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Plasma based acceleration (PBA) is being considered for a next generation linear collider (LC). In typical
PBA-LC designs, the extreme beam parameters are expected to trigger background ion motion, which can
lead to longitudinally varying nonlinear focusing forces and result in emittance growth of the beam. While
various schemes have been proposed to mitigate this at low beam energies, a solution to minimize the
emittance growth in the later high energy stages of a multistage electron acceleration arm is yet to be found.
In this paper, we propose to use an adiabatic plasma density ramp as a matching section that is able to match
the witness electron beam to the low-density plasma entrance, where the beam initially has a large matched
spot size so the ion motion effects are relatively small. As the beam propagates in the plasma density
upramp (downramp), it is adiabatically focused (defocused) and its distribution maintains an equilibrium
distribution throughout the entire process even when severe ion collapse has occurred. Simulation results
from QPAD show that within a single acceleration stage, this concept can limit the projected emittance
growth to only ∼2% for a 25 GeV, 100 nm normalized emittance witness beam and ∼20% for a 100 GeV,
100 nm normalized emittance witness beam.
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Research on plasma based acceleration (PBA) has made
great progress during the past few decades [1]. In PBA, an
intense particle or laser beam is used to form a plasma wake
that accelerates a second electron beam that is properly
loaded inside the wake. In the blowout regime of PBA
[2,3], the wakefield provides an ideal focusing force on an
electron beam that is linear in transverse position r and
independent of the longitudinal position ξ ¼ ct − z, while
the accelerating field is independent of r. For such con-
ditions, an accelerating electron beam can be matched to
the focusing force thereby almost perfectly preserving the
beam’s slice and projected normalized emittance ϵn [4].
The evolution of the beam’s rms spot size, σ, in a linear
focusing force of the ion column, is described by
∂
2σ
∂z2 ¼ ϵ2n

γ2σ3
ð1 − γ2k2β

ϵ2n
σ4Þ, where ϵn ¼ γϵ is the normalized

emittance (hereafter referred to as the emittance), γ is the
relativistic Lorentz factor, kβ ¼ ωpffiffiffiffi

2γ
p

c is the betatron wave

number, and ωp is the plasma frequency. The matched spot

size is then given by
γ2k2β
ϵ2n

σ4m ¼ 1 [5] leading to

σm ¼ ð2=γÞ1=4ðϵnc=ωpÞ1=2: ð1Þ

The beam’s σm in the plasma is much smaller than conven-
tional focusing optics can provide. This mismatch leads to
large emittance growth when there is energy spread.
To overcome this, it has been proposed to use a tailored

short plasma ramp or an adiabatic plasma ramp [6–12] to
transition the beam from a large spot size to a small
matched spot size in the acceleration stage.
In order to build a TeV-class linear collider (LC), the

luminosity, L ¼ fN2=4πσxσy, must be as large as
∼1034 cm−2 s−1, where N is the number of particles in
each colliding bunch, f is the repetition rate of collisions,
and σx;y is the spot size of the bunch at the interaction point.
To achieve such a luminosity, a beam with ∼1 nC charge
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and ∼100 nm emittance has been proposed [13]. For such a
beam, the transverse Coulomb field of a matched spot size
can pull the ions inward during the transit time of the beam
[14,15]. This results in a ξ (slice) dependent, transversely
nonlinear focusing force, which can result in emittance
growth. The degree of ion motion is quantified through the
amount of phase advance of an ion from the beam’s field
[14,15],Φ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4πe2Znb=M

p
ðσz=cÞ≡ ωbiðσz=cÞ, where nb

is the peak beam density, Z is the ionization state of the ion,
M is the ion mass, and σz is the rms bunch length.
Simulations have shown that matching the beam directly
to a uniform plasma causes ∼80% projected emittance
growth for typical LC parameters [16].
Several ideas have been proposed and studied to mitigate

