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The basic theory of free-electron lasers (FELs) indicates that the output wavelength of a seeded FEL
operated in the high-gain harmonic generation (HGHG) configuration is determined by the wavelength of
the seed laser and light is emitted when the undulators are tuned to an exact harmonics of the seed laser. In a
realistic case, when taking into account the electron beam imperfections and the finite bandwidths of the
seed and of the amplification process, the output wavelength is influenced by these factors and can deviate
from the exact harmonic resonance. These effects are responsible for the small wavelength fluctuations of
the FEL pulses but can also be exploited for an accurate FEL wavelength tuning. In this work, we show how
the dispersive section, the curvature of the electron beam longitudinal phase-space and frequency pulling
can influence the FEL wavelength and can be, in principle, used to control it. Furthermore, we show how
one can reconstruct the electron beam longitudinal phase-space from the analysis of the FEL wavelength
sensitivity to the seed laser delay with respect to the beam arrival time.
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I. INTRODUCTION

Free electron lasers (FELs) have reached a high level of
development in recent years, the spectral range covers
continuously the VUV, soft and hard x rays, the power
reaches the multi-GW to TW level [1–7], the pulse duration
is tuneable and can be reduced down to few hundreds of as
[8]. Synchronized multiple pulses of different colors can be
implemented in pump and probe experiments [8–11]; the
pulse polarization [12–14], as well as the phase and
amplitude of the radiation can be controlled at an unprec-
edented level (see, e.g., [15]); frequency synthesis may be
exploited to shape the pulse according to specific exper-
imental needs [16]. Some of these features are enabled by
seeding the FEL amplifier with an external optical laser in
the so-called high-gain harmonic generation (HGHG)
scheme [17]: an external laser modulates the density of
the electron beam and the modulated beam emits light
upshifted in frequency in a radiator tuned at one of the
higher harmonics of the seed. The main features of the seed

pulse, such as its amplitude and phase, are transferred to the
FEL pulse and control the properties of the output radia-
tion. The seeded FEL FERMI [4], as an example, has some
of these unique characteristics, such as the fine spectral
tunability and wavelength stability required to probe
narrow resonances (see Fig. 1) and the coherence properties
at higher orders typical of optical lasers [18].
The output wavelength of a seeded FEL is determined by

the fact that constructive interference from periodically
bunched electrons occurs at the harmonics λs=n of the seed
laser wavelength λs. An efficient FEL emission is produced
when the periodicity of the density modulation matches the
resonance condition in the amplifier, i.e.,

λs=n ¼ λres; ð1Þ

where

λres ¼
λu
2γ20

ð1þ a2wÞ; ð2Þ

and where λu is the undulator period, aw the undulator
strength and γ0 is the energy of the beam inmec2 units, (me
is the electron mass and c the speed of light in vacuum).
This condition contributes to the wavelength stability of the
seeded FEL [19], that unlike a self-amplified spontaneous
emission amplifier [20], is not dominated by the beam
energy fluctuations through the parameter γ0 in Eq. (2). In
practice, several phenomena occur in the HGHG harmonic
conversion process that can slightly shift the output
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wavelength from the exact integer harmonic of the seed. As
an example, in Fig. 2 we show the correlation between the
distribution of the FEL central emission wavelength and
the arrival time of the seed pulse at the electron bunch.
The clear correlation indicates the deterministic nature of
the fluctuations and shows that even in a seeded FEL, the
central emission wavelength is influenced by the local
electron beam properties, which in the case shown in Fig. 2
are dependent on the seed arrival time. Even though these
fluctuations are, at FERMI, typically smaller than the FEL
bandwidth and normally do not interfere with the user
operation of the facility, an understanding of their origin is
important. In addition, correlation plots similar to the one
shown in Fig. 2 may be used as a diagnostic tool for

understanding the properties of the electron beam and of
the emitted radiation. One example is the reconstruction
and control of the frequency chirp of the emitted pulses
(see, e.g., [21,22]).
In this work, we analyze the role of the electron beam

longitudinal phase space in determining the wavelength
stability of an FEL from a theoretical and experimental
point of view. In the next section we analyze the main
factors that determine the central wavelength in a seeded
FEL. In Sec. III, the model proposed in Sec. II is compared
to experimental data acquired at FERMI. Finally in Sec. IV,
the model is used to reconstruct the longitudinal phase
space of the beam, using a simple scan of the relative delay
between electrons and seed, a routine operation carried out
at FERMI during the FEL optimization.

