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We propose to use tightly focused lasers to generate high quality electron beams in laser wakefield
accelerators. In this scheme, the expansion of the laser beam after the focal position enlarges the size of
wakefield bubble, which reduces the effective phase velocity of the wake and triggers injection of plasma
electrons. This scheme injects a relatively long beam with high charge. The energy spread of the injected
beam can be minimized if an optimal acceleration distance is chosen so that the beam chirp is suppressed.
Particle-in-cell simulations indicate that electron beams with the charge on the order of nanocoulomb, the
energy spread of ∼1%, and the normalized emittance of ∼0.1 mmmrad can be generated in uniform plasma
using ∼100 TW laser pulses. An empirical formula is also given for predicting the beam charge. This
injection scheme, with a very simple setup, paves the way toward practical high-quality laser wakefield
accelerators for table-top electron and radiation sources.
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I. INTRODUCTION

Laser wakefield accelerators (LWFAs), proposed in
1979, have attracted wide attention due to their 3 to 4
orders of magnitude higher acceleration gradient than that
of the conventional radio-frequency (rf) accelerators [1].
Recently, 8 GeV electron beams have been obtained by an
LWFA within 20 cm acceleration distance [2]. Successive
24 h stable operation of LWFA and free-electron-laser
based on LWFA have shown the bright prospect of this
acceleration mechanism [3,4]. Although the output beam
quality of the LWFA has been largely improved [5], there is
still a certain distance for competing with the rf accelerators
and satisfying the requirements of real applications.
Obtaining high-quality stable electron bunches has always
been a consistent goal of this research field.
In an LWFA, the ponderomotive force of a high intensity

laser pulse off-axially expels the background electrons of
an underdense plasma. Afterward they are pulled back by
the nearly immobile ions and form an oscillating plasma
wake wave following the drive laser. Under highly non-
linear conditions, the plasma electrons can be completely
evacuated to form an ion column where strong acceleration

field is formed. Bunched electrons can gain energies of
several GeV within a few centimeters if they are placed at
appropriate accelerating and focusing phases by a certain
injection scheme. The injection scheme directly influences
the quality of the electron bunch. In the past decades, many
injection schemes have been proposed. The self-injection
scheme uses the wave-breaking effect when the drive pulse
reaches a certain threshold [6–11]. The optical injection
schemes preaccelerate the electrons by the beat wave of
counterpropagating laser pulses or the ponderomotive force
of assistant laser pulses so that the injection threshold of the
wakefield potential is reduced [12–15]. The ionization
injection scheme uses the electric field of the driver to
ionize inner-shell electrons of dopant gas atoms inside the
wake to partially avoid the deceleration phase in the first
half period of the wakefield so that these electrons are more
likely to gain enough forward velocity for injection [16–19].
The density gradient injection scheme reduces the phase
velocity of the wakefield by introducing a density decreas-
ing region [5,20]. And the coaxial laser interference
injection scheme reduces the phase velocity of the wakefield
by the evolution of interference rings created by the tightly
focused trigger laser which is coaxially propagating with the
drive laser [21].
In this paper, we propose a new injection scheme that

utilizes the evolution of a tightly focused drive laser to
trigger the injection of background plasma electrons in
LWFAs. Unlike typical self-injection due to the bubble
evolution [9,22], our injection process is confined within a
few Rayleigh range of the tightly focused drive laser, where
the main reason of bubble evolution is the laser defocusing
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after the focal point. Such laser defocusing leads to smooth
expansion of the wakefield bubble and to the injection of
electron beams with the charge on the order of nano-
coulomb (nC), normalized emittance on the order of
0.1 mmmrad. At an optimal acceleration distance, the
energy spread of the whole beam is minimized to the
order of 1% due to the self-dechirping effect. Our scheme
simultaneously produces high charge and small energy
spread electron beams with a very basic setup of LWFA,
thus has potential of wide applications.

