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Linear coupling of transverse betatron oscillations:
Dynamic stability and invariants of motion
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Based on the technique of the discrete one-turn transfer maps, the problem of linear coupling between
horizontal and vertical betatron oscillations in an accelerator has been treated exactly and entirely in explicit
form. The stability region in the fractional part of the horizontal and the vertical betatron tune space as a
function of the linear coupling strength has been obtained, and the increment/decrement of the horizontal
and the vertical betatron oscillations in the case of the linear sum resonance has been shown to be
approximately equal to the half of the coupling strength. The normal form parameterization of the one-turn
linear map with horizontal-to-vertical coupling has been developed in detail in the spirit of Edwards and
Teng formalism. The motion in the normal mode in the new normal form coordinates is decoupled by
implying that two independent Courant-Snyder invariants exist, which have been found explicitly.
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I. INTRODUCTION

Linear optics in accelerator rings and transfer lines in the
case of uncoupled transverse directions are conventionally
described by means of the Twiss parameters. The Twiss
parameters or lattice functions are on one hand purely
determined by the magnetic structure of the machine or the
transfer line (a sort of device hardware). On the other hand,
they relate the beam distribution in phase space at any
point along the beam trajectory in an accelerator device to
conserved quantities that are properties of the traveling
bunch.

In some accelerator applications, the analysis of coupled
betatron motion is an important part of the machine design.
Initially, betatron coupling in the transverse plane was
perceived as an undesired effect, and corresponding
efforts were dedicated to suppress it. However, over the
recent two decades, it was realized that betatron coupling
possesses some interesting and useful features and has
become an indispensable part of many accelerator propos-
als. It was gradually realized that the coupling between the
two transverse directions can be of considerable practical
importance [1,2]. One of the most interesting and prom-
ising proposals in that direction is the so-called Mobius
scheme [3]. A lattice insert is constructed such that it
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exchanges the horizontal and vertical betatron oscillations
according to the rule (x - z,p, = p.,z—> —x,p. = —p,).
The effect of exchange between the transverse degrees of
freedom can be achieved by placing a solenoid with an
integrated solenoid rotation angle equal to z/2 [see Egs. (6)
and (7)]. When such an insert is added to an ordinary
uncoupled accelerator lattice, horizontal betatron motion on
one turn becomes vertical on the next turn and vice versa.

In the current literature on accelerator physics, the most
frequently used and the best known are two different basic
representations. The first parameterization was proposed by
Edwards and Teng [4,5], while the second one by Mais and
Ripken [6-8].

The first approach introduced by Edwards and Teng
and further developed and worked out in more detail by
others [9-11] consists of defining a sort of a decoupling
transformation that puts the 4 x 4 transfer matrix into
block-diagonal form. Although this technique has some
disadvantages like the fact that the lattice functions are not
directly related to the beam sizes, and the procedure cannot
be easily generalized to more than two degrees of freedom,
in our opinion, it is the most elegant and intuitively direct
way to describe the coupled betatron motion in particle
accelerators and storage rings.

The basic idea of the second approach is to find a
transformation from the eigenvectors of the transfer matrix
that puts the transfer matrix into normal form. In other words,
the transfer matrix is transformed into a pure rotation. The
lattice functions are defined in terms of elements of the
normal transform [6,7,12]. The number of lattice functions
used to describe the beam optics is usually minimized, and as
aresult, the interpretation of some of these functions is not as
simple as one would like them to be.
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There exists yet another representation that is less known
than the above two, and that is the parameterization
proposed by Qin and Davidson [13,14]. Their generalized
Courant-Snyder theory [15] provides a new parameter-
ization for the 4D symplectic transfer matrix. In particular,
all of the quantities of physical importance in the original
one-degree-of-freedom Courant-Snyder theory, including
the envelope function, envelope equation, phase advance,
transfer matrix, and the Courant-Snyder invariant, are
generalized to the case of coupled transverse two-degree-
of-freedom dynamics. Thus the envelope function is gener-
alized to a 2 x 2 envelope matrix, and the envelope equation
is generalized to a matrix envelope equation.

The Courant-Snyder theory [15] for two-dimensional
coupled linear optics can be formulated on the basis of the
real representation of the Dirac matrices [16]. Any real 4 x 4
matrix can be expressed as a linear combination of the real
Dirac matrices, which allows symplectic transformations in
two dimensions to be conveniently represented in terms the
15 real Dirac matrices (plus the unit symplectic matrix).

