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Regulating the arrival time of electron bunches is a crucial step to improve the temporal resolution of
accelerator-based pump-probe experiments. In this regard, an electron beam regulation method called
beam-based feedback, has been shown to work well for stabilizing longitudinal beam properties on
pulsed accelerator machines. Essentially, the method resembles a typical design of a proportional
regulator, where the plant is represented by an electron beam response matrix, and where the inversion of
such matrix produces the regulator. In recent years, however, linear accelerators that operate in a
continuous-wave mode have received increasing attention. One of the key features of such machines is
the improved statistics of measured data, which enables a high-resolution spectral analysis of the noise
acting on the electron beam. This new insight allows us to reinterpret the electron beam regulation as a
disturbance rejection goal, where the disturbance is based on measured frequency data. In this work, we
show that the proportional beam-based feedback method has a principal performance limitation that
becomes apparent by analyzing continuous-wave data. To improve this situation, we propose a regulator
design that incorporates a dynamical disturbance model formulated in the context of the so-called H2

mixed-sensitivity problem. The designed regulator demonstrated excellent agreement between the model
and measurements carried out at the continuous-wave linear accelerator ELBE and showed a potential to
improve the proportional regulator approach.
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I. INTRODUCTION

Pump-probe experiments allow capturing the dynamics
that occur in materials on an ultrafast timescale [1]. This is
achieved by first exciting the dynamics in matter with an
electromagnetic field of a pump pulse and then probing the
excited matter with ultrashort photon pulses in a strobo-
scopic manner. To achieve a temporal resolution of less
than a few tens of femtoseconds root-mean-square (rms)
[2,3], these experiments rely on a tight synchronization
between a pump source, which is typically an optical laser,
and a source that generates the probes, e.g., a terahertz light
source driven by an electron accelerator. Besides potential
instabilities in the optical laser, the temporal stability of the
electron accelerator, specifically of the underlying electron

beam, is, therefore, of critical importance, which stresses
the need to apply proper beam regulation.
Nowadays, an electron beam regulation method, called

beam-based feedback, has been shown to work well for
stabilizing longitudinal beam properties on pulsed accel-
erator machines [4–8]. Basically, the method first derives a
matrix that denotes an electron beam response to variations
in a radio-frequency (rf) field resonating inside an upstream
accelerating structure, called cavity. The inverse of such
matrix is then incorporated into the so-called low-level rf
(LLRF) controller to allow adjusting the rf field based on
the beam feedback. Finally, during an rf pulse, i.e., when
the rf field is active, the LLRF controller can use the beam-
based feedback to compensate for the noise acting on the
beam. Putting aside the rf pulse details, the method
resembles a typical design of a proportional regulator,
where the beam response matrix represents a plant and
where the plant inversion produces a regulator.
Contrary to the pulsed operation, a continuous-wave

(cw) mode fills the accelerating cavities with a continu-
ously driven rf field. That is, an rf field with a 100% duty
cycle. For the user, such mode allows flexible electron
bunch repetition rates and a high average beam current.
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This enables experiments that would otherwise be impos-
sible to perform. In addition, a continuous train of electron
bunches maintained for a sufficient amount of time greatly
improves the statistics of experiment data. Consequently,
linear accelerators (linacs) operating in the cw mode
have received increasing attention in recent years. In
particular, the construction of the Shanghai hard x-ray
free electron laser facility (SHINE) began in 2018 [9]. The
Linac Coherent Light Source II (LCLS-II) is nearing
completion [10]. Moreover, the European X-ray Free
Electron Laser (EuXFEL) considers a cw upgrade in
the foreseeable future [11]. In this context, the electron
linear accelerator for beams with high brilliance and low
emittance (ELBE) [12] has been operating in cw mode
for nearly 20 years and, therefore, represents a unique
environment to test new algorithms and beamline com-
ponents [13,14]. Hence, the results that are obtained at
ELBE may have a substantial impact on the growing cw
community.
Besides the user benefits, the improved statistics also

help enhance feedback-related beam diagnostics. For
example, a 1-s sampling of the rf field by a 50-kHz
electron beam, i.e., a beam with a 50-kHz bunch repetition
rate, provides data for a spectrum with a frequency
resolution of 1 Hz. Since the electron bunches sample
the inherent rf noise as well, a high-resolution spectral
analysis of such noise becomes feasible. Clearly, this opens
a possibility to reinterpret the electron beam regulation as a
disturbance rejection goal, where the disturbance is based
on the frequency-domain data of a measured electron beam
signal. In this work, we exploit this opened possibility to
address the regulation of an electron bunch arrival time.
Specifically, we propose a solution that incorporates a
dynamical disturbance model formulated in the context of
the so-called H2 mixed-sensitivity problem. Even though
design methods based on the H2 norm have already been
used in the field of accelerators, e.g., to regulate an optical
synchronization system [15–17], it is of interest to study the
application of such methods to regulate the electron bunch
arrival time on a cw machine. In this context, our designed
regulator demonstrates excellent agreement between the
model and measurements carried out at the cw linac ELBE
and shows a potential to improve the proportional regulator.
The remainder of this paper is organized as follows:

