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The Low Energy Ion Ring (LEIR) at CERN is the first synchrotron in the Large Hadron Collider ions
injector chain. The performance of LEIR is mainly determined by the number of charges extracted from the
machine and transferred to the downstream chain of accelerators. Ions are delivered by the linear
accelerator Linac 3. In the intensity accumulation phase, the machine operates with coasting beams: each
injected beam is cooled, reducing its transverse dimensions and momentum spread, and brought into a
stacking momentum position to allow subsequent injections. In this context, the evolution of the beam
parameters for an injected beam under the effects of electron cooling, impedance, intrabeam scattering
(IBS), and space charge is of interest in order to optimize the machine working point with respect to the
accumulated intensity and to contribute to the understanding of the interplay of the different collective
effects. This work describes the advancement in modeling coasting beam dynamics for LEIR accounting
for the interplay of electron cooling, impedance, IBS, and space charge. Each effect is presented and
progressively included to compute the simulated equilibrium longitudinal Schottky spectrum, which is
found in good agreement with the measured one.
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I. INTRODUCTION

In the context of the general advancement in Low Energy
Ion Ring (LEIR) beam dynamics modeling, accurate
numerical simulations of the machine injection and accu-
mulation process have been started. The injection process is
based on the longitudinal and transverse stacking of the
Linac 3 incoming beam into LEIR longitudinal and trans-
verse acceptance [1]. The Linac 3 beam is ramped in energy
in order to match the increasing energy offset of the
incoming beam with respect to the circulating beam in
the dispersive injection region. This mechanism enables
phase space painting in the longitudinal plane while
minimizing the amplitude of the betatronic oscillations
of the injected beam around the closed orbit. The process is
inherently dependent on the LEIR/Linac 3 energy match-
ing, the Linac 3 transverse beam size and energy spread,
and the position of the injection bump and the closed orbit
with respect to the injection septum. Along this line, a new
tracking tool was developed to quantitatively study the
dependence of the injection efficiency on the aforemen-
tioned effects allowing to define clear tolerances against

Linac 3 energy deviations and/or stray magnetic field
disturbances along the injection line to LEIR [2].
While the injection process is relatively immune from

collective effects (mainly due to the largemomentum spread,
beam sizes, and low intensity of the injected beam), this is
not the case for the accumulation process: the injected beam
is cooled until equilibrium is reached and brought off-
momentum to allow the stacking of another injection. The
electron cooler reduces transverse beam size andmomentum
spread, enhancing collective effects, such as impedance,
intrabeam scattering (IBS), and space charge. Therefore, the
complete description of this very dynamic process relies on
the accurate modeling of each of these effects.
In particle accelerators, the Schottky spectrum (or

power density spectrum) gathers the information from the
statistical fluctuations of the beam position measured at a
Schottky pickup (e.g., stripline pickups). In the absence of
collective effects, and for coasting beams, the longitudinal
Schottky spectrum reproduces the momentum spread dis-
tribution of the beam at each multiple of the revolution
frequency f0. Under the effect of electron cooling and
longitudinal impedance, a double-peaked structure appears
[3–5]. This structure is typically observed in LEIR, where
operation relies on the onset of this phenomenon to steer and
optimize the electron cooling process, and to allow the
efficient accumulation of the Pb54þ208 ion beam intensity [1,6].
In our work, we will progressively show the simulated

equilibrium longitudinal Schottky spectrum under each of
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the collective effects under study, with the aim of bench-
marking the model to the measured spectrum in LEIR.
In Sec. II, we will describe the tracking code developed

to model the cooling process of LEIR accounting for beam
transport through the machine’s optical elements, electron
cooling, impedance, IBS, and space charge. The Schottky
spectrum deformation is studied in the presence of these
effects. In Sec. III, we will focus on the reconstruction
methods applicable to retrieve the beam properties (e.g.,
momentum spread and impedance). Eventually, the same
reconstruction methods are applied in Sec. IV to the
measured Schottky spectrum in LEIR.
A similar approach, mainly focused on the effect of

impedance on the Schottky spectrum, has also been started
in simulations for the case of bunched beams in the Large
Hadron Collider (LHC) [7].