the emittance growth even further in the presence of ion
motion. Reference [17] proposed to use a plasma matching
section with an adiabatically decreasing ion mass.
Reference [18] proposed slice-by-slice matching the trans-
verse beam phase space distribution to the nonlinear ion
motion-perturbed plasma wakefields. However, these ideas
may be difficult to realize experimentally. Reference [19]
proposed an adiabatic matching procedure where the beam
is injected with a low enough energy that ion motion effects
are initially small. However, this idea will only work at the
initial stage.
In this paper, we present a scheme that is able to achieve

emittance preservation in the presence of ion motion that is
applicable to high-energy, high-density electron bunches
required in a multistage PBA. We use adiabatic plasma
density upramps and downramps to match the witness
beam into and out of a uniform density (plateau). We show
that this method can preserve the witness beam emittance
from start to end, even though there is a significant amount
of slice dependent ion motion triggered in the plateau. By
properly choosing the beam’s Courant-Snyder (CS) param-
eters at the plasma entrance, the emittance growth can be
mitigated even for more general density ramps that are not
adiabatic at lower densities.
Within an ion channel, the matched CS parameters αmðzÞ

and βmðzÞ are [9,12,20]

βmðzÞ ¼
ffiffiffiffiffi
2γ

p
c=ωpðzÞ; αmðzÞ ¼ −

1

2
β0mðzÞ: ð2Þ

An adiabaticity parameter can be defined as A ¼ jαmj
[9,20], which describes how adiabatic the plasma density is
changing from the beam’s point of view. The adiabatic
condition is given by A < 1.
In a density upramp (downramp), αm is positive (neg-

ative). Therefore, we design an adiabatic plasma density
upramp with αm linearly decreasing to 0 (at the plateau) so
that the transition from the upramp to the plateau is smooth.
Based on this assumed linear dependence of αm, we can
integrate the CS equations to solve for the density depend-
ence of the upramp

nðzÞ
n0

¼
�
1þ αmiðz − LÞ2

βm0L

�−2
; ð3Þ

where βm0 is βm evaluated within the density plateau, and
the adiabaticity parameter at the entrance, αmi, depends on
the choice of the plasma density at the entrance by Eq. (3).
We demonstrate this scheme through fully nonlinear,

self-consistent simulations of a single plasma wakefield
acceleration based linear collider (PWFA-LC) stage using
QPAD [21], a quasistatic particle-in-cell (PIC) code based on
the QuickPIC framework [22,23] that expands the fields in
azimuthal harmonics and truncates the expansion at a
desired number. We use very fine resolution in r so that
the physics of ion motion can be fully resolved. The ðr; ξÞ
simulation box has dimensions 12k−1p0 × 15k−1p0 (see Fig. 1),
and cell sizes 5 × 10−4k−1p0 × 10−2k−1p0 , where kp0 ¼ ωp0=c
is the plasma wave number. The witness beam consists of
107 numerical particles. The beam particles are pushed
every 3D time step Δt ¼ 10ω−1

p0 . Both plasma electrons and
ions are initialized at 4 locations uniformly spaced per r, ξ
cell with 16 particles distributed in the azimuthal direction.
Unless otherwise noted, we only keep the lowest m ¼ 0
azimuthal mode thereby assuming axisymmetric beam and
plasma distributions.
For the physical parameters, we use a preformed hydro-

gen plasma with density n0 ¼ 1017 cm−3 for the uniform
acceleration section. It is 67.3 cm ð4 × 104 k−1p0Þ long. The
drive beam has an initial energy of 25 GeV, 3.0 × 1010

electrons (4.8 nC), an emittance of ϵn ¼ 1 mm, and a
tri-Gaussian density profile with σr ¼ 10.4 μm and
σz ¼ 30 μm. It is thus matched to the uniform acceleration
section. The drive beam’s peak density nb0 ¼ 5.89n0 can
produce a fully blown-out wake but not trigger any ion
motion. The drive beam is set to be nonevolving (it is
represented by a specified current profile) to isolate the
physics. The witness beam also has an initial energy of