Section II starts by introducing the physics behind the
beam-based feedback method and then continues the
discussion from a control engineering point of view.
Special attention is devoted to the performance limitation
of the commonly used proportional regulator. In order to
resolve the limitation, Sec. III proposes an improvement
that is implemented in terms of a certain control engineer-
ing concept, called H2 mixed-sensitivity problem.
Section IV evaluates the proposed improvement on the
cw linear accelerator ELBE. Finally, Sec. V concludes
the paper.

II. BEAM-BASED FEEDBACK METHOD

The state of a single particle is usually expressed relative
to a reference trajectory, where the trajectory is assumed to
be the path of a reference particle with nominal parameters.
This allows us to define a Cartesian frame moving with the
reference particle and providing the corresponding x, y, and
z coordinates. Moreover, this concept can be generalized to
represent an ensemble of particles, e.g., an electron bunch,
by treating the ensemble as its center of mass. It is therefore
common to describe the state as a six-dimensional phase
space vector [18]

ρ ¼ ½ x x0 y y0 z δ �T; ð1Þ

where x, y, and z are the distances from the reference
trajectory, x0 ¼ ∂x=∂z and y0 ¼ ∂y=∂z are the horizontal and
vertical derivatives, respectively, and where δ ¼ ΔE=E0 is
a relative deviation from the reference energy. To first order,
the x, y, and z components can be decoupled, and thus, we
can neglect the rest of the phase space and concentrate only
on the longitudinal part

ρL ¼ ½ z δ �T: ð2Þ

The main beamline section that is able to change the
longitudinal state ρL is called bunch compressor [18–20]. It
is a combination of an rf cavity and a magnetic structure
called chicane, formed by a minimum of four dipole
magnets. The rf cavity is operated off-crest in order to
chirp the bunch, i.e., to imprint an energy modulation that
correlates with the longitudinal position z within the bunch.
Correspondingly, the transfer map of the rf cavity can be
expressed as

zðs1Þ ¼ zðs0Þ; ð3Þ

δðs1Þ ¼ δðs0Þ þ
eA
E0

cos

�
ω

c
zðs0Þ þ ϕ

�
; ð4Þ

where e is an elementary charge, c is the speed of light, and
where A, ϕ, and ω are the amplitude, phase, and angular
frequency of the rf cavity field, respectively. Beamline
locations s0 and s1 mark the start and end of the rf cavity
section, respectively. Then, by means of energy dispersion,
the magnets of the chicane force the electrons to travel
different paths, depending on the electron energy. Using
only first-order terms, the corresponding transfer map is
denoted as

zðs2Þ ¼ zðs1Þ þ R56δðs1Þ; ð5Þ

δðs2Þ ¼ δðs1Þ; ð6Þ

where R56 is a first-order design parameter of the magnetic
chicane that translates the energy modulation into a
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longitudinal position change. Beamline locations s1 and s2
mark the start and end of the magnetic chicane section,
respectively. Following this, the concept of the bunch
compressor is illustrated in Fig. 1. It can be seen how
electrons travel different paths through the magnetic
chicane, depending on the energy received from the rf
cavity. So in principle, the bunch compressor changes the
longitudinal phase space of the electrons in a two-step
sheering process: First, the rf cavity changes the energy
distribution within the bunch; and second, the magnetic
chicane alters the electron positions accordingly.
In case of arrival time, the electron bunch is represented

by its center of mass. Thus, setting z ¼ 0 and focusing only
on the energy modulation introduced by the rf cavity allows
transforming (3) into

Δδ ¼ eA
E0

cosϕ: ð7Þ

This leads to a similar update of (5) featuring, in
addition, a conversion to proper arrival time units

Δτ ¼ 1

v
R56Δδ; ð8Þ

where τ is the arrival time in seconds, and where v ≈ c and
denotes the velocity of a relativistic electron bunch. So
according to (7) and (8), where v and R56 are static for a
given setting, the arrival time of the electron bunch can be
regulated by modulating its energy. Usually, this modula-
tion is performed with the help of an rf actuator, i.e., a
control loop that allows setting and stabilizing the ampli-
tude and phase of an rf field. To give a concrete example,
the rf field control loop that is responsible for the bunch
compressor at ELBE consists of a superconducting rf (SRF)

cavity and a digital LLRF controller. The loop shows
rms field stability of 0.005% in amplitude and 0.01° in
phase [21]. Principally, this means that there are two rf field
variables that the beam-based feedback can use to modulate
the bunch energy. Yet according to (7), the rf field
amplitude A is more linear than the phase ϕ. Moreover,
changing ϕ changes the bunch compression, which is not
desirable in this case. It is therefore reasonable to consider
the phase ϕ a constant and define the output of the beam-
based feedback regulator in terms of A exclusively, i.e.,