II. NUMERICAL SIMULATIONS

A tracking code has been developed in order to study the
beam dynamics of the cooling process in LEIR. The code
was developed starting from PyHEADTAIL [8], adapting it to
the tracking of coasting beams, adding impedance [9],
electron cooling [10], IBS [11], and space charge inter-
actions [12]. The code features the basic linear transport of
charged particles in accelerators in the longitudinal and
transverse planes [13]. For a particle in a coasting beam
with relative momentum deviation δp=p0 with respect to
the design total momentum p0, the turn by turn change in
longitudinal position s along the accelerator is given by

s2 ¼ s1 − η
δp
p0

βc T0; ð1Þ

where T0 is the revolution period, βc is the beam velocity,
and η is the slippage factor. Unless differently specified,
the LEIR machine and beam parameters at injection are
summarized in Table I in the Appendix.
Analogously, the change in transverse position and

momentum is given by the machine one turn matrix
Mx;y computed with the machine optics in the horizontal
and vertical planes. For the vertical plane, for example, this
is given by

ðy2; y02Þ ¼ My · ðy1; y01Þ; ð2Þ

where y0 ¼ dy=ds.
After phase space initialization, the beam is tracked, the

longitudinal distribution is calculated turn by turn and
stored for postprocessing. Some attention needs to be taken
when fast particles exceed the circumference over one turn,
or, conversely, when slow particles lag one turn behind: the
position of these particles is mirrored to fall between s ¼ 0
and the machine circumference C.
The longitudinal distribution ρðsÞ is calculated on

equispaced samples for s∈ ½0; CÞ. The Schottky spectrum

is therefore calculated with a Fourier transform of the
autocorrelation signal in the longitudinal plane [14].
Figure 1 shows a tracking simulation of a beam with

Gaussian momentum distribution having standard devia-
tion σp ¼ 10−3. The Schottky spectrum is shown together
with Gaussian fits for three harmonics nh (30, 60, and 90),
normalizedwith respect to the angular frequencyω0 ¼ 2πf0.
Fitting the frequency distribution at each harmonic, we

can compute the rms frequency spread as shown in Fig. 2.
This is compared to the theoretical one given by [14]

σω ¼ −ηω0σpnh: ð3Þ

The agreement is satisfactory below the 60th harmonic,
from which the tails of different harmonics start to overlap.

A. Electron cooling

Electron cooling is implemented with the semiempirical
approach of Parkhomchuk [15]. The friction force Fec
produced by the electron beam on the ions is given by

Fec ¼ −
4nemeZ2r2ec4V

ðjVj2 þ V2
effÞ3=2

log

�
ρmax þ ρmin þ ρL

ρmin þ ρL

�
; ð4Þ

where ne is the electron beam density,me the electron mass,
re the classical electron radius, Z the ion beam charge, V
the vector of ion velocities relative to the electron beam in
the three directions, and Veff the effective velocity param-
eter related to the transverse electron beam temperature.
The Coulomb logarithm is composed of three impact
parameters ρmin, ρmax, and ρL given by

ρmin ¼ Zrec2=ðjVj2 þ V2
s þ V2

effÞ; ð5Þ

FIG. 1. Simulation of the longitudinal Schottky spectrum at
three harmonics nh (30, 60, and 90), normalized with respect to
the angular frequency ω0 ¼ 2πf0. Dots refer to simulation data,
lines to Gaussian fits. The momentum distribution is set to a
Gaussian with standard deviation σp ¼ 10−3.
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ρmax ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jVj2 þ V2

s þ V2
eff

p
ωe þ 1=τ

; ð6Þ

ρL ¼ meVeff=eB; ð7Þ

where Vs is an additional fitting parameter related to the
longitudinal electron beam temperature [16], ωe the elec-
tron beam plasma frequency, τ the time of flight through the
cooling section, and B the guiding magnetic field.
In the following, we will consider the electron beam

density ne ¼ 4 × 1013 m−3 and the transverse and longi-
tudinal temperatures of approximately kBT⊥ ¼ 10 meV,
and kBTl ¼ 1 meV reported in [6] and based on direct
measurements of the cooling force at LEIR. In addition,
we consider the magnetic guiding field B ¼ 0.07 T and the
cooler length of Lec ¼ 3 m. The cooling force computed
with these parameters is shown in Fig. 3 for the longitudinal
plane. The corresponding cooling rate is ν ≃ 100 s−1.
Considering the electron beam radius of 25 mm with uni-
form distribution, the electron beam current is 360 mA.
Several alternative, and potentially more accurate, cooling
models have been investigated in the last years [17–19] and
are subject of active development (e.g., the cooling module
developed for X-suite [20,21]).

