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Undulator tapering based on a prebunched electron beam and a strong seed laser has been demonstrated
as a promising method to greatly enhance free-electron laser (FEL) efficiency and suppress sideband
instability. Different from the former works that introduce an ideal bunching or a seed laser or a self-seeding
mechanism, in this paper, we propose to enhance FEL efficiency by optimizing the tapering strategy with a
prebunched electron beam from echo-enabled harmonic generation (EEHG). The simulation results
demonstrate that the efficiency enhancement can be effectively maintained in a quite long undulator, in
which the whole FEL efficiency is improved by more than 2 orders and a clear center spectrum inherited
from EEHG can be preserved. Benefitting from a stable initial phase space with an appropriate tapering
strategy, the nature of stabilities can be well preserved at both time and frequency domain. Through
jumping the resonant phase, an effective sideband suppression can be realized and the stability of output
power is improved. In this scheme, the inhomogeneous shot noise and microbunching instability also have
an important impact on efficiency enhancement and output stability. It shows a different instability feature
from the first stage to the following tapered undulator in comparison to the self-seeding tapered scheme.

DOI: 10.1103/PhysRevAccelBeams.26.070701

I. INTRODUCTION

Generally, the free-electron laser (FEL) efficiency is
limited by Pierce parameter which is typically on the level
of 0.1‰− 0.1% [1]. Only a small portion of the energy is
transformed from the electron beam to FEL. To enhance FEL
efficiency, various methods have been put forward to extend
the time duration and/or improve the speed of energy
exchange. In summary, there are two different approaches:
(i) directly improving the electron beam quality, such as
enhancing the beam current and initial bunching, reducing
the emittance and energy spread. This approach can effec-
tively enhance FEL efficiency with several times or even
higher multiple, however, its potential for efficiency
enhancement is strictly limited by FEL physics and accel-
erator technologies. (ii) Improving FEL efficiency from the
aspect of the interaction between the electron beam and FEL,
which emphasizes the constraint and manipulation of elec-
tron beam and FEL, such as utilizing a helical undulator to

strengthen the interaction or the undulator tapering to
improve the energy exchange.
Undulator tapering is a general way to enhance FEL

efficiency beyond the saturation value in the single-
pass high-gain FEL [2,3]. Based on the Kroll-Morton-
Rosenbluth (KMR) model, different tapering strategies
have been theoretically studied or carried out in practice,
such as the parabolic taper with a constant resonant phase
and the specific taper determined by a variable resonant
phase [3–17]. In the self-amplified spontaneous emission
(SASE), through applying a weak undulator tapering, FEL
power is improved by a factor of 2–4 at the x-ray region
[18,19]. However, considering that SASE is started from
shot noise with the growth of sideband in a long undulator,
it is difficult to greatly enhance FEL efficiency in practice.
In the FEL amplifier, the electron beam modulated by the
seed laser brings a high FEL gain. Through utilizing a
seed laser with a weak taper, FEL power is improved by
several times in experiments [19–22]. Particularly, a
prebunched beam with a strong seed laser can greatly
enhance FEL efficiency by applying a strong taper. The
theoretical studies demonstrate that the maximum effi-
ciency has the potential to reach the ultimate limitation,
which is determined by FEL resonant relation [7]. The
conversion efficiency of 10%–30% has been experimen-
tally observed by combining a strong seed laser or the
superradiant emission with a strong taper at a long
wavelength region [23,24]. Obviously, it is hard to
obtain such a seed laser or a prebunched beam at short
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wavelength region. A promising scheme based on self-
seeding mechanism has been proposed to improve
FEL power to the level of terawatt at the x-ray region
[9,10].
The high-gain harmonic generation, as another funda-

mental operation mode of FEL, has an obvious advantage in
improving the longitudinal coherence and stability. Echo-
enabled harmonic generation (EEHG) is one of the most
promising schemes to form the initial bunching at a high
harmonic with a small introduced energy spread [25–30]. In
this paper, we propose to enhance FEL efficiency by
optimizing the tapering strategy with a prebunched electron
beam from EEHG, as shown in Fig. 1. Through optimizing
the tapering strategy in the so-called postsaturation regime,
FEL efficiency can be greatly improved, with a good output
stability. The sideband instability is observed in the proposed
scheme, nevertheless, a clear center spectrum inherited from
EEHG can be preserved.
The paper is organized as follows: Sec. II introduces the