II. HIGH-GAIN HARMONIC GENERATION AND
CENTRAL EMISSION WAVELENGTH

Correlations are routinely used in the optimization of
FERMI [23]. Correlations can show critical conditions,
detuned parameters, such as resonances or delays. The
correlation plot in Fig. 2 suggests that the longitudinal
energy distribution of the electron beam plays a key role in
the central FEL emission wavelength. A typical measure-
ment of the electron beam phase-space obtained at FERMI
at the end of the linac (see Fig. 3) is shown in Fig. 4 (top).
Such a measurement is obtained by dispersing the beam
temporally with a transverse rf deflector [24], and in

FIG. 1. Example of the stability achievable on FERMI FEL-1: a
sequence of 15 spectra (top) randomly selected from the
collection (bottom) is shown. The blue thick line represents
the average spectrum.

BA
M

BAM

FIG. 2. Correlation between the FEL central wavelength
(0.0065 nm rms) and the electron beam arrival time measured
with a beam arrival monitor (BAM, acronym of beam arrival
monitor), retrieved from the 2000 samples of spectra shown in
Fig. 1. The distribution of 2000 samples has a temporal
dispersion of 55 fs (rms); the correlation factor is 67%.
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energy, by a magnetic spectrometer, installed in sequence
along the beam propagation axis. The plot shows a strong
correlation in the energy-time distribution. Fig. 4 (bottom),
reports the beam current and energy profile, reconstructed
from the analysis of Fig. 4 (top).
In a seeded HGHG FEL, at first the beam is modulated in

energy by the interaction between the electrons and the
external seed in a first undulator resonant with the seed,
known as a modulator. The period of this modulation is
equal to the wavelength λs of the seed. Second, the energy
modulation is converted into a density modulation in a
dispersive chicane. As a result, the electron beam is
modulated in microbunches that will emit in phase either

at the modulation wavelength or at one of its higher order
harmonics, depending on the resonance condition that
matches the resonance of a final amplifier. The dispersive
section has also an effect on the electron bunch distribution,
when the beam energy varies as a function of longitudinal
position along the bunch (i.e., an energy chirp), as is the
case shown in Fig. 4. The beam is indeed compressed or
decompressed depending on the sign of the energy-phase
correlation of the beam distribution at the seed pulse
position. The periodicity of the energy modulation imposed
on the beam before the dispersive section is therefore
“blue” shifted or “red” shifted by the dispersive element,
depending on the energy-time correlation. In particular,
linear compression of the beam is determined by the linear
term of this energy-time dependence. The harmonic coher-
ent emission will no longer occur exactly at λs=n, but rather
at the shifted wavelength

λHGHG ¼ λs=n

1 − R56

γðtÞ
dγðtÞ
dt

; ð3Þ

where γðtÞ is the temporal energy profile, R56 is the
longitudinal dispersion (we assume negative longitudinal
dispersion for a magnet compressing a beam with
dγ=dt > 0), and λHGHG is the wavelength of the density
modulation after the dispersive section. Equation (3) shows
that it is also possible to fine-tune the wavelength of the
coherent bunching at a fixed seed wavelength, by acting on
the R56, or on the linear chirp of the electron beam
distribution [25]. However, for an optimized FEL, the
R56 and the beam linear chirp cannot be both arbitrarily
tuned. The first determines the bunching amplitude at a
given seed intensity: a large variation of R56 would lead to a
reduction of bunching (low FEL intensity) or to over-
bunching [26,27]; the second is determined by longitudinal
wake-fields and by the beam dynamics in the linac: changes
in these parameters may reduce the quality of the FEL
beam, or may even not be achievable. However, the seed is
typically much shorter than the electron beam and due to
the typical quadratic chirp of the energy vs z distribution
(see Fig. 4) the linear chirp component of the seeded
electrons can be varied by properly selecting the relative
timing between the seed laser and the electron beam.