B. Impedance

In particle accelerators, the impedance parameter gathers
the electromagnetic interaction of the beam current with the
surrounding accelerator equipment [22]. The development
of a machine impedance model is performed by accounting
for the impedance of each accelerator equipment in the
longitudinal and transverse planes. In low energy machines,
like LEIR, the impedance is largely dominated by the effect
of self-fields and image charges. In the context of this work,
we will limit ourselves to consider the longitudinal imped-
ance. In LEIR, this is given by the superposition of the

machine longitudinal impedance model and the longi-
tudinal space charge (LSC) impedance given by [23]

ZLSC
l ðωÞ=nh ¼ −j

Z0

βγ2

�
1

2
þ log

�
rpipe
rb

��
; ð8Þ

where Z0 is the characteristic impedance of vacuum, γ the
Lorentz factor, rb the radius of the beam transverse cross
section, and rpipe ¼ 27 mm is the pipe aperture of the main
bends [24]. Corrections for Gaussian beams of different
average beam sizes σx;y can be implemented by defining the
equivalent radius rb;eq ≃ 1.747 · ðσx þ σyÞ=2 as developed
in [25]. In the following, we will neglect the impedance
contribution of the rest of the machine [26], which was
reduced to negligible levels after the recent impedance
suppression campaign [27]. A complementary overview of
the effect of a machine longitudinal impedance on the
longitudinal coasting beam dynamics can be found in [28].
Equation (8) establishes the connection between the

longitudinal and transverse planes showing that the LSC
impedance logarithmically increases during the transverse
cooling process. The longitudinal momentum kick applied
in the turn by turn simulations is given by [22,29,30]

δp2

p0

¼ δp1

p0

þWf · F−1ðρðωÞ · ZLSC
l ðωÞÞ; ð9Þ

with ρðωÞ the spectrum of the longitudinal distribution,
F−1 the inverse Fourier transform, and Wf the wake factor
given by

Wf ¼ −
Zq2

p0v
N; ð10Þ

with N the total number of charges in the beam, (i.e., equal
to Z · Nions) and q the elementary charge. An analogous
implementation is present also for the transverse impedance
[12,31], although not essential for the scope of this paper.
For simplicity, and as a first step, we consider the effect

of a constant impedance on a cooled beam following the

FIG. 3. Longitudinal cooling force as a function of the relative
ions-electrons longitudinal velocity.

FIG. 2. Calculated frequency spread from simulation (blue solid
line) and theory (orange dashed line) from harmonics 1 to 100.
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analytical approach of [4]. Figure 4 shows the expected
longitudinal Schottky spectrum in LEIR computed with a
variable cooling rate, N ¼ 1.2 × 1010 charges (or 2.4 ×
108 Pb54þ208 ions), in the case of a Gaussian momentum
distribution with 1.3 × 10−4 standard deviation, and assum-
ing a constant impedance jZLSC

l =nh ¼ 10 kΩ.
While electron cooling is essential in order to attain a small

momentum spread, the cooling rate itself has a limited effect
on the Schottky spectrum, at least in the range of values
achievable in LEIR. This detail will be important when
discussing the reconstruction of beam properties from
simulated and measured Schottky spectra in Secs. III and IV.
The case described in Fig. 4 is set up knowing the final

momentum distribution, while the distribution itself, not
necessarily Gaussian, is a result of the interaction between
the impedance and the cooling force.
Interesting tracking simulations can already be per-

formed limiting ourselves to the cooling and LSC imped-
ance effects exclusively. Figure 5 shows the momentum
spread evolution over 100k turns with cooling, with/with-
out LSC impedance. The simulation assumes LEIR nomi-
nal machine parameters at injection, an initial uniform
momentum distribution between �2 × 10−3, initial nor-
malized emittance εn of 1 mm mrad in the two planes, a
cooling rate of 100 s−1 and jZLSC

l =nh ¼ 1 kΩ. While
cooling, the boundary for stability given by the momentum
spread [4,32] reduces until Landau damping is lost. The
momentum spread therefore blows up and counteracts
cooling until an equilibrium is reached. On the other hand,
no heating effects are included in the transverse plane,
where the emittance would indefinitely reduce.