In this article, we develop a description of coupled linear
transverse betatron motion that addresses issues inherent in
previous approaches, being in spirit closer to the Edwards
and Teng formalism. Here the problem of linear coupling
between horizontal and vertical betatron oscillations in an
accelerator is treated exactly and entirely in explicit form by
means of transfer maps. The subsequent two Secs. II and III
are devoted to the establishment of the main starting points
of our further analysis, as well as to the formal inference of
the linear transfer map. Since the dynamical effect of one of
the sources of linear coupling, the longitudinal solenoid
field, can be transformed away as a regular rotation with a
suitably chosen angle, we can consider that the most
general form of the linear coupling between transverse
degrees of freedom is set only by the quadrupoles (normal
and skew ones with effective strengths). The stability
properties of the linear map are analyzed in Sec. IV. A
new stability diagram of betatron motion with linear
coupling between the transverse degrees of freedom in
the fractional part of the tune (v, v,) space as a function of
the coupling strength has been presented. The normal form
parameterization of the one-turn map is worked out in
detail in Sec. V and Appendixes B and C. Since the motion
in the normal mode is decoupled, there exist two indepen-
dent Courant-Snyder invariants, which have been found
explicitly. The supporting numerical proofs of the analyti-
cal results concerning the normal form representation and
the existence of the two independent invariants are pre-
sented in Sec. VI. Finally, in Sec. VII, our conclusions and
outlook are sketched out.

II. THEORETICAL MODEL
AND BASIC EQUATIONS

Optimal performance of storage rings in contemporary
synchrotron light sources and circular colliders substantially

depends on the control and easy manipulation of the coupling
between the transverse degrees of freedom. Characterizing
the coupling in a straightforward fashion becomes particu-
larly important when the machine lattice includes regions
where betatron motion is coupled by design, as in the
solenoid field of the interaction region of a collider, for
instance. Let us begin by writing the Hamiltonian governing
the transverse betatron oscillations in the case, where
solenoidal fields and skew quadrupoles are present

g R oS8V (5 _SEY?
_2 px 2 pZ 2

1 90
) a2 IO~ 5
+op (G 3>+ G,2?) + R (1)
where
By, (0
S(@)Zq OA( )’ (2)
Pos

and B, (@) is the longitudinal component of the magnetic
field on the axis of the solenoid. The scaled canonical
momenta p, . and their canonically conjugate coordinates
X and 7 are related to the actual coordinates x, z and the actual
momenta p,, p, according to the expressions

X=x-nD, 2=z,
5 _ Px_ndD 5 _ Po
Pos Rde’ ‘ pOs’

where D(6) is the dispersion function of the machine.
In addition, the focusing strengths G, , are given by the
expressions

G, = 9o + R2K2’ Gz = —90- (3)

where K = q(BgD))x’ZZO / Pos 1s the local machine curvature

in the dipole magnets, and

_ gR? (0BY _ gR? (0B .
9o = P) ’ 9o = 0 ( )
Pos X x,2=0 Pos X x,z=0

is the magnetic field gradient of the quadrupole and the skew
quadrupole magnets, respectively. Finally, the azimuthal
angle @ = s/R along the machine circumference is used
as an independent variable instead of the path length s, where
R is the mean machine radius.

We wish to cancel the coupling between the transverse
coordinates and the corresponding canonical momenta
introduced by the terms in the square bracket of Eq. (1).
For that purpose, we apply an orthogonal canonical
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transformation at an angle o(0) explicitly depending on the
“time” 6, defined by the generating function

A

Fy(%,2,P,,P.;0) = P,(kcosc — 2sino)
+

(c
P (ksinc +2cose).  (5)

The relation between the old and the new canonical
coordinates can be expressed as

% = Xcoso + Zsino, 2 =—Xsino+ Zcoso, (6)
py=P,cosc + P sino, p. =—P,sino + P, coso.
(7)

It can be easily verified that the new Hamiltonian acquires
the form

°%Z  (8)

S

5=750). (9)

The new focusing and coupling strengths are

22
G, = G,cos’c + G_sin’*c — g, sin 20 + (10)
3 R2S$?
G, = G,sin’c + G.cos’c + gy sin 20 + 7 (11)
.1 .
9o :E(Gx — G,)sin20 + gy cos 26. (12)

Note that the last Eq. (12) provides an efficient tool to
correct linear coupling induced by skew quadrupoles using
solenoid fields and vice versa. It suffices to choose the
strength of the solenoid, such that the rotation angle
satisfies the relation

2
tan26 = —90 (13)

G,-G,

Without loss of generality, we shall assume in what
follows that the Hamiltonian describing the linear coupling
between the transverse degrees of freedom in an accelerator
is of the form Eq. (8). For the sake of simplicity, the tilde
signs of the focusing strength and the coupling coefficients
will be omitted.