FIG. 3. Layout of the FERMI FEL-1 HGHG FEL. The measurement of the phase-space is carried out at the diagnostic beam dump
(DBD) at the end of the linac, by combining the effects of a horizontal bending magnet and a vertical radio-frequency deflector.

FIG. 4. The top plot represents the beam snapshot on the CCD
after the dispersive effect of the bending magnet (vertical plane)
and the time-dependent kick impressed by the radio-frequency
deflector (horizontal axis). Fits of the average current (blue) and
energy (red) as functions of the deflector phase (time) are shown
in the bottom plot.
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This parameter can be therefore used for a fine wavelength
tuning.
From the data in Fig. 4 (bottom), we observe that a seed

arrival time variation of 200 fs could explore a region where
the sign of the energy-time correlation of the distributionmay
change and where the beam energy may vary by 1–2 MeV.
FEL amplification occurs in a spectral range corresponding
to the amplifier gain bandwidth centered, to a first approxi-
mation, around the resonance condition in Eq. (2). The gain
bandwidth is estimated from the Pierce parameter ρ [20]: in
the case of FERMI ρ is of the order of few 10−3. The range of
the wavelength tuning, without changing the undulator
strength aw, is therefore pretty small: in terms of beam
energy ðδω ¼ 2δγÞ, at 1 GeV the gain spectral width
corresponds to an energy detuning of a few MeV
(FWHM). When the bunching wavelength (λHGHG) does
not match the resonant wavelength (λres), the intensity drops
and a frequency pulling effect slightly shifts the emission
wavelength according to the relation [28]:

λFEL ¼
�

1

λHGHG
−
�

1

λHGHG
−

1

λres

�
σ2b

σ2b þ σ2u

�−1
; ð4Þ

where λFEL refers to the final FEL wavelength, and where σu
and σb are the (rms) width of the gain process (of the order of
the Pierce parameter ρ) and the electron modulation (rms)
spectral bandwidth, respectively. The parameter σb corre-
sponds to the relative bandwidth of the spectrum of the beam
bunching factor temporal distribution bnðtÞ that results from
the modulation imposed on the beam by the seed. In the
hypothesis of a smooth electron beam distribution and a
Fourier transform limited seed laser field,σb can be estimated
from the pulse duration of the seed [29]. In an optimized
HGHG FEL, according to the analysis in [29], σb is
proportional to the seed spectral bandwidth σs and scales
with the harmonic order as

σb ≃
6

7
σsn−2=3: ð5Þ

Reducing the emission bandwidth is one of the reasons
for seeding an FEL amplifier, in this case, we expect σb to
be small with respect to σu. From the relation Eq. (4), we
see that, if σb ≪ σu then the wavelength shift is small and
the final FEL wavelength is determined by the bunching
modulation wavelength. If instead σb ≫ σu, the FEL
wavelength shifts toward λres. This happens when the
FEL is seeded with very short pulses, or, e.g., in a
superradiant cascade [30], where the FEL saturation
process is used to shorten the duration of the FEL pulse.
This may also happen in a more typical HGHG FEL
configuration operating with a long seed, but where beam
modulations, such as those induced by the microbunching
instability, broaden the spectrum of the beam density
modulation bnðtÞ [31–33]. In summary, the FEL output

wavelength depends on the undulator resonance condition,
on the seed laser parameters and on the energy chirp of the
longitudinal phase space distribution. The first two corre-
spond to typically well-known parameters determined by
the settings of the seed laser, of the undulator and by the
electron beam energy; conversely the local energy-time
slope of the phase space distribution requires a specific
measurement with a deflecting cavity combined with an
electron energy spectrometer, which may be not available
in front of the undulator.
The typical electron energy distribution at FERMI is

characterized by high-order chirp components whose origin
is mainly due to the combination of radiofrequency
curvature and longitudinal wakefield effects. To a first
approximation, we represent the average dependence of the
beam energy on the longitudinal coordinate, γðtÞ as a third
order polynomial expanded around a specific point t0