II. A PHENOMENOLOGICAL THEORY

Previous studies have shown that electron beams with
charges on the order of nC can be generated in underdense
plasmas with densities of np ∼ 1019 to 1020 cm−3 by
∼100 TW laser pulses with w0 ∼ λ, where w0 is the laser
waist, defined as the radius from the beam axis where the
laser intensity drops to exp ð−2Þ of the maximum value at
the focal position, and λ is the laser wavelength, but the
quality of the beams is relatively unsatisfactory [23,24]. The
electron thermalization in underdense plasma is responsible
for the broad energy spectrum, and the small w0 is also
disadvantageous to the energy chirp reduction of electron
beam [24].
Here we explore the injection with np ∼ 1018 cm−3 and

4 μm≲ w0 ≲ 10 μm for λ ¼ 800 nm. We consider the
region with da=dz < 0, where a ¼ eA=mec2 is the nor-
malized amplitude of the vector potential of the laser pulse
(or the laser strength parameter), e is elementary charge, A
is the amplitude of laser vector potential,me is the rest mass
of electrons, c is the speed of light, and z is the longitudinal
coordinate. For a tightly focused laser pulse with power
∼100 TW, the ponderomotive force is strong enough to
evacuate the background plasma electrons and create an
electron-free bubble so that the laser defocuses within a
short range as if it is in vacuum [25].
The transverse component of the ponderomotive force of

a Gaussian laser pulse can be written as [26]

Fpr ¼ −
mec2a2

4hγi
∂
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exp

�
−2

r2

w2
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where a0 is the value of a at focus in vacuum, r¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2þy2

p
is the transverse position, hγi is the Lorentz factor averaged
in one laser cycle, w is the laser beam radius which is a
function of z. Due to the effect of passive plasma lens for
laser, the laser is focused more tightly in plasma than in
vacuum [25,27], thus the actual evolution of the radius in
the first laser envelope oscillation period can be approx-
imately written as

wðzÞ ¼ w0Γ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðz − zfeÞ2=z2Re

q
; ð2Þ

where zfe is the effective focal position in plasma, zRe ¼
πw2

0Γ2=λ is the effective Rayleigh length. Neglect the
energy loss of the laser, Γ can be written as

Γ ¼ a0
a0e

¼ w0e

w0

; ð3Þ

where a0e is the effective peak strength parameter and w0e
is the effective beam waist. We know that Γ < 1 if the focal
position is inside the plasma, and Γ ¼ 1 if it is outside. The
focusing force in the bubble is [28]

F ¼ −κ2r; ð4Þ

where κ2 ¼ ω2
pme=α and ωp is the plasma frequency.

Generally α ≥ 2, and α ¼ 2 corresponds to the case of
electron-free ion cavity. By balancing the ponderomotive
force Eq. (1) and the focusing force Eq. (4), we can
approximately get the bubble radius

rb ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w2

2
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Ωw2
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2
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where Ω ¼ α=hγijr¼rb and kp ¼ ωp=c is the wave number
of the plasma wave. For simplicity, we assume Ω is a
constant. By taking derivative of Eq. (5), we know
drb=dz > 0 if lnðΩw2

0a
2
0Þ − 2 > 4 lnw. In other words,
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where zie is the ending point of the bubble expansion. The
transverse expansion of the bubble leads to longitudinal
expansion also, which decreases the phase velocity of the
wakefield and triggers the injection of the electrons into the
bubble. By solving Eqs. (2) and (6), an optimistic estima-
tion of the injection length is obtained

Linj ¼ zie − zfe

¼ zRe

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
exp ð−1Þ

ffiffiffiffi
Ω

p
a0

Γ2kpw0

− 1

s
: ð7Þ

III. PIC SIMULATIONS

A series of quasicylindrical particle-in-cell (PIC) simu-
lations using the code WarpX with the pseudospectral
analytical time domain solver have been carried out, where
two azimuthal modes are used [29,30]. An example is
illustrated in Figs. 1 and 2. The simulation box has the size
of (50 μm, 50 μm) and the cell number of (3200, 512) in z
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and r directions, respectively. The number of particles per
cell along ðz; r; θÞdirections are (2, 2, 4). The plasmadensity
profile has a linear upramp from z ¼ 0 to z ¼ 100 μm,
followed by a flattop with the density np ¼ 2 × 1018 cm−3.
The laser pulse has a0 ¼ 12, w0 ¼ 5 μm, λ¼ 800 nm,
zf ¼ 200 μm, and the pulse duration in full width half
maximum τ¼ 20 fs (the peak power is about 120 TW, and