III. LINEAR MAP OF COUPLED BETATRON
OSCILLATIONS

One may argue that once the Hamiltonian Eq. (8)
governing the dynamics of a single particle is properly
defined, we can formally write the corresponding Hamilton’s
equations of motion. The latter can be solved in principle
with specified initial conditions, which gives us complete
information about the beam. In the majority of cases of
practical interest, an analytical solution to the equations of
motion is a hopeless exercise, so the necessity of employing
numerical methods arises. Since all numerical methods for
solving differential equations involve discretization schemes
anyway, it is natural to pose the question about the possibility
of substitution of the Hamilton’s equations of motion with
mapping. For that purpose, we perform a second canonical
transformation specified by the generating function of the
second type (see, e.g., Eq. (2.37) on p. 25 of Ref. [17])

. . XpP, aX ZP, aZ
B P2 Pil) = =g 5 T g
X X Zz Zz

relating the old and the new canonical coordinates according
to the relations

(14)

N 1
ﬂ us P u = \/T—M(P u
where a,, and f, . are the well-known Twiss parameters.
Alternatively, Eq. (15) is actually the definition of normalized
coordinates used in conventional Courant-Snyder theory
[15]. Then the Hamiltonian Eq. (8) acquires the canonical
form

—a,U), u=(x,z), (15)

H=21(P+X) +4

where

ey )+ 8 pxz. (16)

. dr.. R
=A%z 17
)(x,z dg ﬂx'z ( )

is the derivative of the corresponding unperturbed phase
advances.

The problem of linear coupling between horizontal and
vertical betatron oscillations in an accelerator can be treated
exactly by means of an elegant technique involving transfer
maps. The equations for the linear coupling map can be
written in the form

Xn+1

=X, cosw; + (P,, —CZ,)sinw;, (18)

Pyt ==X, sinw; + (P, —CZ,)cosw;, (19)

Z, =Z,cosm, + (P,,—CX,)sinw,, (20)

—Z,sinw, + (P, —€X,)cosw,, (21)

Pz.n+1
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where

~ 190(6)
=

w1y =27y, ¢ B (00)B-(60)  (22)
and the coupling source with strength §, and length [ is
concentrated in a single point 8, along the machine circum-
ference. Moreover, v, are the betatron tunes associated
with the uncoupled part of the Hamiltonian Eq. (16). The
derivation of the linear map described by Egs. (18)—(22) is
standard and can be found in well-available references. The
interested reader is referred to Chap. 6, pp. 124-129 of
Ref. [17], for example.

IV. STABILITY PROPERTIES
OF THE LINEAR MAP

From Egs. (18) and (19), we readily obtain
X,p1co0sm — P,y sinwy = X, (23)

and a similar expression for Z and P, from Egs. (20)
and (21), which plugged back into Egs. (18) and (20),
respectively, yield

X, —2X,cosw + X, =-CZ,sinw;, (24)
Zyi1—2Z,c08wy + Z,_; = —CX,sinw,. (25)

The last two second-order difference equations are easy to
solve by the ansatz

X, = Ae/¥, Z, = Bei*¥, A=e  (26)

which substituted into Eqs. (24) and (25) result in the linear
system of equations for the unknown amplitudes A and B

(22 =2Acosw; + 1)A + BCAsinw; =0,  (27)
AGAsinw, + (A2 —24cosw, + 1)B=0.  (28)

It has a nontrivial solution, if its determinant is equal to
zero, namely

A* —2(cosw; + cos @) + (2 + 4 cos w; cos w,
— €%sinw, sinw,)A> — 2(cos w; + cosw,)A + 1 =0.

(29)

It is clear that if A; is a certain root of the dispersion
equation (29), then 1/4, is also a root, which, in general, is
a basic property of the characteristic polynomial of a
symplectic matrix [17]. This observation allows us to write
the above Eq. (29) in alternative form

1
M = A +

(A2 = A+ 1)(22 = A+ 1) =0, T
k

(30)

where k =1, 2. Comparison of the left-hand sides of
Egs. (29) and (30) yields

Ui+ py = 2(cosw; + cosw,),

Uity = 4cOs m; cos w, — G2 sin w; sin w,.
This implies that y; are the roots of the quadratic equation

u? —2(cos ; + cos m, ) + 4 cos w; cos w,

— G%sinw; sinw, =0, (31)
so that

H12 = COSW| + COS W,

+ \/(cos W, —cosw,)* + C%sinw, sinw,.  (32)