general settings and performs the three-dimensional (3D)
simulations of EEHG to obtain the initial bunching and
input power for the following undulator tapering. In
Sec. III, we discuss the taper optimization and present
the time-independent 3D simulations. Based on the opti-
mization results, we further perform the time-dependent 3D
simulations in Sec. IV. The FEL instabilities from shot
noise, microbunching instability, and jitter of seed laser are
studied in Sec. V. Additionally, the self-seeding based
tapering scheme is demonstrated as the reference, which
shows a different instability feature from the first stage to
the following tapered undulator in comparison to the
proposed scheme. In Sec. VI, the resonant phase jumping
is employed to suppress the sideband instability and
improve the power stability. Finally, we make the discus-
sion and summary.

II. INITIAL BUNCHING AND
INPUT LASER FROM EEHG

A typical schematic of EEHG is shown in the left part of
Fig. 1. The electron beam is manipulated by two seed lasers
with two modulators and two magnetic chicanes. Assuming
that these two seed lasers have the same wavelength for a

specific high harmonic order a ¼ mþ n, the bunching
factor of EEHG is given as

bn;m ¼ e−ð1=2Þ½nB1þðmþnÞB2�2 jJm½−ðmþ nÞA2B2�
× Jnf−A1½nB1 þ ðmþ nÞB2�gj; ð1Þ

where n and m are integers, A1 ¼ ΔE1=σE and A2 ¼
ΔE2=σE are the energy modulation amplitudes, B1 ¼
Rð1Þ
56 kσE=E0 and B2 ¼ Rð2Þ

56 kσE=E0 are the dimensionless
momentum compactions of chicanes, k is wave number, σE
is energy spread, and E0 is beam energy.
The EEHG-related parameters given in Table I are

referenced to Shanghai Soft X-ray FEL User Facility
[31,32]. The target radiation wavelength is set to the 20th
harmonic (13.5 nm) of 270 nm seed lasers with n ¼ −1
and m ¼ 21. The modulation amplitudes A1 and A2 are set
to about 2.8 and 2.4, respectively. Here, we scan the
dispersion strengths of two chicanes to optimize the
bunching factor at 20th harmonic, as shown in Fig. 2.
There are two adjacent regions that can achieve the
optimal bn;m. Obviously, a small R56 should be beneficial
to FEL performance, therefore the left region is preferred.
The maximum bn;m greater than 0.11 can be achieved

around Rð1Þ
56 ¼ 5.4 mm and Rð2Þ

56 ¼ 0.286 mm.
To verify the optimal prediction settings, we perform the

3D simulations by using Genesis code [33]. Figure 3 shows

FIG. 1. Schematic of EEHG enabled high efficiency tapered FEL.

TABLE I. Main parameters utilized in EEHG simulations.

Parameter Value Unit

Beam energy E0 1.4 GeV
Energy spread σE 100 keV
Normalized emittance εn 1.5 mmmrad
Beam current I 1000 A
Full length le 100 μm
Wavelength of seed laser 270 nm
Laser power P1, P2 33.2, 81.7 MW
Modulation amplitude A1, A2 2.8, 2.4 · · ·
Dispersion Rð1Þ

56 ; R
ð2Þ
56 5.429, 0.287 mm
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the phase space and bunching factor after the second chicane
and before the radiator. In the time-independent simulation,

b−1;21 is optimized to 0.11 with Rð1Þ
56 ¼ 5.429 mm and

Rð2Þ
56 ¼ 0.287 mm, thus it is highly consistent with the theory

prediction. In the following radiator of a normal EEHG
configuration, the saturation power can reach more than
2 GWwhile the bunching factor is increased from 0.1 to 0.7.
The bunching factor achieves its maximum earlier than
saturation. After saturation, FEL reaches the postsaturation
regime.Most of the undulator tapering strategies are focused
on this regime which allows to further enhance FEL
efficiency. As pointed in the previous studies on undulator
tapering, the prebunched beam is especially beneficial for
strengthening the energy exchange, then enhancing FEL
efficiency [7,9,10]. For the proposed scheme in this paper,
the initial bunching factor and input seed laser are the outputs
of a normal EEHG.We prefer to utilize the electron beamand
laser at the position where the bunching factor achieves
maximum. The corresponding bunching factor is about 0.73

and the input laser is about 1.8 GWat position around period
number Nu ¼ 180.