C. IBS

The IBS is limiting the cooling effect in both transverse
and longitudinal planes. On the other hand, the shrinkage of
the beam size also affects the longitudinal impedance
through Eq. (8): as a result, the equilibrium final emittance
and momentum are strongly interlinked with each other,

FIG. 4. Schottky spectrum as a function of the cooling rate ν in
s−1 for a Gaussian momentum distribution with standard
deviation 1.3 × 10−4, assuming a constant impedance of
jZLSC

l =nh ¼ 10 kΩ and N ¼ 1.2 × 1010 charges.

FIG. 5. Emittance and momentum evolution over the number of
turns under the effect of cooling and LSC impedance: when
marked true/false, the LSC impedance is included/excluded.

FIG. 6. Simulated evolution of horizontal and vertical emittances and momentum spread as a function of turns under the effect of IBS
in LEIR. The analytical estimates from Nagaitsev’s formalism are shown in black, while the results from 10 averaged tracking
simulations are shown in red. The simulation assumes an initial normalized emittance of 0.2 mm mrad in the two planes, a Gaussian
momentum distribution with 1 × 10−4 standard deviation, and N ¼ 2 × 1010 charges.
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and numerical simulations become very helpful in studying
the overall interplay.
The IBS effect was included in the simulation model

based on the kinetic theory and is applied with a similar
form to the Langevin equation developed and detailed in
[33,34]. The IBS growth rates, given by the friction and
diffusion coefficients, are evaluated using the Nagaitsev’s
method [35]. Every turn, each particle receives a change of
its momenta depending on the beam parameters.
The emittance and momentum evolution resulting from

this kick was successfully benchmarked for a bunched
beam with analytical calculations using Nagaitsev’s for-
malism for different configurations in LEIR [33]. In Fig. 6,
a benchmark case for a coasting beam is shown, where the
bunch length σb in the IBS model has been replaced with
σb ¼ C=

ffiffiffiffiffiffi
2π

p
, where C is the machine circumference, and

the longitudinal growth rate is νcoasting ¼ 2νbunched accord-
ing to [36]. A very good agreement is observed in the
evolution of both horizontal and vertical emittances as well
as momentum spread.
When considering the mutual effect of cooling and IBS,

the equilibrium will be reached when the cooling rate νwill
equal the IBS growth rate. Figure 7 shows the computed
longitudinal growth rate as a function of the simulated turns
in the presence of IBS and electron cooling (blue dots),
together with the IBS growth rate (red line) calculated every
50 turns. To emphasize the fact that the “heating” rate from
IBS matches, at equilibrium, the cooling rate from electron
cooling, we disabled at 80k turns the IBS: the cooling rate,
therefore, takes over and, as expected, the growth rate
reached before by the IBS matches the cooling rate given
by the cooling force.
When including the IBS, keeping the same simulation

parameters, the evolution of Fig. 5 is substantially modified:

on one hand, the transverse beam size does not indefinitely
shrink; on the other hand, the impedancegrows dependingon
the emittance reduction. Figure 8 shows the emittance/
momentum evolution in the presence of IBS and impedance,
together with the computed LSC. The cooling process
reaches the equilibrium with IBS and impedance at about
40k turns. The LSC reaches jZLSC

l =nh ≃ 12 kΩ.

D. Transverse space charge

The transverse space charge (TSC) plays an important
role in further limiting the minimal attainable transverse
emittance due to the Coulomb force repulsion. The effect is
included through the implementation of the Bassetti-
Erskine formula [37] used as well in other codes [38].
In the approximation of our model, no specific optics
corrections in the cooler section are performed with respect
to space charge. The impact on the cooling rate on the

FIG. 7. Longitudinal growth rate evolution over the number of
turns under the effect of cooling and IBS. The growth rate from
IBS is shown in red, while the growth rate calculated from
tracking simulations, i.e., including both cooling and IBS, is
shown in blue. At 80k turns, the IBS is disabled and electron
cooling takes over.