The solutions of the dispersion equation (30) can be
represented in alternative form according to

k=12, (33)

so that, for the eigenfrequencies €; and €,, we finally
obtain

Q; = arccos <ﬂ2k> k=1,2. (34)

The motion is stable if yx;, given by Eq. (32) simulta-
neously satisfies the conditions

—2<pp <2 (35)

The stability region of betatron oscillations with linear
coupling between the transverse degrees of freedom in the
fractional part of the betatron tune (v,, v, )-space is shown
in Fig. 1. Clearly visible are the instability regions in
the vicinity of the linear sum resonances of the form
Frac(v,) + Frac(v,) =0 and Frac(v,) + Frac(v,) = +1,
where Frac(v, ) are the fractional parts of the betatron
tunes. Details concerning the particular form of the boun-
daries of the stability diagram are presented in Appendix A.

In view of the fact that the sum resonances are signifi-
cantly more dangerous, let us examine them in more
detail. Suppose that the tunes v and v, satisfy the relation
vy +v, =n+e¢€,, where n is an integer and €, is the
resonance detuning. At exact resonance e, =0, from
Egs. (32) and (34), we obtain

p1o =2cosw; £ i€sinwy, (36)
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FIG. 1. Stability diagram (the shaded region) of betatron

motion with linear coupling between the transverse degrees of
freedom in the fractional part of the tune (v,,v,)-space. For
demonstrativeness, the coupling strength is taken to be € = 0.75.

i€ .
Q; , = arccos | cosw; = - sinw, . (37)

For sufficiently small coupling coefficients €, one can
determine approximately the amplitude increment of beta-
tron oscillations at exact linear sum resonance. For the
eigentunes, we obtain a simple expression
i€
Qoro F—.

5 (38)

The above equation shows that the increment of the
horizontal and the vertical betatron oscillations is approx-
imately equal to the half of the coupling strength.

V. NORMAL FORM PARAMETERIZATION

To compactify notations in what follows, let us introduce
the state vector

Xy
Z i (39)
n - Zn
PZJZ
and write the linear map (18)—(21) as
Zn+1 = Gzna (40>

where
COS @ sinw; —Csinw, 0
A —sinw; cosw; —Ccosw, 0
G= , : (41)
—Csinw, 0 COS m, sin @,
—C cosw, 0 —sinw, COSw,

Consider now a linear canonical transformation specified
by a symplectic matrix R
Z,=RZ, (42)

which converts the matrix G in a block-diagonal form.
Since

Z;H»] = IA{_]Z”H == ﬁ_lézn = ﬁ_IGRZ;

by the requirement, the new symplectic matrix A =
R~'G R should be block diagonal

S
0 A,

Here Al.z are yet unknown 2 x 2 matrices, and 0 is the
2 x 2 null matrix. Thus the basic equation to be analyzed in
what follows can be written as

(43)

G=RAR™ (44)
Similar to the matrix A, it iS convenient to write the
matrices G and R in a 2 x 2 block form

. G, 8 R R, #
G-(Al %2) R_<A1 ':2> (45)
g G PR

and rewrite Eq. (44) in explicit form

(Gl gz):<ﬁl f'z)(A1 6)(% ?)

g G, /i R,/J\0 A, /J\# R
(46)

Here Z¢ denotes the symplectic conjugate of the generic
matrix Z defined in Appendix B. In addition, the property
(BS) of symplectic matrices has been used to explicitly
represent the above equation.

It can be shown that the stability properties of the
matrices Al,z depend only on the matrix elements of

-5

(NS

the linear coupling matrix G and are independent of the
particular form chosen for the matrices IA{LZ. Details of the
derivation of their explicit form

« o [aA I
A, =R} G +——=8,(& +&5)|Ry.