III. TAPER OPTIMIZATION BY TIME-
INDEPENDENT 3D SIMULATIONS

The primary goal of undulator tapering is efficiency
enhancement. The tapering profile can be described as

KðzÞ ¼ K0 × ½1 − c × ðz − z0Þd�; ð2Þ

where K0 is the initial resonant undulator parameter, c is
the scale coefficient, and d is the profile order, in which
d ¼ 1 represents the linear taper and d ¼ 2 represents the
parabolic taper. The tapering equation and the ponder-
omotive phase separatrices of the Hamiltonian equation
related to electron and laser can be deduced as

dK
dz

¼ −2kufcKl sinψ r; ð3Þ

η2 ¼ KlKf½cosψ þ cosψ r þ ðψ þ ψ r − πsgnψ rÞ sinψ r�;
ð4Þ

where ψ r is the resonant phase, η ¼ ðγ0 − γÞ=γ is the energy
deviation, Kf equals to 2KfB=ð2þ K2Þ or 2K=ð1þ K2Þ is
the K function for planar undulator or helical undulator
with fB ¼ J0½K2=2ðK2 þ 2Þ� − J1½K2=2ðK2 þ 2Þ� being
Bessel factor, fc equals to fB or 1 is corresponding to
planar undulator or helical undulator, Kl ¼ eE=m0c2ks is
the dimensionless laser field with E being the laser field
amplitude, ku and ks being the undulator wave number and
laser wave number, respectively. The tapering rate is
linearly proportional to sinψ r. With a given laser strength,
a weak taper is corresponding to a small sinψ r and a strong
taper is corresponding to a large sinψ r. Normally, only the
particle inside the ponderomotive phase space can maintain
a successive loss to the laser field, i.e., FEL gain.
In the KMR model, the tapering strategy can be

summarized as two different classifications. One is deter-
mined by a constant resonant phase, another employs a
variable resonant phase. Tapering with a constant resonant
phase is close to the parabolic taper while tapering with a
variable resonant phase has various tapering strategies.
Actually, the optimal tapering strategy under different
initial conditions seems not to be a fixed resonant phase
[2]. A well-known tapering principle for maximizing
efficiency is to maintain particle trapping in the phase
bucket and improve FEL power as high as possible.
However, to some extent, these two features are contra-
dictory. A weak taper is beneficial for particle trapping but
leads to slow energy exchange, in contrast, a strong taper
accelerates the energy exchange but leads to a fast detrap-
ping. To obtain the optimal tapering strategy, these two
features must make a compromise.

FIG. 2. Bunching factor of EEHG at 20th harmonic of 270 nm
lasers at different Rð1Þ

56 and Rð2Þ
56 , with n ¼ −1 and m ¼ 21, A1 ¼

2.8 and A2 ¼ 2.4.

FIG. 3. Phase space (left) and bunching factor (right) after the
second chicane and before the radiator.
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In a short undulator, pursuing a fast energy exchange is
more preferential than particle trapping, thus a large
resonant phase is better. In a long undulator, the trapping
is the precondition to achieve a high efficiency. Saturation
occurs until the detrapping and diffraction loss dominate
the gain process. The detrapping should not be too fast,
otherwise, the upper limit of efficiency enhancement will
be greatly reduced. At the start stage of undulator tapering,
it is preferred to maintain the trapping rather than a fast
energy exchange. After FEL is amplified to some extent, a
strong taper can accelerate the energy exchange and then
realize a high efficiency.
In this scheme, first, we will perform the tapering