γðtÞ ¼ χ0 þ χ1ðt − t0Þ þ
χ2
2
ðt − t0Þ2 þ

χ3
6
ðt − t0Þ3; ð6Þ

where χ0 corresponds to the resonance energy at t ¼ t0 and
χi, with i > 0, are the linear, quadratic, and cubic chirp
components of the expansion around t0. As an example, we
plot in Fig. 5 the energy-time profile of a beam with typical
parameters that could be measured from a FERMI electron
beam distribution. The resonant wavelength [defined in
Eq. (2)] along the electron bunch is therefore dependent on
its energy, as shown in Fig. 6. A different setting of the
undulator strength aw controlled by the gap of the radiators
is equivalent to the introduction of an energy detuning; the
different lines in Fig. 6 correspond to changes of the
reference electron beam energy (χ0) of�2 MeV, with steps
of 0.5 MeV.
In a SASE FEL, Eq. (2) sets the resonance condition;

radiation is emitted by the entire bunch, weighted by the
local amplification efficiency that depends on current and

FIG. 5. Example of a possible energy-time profile of beam
phase space from Eq. (6). Here we have used χ0 ¼ 1300 MeV,
χ1 ¼ 4 MeV=ps, χ2 ¼ −20 MeV=ps2, and χ3 ¼ 150 MeV=ps3.
The black dashed line represents the energy χ0 at t ¼ t0.
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on the distribution of energy spread and emittances. In a
seeded FEL, the electron modulation is determined by the
seed wavelength, but the final emission wavelength is
determined by the combined effect of the seed modulation,
the modulation compression, Eq. (3) and by the frequency
pulling Eq. (4), to be estimated in the time interval of the
beam interacting with the seed.
In Fig. 7, the effect of the dispersive section is shown:

Eq. (3) is used to calculate the bunching wavelength at the
sixth harmonic of a seed of wavelength λseed ¼ 250.0 nm,
corresponding to an emission wavelength of about
41.66 nm. The effect of a linear energy chirp γðtÞ ¼ χ0 þ
χ1ðt − t0Þ is that of introducing an offset in the emission
wavelength

λHGHG ≃
λs
n

�
1þ R56

χ1
χ0

�
: ð7Þ

Due to the local variation of the chirp, the bunching
wavelength depends on the longitudinal coordinate along

the beam; a change in the dispersion R56 induces a time-
dependent shift of the output wavelength. The minimum
shift corresponds to the position along the bunch where
dγ=dt is at a minimum, the larger is the strength of the
dispersive section, the larger the shift.
We now consider the frequency pulling effect. We can

see from Eq. (4) that the final wavelength λFEL is the result
of an interplay between the two wavelengths corresponding
to the resonance relation and the bunching modulation,
after the compression in the dispersive section. The
behavior of λFEL as a function of the frequency pulling
coefficient FP ¼ σ2b=ðσ2b þ σ2uÞ is shown in Fig. 8, given a
fixed value ðR56 ¼ 40 μmÞ for the longitudinal dispersion
and the same longitudinal phase space as that shown in
Fig. 5. In the case of a narrowband seed, i.e., low values of
FP, the FEL wavelength profile is dominated by the seed
and the emitted wavelength follows λHGHG plotted in Fig. 7
(orange line in Fig. 8). For large bandwidth, e.g., short seed
pulses corresponding to large values of FP instead, the FEL
wavelength follows the resonant wavelength of Fig. 6 (red
line in Fig. 8). For an intermediate value of FP, the final
wavelength is the result of a combined effect.

III. EXPERIMENTAL DATA

The previous analysis was verified experimentally at
FERMI. The seed laser was tuned to 250 nm and the FEL
HGHG conversion was set to harmonic ten. For a given
longitudinal phase-space, the behavior of the FEL wave-
length vs the seed delay can be determined with the
equations described in the previous section. The seed delay
scan can also be used to fine-tune the values of the FEL
wavelength by selecting the internal coordinate of the
seeded part. In Fig. 9, the FEL central wavelength was
measured during a scan of the seed temporal delay, with the
undulator gaps set at three different resonances. The jitter
between the arrival time of the electrons and the seed is
measured by a beam arrival monitor; the typical shot-to-
shot jitter is about 40 fs, shorter than the duration of the

FIG. 7. Behavior of λHGHG from Eq. (3) along the bunch with
the energy-phase correlation shown in Fig. 5, for different values
of longitudinal dispersion R56.