UD (47)
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A =Ry G- o (@ 89 Re (49)
can be found in Appendix C. The quantities U and D entering
the right-hand sides of the above equations are given
according to the expressions in Egs. (C3)—(C7). An impor-
tant comment is now in order. As it is known, the dynamic
properties described by the roots of the characteristic poly-
nomial of a 2 x 2 symplectic matrix are characterized solely
by its trace. Since the similarity transformation leaves the
trace of a generic matrix invariant, it follows that the stability
of motion depends only on the matrices in the square brackets
in the expressions above, which are expressed solely by the
elements of the matrix G. This means that there is some
freedom in the choice of matrices RI,Z-

The relevant quantities for the specific case considered
here can be expressed as

T =2(cos @ — cos m,),

2(cosw; + cosm,) = G| + G,

=A; + Ay = 2(cosQ + cos Q). (49)
|
.. (S
A =G, +ﬁgz(g1 +85) =

~ ~ 1 . A
Ay =Gy —— (& +85)8 = < .
—sinw, —

If sgn(cosw; —cosw,) =—1, we obtain expressions
for the normal form matrices Al and 1&2 similar to the
above ones but with ©; and Q, interchanged. In what
follows, we shall consider in detail the case where
sgn(cos w; — cos @,) = 1—the opposite sign case can be
treated in analogous way. The other two blocks of the
transformation matrix R can be determined according to
the chain of expressions in Eq. (C10). Thus we have

. 7@14‘@57 (o <—sina)2 0 >
"“uvD UVD\ T/2 —sinw )
(o sin w 0
£, = —F¢ = ( b ) (54)
UVD\ T/2 sinw,

From the normal form matrices A] and Az given
explicitly by Eq. (53), the normal mode Twiss parameters
a;, P, and y; for i =1, 2 can be determined using the
standard expression for the one-turn transfer matrix [17]

ﬂi sin Qi

N cos Q; + a; sin Q;
cos Q; — a; sinQ;

—y,; Sin Q;

COs w, + cos ) — cos L,
—sinw; + (cos Q) — cos Q, — cosm; + cos m,) cot @,
cosw; — cos + cos Q,

(cos Q) — cos Ly — cosw; + cos @, ) cot m,

Furthermore,
D 1 COS@; — COSMy n(cos cos @)
= — — W] — @ )
2 cosQ; —cos ), & ! 2
U = 2(cos Q; — cos ,)sgn(cos ; — cos @,), (50)

C?sinw; sinw, = (cos Q| —cos, + cosm; —cosw, )
X (cos Q) —cos — cosm; +cosm,),
(51)

where sgn(x) denotes the sign of the corresponding
variable x. According to the mentioned above, we have
a certain freedom in the choice of the matrices R ,, so that
the simplest choice consists of the convention that they are
proportional to the unity matrix

Consider first the case, where sgn(cosw; — cosw,) = 1.
Obviously Egs. (47) and (48) can be rewritten as

sin @,
b
COS @4

sin ) (53)

COS @)

[
The result is

cos Q) — cos Q, — cos @, + cos w, sin w;
“= 25inQ C P T ing,
1 1
(56)
Cota)]
71 =P - 0 (cos Q; — cosQ, — cosw; + cosw,),
1
(57)
cos ) — cos g + cos w| — Cos w, sin @,
a = : 2= =
2sin Q, ' sinQ,’
(58)
COtG)z
V2 = Phr— (cos Q, — cos Q + cos w; — cos @),

sin €,
(59)

where by direct substitution, it can be verified that 3;y; —
a? = 1fori = 1,2 as should be expected. Since the motion
in the normal mode is decoupled, there exist the two
independent Courant-Snyder invariants
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1Y) =y, X2 4 2, X, P, + B P2, (60)
2

Our final task consists of expressing the above invari-
ants in terms of the original canonical variables Z,. By
inverting the linear canonical transformation defined in
Eq. (42), we can write

Z Rz — <R§ £ >Zn _ <\/51 _f2A>Zn,
&5 RS -#, VDI

or alternatively

P, VDP,, -5 (gzn +P,, sinwz) ’

Z/ \/an + %BX" sin (1))
") = . (64)
<P2,n> (x/ﬁPM -5 <an -P,, sina)1> )

What remains to be done now is to replace the new phase
space coordinates Z/, with the corresponding expressions
in terms of the initial ones Z,, given by the above equations,
in the Courant-Snyder invariants defined by Egs. (60)
and (61). Thus, we obtain the sought-for two independent
invariants in the initial coordinates in phase space. And so
our original goal has been reached; a split description of the
coupled betatron motion in terms of new optical eigen-
functions (normal mode Twiss parameters) defined in a new
coordinate system has been found. Similar expressions for
normal mode Twiss parameters, and therefore for the
invariants (60) and (61) have been reported in Ref. [12].

VI. TRACKING AND ILLUSTRATION
OF THE BEAM DYNAMICS

The one-turn map given by Eqgs. (18)—(21) and describing
the linear betatron coupling was iterated 2000 turns for
different values of the coupling coefficient €. Unfortunately,
it is not possible to visualize the multidimensional torus (on
which the phase-space trajectory lies) in the full four-
dimensional phase space. For this reason, the initial state
vector Z, has been evolved and after each turn has been
mapped as a point on the corresponding subspaces of the full
four-dimensional phase space.

