear functions
with respect to the strengths of sextupoles as follows:

ξx ≡ ξx;total − ξx;nat ¼
XN
i¼1

Si
1

2π

Z
siþli

si

βx;1ηx;1ds

≡XN
i¼1

Siζx;i; ðF19Þ

ξy ≡ ξy;total − ξy;nat ¼ −
XN
i¼1

Si
1

2π

Z
siþli

si

βy;1ηx;1ds

≡XN
i¼1

Siζy;i; ðF20Þ

where ηx;1 ≡ ηxðsþ L
2
Þ, βy;1 ≡ βyðsþ L

2
Þ.
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