FIG. 8. Behavior of λFEL from Eq. (4) along the bunch with the
energy-phase correlation shown in Fig. 5, for different values of
the frequency pulling coefficient FP.

FIG. 6. Behavior of λres from Eq. (2) as a function of the local
beam energy assuming the energy-phase distribution shown in
Fig. 5. The colored lines indicate changes of the reference
electron beam energy (χ0) in steps of 0.5 MeV. The undulator
has a period length λu ¼ 5.52 cm, K ¼ 2.954 and circular
polarization mode.
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seed (of the order of 100 fs). The beam and undulator
parameters allow us to estimate the ρ3D parameter [34] for
the configuration ðρ3D ≃ 1.7 × 10−3Þ. The seed relative
spectral width σs is directly measured (1.5 × 10−3), corre-
sponding (at harmonic 10) to σb ≃ 2.8 × 10−4, the seed
duration is approximately 100 fs (FWHM). This allows us
to estimate the wavelength shift due to frequency pulling,
FP ¼ 0.026. The dashed lines represent the prediction
using a suitable energy-time distribution γðtÞ (see the
caption of Fig. 9) and Eqs. (2)–(4) allow us to fit the
distribution of λFEL as a function of the delay. In the case
considered, the parameter FP is small, the wavelength shift
is dominated by the compression effect and the resonance
has a modest influence on the final wavelength, the curves
in the range �2 MeV are almost overlapping. The quad-
ratic and cubic chirps are responsible for the variation of the
FEL wavelength vs the seed delay. The linear chirp
introduces an offset on the emitted wavelength (a vertical
offset in the plot), but does not give a dependence of the
resonance on the seed actuator position. In order to identify
uniquely the contribution of the linear chirp simply using
the response of the FEL vs the seed delay scan, an absolute
spectrometer calibration and a precise calibration of the
undulator resonance is required.
The strength of the dispersive section also plays a role in

the determination of the final FEL wavelength. This was
verified by measuring the central FEL wavelength vs seed
delay for different values of R56. The plot in Fig. 10 shows
the central wavelength vs the delay with the seed laser
tuned at 250 nm and the undulators at harmonic n ¼ 6 of
the seed. The dashed lines in Fig. 10 show the results of the
theoretical analysis, assuming the same beam distribution
used for Fig. 9. The two measurements were done with

similar beam parameters and the overall behavior is
qualitatively well reproduced. The main differences arise
at the boundaries of the window, for the low number of
expansion terms in the polynomial Eq. (6) and for the
presence, on the beam head (left side of the plot) of
microbunching instability that broadens σb and increases
the frequency pulling effect. In addition to that, when the
delay is large, also the FEL intensity decreases because of
resonance detuning and increased energy spread. The
measurements based on the spectral measurements become
less accurate.

IV. PHASE-SPACE RECONSTRUCTION

The fact that the same beam parameters allowed us to
reproduce qualitatively both Figs. 9 and 10 suggests that the
dependence of the FEL wavelength on the seed delay can be
exploited by inverting Eq. (3) to determine the energy-time
distribution of the electron beam itself. In a condition of low
FP parameter and with the resonance set reasonably close to
the undulator resonance, the seeded FEL wavelength is
determined by Eq. (3). Interpolating the behavior of the
wavelength while varying the seed delay we can reconstruct
the function γðtÞ. The average beam energy as a function of
the coordinate along the bunch γðtÞ is given by ðγ0 ¼ γðt0ÞÞ

γðtÞ ¼ γ0 exp

�
1

R56

Z
t

t0

�
1 −

λseed=n
λFELðt0Þ

�
dt0

�
. ð8Þ

In Fig. 11, we show the reconstructed function γðtÞ from
two scans of the seed delay at two different values of the
dispersive section. The two reconstructed phase-spaces are
in good agreement, except for a discrepancy on the bunch
head (left side of the plot) where typically the distribution
nonlinearities, energy spread and coherent synchrotron
radiation effects are larger. The full phase space recon-
struction is affected by the calibration and sensitivity of the

FIG. 10. Matching behavior between the seed scan acquisitions
and the theoretical solution at harmonic n ¼ 6, for two different
dispersive section values. The phase space parameters are the
same as in Fig. 9. At harmonic six we have ρ ≃ 2 × 10−3, σb ∼
3.9 × 10−4 corresponding to FP ≃ 0.036.