a ¼ ΔA
A

× 100; ð9Þ

where a is a change in percent with respect to the absolute
rf field amplitude.
Meanwhile, the applied energy modulation leads to

arrival time changes that can be measured downstream
of the bunch compressor using an appropriate sensor.
A bunch arrival time monitor (BAM) that is installed at
ELBE may serve as an example of such sensor. It is able to
measure the arrival time of the passing electron bunches
with a time resolution of 4 fs rms at a bunch charge of
225 pC [22]. Finally, adding a beam-based feedback to
regulate the electron bunch arrival time τ extends the bunch
compressor schematic by cascaded control loops, i.e., the
already existing rf field control loop becomes the so-called
inner loop, whereas the added beam-based feedback forms
the outer loop, see Fig. 2.
To design the corresponding beam-based feedback

regulator, we may cast the extended bunch compressor
to a single-input single-output (SISO) control problem,
where τ is a controlled process variable and a is a control
signal. The bunch compressor then represents a plant,
where Wδ converts the control signal a to the absolute
rf field amplitude A and Gδ and Gτ are (7) and (8),
respectively. According to this simple design, the dynamics
of the rf actuator are neglected. Instead, the beam-based

(a)

(b)

FIG. 1. Schematic of a bunch compressor exhibiting (a) the
combination of an rf cavity and a magnetic chicane, as well as
(b) the evolution of the longitudinal phase space of passing
electron bunches.

SRF cavity Magnetic chicane BAM

Bunch compressor

LLRF Beam-based feedback

regulator

RF loop Beam-based feedback loop

FIG. 2. Schematic of a bunch compressor extended by cascaded
control loops to regulate an electron bunch arrival time.
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feedback regulator K acts directly on the bunch compressor
in order to compensate for an error e, i.e., a negative impact
of some unknown disturbance d on the process variable τ,
see Fig. 3.
The origin of disturbance d is twofold: the rf noise

inherent to the rf cavity [23] and the initial arrival time jitter
of the passing electron bunches. In any case, the signal d
represents a generalization, e.g., a unit step. To counteract
such disturbance, it is straightforward to let K be an inverse
of the bunch compressor plant, i.e.,

K ¼ γG−1
BC; ð10Þ

where

GBC ¼ GτGδWδ ¼
1

v
R56

eA
E0

cosϕ
1

100
; ð11Þ

and where γ is an additional gain to adjust the regulator
performance. In fact, the value of GBC can be determined
analytically by evaluating (11) with corresponding param-
eters. Since we aim to regulate the ELBE accelerator, we
evaluate GBC with ELBE bunch compressor parameters
from Table I. We are interested in finding the amount of
variation in τ, given the input parameter a ¼ 1. In this case,
GBC yields 776 fs/%. Essentially, the resulting scalar plant
represents an electron beam response to variations in the rf
field. The scalar variant can also be replaced by a matrix,
provided there are more beam sensors available. The
inverse of such matrix produces a proportional regulator K.
Even though the presented analytical formulation ofGBC

captures the ultimate concept of the bunch compressor, it is
still too simplified to match reality. The phase space of an
electron bunch entering the bunch compressor may be far
more complicated [24] than a simple ellipse illustrated in
Fig. 1. This is why, a common engineering practice is to
measure the beam response on a real machine, while

changing the rf field in a stepwise manner. The ELBE
bunch compressor, configured according to Table I, yields
about 420 fs/% as a result of such measurement, see Fig. 4.
To cross-check the measured beam response, we use the

final value theorem [25]. This theorem shows the final
value of eðtÞ, i.e., the error of a closed-loop system, as t
approaches infinity. So the idea of the cross-check is to first
find γ that corresponds to the measured eð∞Þ. Knowing the
value of K that was applied during the measurement,
we can then use the found γ to determine GBC from (10).
Therefore, given our assumption that disturbance d is a unit
step, the theorem is defined as

eð∞Þ ¼ 1

1þ lim
s→0

LðsÞ ; ð12Þ

where s is the Laplace variable, and where the limit of a
constant open-loop transfer function L ¼ GBCK can be
evaluated with the help of (10), yielding

lim
s→0

GBCK ¼ GBCK ¼ γGBCG−1
BC ¼ γ: ð13Þ

By substituting the limit in (12) with (13), we can
express eð∞Þ as a function of γ, i.e.,

eð∞Þ ¼ 1

1þ γ
: ð14Þ

Then, we define eð∞Þ as

eð∞Þ≡ τo
τi
; ð15Þ

where τi and τo denote the integrated rms jitter of the
electron bunch arrival time measured at ELBE with the
proportional feedback off and on, respectively, see Fig. 5.
So by substituting eð∞Þ in (14) with (15), we are able to

express γ as a function of the measured arrival time ratio,
namely

γ ¼ τi
τo

− 1: ð16Þ

Bunch compressor

FIG. 3. Beam-based feedback regulation cast to a SISO control
problem that is based on the first principles derived from the
bunch compressor.