FIG. 1. A snapshot of the wake and beams in the density
plateau. The color bar corresponds to the charge density for the
plasma electrons, drive beam, and witness beam. The witness
beam has a trapezoidal longitudinal current profile (black) in
order to flatten the accelerating field Ez (on-axis lineout in red).
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25 GeV, but an ϵn ¼ 100 nm, and a trapezoidal longi-
tudinal current profile that flattens the wake [24] ranging
from Ib;head ¼ 25.26 kA at the head to Ib;tail ¼ 6.42 kA at
the tail. Its length is 1.8k−1p0 (30.3 μm), so the total charge is
1.0 × 1010 electrons (1.6 nC). The head of the witness beam
is located 6.25k−1p0 (105.2 μm) behind the center of the drive
beam where it optimally loads the wake [24,25], as shown
in Fig. 1. The nearly constant accelerating field along the
witness beam is around Ez ¼ −1.2mcωp0=e for all beam
slices. The witness beam is initialized with no energy
spread to isolate physics.
For the upramp, we choose αmi ¼ 1 and then choose

either L or ni=n0, with the other following from Eq. (3).
Here, we place an adiabatic plasma density upramp with
L ¼ 50.5 cmð3 × 104k−1p0Þ before the density plateau and a
symmetric downramp after the density plateau. For this L,
ni=n0 ¼ 10−4. The entire plasma density profile is shown
by the black solid curve in Fig. 2(a).

In Fig. 2(b), we show the evolution of the projected
emittance (black solid) and the slice emittance at the head
(blue), middle (orange), and tail (green) of the witness
beam. The thickness of the slices is chosen to be
Δξ ¼ 0.1k−1p0 . The projected emittance steadily grows in
the density upramp, then grows very slowly in the density
plateau [19], but eventually decreases in the density down-
ramp, with only a ∼2% net emittance growth at the exit of
the plasma downramp.
To understand the evolution of the projected emittance,

we need to investigate how the phase space evolves within
individual slices. At the entrance of the plasma upramp, the
density is low, and according to Eq. (1), σm is large. The
beam’s peak density (and self-electric field) is therefore
low. As a result, ion motion is initially small, and the beam
is essentially matched to the unperturbed linear focusing
force. In Fig. 3, we present the focusing force at the head
(ξ ¼ 0), middle (ξ ¼ 15 μm), and tail (ξ ¼ 30 μm) of the

μ
μ

FIG. 2. (a) The resulting adiabatic plasma density profile (solid
black) based on a linear ramp for αm. The black dashed down-
ramp takes into account the energy doubling of the witness beam.
(b) Evolution of the projected emittance (solid black) and selected
slice emittances. The witness beam’s head and tail are located at
ξ ¼ 0; 30 μmð1.8k−1p0Þ, respectively. The red dashed curve shows
the evolution of the projected emittance when three azimuthal
modes, m ¼ 0, 1, 2, are kept in a QPAD simulation. The black
dashed curve shows the evolution of the projected emittance for
the case where the black dashed downramp in (a) is used.

μ
μ

μ
μ

μ
μ

μ

μ
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FIG. 3. (a),(c),(e) Focusing force in x̂ at different longitudinal ξ
positions for different z propagation distances. (b),(d),(f) Phase
space ellipses corresponding to different longitudinal slices. The
colors of each particle correspond to the colors of the focusing
force. The distribution for px and x are shown for the ξ ¼ 30 μm
slice (green curve) and a Gaussian fits that match the standard
deviation are shown as red dashed lines.
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witness beam for three propagation distances that corre-
spond to the entrance of upramp, middle of plateau, and
exit of downramp. We also show the phase space for slices
centered at the same ξ locations (represented by different
colored dots). In the upramp region before there is any ion
motion, Fig. 3(a) shows that the focusing force at each slice
is nearly the same as from the ion column. In Fig. 3(b), the
phase space distributions for each slice all overlap as well.
As the beam propagates into the ramp, the plasma density