FIG. 8. Emittance and momentum evolution over the number of
turns under the effect of cooling, LSC, and IBS.

FIG. 9. Tune spread from a beam with transverse Gaussian
distributions in transverse planes and momentum, together with
the maximum tune shift estimated with the Laslett formula (red
square). Marginal plots show the tune distribution projection in
the horizontal plane (at the top) and vertical plane (at the right)
together with the Laslett tune shift indicated with a red bar.

SIMULATION AND MEASUREMENT OF THE … PHYS. REV. ACCEL. BEAMS 27, 014201 (2024)

014201-5



Schottky spectrum is nevertheless expected to be negligible
as shown in Fig. 4.
To correctly represent the distributed force, space charge

kicks are distributed uniformly in the lattice accounting for

the betatron βx;yðsÞ and dispersion Dx;yðsÞ functions.
Figure 9 shows the tune spread obtained by tracking a
Gaussian coasting beam for 10k turns under transverse
space charge forces. The Laslett tune shift ΔQTSC

x;y , in red, is
computed analytically considering the linear approximation
of the space charge force [39]

ΔQTSC
x;y ¼ −

rp
2πβ2γ3

Z
A
λ0

Z
C

0

βx;yðsÞ
σx;yðσx þ σyÞ

ds; ð11Þ

with rp the proton radius, λ0 ¼ N=C the longitudinal line
density, and σx;y the beam size given by

σx;y ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
βx;yðsÞεx;y þ ðDx;yðsÞδp=p0Þ2

q
: ð12Þ

The space charge kicks are distributed over 30 equidis-
tant locations along the lattice and accordingly scaled in
magnitude. The beam is represented by 1 × 105 macro-
particles, with intensity of 2 × 1010 charges, initial momen-
tum spread of 1 × 10−4, and transverse emittance of 0.5 mm
mrad in the two planes. The tune footprint is computed for a
subset of 1000 macroparticles and it is obtained by
performing an iterative Fourier analysis [40] over the last
500 turns of betatron oscillations. The computed Laslett
tune shift is found in good agreement with the maximum
tune shift computed from tracking simulations.
When the transverse space charge is included in the

tracking simulations, it contributes with IBS to limit the
transverse beam size and counteract cooling. As we use
the LEIR ideal machine lattice, only nonlinear space charge
driven resonances are included in our model. Additional
magnetic imperfections, like the ones related to skew
sextupole errors presented in [33], are still under study
and will be included in the future.
Figure 10 shows the emittance/momentum evolution

under the same starting condition as the case presented
in Fig. 8, while Fig. 11 shows the tune footprint computed
with the equilibrium beam parameters under the sole effect

FIG. 10. Emittance and momentum evolution over number of
turns under the effect of cooling, LSC, IBS, and TSC.

FIG. 11. Tune footprint under sole effect of nonlinear space
charge resonances computed for a beam with the equilibrium
parameters of Fig. 10. Normal (full lines) and skew (dashed lines)
systematic resonances are shown up to 5th order. The bare
machine working point is shown as an orange square.

FIG. 12. IBS growth rate computed in the presence of IBS alone, IBS and LSC, and IBS, LSC, and TSC. From left to right, the growth
rate over 100k turns is shown for the horizontal, vertical, and longitudinal planes.
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of TSC: nonlinear space charge resonances at 6Qy ¼ 16,
2Qx þ 4Qy ¼ 14, and 6Qx − 4Qy ¼ 0 are mainly respon-
sible for the TSC-related emittance growth.
Within this model, the overall equilibrium is slightly

modified by the addition of the transverse space charge
contribution, mainly showing a moderate increase in vertical
emittance with a consequential reduction of the LSC imped-
ance. Nevertheless, the growth rates show a sizable redis-
tribution. In this context, Fig. 12 shows the calculated IBS
growth rate in the presence of cooling, adding in step the LSC
and the TSC. The longitudinal plane as expected is affected
only when adding the LSC. When adding the TSC, the
horizontal plane shows a slight reduction in growth rate,
whereas the vertical plane is halved. This suggests that at the
equilibrium, i.e., when counteracting the cooling rate from
the electron cooler, in the vertical plane, the TSC and IBS
contribute equally. Similarly happens in the longitudinal
plane: the IBS and LSC contribute equally to match
the longitudinal cooling rate. The balance is reduced in
the horizontal plane, where the effect of IBS remains the
dominant mechanism, as also discussed in [33].
While the longitudinal Schottky spectrum is slightly

affected by TSC (we achieve similar impedance and
momentum spread as in Fig. 8), this would not be the
case for the transverse Schottky spectrum: a detailed study
for LEIR can be found in [12], following the work of [41].