TABLE I. Bunch compressor parameters at ELBE.

Parameter Value

rf field amplitude A of a chirping SRF cavity 7.27 MV
Off-crest rf field phase ϕ of a chirping SRF cavity −21 deg
Reference energy E0 of a magnetic chicane 28 MeV
R56 of a magnetic chicane 96 mm

7.17 7.27 7.37 7.47 7.57

RF f ield amplitude [

B
u

n
ch

ar
ri

va
l

ti
m

e
[

]

Data

FIG. 4. Measuring the response of the electron bunch arrival
time at ELBE, while changing the setpoint of the rf field
amplitude A ¼ 7.27 MV by steps of 50 kV.
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Finally, when evaluated with values from Table II, (16)
and (10) yield γ ¼ 0.85 andGBC ¼ 427 fs=%, respectively.
The cross-checked value ofGBC indicates the validity of the
beam response reported earlier.
Choosing γ < 1 to evaluate GBC is characterized by a

need to avoid triggering the degradation of the regulator
performance. Specifically, increasing γ on the real machine
does not reduce eð∞Þ according to an analytical estimation
in (14) but rather causes (15) to substantially deviate,
see Fig. 6.
The performance degradation observed on the real

machine exposes the principal drawback of proportional
regulators, namely the lack of bandwidth specification.
Basically, such regulators apply control action across the
whole frequency spectrum, which may cause interference
with other control system components, mostly the actua-
tors. For example, the above-mentioned rf actuator may
exhibit dynamics with a certain bandwidth and gain
margin. While the former property characterizes the speed
of the actuator, the latter one defines how much gain can be
additionally introduced into the closed-loop system before
turning it unstable [25]. In this situation, the absence of a
proper bandwidth specification makes the proportional
regulator part of the actuator dynamics and, therefore,
forces it to rely on the actuator gain margin. Derived
from [21], the LLRF system at ELBE has a bandwidth of
about 35 kHz and a gain margin of 11.6 dB. So theoreti-
cally, setting γ ≈ 3.8 will consume the gain margin com-
pletely and, thus, turn the system unstable. Yet practically,
we observe strong plant oscillations above 10 kHz already
when γ ≈ 3.36, see Fig. 7.
In this case, an ad hoc solution would be a trade-off

between the noise suppression and plant stability. For

example, setting γ ≈ 2.52 achieves a suppression of the
rms jitter by a factor of 3, i.e., only 22 fs rms jitter remains,
while causing a moderate plant oscillation, see Fig. 8.
The displayed trade-off gives rise to the problem of

finding a regulation approach that is able to achieve
good noise suppression without compromising the plant’s
stability. In comparison to the displayed settings of the
proportional regulator, the new approach should perform
similarly to γ ≈ 0.85 in the high-frequency range, but
preferably better than γ ≈ 2.52 in the low-frequency range.
Therefore, in this study, we aim to take the actual noise
explicitly into account. This means shifting the focus of
attention from the analytical formulation to the size of a

Frequency [ ]
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]

FB OFF FB ON

FIG. 5. Integrated rms jitter of the electron bunch arrival time
measured at ELBE with the proportional feedback off and on.

TABLE II. Regulation of the electron bunch arrival time at
ELBE using the proportional regulator.

Parameter Value Remark

τi 61.9 fs rms integration range 1.5 Hz–25 kHz
τo 33.4 fs rms integration range 1.5 Hz–25 kHz
K 0.002 fs/%

Estimated analytically

Measured at the ELBE accelerator

FIG. 6. Performance of a set of proportional regulators K, when
GBC is tied to the ELBE beam response of 420 fs/%, but γ is
intentionally varied.
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FIG. 7. Regulation of a 50-kHz electron beam at ELBE using a
proportional regulator. (a) Setting γ ≈ 3.36 triggers a pronounced
plant oscillation above 10 kHz. (b) When calculating the rms jitter,
this oscillation results in a large integration step, which negates the
applied suppression effort, compared to a less aggressive regulator.
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concrete disturbance signal. So contrary to the proportional
regulator, the new regulatorK will try to compensate for the
impact of a known disturbance d on the process variable τ.
Obviously, the updated beam-based feedback method will
have to ensure (i) a proper bandwidth definition in order to
decouple the new regulator dynamics from the LLRF loop;
(ii) a natural ability to incorporate a dynamical disturbance
model inside the regulator design; (iii) a correspondence
between the regulator performance criterion and the ulti-
mate goal to suppress the rms value of the electron beam
fluctuations.
To satisfy these requirements, we employ a regulator

design method that is based on the H2 mixed-sensitivity
problem [26,27]. On the one hand, this new regulator
design represents a frequency-dependent optimization pro-
cedure. Hence, we can use a frequency-domain specifica-
tion of the disturbance signal d. On the other hand, the
designed regulator is expected not only to stabilize the plant
model but also to minimize the rms fluctuations of the
model output. Since the H2 norm of a model is directly
related to the rms value of its output, minimizing such norm
matches well our physical problem.