slowly increases, causing the beam to be adiabatically
compressed. This leads to a higher peak density (thus a
stronger self-electric field), so ion motion is adiabatically
triggered. In this process, the beam’s distribution will slowly
and continuously evolve to match the local nonlinear focus-
ing force. Each slice of the beam experiences a different
transverse focusing force and therefore evolves differently.
At the density plateau, we can see that the focusing forces at
different ξ are different [Fig. 3(c)], leading to different
evolution for each phase space ellipse [Fig. 3(d)].
Due to the nonlinear focusing force, there is some

emittance growth within each slice. However, in contrast
to the growth due to the phase mixing that occurs for
initially unmatched beams, this growth is reversible in the
downramp [26]. Due to the nonlinear focusing force, the
distributions of the beam particles are no longer Gaussian.
We can see the green curves deviate from the red dashed
curves in Fig. 3(d). These non-Gaussian profiles lead to
larger values for the slice emittance in the density plateau,
as shown in Fig. 2(b). In addition, slices at head, middle,
and tail of the beam feel different focusing forces, so their
corresponding phase space ellipses no longer overlap with
each other, resulting in a projected emittance growth that is
much larger than for each slice.
In the downramp, the beam’s evolution is the reverse of

that in the upramp; the beam’s spot size slowly expands so
the peak density becomes lower, the ion motion retreats,
and the focusing force becomes roughly linear and longi-
tudinally independent again [see Fig. 3(e)]. Therefore, the
non-Gaussian distributions that led to a slight increase in
the emittance of each slice are reversed and the different
phase space ellipse evolutions for different longitudinal
slices gradually also reverse such that the slices overlap
with each other again at the exit [Fig. 3(f)]. After the entire
acceleration stage, the witness beam gained 25 GeV while
maintaining a very small energy spread (σγ=γ̄ ∼ 0.1% at the
exit), with only a 2% projected emittance growth.
We also ran another simulation that includes them ¼ 0, 1,

2 modes. The projected emittance is shown in the red dashed
curve in Fig. 2(b), which is very similar to the m ¼ 0 mode
only result (solid black curve). This indicates that there is no
hosing growth from noise during the entire stage.
The downramp is symmetric to the upramp for simplic-

ity. However, the witness beam’s energy doubled after
being accelerated in the plateau, so βm0 becomes

ffiffiffiffiffiffiffiffiffiffiffi
γf=γi

p ¼ffiffiffi
2

p
times larger, where γi and γf denote the witness beam’s

energy at the entrance and the exit of the plateau,
respectively. From Eq. (3), we can see that in order to
keep the same adiabaticity, the length of the downramp
should be

ffiffiffi
2

p
times that of the upramp, shown by the black

dashed curve in Fig. 2(a). Using this downramp instead, the
evolution of the projected emittance in the downramp is
shown in Fig. 2(b). We can see that the projected emittance
growth at the exit of the downramp is even smaller.
A fully adiabatic ramp is challenging to construct,

therefore, we consider more general ramp profiles.
Specifically, we use the following fifth order polynomial:

nðzÞ¼n0

�
6

�
z
L

�
5

−15

�
z
L

�
4

þ10

�
z
L

�
3
�
ð0≤ z≤LÞ: ð4Þ

The length of the ramp is the same as before, L ¼ 50.5 cm
(3 × 104k−1p0). The density upramp is shown as the blue
curve in Fig. 4. The density downramp is still chosen to be
symmetric to that of the upramp. Unlike the fully adiabatic
ramp given by Eq. (3), the density of the ramp vanishes at
the entrance. As a result, both the matched spot size defined
in Eq. (1), i.e., βm, and the adiabaticity parameter, αm,
diverge toward infinity as the density approaches 0.
Despite the divergence of the adiabaticity at the begin-

ning of the ramp, we find it is still possible to roughly
match the beam. In the absence of ion motion and any
longitudinal acceleration, the CS parameters evolve accord-
ing to [27]:

1

2
ββ00 −

1

4
β02 þ β2k2β ¼ 1; α ¼ −

1

2
β0: ð5Þ

Starting from the matched CS parameters at the density
plateau: βm ¼ ffiffiffiffiffi

2γ
p

k−1p0 , αm ¼ 0 as the initial conditions for
β and α, we numerically integrate Eq. (5) backward along
the upramp [5] (see dashed curves in Fig. 4), and get βi, αi

FIG. 4. The density profile for the fifth order polynomial
upramp (blue) and the evolution of the CS parameters. The solid
green and orange curves are the β and α of the witness beam from
the QPAD simulation; and the dashed curves are from numerical
backward propagation. The red curve shows the projected
emittance evolution in the entire plasma density (upramp, plateau,
and downramp) profile shown as the blue curve in Fig. 5(a).
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at the plasma entrance. It is worth noting that for an
adiabatic ramp (where the density does not vanish at the
entrance), the CS parameters calculated using this numeri-
cal backward propagation agree with the matched CS
parameters defined in Eq. (2). We then initialize the witness
beam’s CS parameters using βi, αi in QPAD. The solid green
and orange curves in Fig. 4 show the actual evolution of the
CS parameters. Initially, they follow the backward-propa-
gated β and α because the density is low near the entrance
such that the matched beam spot size is large. Therefore,
ion motion effects are small and Eq. (5) is valid. Ion motion
starts to play a role when the solid curves and the dashed
curves deviate from each other where the beam has already
entered the adiabatic region. The solid red curve in Fig. 4
shows the emittance evolution from a QPAD simulation for
the entire plasma density profile shown (upramp, plateau,
and downramp) in the blue curve in Fig. 5(a). As before, the

emittance evolution reverses in the downramp, and the
overall emittance growth is around only 13%.
We note that for a given length of the ramp, there is a

trade-off between minimizing the initial ion motion and
maintaining the adiabaticity of the plasma ramp. This can
be seen by substituting z ¼ 0 in Eq. (3),

ni
n0

¼
�
1þ αmiL

βm0

�
−2
; ð6Þ

where ni increases as αmi decreases and vice versa. Thus in
order to have less initial ion motion by decreasing ni, we
need to sacrifice the adiabaticity of the plasma ramp, and
vice versa.
A TeV-class PBA-LC may require limiting emittance

growth more than 20þ stages during which the witness
beam energy will be higher for the later stages. As can be
seen from Eq. (1), the matched spot size scales as γ−1=4.
Therefore, ion motion and emittance growth will be more
severe in the later stages. To examine this scaling, we
carried out simulations with a 100 GeV witness beam. We
used the three different plasma density ramps shown in
Fig. 5(a). The blue upramp is for the same profile used in
Fig. 4. We match the witness beam through the numerical
backward propagation of Eq. (5). The black profile is the
same as the solid black curve in Fig. 2, with the expression of
the upramp given by Eq. (3). However, in this case αmi ∼ 2
since the witness beam’s energy is 100 GeV. Furthermore,
since the beam’s energy is higher, σmi is smaller leading to
more initial ionmotion. The orange upramp is also described
by Eq. (3) but with ni=n0 ¼ 2.5 × 10−5, ensuring the same
initial matched spot size, σmi, as the 25 GeV case. However,
from Eq. (6), the use of a lower density leads to a larger
αmi ∼ 4, such that the adiabatic condition is severelyviolated.
For the black and orange profiles, wematch thewitness beam
directly to the entrance rather than back propagate Eq. (5).
Figure 5(b) shows the projected emittance evolution corre-
sponding to the profiles in Fig. 5(a). We can see that the
emittance growth of a 100 GeV witness beam can be limited
to less than 20% if we appropriately choose the plasma
density ramp and match the beam.
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