Focusing a look at the simulation results (as shown in
Fig. 2), one can observe that particle evolution in the four-
dimensional phase space is actually a trajectory on a higher-
dimensional (four-dimensional) torus spanned over the
horizontal and the vertical two-dimensional phase spaces.

Z~P] T X~z 7

09 'S“Rs;&%\‘i'sxﬁ;'x E
=5

R
X3
051
AN
SN
; .

X' ~ P

L2

T T T T T T T T
-1 0 1 -1 0 1 -1 0 1 -1 0 1

FIG. 2. Linear map (18)—(21) has been iterated 2000 turns with
respect to the following randomly chosen (sufficiently far from
resonances) parameters: v; = 0.75, v, = 0.53, and € = 0.25.
The initial state vector has been set to Z, = [0.3,0.8, -0.3, O.S]T,
but it is almost irrelevant to the shape of the trajectories in phase
space. First row: phase space projections in the initial coordinates
Z; second row: phase space projections in the normal form
coordinates Z’. First and second column: horizontal, respectively,
vertical phase space projections; third column: transverse plane
trajectory.

The inverse canonical transformation, specified by the
matrix R~ and given by Egs. (63) and (64), reveals the
major orbits in the phase space. By keeping the unperturbed
betatron tunes v, and v, unchanged and adjusting the

1.0

FIG. 3. After elimination of the vertical momentum P, , using
the second invariant (61), the first invariant (60) has been plotted
with respect to the same as in Fig. 2 randomly chosen (suffi-
ciently far from resonances) parameters: v; = 0.75, v, = 0.53,
and € = 0.25. The initial state vector has been taken to be the
same Z; = [0.3,0.8,-0.3,0.5]".
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1.0

FIG. 4. After elimination of the vertical momentum P, , using
the second invariant (61), the first invariant (60) has been plotted
with respect to the almost exact difference resonance parameters:
vy =0.75, v, = 0.749, and € = 0.25. The initial state vector has
been taken to be the same Z, = [0.3,0.8, —0.3,0.5]7 as in Fig. 3.

coupling coefficient €, which relates the disposition of
solenoids and the skew quadruples along the ring circum-
ference, one can follow in detail the metamorphosis of
shape change of the phase-space manifold from a ring torus
to a horn torus and then a spindle torus. It is worth also
noting that the trajectory on the manifold exhibits some fine
structure determined by the map. At first glance, it may
seem that trajectories with the same initial state vector lie
on the same manifold and intersect with each other. What is
shown in this figure, however, is a projection onto the
horizontal/vertical plane in the phase space, so that it does
not violate the Liouville theorem.

Mentioned last but not least important, at each iteration
step (that is, after each turn), a check has been carried
out, which showed that the invariants (60) and (61) are
preserved.

For comparison with the direct simulation of the one-turn
map, let us present the numerical results obtained in the
immediate use of the invariants (60) and (61). They
represent two equations relating four phase-space variables
in terms of the original phase-space coordinates Z. One of
the canonical momenta, say P, ,, can be eliminated, thus a
single invariant can be obtained, in which the horizontal
phase space (X,,P,,) is parameterized by the vertical
coordinate Z,,. Similarly, by choosing P, ,, to be eliminated,
the vertical phase space (Z,,P_,) parameterized by the

horizontal coordinate X, can be represented by a single
invariant.

The dependence of the horizontal phase space as a
function of the vertical coordinate in Fig. 3 represents an
inclined cylinder with an elliptical base. The fact that the
invariant surface is an inclined cylinder explains the zigzag
character of the trajectory in phase space represented at the
top left of Fig. 2. Figure 4 shows the invariant surface in
the case of a difference resonance. The inclination of the
cylinder increases significantly, while the effective interval
which the horizontal coordinate spans over also increases.

VII. CONCLUDING REMARKS

In all cases of practical interest, numerical methods for
solving the differential equations governing the particle
motion involve discretization schemes anyway. The sub-
stitution of the Hamilton’s equations of motion with
mappings is a natural way to alternatively describe particle
dynamics. Using the technique of the discrete one-turn
transfer maps, the problem of linear coupling between
horizontal and vertical betatron oscillations in an accel-
erator has been treated exactly and entirely in explicit form.