the energy is about 2.4 J). After the effective laser focal point
(zfe ≈ zf for this case), a decreases, w increases, and rb
increases according to Eq. (5) which is in agreement with
the simulation result as shown in Fig. 2(c). Later rb
decreases after the expansion ending point zie which can
be obtained by solvingEq. (6). FromFigs. 2(c) and 2(d) one
can see that the longitudinal size of the bubble Lb is
strongly correlated with its transverse size rb. The increas-
ing starting/ending points of Lb are almost the same as the
increasing starting/ending points of rb. Thus, the injection
length, which is no longer than one increasing period
of Lb, can be estimated by Eq. (7). At the tail of the beam,
where the energy is initially lower, the higher acceleration
gradient compensates the energy chirp of the whole beam.
A high quality electron beam with the charge of
Q ≈ 560 pC, the root-mean-squared (rms) energy spread
of 0.95% (obtained by Gaussian fit) and the normalized
emittance of εx ¼ 0.34 and εy ¼ 0.05 mmmrad is gener-
ated at zl ¼ 480 μm as shown in Fig. 2(a), where zl is the
instant position of the laser pulse. A full 3D PIC simulation
with the same laser and plasma parameters has been
performed to reconfirm the electron beam quality param-
eters, which shows a similar result (see Sec. 1 of the
Supplementary Material [31]). And for saving computa-
tional cost, all the following simulations are performed in
the quasicylindrical mode.
The beam charge is positively correlated with the laser

intensity and plasma density. At different optimal accel-
eration lengths, which are on the order of hundred
micrometers, the minimal energy spreads of the bunches
are achieved, which are close to the slice energy spreads. In
addition to the high-quality injection within the first bubble
expansion period zfe < z < zie, there can be low-quality
injections at later bubble evolution periods due to laser-
plasma interaction. These later injected beams can be
separated from the high-quality injection due to their
energy differences.
The case with w0 ¼ 5 μm has a relatively low beam

energy because of the short accelerating length. With a
relatively larger w0, the beam energy and the optimal length
increase as shown in Fig. 3. The optimal length is different
for different cases, which means the plasma length adjust-
ment is important to obtain a monoenergetic electron beam.
The electron beam can have a monoenergetic peak in the
spectrum with the central energy on the order of 100 MeV
and the charge on the order of nanocoulomb. For example,
the case with the laser energy of 7.84 J (a0 ¼ 12,
w0 ¼ 9 μm) and the plasma density of 2 × 1018 cm−3

generates an electron beam with the energy of 250 MeV,
the charge of 1.06 nC and the energy spread of 1.0% as
shown in Fig. 3(c). The wave breaking leads to the density
spike at the head of the electron beam, which has an
attosecond duration and ultrahigh current (≳100 kA). The
electrons injected after zie form the long tail of the beam,
which broaden the energy spectra. More information for

FIG. 1. The snapshots of the injection process in the plasma
wakefield driven by a tightly focused laser. ρe is the electron
density, np is the undisturbed plasma density, El is the profile of
the electric field of the laser, and ζ ¼ z − ct is the comoving
coordinate. The laser center positions zl are written for each of the
subplots.

FIG. 2. The evolution of (a) the energy spectrum of the trapped
electrons, (b) the laser strength parameter a, (c) the bubble radius
rb, and (d) the bubble length Lb vs the position of the laser center
zl. The error bar in (c) shows the range of the bubble sheath.
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w0 ¼ 5 μm and 7 μm cases are shown in Sec. 2 of the
Supplementary Material [31].
The spectra and phase spaces of electron beams for

different cases with a fixed laser power of 120 TW are
shown in Fig. 4. The case with w0 ¼ 2 μm is more similar
to the “cube of the pulse wavelength” injection mechanism
[24]. For the moderately tightly focused cases, with
4 μm ≤ w0 ≤ 8 μm, the injection scheme is the scheme
proposed in the present work. The injection positions are
only between zfe and zie, and each of these cases has one
monoenergetic peak in the spectrum. The w0 ¼ 10 μm is
the transition from our injection scheme to regular self-
injection. For w0 > 10 μm, the injections come from both
z < zfe and zfe < z < zie positions, and the portion of
injection from z < zfe becomes more significant when w0

increases. The beam emittance and energy spread vs w0 are
plotted in Fig. 4(h), which show that the high quality beam,
with both small emittance and small energy spread, can be
generated with 4 μm ≤ w0 ≤ 10 μm.