III. H2 MIXED-SENSITIVITY PROBLEM

TheH2 norm of a transfer function Gd measures the rms
response of the output when the input is driven by a white
noise excitation [26,28]. The norm is denoted as

kGdk2 ≜
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2π

Z∞
−∞

jGdðjωÞj2dω

vuuut ; ð17Þ

where jGdðjωÞj designates the magnitude frequency
response of Gd evaluated at angular frequency ω.
Suppose now that Gd defines the dynamics of a stochastic
disturbance d that acts on the electron bunch arrival time τ.
By using this transfer function together with itsH2 norm as
design specifications, the beam-based feedback regulator
K can be aimed at reducing the sensitivity of τ to rms
perturbations coming from d. Such interpretation allows
formulating the beam-based feedback regulation in terms of
theH2 mixed-sensitivity problem, see Fig. 9. According to
such formulation, models Gd and Gn define the transfer
functions of the electron beam disturbance d and the sensor
measurement noise n, respectively. In addition, frequency
weights WS and WKS help shaping the regulator perfor-
mance and produce error signals wS and wKS that are used
by an optimization procedure. Finally, as shown below,
we define a specific bandwidth to decouple the designed
regulator from the LLRF dynamics. This allows us to omit
the rf field control loop from the design and continue using
GBC as the plant model.
Compared to the initial beam-based feedback control

system, the main feature of the new design is the inclusion
of the disturbance model Gd. This dynamical model is
based on electron bunch arrival time data measured down-
stream of the ELBE bunch compressor. The model approx-
imates the slopes of a linear spectral density derived from
the data. That is, the model can be interpreted as a filter that
shapes a theoretical white noise signal into the frequency
content of the arrival time data. Importantly, to reflect the
size of the measured signal, the H2 norm of the model is
adjusted to satisfy

kGdk2 ≈

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiZf2
f1

½τ̃ðfÞ�2df

vuuut ; ð18Þ

where τ̃ðfÞ denotes the linear spectral density of the arrival
time data τ in femtoseconds evaluated at frequency f, and
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FIG. 8. Regulation of a 50-kHz electron beam at ELBE using a
proportional regulator. (a) Setting γ ≈ 2.52 causes a moderate
oscillation above 10 kHz. (b) Nevertheless, the set γ allows
suppressing the integrated rms jitter by a factor of 3.

FIG. 9. Regulation of an electron bunch arrival time expressed
in terms of the H2 mixed-sensitivity problem.
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where f1 ¼ 1 Hz and f2 ¼ 3.5 kHz for a 50-kHz electron
beam. Choosing 3.5 kHz as the upper integration limit has
a couple of reasons. First, we know that the majority of
the noise resides below 1 kHz [23], so we can use this
information as a design constraint. Second, the designedH2

regulator aims to achieve decoupling from the LLRF
dynamics [29], and this is accomplished by targeting a
regulation bandwidth of 3.5 kHz, i.e., 1 order of magnitude
lower than the 35 kHz bandwidth of the LLRF. Therefore, by
choosing the locations of poles and zeros to reflect the
frequency-domain shape of measured electron bunch arrival
time noise, the transfer function Gd can be defined as

GdðsÞ ¼ α
sþ z0

ðsþ p0Þðsþ p1Þ
; ð19Þ

where z0 denotes the location of a zero at 500 rad/s, and
where p0 and p1 are two pole locations at 50 and 5000 rad/s,
respectively. The scalar parameter α ¼ 4.1727 × 103 is used
to satisfy (18). Hence, the norm kGdk2 yields 59 fs rms,
which is, indeed, the majority of the noise when compared to
the overall jitter of 62 fs rms. Accordingly, GdðsÞ represents
an appropriately scaled second-order dynamical system with
a 20-dB roll-off after 1 kHz, see Fig. 10.
By putting the disturbance model Gd into the context

of the H2 mixed-sensitivity problem, the electron bunch
arrival time signal can be expressed as

τ ¼ ð1þ LÞ−1|fflfflfflfflfflffl{zfflfflfflfflfflffl}
S

Gdd; ð20Þ

where L ¼ GBCK and denotes an open-loop transfer
function and S is a closed-loop transfer function called
the sensitivity function. Inspection of (20) shows that we
can reduce the sensitivity to disturbance input d by properly
shaping S. Specifically, the shaping is performed in the
frequency domain with the help of a frequency weight