strategy with a constant resonant phase, which is corre-
sponding to the parabolic taper approximately. For the
tapering with a variable resonant phase, there are various
tapering strategies. Here we only limit to the simplest linear
taper. To strengthen the interaction between the electron
beam and FEL, we choose the helical undulator as the
radiator with a period length of 6 cm. In the case of a
constant resonant phase, the tapering rate is determined by
the laser field and resonant phase step by step, as given in
Eq. (3). Figure 4 shows the results of time-independent
simulation under different resonant phase. The tapering
slope with a constant resonant phase is indeed close to the
parabolic line. When ψ r is small, the power increases
slowly but a high trapping fraction can be maintained. At
the range of Nu from 0 to 500, FEL achieves a high power
with a large ψ r, however, the trapping fraction is small.
This will lead to a slow power enhancement in the
following undulator, then result in a low saturation power.
In Fig. 4(c), the on-axis power density with a large ψr
cannot maintain the growth after Nu exceeds 500, which
indicates FEL gain cannot overcome the detrapping and
diffraction loss anymore. It reveals that ψ r around π=4 is
corresponding to the optimal efficiency enhancement, in
which FEL power is improved by 2 orders larger than the
initial saturation power. The corresponding FEL efficiency
reaches 18% of the electron beam, while the undulator
parameter K is reduced by about 36% in the whole process.
It seems that FEL power/efficiency can be further improved
if the undulator length is not limited.

To make a direct comparison, we also study the linear
undulator tapering, which is corresponding to a variable
resonant phase. The optimal linear undulator tapering only
can give about 2.5 times less power than the tapering
strategy with a constant resonant phase. The strategy under
a constant resonant phase seems to be more preferred than
the simplest linear taper. At the start stage of FEL gain, the
constant resonant phase has a smaller tapering amplitude
than the linear taper but holds a better trapping fraction.
After the start stage, the trapping fractions of these two
cases are both around 0.6 while the former has a larger
tapering amplitude than the latter. Actually, employing a
large resonant phase after the start stage will be beneficial
to suppressing the growth of the sideband. We will make a
discussion on this point in Sec. VI.

IV. TAPER PERFORMANCE WITH TIME-
DEPENDENT 3-D SIMULATIONS

Themost differences between time-independent and time-
dependent simulations are the slippage effect and shot noise
of electron beam. In practice, it is difficult to completely
overcome the slippage effect. For the tapering scheme based
on SASE, the sideband can be effectively suppressed by
several methods. However, the initial shot noise will intro-
duce an unstable power strength, then the shot noise together
with the intrinsic slippage effect still can arise the detrapping
and limit the tapering performance.Different from the typical
SASE, the high-gain harmonic generation has an initial
bunching on harmonic. Though the initial harmonic bunch-
ing also amplifies the shot noise, the radiation output should
be more stable than SASE. Compared with the proposed
scheme, the self-seeding based tapering scheme has an
unstable seed power filtered by monochromator. To some
extent, the seed power is equivalent to an initial bunching
factor from the perspective of FEL physics. The seed power
has the function to mitigate some effects of shot noise.
However, for the bunching factor at high harmonic, the
effects from shot noise can be amplified by harmonic order.
The instability features in these two schemes seem to be
different and are dominated by different instability sources.
We will discuss this point in the next section.

FIG. 4. Time-independent simulation with the constant resonant phase for the evolution of power (a), undulator strength parameter (b),
on-axis power density (c), and trapping fraction (d) depend on undulator period number.