IV. CHARGE SCALING

The amount of trapped charge is a key parameter for
plasma based accelerators. For a static bubble under
matched conditions, the number of electrons trapped in
the accelerating phase can be estimated by equating the
electromagnetic field energy in the ion cavity to the
energy absorbed by the particles [32]. The injection
scheme in this work is different, because the bubble is
expanding. We look for an empirical formula for the
injected beam in this section.
According to the simulation observations and previous

experimental facts [33,34], we can reasonably assume that
the amount of injected charge is linearly correlated with the
production of the injection length Linj, the plasma density
np and the laser strength parameter at focus a0, written as

Q ¼ C × Linjnpa0; ð8Þ

FIG. 3. The electron beam phase spaces at optimal acceleration lengths, which minimize the energy spreads, for fixed w0 ¼ 9 μm but
different a0 (shown at the top) and np (shown at the side). The laser pulse duration τ¼ 20 fs for all cases. The laser pulse energies for
a0 ¼ 8, 10 and 12 are 3.48, 5.44, and 7.84 J, respectively. The focal position is zf ¼ 200 μm. The slice energy spread ΔEs=hEis of
electrons within the main peak of the energy spectrum is also plotted for each case, whereΔEs is the rms energy spread of one slice, hEis
is the average energy of one slice, and the slice width is the longitudinal cell size Δz ¼ 0.016 μm.

WANG, ZENG, LI, WANG, and GAO PHYS. REV. ACCEL. BEAMS 26, 091303 (2023)

091303-4



FIG. 4. The phase spaces and energy spectra of the injected electron beams for a fixed laser peak power of 120 TW, a fixed pulse
duration of τ ¼ 20 fs (corresponding to a pulse energy of 2.4 J) and a fixed plasma density of np ¼ 4 × 1018 cm−3, while a0 and w0

from (a) to (g) are (30, 2 μm), (15, 4 μm), (10, 6 μm), (7.5, 8 μm), (6, 10 μm), (4, 15 μm), and (3, 20 μm), respectively. The focal
position is zf ¼ 200 μm. The corresponding zfe and zie for (a) to (g) are ð193; 259Þ μm, ð188; 303Þ μm, ð206; 356Þ μm, ð275; 437Þ μm,
ð387; 546Þ μm, ð690; 833Þ μm, and ð937; 1043Þ μm, respectively. For 4 μm ≤ w0 ≤ 8 μm cases, all of the electrons have the injection
positions between zfe and zie. For larger w0, however, other injection positions can be majorities. In (e), (f), and (g), the electrons in the
violet dashed rectangular boxes have the injection positions before zfe, and the ones in the orange dashed rectangular boxes have the
injection positions between zfe and zie. In (h), the rms energy spreads of the beams obtained by fitting the main peaks of the energy
spectra, and the emittance of the electrons within the main peaks are shown.

FIG. 5. The comparison between theory (blue curve) and simulation (yellow curve) of the injected beam charge vs w0. The plasma
densities are shown at the side and laser peak strength parameters a0 are shown at the top. The laser pulse duration τ¼ 20 fs for all cases.
The focal position is zf ¼ 200 μm.
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where C is an empirical constants. We notice that Γ and Ω
also have to be determined to calculate Q. To simplify the
model, we assume Ω ¼ 2 and do not consider the depend-
encies of Γ on the laser focal position zf and the laser
wavelength λ (fixed at 800 nm). Then Γ is a functions of np,
a0, and w0 which can be approximately written in the
following empirical form within a certain parameter space
(see Sec. 3 of the Supplementary Material [31])

Γ ≈ −
np½1018 cm−3�

20.16
þ a0
100

−
w0½μm�
46.42

þ 1.029: ð9Þ

The charges of the beams injected solely within zfe <
z < zie for difference cases are shown in Fig. 5. One can
see that the charge estimation Eq. (8) with C ¼ 1.19 ×
10−18 nC cm2 has a good agreement with the simulations.
Other simulations for checking the charge dependence on
np and a0 are shown in Sec. 4 of the Supplementary
Material [31].

V. CONCLUSION

In conclusion, we have proposed an improved self-
injection scheme in laser wakefield accelerators, which
uses a tightly focused drive laser pulse to produce an
electron beam with the charge on the order of nano-
coulomb, the energy spread on the order of 1% and the
normalized emittance on the order of 0.1 mmmrad with
∼100 TW laser power. The key reason for such optimiza-
tion is that the injection is induced by the laser defocusing
shortly after the focal position, instead of by highly
nonlinear laser evolution. Note the emittance is measured
in plasma, which may increase in the transition from
plasma to vacuum in general cases. We have also found
an empirical formula for prediction the charge of the
injected beam, which has good agreements with PIC
simulations. This work is a follow-up of our previous
studies on the simultaneous optimization of both the energy
spread and the charge of LWFA produced electron beams
[18,21]. As shown in Fig. 6, this proposed scheme has a
significant multiparameter optimization for the beam

energy spread and charge compared with previous results
[5–7,15,35–43]. Such optimization, which can be realized
by relatively simple experimental setup, may broaden the
application range of LWFAs.
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