FIG. 9. Comparison between the central wavelength resulting
from a seed delay scan and the combined effect of pulling Eq. (4)
and compression Eq. (3) assuming the energy-time correlation
Eq. (6) with χ0 ¼ 1297MeV, χ1 ¼ 6MeV=ps, χ2 ¼ 12 MeV=ps2,
χ3 ¼ 300 MeV=ps3, and χ4 ¼ −1400.0 MeV=ps4. The three col-
ors correspond to an energy detuning of�2 MeV. The detuning is
achieved by effectively tuning the undulator strength off-resonance
by an equivalent K parameter shift.
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spectrometer. The spectrometer has a relative resolution of
10−5 [35], 1 order of magnitude smaller than the FEL rms
spectral width (few 10−4). Locally, due to microbunching
instability, we observe an increase of the shot to shot jitter
of the central wavelength. Here the measurement by itself is
still accurate, it is the underlying phase space that is
changing shot-to-shot in a way sensed by the harmonic
conversion and by the amplification process. There is a
systematic error in the spectral measurement, that depends
on the absolute calibration of the spectrometer. The error
depends mostly on the lack of an input slit at the instru-
ment, that is affected by the light propagation angle. The
instrument can be absolutely calibrated when required
using know resonances, but this was not done for this
experiment. An uncertainty in the spectrometer calibration
δλ corresponds to an uncertainty δχ1 in the linear energy
chirp χ1 [see Eq. (7)]. Inverting Eq. (7), we get

δχ1 ¼
γ0
R56

nδλ
λs

: ð9Þ

In the operating conditions (δλ ≃�0.1 nm, λs=n≃
41 nm, γ0 ≃ 2540, R56 ≃ 30 μm), this corresponds to an
uncertainty of the linear chirp δχ1 ≃�19 keV=fs. An
accurate measurement of both the FEL and the seed absolute
wavelength is required for the precise determination of the
linear chirp term. Nevertheless, the method allows the
determination of the higher order components of the electron
distribution at the seed position, which are relevant in the
reconstruction of the final FEL pulse temporal chirp dis-
tribution [27]. Figure 12 represents the phase space that is
reconstructed from the delay scans done by varying the
undulator strength parameter corresponding to a shift of the
resonant energy of ð0;�2Þ MeV. Apart from the energy
offset, the main features of the electron beam energy
distribution are correctly reproduced: in the region surround-
ing t0, the behavior of the three lines is very similar. This
shows that the higher order chirp components ðχ2; χ3Þ can be

determined, even with a limited knowledge of the absolute
beam energy (χ0) and of the linear term (χ1).

V. CONCLUSIONS

The local characteristics of the longitudinal phase-space
distribution of the electron beam affect the FEL emission
wavelength. A shift in the arrival time of the electron bunch
corresponds to a shift of the seeded region and allow the
measurement some of these characteristics. In this work,
we have shown how the central wavelength of a HGHG
seeded FEL is affected by three main contributions: the
resonance condition, the strength of the dispersive section
and the gain, via frequency pulling. These relations allow to
predict the impact of the time jitter on the FEL wavelength
stability, and the dependence of the FEL emission wave-
length on the seed delay can be used to reconstruct the
longitudinal phase-space in the region defined by the seed
delay scan. Knowledge of the high-order components of the
electron beam phase space curvature at the position of the
seed can be implemented to measure the frequency chirp of
the FEL pulse induced by this curvature. Finally, the local
wavelength shift can also give information regarding the
spectral width of the bunching factor, providing indirect
time-resolved information about the microbunching insta-
bility heated region of the electron beam.
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