WSðsÞ ¼
s=MS þ ωS

sþ ωSAS
; ð21Þ

where WSðsÞ is a first-order low-pass filter, and where AS
and MS define the low- and high-frequency gains, respec-
tively. Parameter ωS specifies an approximate bandwidth of
the designed regulator. A typical guideline [26,27] is to
make S small in the low-frequency range to achieve better
disturbance rejection. For this purpose, we can use the low-
frequency gain AS to specify the desired suppression of Gd,
see Fig. 11.
Another relevant closed-loop transfer function is related

to the control signal a. This signal is generated by the
beam-based feedback regulator K as a response to a
perturbed electron bunch arrival time τ. Since the generated
signal is used to manipulate the amplitude setpoint of the rf
cavity field, our goal is to limit the control energy in order
to avoid sensitivity to any unmodeled rf dynamics. This is
accomplished by shaping the so-called input sensitivity
function KS, which represents a link between the disturb-
ance input d and control signal a, namely

a ¼ KSGdd: ð22Þ
Similar to the shaping of S, we shape the input sensitivity

function KS using a frequency weight

WKSðsÞ ¼
sþ ωKSAKS

s=MKS þ ωKS
; ð23Þ
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FIG. 10. Designing the disturbance model Gd to match the
electron bunch arrival time noise up to 1 kHz. It is important to
note that adherence to (18) makes the magnitude of Gd slightly
greater than the noise shape. Consequently, for demonstration
purposes, we use an extra parameter ξ ¼ 0.25 to align the slopes.
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FIG. 11. Shaping the sensitivity function S using (a) a fre-
quency weight WS to (b) suppress the disturbance model Gd into
its shaped closed-loop counterpart SGd. For demonstration
purposes, the extra parameter ξ ¼ 0.25 aligns the slopes.
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where WKSðsÞ is a first-order high-pass filter, and where
AKS and MKS define the low- and high-frequency gains,
respectively. Again, the parameter ωKS is linked to the
regulator bandwidth. The main objective is to increase the
high-frequency roll-off of the closed-loop transfer function
KSGd by increasing the high-frequency gain MKS. The
steeper the roll-off, the less action is applied by the
regulator beyond its bandwidth. Meanwhile, the low-
frequency range of KSGd follows the shape of the
disturbance model Gd with a magnitude offset defined
by G−1

BC, see Fig. 12.
The sensor measurement noise model Gn is used to

regularize the so-called sensor singularity at ω ¼ ∞. The
fact is that the optimization procedure assumes that the
sensor measurement τ has noise at every frequency, ω ¼ ∞
included. Yet the actual disturbance modelGd is defined by
a strictly proper transfer function, such that

ω → ∞∶ GdðjωÞ → 0: ð24Þ

Consequently, to eliminate the singularity, the sensor
measurement τ is redefined as τ þ Gnn, whereGn is a small
nonzero constant. Interestingly, Gn can also be used as an
effective bandwidth tuning knob. Together with ωS and
ωKS, this parameter establishes the following regulator
tuning procedure (i) Set parameters AS, MS, AKS, and MKS

according to the specification, e.g., AS ¼ 10β=20, where
β ¼ −45 dB; (ii) set parameters ωS and ωKS about equal
to the bandwidth requirement or somewhat larger.

Simultaneously, keep ωS ≤ ωKS; (iii) adjust the scalar
Gn to align the bandwidth of the complementary sensitivity
function T ¼ SL with the bandwidth requirement;
(iv) adjust parameters ωS and ωKS as well as Gn to improve
correspondence to the specification. Following this,
Table III summarizes design parameters for a regulator
that targets a bandwidth of about 4 kHz while suppressing
the low-frequency noise by roughly 50 dB. By increasing
the regulator bandwidth from 3.5 kHz to about 4 kHz, we
aim to stress the decoupling test on the real machine.
Meanwhile, the synthesis of the H2 regulator is per-

formed by a MATLAB function h2syn from the Robust
Control Toolbox [30]. As the main input, the function
expects a state-space model that resembles an intercon-
nection of the blocks and signals displayed in Fig. 9,
but with no regulator K to close the loop. As such, the
interconnected model features inputs ½d n a�T and outputs
½wS wKS τ�T . This kind of interconnection is usually called
a generalized, or augmented, plant. One possible way to
prepare the generalized plant is to create the required block
interconnection in SIMULINK, populate these blocks with
model data, and then use a MATLAB function linmod [31]
to extract a model of the generalized plant. Since the
extracted model is in a state-space form, it is represented by
matrices A, B, C, and D, which denote the system, input,
output, and feedforward matrices, respectively. For the
purpose of synthesizing the regulator K for this generalized
plant, the function h2syn attempts to solve an optimiza-
tion task. It amounts to finding a stabilizing regulatorK that
is able to minimize theH2 norm of a transfer function from
the disturbance signal d to the error signals w, i.e.,

�
wS

wKS

�
¼

�
WSSGd

WKSKSGd

�
d: ð25Þ

Along with a state-space model of the synthesized regulator
K, the function h2syn produces a full-state feedback
gain Ku and an observer gain Lx, both returned as matrices.
The relevance of these gains becomes evident, once we
start discussing the relation between the states of the
generalized plant and a real machine. In addition, the
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FIG. 12. Shaping the input sensitivity function KS using (a) a
frequency weight WKS to (b) increase the high-frequency roll-off
of the closed-loop transfer function KSGd.