III. RECONSTRUCTION OF SIMULATED
SCHOTTKY SPECTRUM

Information like momentum spread and impedance is
directly available in tracking simulations but is generally
more difficult to access with measurements. The simula-
tions presented until now allow us to study the equilibrium
longitudinal Schottky spectrum in the presence of cooling,
LSC, IBS, and TSC. Following the work of [4], the
spectrum computed in Sec. II B is used as a fitting function
to reconstruct momentum spread and impedance with a
least-squares minimization algorithm. As we commented in
Sec. II B, the effect of the cooling rate is too small to be
reliably determined through a parametric fit (at least for
LEIR): it will be therefore assumed that the cooling rate is
known a priori and equal to 100 s−1 in the three planes, as
introduced in Sec. II A.
Fig. 13 shows the simulated longitudinal Schottky spec-

trum at nh ¼ 100 corresponding to the equilibrium reached
in Fig. 10 at 100k turns and averaged over 20 simulations.
Simulated data are shown together with the reconstruction
performed either using the equilibrium momentum distribu-
tion and impedance from the simulation (direct method), or
parametrically fitting the Schottky spectrum (reverse
method), i.e., leaving the equilibrium momentum distribu-
tion and the impedance as free parameters to be determined.
The momentum distribution is supposed to be Gaussian.
The equilibrium momentum distribution and the imped-

ance retrieved from the reverse reconstruction are shown in

Fig. 14, where the algorithm is applied from nh ¼ 10 to
nh ¼ 100 in steps of 10 harmonics. At the top, the
reconstructed impedance is shown against the value
reached at the equilibrium in the simulations: the agreement
is acceptable and within 10%. The remaining discrepancy
might be related to limitations in the numerical simulations or
in the underneath theory: we nevertheless retain that the

FIG. 13. Simulated Schottky spectrum at nh ¼ 100 (black dots)
reconstructed with direct (blue line) and reverse methods
(red line).

FIG. 14. Reconstruction of impedance (top), momentum spread
(middle), and corresponding momentum distribution (bottom) in
red, against simulated data, in black.
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reached accuracy is reasonable for the target of our studies.
At the center, the reconstructed momentum spread is shown,
in very good agreement with the simulated one. This is also
visible at the bottom, where the final momentum distribution
is shown together with the reconstructed one.

IV. RECONSTRUCTION OF MEASURED
SCHOTTKY SPECTRUM IN LEIR

Beam measurements were performed in LEIR in order to
study the equilibrium emittance and momentum spread
with the help of longitudinal Schottky measurements. A
beam with intensity N ≃ 1.5 × 1010 charges is injected
from Linac 3 and cooled at the machine flat bottom energy.
The alignment with the electron cooler was determined by
performing the so-called cooling maps [6], i.e., aligning the
beam orbit in the cooler section to minimize the final
equilibrium emittance. The overall measurement is per-
formed over 1400 ms, i.e., over about 500k turns.
Figure 15 shows the evolution of intensity and emittance

versus time. The Schottky measurements were performed
once equilibrium was reached, from 1290 ms over a 50 ms
window. Due to intrinsic limitations of the system, and to
reduce the amount of delivered data, the spectrum was
measured at a single harmonic for each measurement.
Several measurements were acquired in order to improve
the signal to noise ratio of the Schottky spectrum (typically
25 per measured harmonic) and span from harmonic
nh ¼ 10 to 100. The beam size was measured with
Ionization Profile Monitors (IPMs) in the horizontal and
vertical planes [42]. The emittance is reconstructed scaling
for the β function at the instruments computed with MAD-X
(βIPMx ¼ 15.7 m and βIPMy ¼ 5.7 m). The LSC impedance is
computed with Eq. (8) considering the average beam size
along the machine (in LEIR β̄x ≃ 8 m and β̄y ≃ 7 m).
When applying the reconstruction procedure detailed in

the previous section, we can retrieve the information on the
impedance and momentum spread reached at the equilib-
rium. Figure 16 shows these parameters for the measured
harmonics: the reconstruction is stably giving an imped-
ance of about 10 kΩ, in agreement with the one calculated
and shown in Fig. 15, and a momentum spread of about
1.3 × 10−4 close to the 1.6 × 10−4 simulated and shown in