ZHAO, XU, JIA, and LI PHYS. REV. ACCEL. BEAMS 26, 070701 (2023)

070701-4



The distribution of the bunching factor and output power
with time-dependent simulation before the tapered undu-
lator is shown in Fig. 5. Here the case without shot noise is
only taken as the reference and is impossible in practice.
When the shot noise is turned off, the peak power in time-
dependent simulation is the same as the time-independent
result. If the shot noise is included, both the bunching factor
and output power have an obvious fluctuation in the time
domain. The time-dependent simulations with the above
optimal tapering strategy (ψ r ¼ π=4) are shown in Fig. 6.
We can find that the influence of shot noise on power
enhancement is limited in time-dependent simulations. At
the end of the undulator, FEL power also can be improved
by more than 2 orders even considering the shot noise. It
shows a good agreement with the time-independent result.
Due to the synchrotron oscillation of electrons during the
interaction process between FEL and electron beam, the
undulator tapering slightly arises the sideband even without
shot noise. Then the combination of undulator tapering and
shot noise makes the spectrum suffer an obvious deterio-
ration. For the tapering scheme based on SASE, the
bunching is beneficial to suppressing sideband due to
the initial chaotic spectrum, while in the proposed scheme,
the initial spectrum of EEHG is clear enough, just similar to
the self-seeding mechanism. Therefore, in this scheme,
undulator tapering also can arise the sideband. Such an
effect will gradually reduce the particle trapping, then low
the final efficiency enhancement. Figure 7 shows the
spectrum evolution along the undulator. The center spec-
trum characteristic around resonance wavelength can be
well preserved, but the sideband is boosted. In the time
domain, the sideband also contributes to amplifying the
power fluctuation. With the growth of sideband, the time-
dependent simulation with shot noise will gradually deviate
from that without shot noise. Once the undulator length is
further increased, this deviation will be even more obvious.
The rapid detrapping finally leads to an earlier saturation
than prediction.

V. INSTABILITIES

The shot noise plays an important role in a tapered
undulator. To further quantify the influence of shot noise,
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FIG. 5. Bunching factor (a, c) and output power (b, d) with
time-dependent simulation before tapered undulator, in which the
solid (dashed) line is corresponding to including (not including)
shot noise.

FIG. 6. Comparisons of power (a), spectrum (b), deviation of
average Lorentz factor (c), and average bunching factor (d) among
normal EEHG (dashed black), tapering without shot noise (dotted
blue), and tapering with shot noise (solid red).
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FIG. 7. Radiation spectrum (red) with shot noise at position of Nu ¼ 400 (a), Nu ¼ 800 (b), Nu ¼ 1200 (c), and Nu ¼ 1600 (d). The
black line, as the reference, is the initial EEHG spectrum.
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we perform multiple simulations with different initial shot
noise. The radiation power and spectrum are shown in
Fig. 8. Actually, it is difficult to accurately represent the
delicate time structure of EEHG in simulation. For an
ultrahigh harmonic order, it requires amounts of particles
and the simulation will become a time-consuming process.
In our simulations, the number of macroparticles per slice is
more than 380 000. If we increase the particle number, it is
possible to further improve the stability. To demonstrate the
trend on stability, the current particle number should be
sufficient. The rms fluctuation of spectrum strength on
resonant wavelength of a normal EEHG without tapering is
about 0.2%. The normal EEHG has a stable spectrum on
resonant wavelength and its power distribution varies
within a certain range (rms ∼ 7%). In the following tapered
radiator, two sidebands around resonant wavelength are
amplified. The growth of the sideband makes the particle
detrapping then arises the instability to some extent. The
fluctuation in spectrum is 3% and the average fluctuation in
power distribution is smaller than 10%, which are slightly
worse than the untapered EEHG, but are still much better
than FEL amplified directly from shot noise [34]. The
center spectrum characteristic of EEHG is well preserved
and the stability on power strength is also not deteriorated
too much. The FWHM of radiation bandwidth keeps the
same and the average radiation power is effectively
improved by more than 2 orders. Actually, as indicated
in Figs. 6–8, the efficiency can be further enhanced if we
continually increase the undulator length. However, with
the growth of sideband instability, the potential of effi-
ciency enhancement will be limited. The output stabilities
both at time and frequency domain are also possible to be
further deteriorated.