TABLE III. H2 regulator design parameters.

Parameter Value Remark

kGdk2 59 fs rms amount of expected noise
GBC 420 fs/%
Gn 0.00018

AS 0.0056 −45 dB
MS 1.26 2 dB
ωS 26 000 rad/s 4.14 kHz

AKS 0.001 −60 dB
MKS 3.16 10 dB
ωKS 28 000 rad/s 4.46 kHz
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manual regularization, which we apply with the help of the
scalar Gn, allows us to switch off the automatic one applied
by the function h2syn. Finally, the result of the regulator
synthesis can be visualized in terms of the most relevant
transfer functions, see Fig. 13.
As can be seen, the combination of S and KS sensitivity

functions, often referred to as S=KS, plays the main role in
shaping the desired behavior of the presented H2 mixed-
sensitivity problem. Of course, this shaping adds a certain
overhead to the design, because now the plant model is not
merely the scalar GBC, but the generalized plant, which
includes the second-order disturbance model Gd, as well as
the first-order shaping filters WS and WKS. As a result, we
have a plant with four states, which essentially have no
physical relation to the real machine and thus cannot be
directly measured. To resolve this issue, the regulator K
relies on state observation. That is, the regulator consists of
two parts, namely (i) a dynamical state observer system,
which estimates the state vector x̂ and (ii) the above-
mentioned full-state feedback matrix Ku, which uses the
estimated states to produce an optimal control signal a,
see Fig. 14. The matrices A, B, and C are derived from the
state-space representation of the generalized plant obtained
by the function linmod.
Mathematically, the observer-based structure of the

beam-based feedback regulator K is expressed in a state-
space form as

_̂x ¼ Ax̂þ Baþ Lxðτ − Cx̂Þ; ð26Þ

a ¼ Kux̂: ð27Þ

Converted to their discrete-time form, (26) and (27) can
be implemented on a real-time field-programmable gate
array-based digital platform [32]. By using the resulting
digital implementation to close the loop on the real
machine, we can finally validate the concept of the
proposed beam-based feedback method. In particular,
the ability to decouple the beam-based feedback from
the LLRF dynamics in order to achieve greater noise

suppression without triggering the unwanted plant oscil-
lations. In addition, we can verify our performance esti-
mations shown in Table IV.

IV. EVALUATING H2 REGULATOR AT ELBE

To evaluate the performance of the proposed H2 regu-
lator, we conducted measurements on the cw linac ELBE.
The layout of the measurement setup was equivalent to the
proportional scheme displayed in Fig. 2. Accordingly, the
bunch compressor was configured as shown in Table I.
The compressed electron bunches with a bunch charge of
225 pC were then measured by the BAM with a time
resolution of 4 fs rms. The result of this measurement
demonstrated that in principle, the H2 regulator is able to
achieve good noise suppression without triggering the plant
oscillations, see Fig. 15. Specifically, the residual jitter
amounts to 19 fs rms with the majority of it coming from
frequency ranges, where the regulator is not active, i.e.,
above 1 kHz.
Moreover, the demonstrated correspondence between the

model and arrival time data, both in open- and closed-loop
cases, also applies to the control effort data. That is, the
frequency-domain data of the control signal a follows the
magnitude frequency response of the KSGd transfer func-
tion up to 1 kHz. After this frequency, however, a flattens,
as τ ascends to the peak located at approximately 5 kHz.
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FIG. 13. H2 regulator visualized in terms of its transfer
functions. The closed-loop transfer functions SGd and KSGd
are clearly tailored to the disturbance model Gd.

State observer

Full-state feedback

FIG. 14. Observer-based structure of the regulator K designed
in terms of the H2 mixed-sensitivity problem.

TABLE IV. Estimated performance parameters of theH2 beam-
based feedback regulator.