Fig. 14. The reconstruction fit is shown in Fig. 17 together
with measured data in correspondence to the harmonic
nh ¼ 100. As introduced in Sec. II A, a cooling rate of
100 s−1 is assumed, based on the direct measurement of the
cooling force at LEIR.
Comparing the results shown in Figs. 14 and 16, despite

the complexity of the beam dynamics involved, we remark a
very good agreement of the reconstructedmomentum spread
and impedance at the equilibrium. In addition, the horizontal
emittance shown inFig. 15 is in agreementwith the simulated
one shown in Fig. 10. The vertical emittance is, instead,
showing an order of magnitude larger value, which may be
related to additional heating effects not yet considered in the
simulation model: for example, as commented in Sec. II D,
the 3Qy ¼ 8 skew resonance driven by lattice imperfections,
analyzed in [33], could play a relevant role also in this context
andwill be investigated in the future. It is interesting to notice
that the larger vertical emittance achieved inmeasurements is
also reflected in the value of the LSC impedance: according
toEq. (8), a factor 10 larger vertical emittance translates into a

FIG. 15. LEIR cycle overview.

FIG. 16. Reconstruction of impedance (top) and momentum
spread (bottom) from measured Schottky spectrum in LEIR.

FIG. 17. Measured Schottky spectrum at nh ¼ 100 (black dots)
and reconstructed with reverse method (red line). A cooling rate
of 100 s−1 is assumed.
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factor∼3 larger vertical beam size, which in turn, reduces by
15%–20% the LSC impedance due to the logarithmic
dependence, as observed in the measurements.
The overall cooling time for the vertical plane is∼200 ms,

i.e., ∼70 k turns, close to the ∼40 k turns simulated and
shown in Fig. 10. The horizontal plane is cooling on a longer
time scale (∼600 ms). However, being the horizontal IPM in
a dispersive region (DIPM

x ¼ −1 m), this may actually reflect
a longer cooling time in the longitudinal plane. In addition,
also a different injection momentum distribution could have
an effect on the cooling time: the Linac 3 delivers a
momentumdistribution that wemodeled as uniformbetween
�2 × 10−3 in relative momentum deviation. Nevertheless,
some tails can extend over the upper/lower limits, smoothing
the hard edges of a uniform distribution, and lengthening the
cooling time. These aspects will be the subject of future
detailed investigations.

V. CONCLUSIONS

In this work, we presented the development of compre-
hensive simulations accounting for the interplay of electron
cooling, impedance, IBS, and transverse space charge for
coasting beams at injection energy in LEIR. The simu-
lations allowed us to study the evolution of the beam
properties from injection in LEIR to equilibrium while
being able to disentangle the contribution of each effect
separately. It is the first time that the complete cooling
process is simulated in a tracking code for LEIR, account-
ing for the progressive onset of collective effects and their
impact on the equilibrium beam parameters.
The longitudinal Schottky spectrum has been used as a

benchmark tool for comparing our simulations to mea-
surements. Direct and reverse reconstruction techniques
were tested in simulations to recover the impedance and
momentum spread of the beam once at equilibrium.
Measurements of the longitudinal Schottky spectrum have
been presented for LEIR, showing a good agreement with
simulations in terms of achieved impedance and momen-
tum spread.
While measurements and simulations are sufficiently

inline in terms of reconstructed momentum spread, imped-
ance, and equilibrium horizontal emittance, a discrepancy
is present concerning the equilibrium vertical emittance.
Recent work suggests that the effect of additional non-
linearities could play a role in reducing this discrepancy. In
this respect, simulations including this additional heating
mechanism are planned for the future. The vertical cooling
time is comparable to simulations, whereas the longi-
tudinal/horizontal appears longer and will be the subject
of future dedicated measurements.

APPENDIX: LEIR PARAMETERS

In Table I, we report the main LEIR machine and beam
parameters at injection energy.
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