The stability region of betatron oscillations with linear
coupling between the transverse degrees of freedom in the
fractional part of the horizontal and the vertical betatron
tune spaces as a function of the linear coupling strength has
been obtained. As far as our knowledge of the matter
extends, this result is being reported for the first time. It is
intuitively clear to expect the instability regions to be located
in the vicinity of the linear sum resonances of the form
Frac(v,) + Frac(v,) =0 and Frac(v,) + Frac(v,) = £1,
where Frac(v, ) are the fractional parts of the betatron
tunes. It has been also shown that the increment/decrement of
the horizontal and the vertical betatron oscillations in the case
of the linear sum resonance is approximately equal to half of
the coupling strength.

Further, the normal form parameterization of the one-
turn linear map is worked out in detail. It has been shown
that the normal form representation possesses an important
feature that the stability properties of both the 2 x 2
symplectic matrices comprising the diagonal of the
block-diagonal transfer matrix in the normal form depend
only on the matrix elements of the original linear coupling
matrix and are independent of the particular form chosen
for the diagonal 2 x 2 matrix blocks of the symplectic
transformation matrix bringing the initial one-turn matrix to
normal form. Since by construction, the motion in the
normal mode in the new normal form coordinates is
decoupled, there must exist two independent Courant-
Snyder invariants, which have been found explicitly.

As shown in Sec. V, there is a certain degree of freedom
in the choice of the matrices lil.z. The simplest but not the
only one as expressed by Eq. (52) leads to a close similarity
between our description and that of Sagan and Rubin [9].
These similarities consist in the specific form of Eq. (62)
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corresponding to the analogous expression presented in
Ref. [9]. The main advantage of our approach is the use of
maps, where the transfer matrix is known explicitly, which
leads to expressions for the optical functions and invariants
in closed form.

The systematic developments presented here provide a
normal form parameterization for the four-dimensional
symplectic one-turn matrix, which has a close connection
to the original Courant-Snyder representation of the two-
dimensional symplectic matrix. All of the parameters and
expressions entering explicitly the transfer map parameter-
ization can provide a valuable framework for accelerator
design and particle simulation studies.
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APPENDIX A: BOUNDARIES
OF THE STABILITY DIAGRAM

The stability constraint [Eq. (35)] can be split into the
following inequalities:

cosw; + cos w, + \/(cos ) — cos @,)* + C%sinw, sinw, < 2,

(A1)
coSm; + cos W, — \/(cos | —cosw,)* + C?sinw, sinw, > -2, (A2)
(cos @ — cos @,)? + €% sinw, sinw, > 0. (A3)

Obviously, there exist the trivial solutions:

sinw; sinw, = 0, (A4)

1.€.,
w, = ky, (A5)
w, = ko, (A6)

where k|, k, €Z.
After transforming the coordinates with the following

rule:
u 1/1 -1 W
== , A7
(=20 @) W
one can obtain a set of simple boundaries:
C2 -4
cosv =+ a8 (A8)
2 % -2
cos b — cosu —C“cosu (A9)

2cosu— G2 -2

The analytical boundaries of the stability areas are straight-
forward (as shown in Fig. 5):

6:2

—4
v = =+ arccos <($2+4 cos u> +2kym,  (A10)

6> -4

4cos u) + 2kyr,

o (Al1)

v = d arccos <—

2cosu—G2cosu—2
2cosu—G2-2

v=+=+ arccos< > + 2ksm, (A12)

where k3, k4, ks€Z. We can also rewrite the trivial
solutions:

2

i

o

=

.

Lﬁ

-
B

N
i
=

o
N
L
L

=
A
.

i)
e
A
B

o
i
o

SN

B

o

FIG. 5. Stability areas (with € = 0.1) divided by the con-
straints. The cyan curves are the solutions (A11) and the trivial
solutions (A13); the magenta curves are the solutions (A10) and
the trivial solutions (A14); and the yellow curves are the solutions
(A12). The shaded square at the center is one of the tiles.

024001-9



TZENOV, CHEN, and WU

PHYS. REV. ACCEL. BEAMS 27, 024001 (2024)

v = +u + 2ker, (A13)

v =tu+ (2k; — )z, (A14)

and again k¢, k; € Z.

APPENDIX B: REVIEW OF SOME BASIC
PROPERTIES OF SYMPLECTIC MATRICES

By definition, the four-by-four matrix Sis symplectic if
R . (30 . 0 1
S'g7S=J. wherej:(‘f ) Jz( )

0J -1 0
(B1)

and the superscript “7” implies matrix transposition.