Parameter Value Remark

kSGdk2 23 fs rms amount of residual noise
kKSGdk2 0.14% rms amount of regulation effort
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Once τ starts its descent, a can finally demonstrate the
designed high-frequency roll-off, see Fig. 16. Also, the
estimated parameters from Table IV turn out to be more
conservative than our measurements. That is, the integra-
tion of a yields 0.13% rms, whereas the estimated param-
eter is 0.14% rms.
Therefore, the absence of the plant oscillations indicates

a successful validation of the H2 regulator with respect to

its decoupling from the LLRF dynamics. Compared to the
proportional beam-based feedback method, the H2 regu-
lator not only leaves the high frequencies intact but also
shows superior suppression within its band of frequencies,
see Fig. 17.
Finally, to better appreciate the achieved regulation

of the electron bunch arrival time, one can view the
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FIG. 15. Regulation of a 50-kHz electron beam at ELBE using
the H2 regulator. (a) In the frequency domain, machine data
exhibit correspondence with the model. (b) Simultaneously,
integrated rms jitter data show that the regulator achieves good
noise suppression below 1 kHz.
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FIG. 16. Control effort to regulate a 50-kHz electron beam at
ELBE using the H2 regulator. For demonstration, the extra
parameter ξ ¼ 0.25 aligns KSGd with the slope of a.
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FIG. 17. Comparing performance between the proportional
beam-based feedback method with γ ≈ 2.52 and theH2 regulator.
(a) The frequency domain clearly shows the different behaviors
of both regulators depending on the frequency range. (b) This
difference can also be seen while examining the band-limited
amounts of the integrated rms jitter.
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FIG. 18. Regulation of a 50-kHz electron beam at ELBE as
observed in the time domain. The beam fluctuations are reduced
using the H2 regulator.
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result in the time domain, see Fig. 18. Indeed, large slow
fluctuations disappear as the H2 regulator counteracts
them, whereas small fast ones prevail. This is a natural
outcome of applying a band-limited regulator that focuses
on low-frequency range.

V. CONCLUSIONS

The increasing interest in superconducting linacs that
operate in a cw mode enables the exploration of new
capabilities in the design of a beam-based feedback
method. The improved statistics of measured data allow
reinterpreting the beam-based feedback as a disturbance
rejection goal, where the disturbance is based on high-
resolution frequency spectra of the measured data.
Following this, S=KS disturbance rejection designs, such
as the H2 mixed-sensitivity problem, become feasible.
In this work, we proposed a new design of a beam-

based feedback regulator that exploits possibilities opened
by the cw mode. The design seeks to minimize the noise
of an electron bunch arrival time. Compared to a fre-
quently used proportional regulator, the proposed design
takes beam disturbance explicitly into account. Due to the
low-frequency nature of this disturbance, it is possible to
specify the design bandwidth accordingly and, thus,
decouple the new regulator from the actuator dynamics.
As a result, a specific plant instability, which is easily
triggered by the proportional approach, poses no problem
for the H2 regulator.
Despite its limited bandwidth, the designed H2 regu-

lator demonstrated good noise suppression during an
evaluation at the cw linac ELBE. Specifically, the electron
bunch arrival time noise was reduced by a factor of 3,
i.e., from 62 fs rms down to 19 fs rms. The corresponding
frequency-domain data showed that a single regulation
stage, which was installed at the end of the beamline, was
sufficient to suppress low-frequency bands, i.e., from 1 Hz
to 1 kHz, to less than 5 fs rms. The majority of the residual
noise came then from the frequency bands, where the
regulator was not active. Therefore, we expect to improve
the overall suppression by carefully increasing the regu-
lation bandwidth. In comparison, the above-mentioned
plant instability prevented the proportional regulator from
reducing the noise below 22 fs rms. Presumably, the use of
multiple regulation stages, each working with γ ≈ 0.85,
could help overcome this situation. So in spite of its
simplicity, improving the proportional regulation would
require complex control system solutions, including more
diagnostics, additional regulator hardware, and increased
maintenance effort.
Another positive aspect of the proposedH2 design lies in

its ability to estimate the size and frequency shape of
important signals with the help of closed-loop transfer
functions. In particular, functions S and KS can be tailored
to a specific disturbance model in order to estimate residual
noise and applied control effort, respectively. By displaying

such frequency spectra together with their H2 norms, we
showed an agreement between the model and mea-
sured data.
Therefore, having understood actual plant dynamics, we

are now able to derive the right regulator parameters by
(i) shaping a disturbance filter according to a measured
noise spectrum and (ii) respecting a bandwidth limit given
by a LLRF system. We expect this design procedure to be
applicable to other cw machines as well. In addition, our
implementation [32] could be transferred to these machines
and tailored to their requirements.
Still, limiting the bandwidth of the new beam-based

feedback method has an apparent downside. Namely, high-
frequency noise cannot be addressed by the new regulator.
Of course, suppressing such noise with an actuator that
is based on a superconducting radio-frequency cavity with
its inherently narrow bandwidth is problematic per se.
Therefore, to counteract this negative scenario, a different
design approach is required. For example, employing a
normal conducting cavity that features a significantly wider
bandwidth in order to specifically target the high-frequency
noise [33,34]. Both regulators could then work in parallel,
each targeting its own frequency range.
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