The basic nonsingular, skew-symmetric matrix j has
the obvious properties

A

Jg=-1. Jg'=-g J'=-J B2
From the above equation
SJFS'FS=87%=-S1=-18§,
an alternative definition
SFS'=7 (B3)

of a symplectic matrix follows. Next, we define the
symplectic conjugate [15] of a generic matrix A to be

A A

A =-JA"g. (B4)
From Eq. (B1) or Eq. (B3), an important property
Sc=§" (B5)

of symplectic matrices follows. For a generic 2 x 2 matrix
1§, we have

N by, b N b —-b
B—( 11 12>’ B"—( 22 12)7 (B6)
by by —by by

and

(B7)

where as usual “det” and “Sp” denote the determinant and
the trace of the dedicated matrix, respectively.

Let us write the 4 x 4 symplectic matrix S in a 2 x 2

block form
A S, §
sz< ! fz>.
$ S,

Since the inverse of a symplectic matrix is equal to its
symplectic conjugate, according to Eq. (B5), we must have

$§¢ = 8§ = 1. Comparing

(B8)

s 90D
$i S,/ \8 &
_<S1S§+§2§§ SI§§+§2S§)
§:8 + 8,85 S,85+8,8/
and
(D0
ss 85/ \s S,
S§ +8¢8
_I_

using Eq. (B7), we obtain

A

det(S) +det(8,) =1, det(S,) + det(s;) = 1,

S18¢ +8,85 =0, (B9)
and
det(S)) +det(8;) =1, det(S,) + det($,) = 1,

S8, + 8¢S, =0, (B10)

respectively. Note that the above relations also imply the
following properties:
det(S,) = det(S,),  det($;) =det(s,).  (BI1)
Equations (B9) and (B10) are actually equivalent, and they
impose a total of 6 independent constraints on the 16 matrix
elements of S. The four-by-four symplectic matrix S, is,
therefore, specified by ten independent parameters.

APPENDIX C: DERIVATIONS
OF EQUATIONS (47) and (48)

Carrying out explicit matrix multiplications in Eq. (46),
we find

A A

G] = R1A1Rf+f'21&2f'§ Gz :RzAzﬁg‘Ff'lAlf'f,

>
Il
5)
>
=
—0
_|_
=}
2
>>
N
>
IS
[11=D)
o
Il
=
>
S
—8
+
>
o
>
o
=>
[\ S KoY
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First of all, let us note that since the transformation matrix
R is symplectic, relations similar to (B9)—(B11) for the
corresponding blocks of R must hold. In particular

det(R,) = det(R,) =D,  det(i) = det(t,) = 1 — D.

(C3)
Let us now define
Ay =Sp(A,), Ay =Sp(A,), (C4)
G, = Sp(él)’ G, = SP(Gz)’ (Cs5)
and
T = SP(G1 - Gz) =G, -Gy, (Co)
U=Sp(A, —A,) =A, —A,. (C7)

Taking the trace of Eq. (C1) and using Eq. (C3), the last
property in Eq. (B7), and the invariance of the trace of a
matrix subjected to a similarity transformation, we obtain

Adding and subtracting the last two equations, important
relations influencing the dynamical stability follow

G, +G,=A+A, T=G, -G, =U(2D-1). (C9)

Adding the first of Egs. (C2) and the symplectic conjugate
of the second one, we find

81485 =Fi(A; +ADRT + Ry (A, + A
:Alf'lﬁ? +A2ﬁ2f5,

where we have used the second property in Eq. (B7).
Taking into account the symplectic conjugate of the last
property in Eq. (B9) written for the matrix blocks of R, we
finally arrive at

g, + 85 = Ut R{ = —UR, . (C10)

Taking now the determinant of Eq. (C10), we obtain [18]

det(8, +85) = U?det(f,)det(R,) =U?D(1-D). (Cl11)
From the above equation and the second of Eqgs. (C9), the
determinant D of the diagonal blocks ﬁl,z of the unknown
transformation matrix can be expressed in terms of known
quantities, namely

T2
CT? fddet(g, +85)

(2D —1)? (C12)

The final step is to perform in an explicit form the
following matrix multiplication:

(C13)

In passing to the second row of the above multiple
equations, we have used the first property in Eq. (B9) as
well as Eq. (C3). In a similar manner, we obtain

(& +85)8 = U(f'lﬁfﬁlAlf'f - ﬁzfﬁszzﬁg)

= U[Df'lAlf'T - (1= D)ﬁzAzRS]

= —UR,A,RS + UDG,. (C14)

This completes the derivation of Eqgs. (47) and (48).
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