For the proposed EEHG based tapering scheme, we can
easily conclude that the stabilities at time and frequency
domain are better than SASE. However, it is still not clear
whether the stability in this scheme is better than a self-
seeding based tapering scheme or not. Determined by the
basic physics of FEL working mode, the instability from
shot noise is amplified by the harmonic order in the
proposed scheme. The fluctuation in phase space introdu-
ces a bunching factor instability. In contrast, FEL in self-
seeding scheme works at the fundamental wavelength, the
instability in physics is dominated by seed power fluc-
tuation. To quantitatively study the stability of a self-
seeding based tapering scheme as the reference, the
simulations for an ideal self-seeding scheme are performed
with the same parameters of the electron beam and the
undulator above. A general self-seeding scheme with the
fresh bunch is assumed here. Undulator tapering is also
started from the position where the average bunching factor
achieves maximum. The tapering profile is optimized with
the average power at the entrance of the tapered undulator.
Figure 9 shows the radiation power and spectrum for a

self-seeding scheme. We assume the seed laser has an
average power of 5 MW and 20 seeds are uniformly
distributed from 0.5 to 10 MW, which is much larger than
electron beam shot noise power. The tapering profile is
fixed when we vary the seed power. The case of seed laser
with an ultrasmall power is neglected. For the initial self-
seeding scheme, the fluctuations on power and spectrum
strength are around 30% and are close to the experiment
results in relevant FEL devices. The unstable seed laser
deteriorates the stabilities seriously. However, after the
undulator tapering, the stabilities can be greatly improved,
in which the fluctuations on power and spectrum are about
4%. The tapering performance behaves insensitively to the

(a)

(c)

(b)

(d)

FIG. 8. Radiation spectrum (a, c) and power distribution
(b, d) for a normal EEHG (upper black) and the tapered case
(lower red). Thin lines refer to single shot realizations and the
bold line refers to the average over 20 realizations.

(a)

(c)

(b)

(d)

FIG. 9. Radiation spectrum (a, c) and power distribution
(b, d) for a self-seeding scheme (upper blue) and the tapered
case (lower magenta).
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seed power fluctuation. This is benefitting from the taper-
ing strategy with a constant resonant phase of π=4,
especially at the start stage of undulator tapering. If the
seed power is small, a weak taper at the start stage has little
influence to FEL gain and still can make power reach
saturation fast. In contrast, a large seed power will make the
saturation occur before tapered undulator. However, a weak
taper will make the electrons experience a slow synchrotron
oscillation and cannot improve power significantly.
Therefore, the fluctuation caused by seed power can be
greatly reduced in this method. A similar phenomenon also
can be observed in Ref. [35]. In a large range of seed power,
FEL powers will be on the same level after the start stage,
finally leading to a stable output.
For the self-seeding based tapering scheme, the most

important instability determined by FEL physics is the seed
power fluctuation. In our scheme, the most important
instability determined by FEL physics is the bunching
factor fluctuation. To some extent, the seed power is
equivalent to an initial bunching factor, however, these
two schemes still have an obvious difference in stability
from the first stage to the following tapered undulator.
Though the normal self-seeding scheme has an unstable
output, the self-seeding based tapering scheme can still
obtain a good stability, which is a great improvement than
that without undulator tapering. Its power enhancement is
also on the same level as the EEHG tapering scheme.
Benefitting from a weaker fluctuation arisen by shot noise
on fundamental harmonic than high harmonic, the self-
seeding spectrum is clearer than EEHG in the tapering

scheme. It leads to a result that the self-seeding stability can
reach the same level or be even better than EEHG in the
tapering scheme. Actually, in the proposed scheme, the
stability highly depends on harmonic order. To evaluate
which one can obtain a higher efficiency or a better
stability, it should be discussed under the specific har-
monic. In addition, the self-seeding mechanism is generally
utilized from soft x-ray to hard x-ray region while EEHG is
used from EUV to soft x-ray region, thus these two FEL
modes should not conflict with each other.
The microbunching instability (MBI), which widely

existed in linac, also has an important effect on the electron
beam. For most of the harmonic upconversion schemes,
MBI can be amplified and then deteriorates FEL output
seriously. The laser heating system is normally used to
mitigate the MBI effect. In EEHG, however, if MBI is not
well suppressed, the introduced broadband energy modu-
lation can be greatly amplified, then results in a low initial
bunching factor and reduces the output stability. Obviously,
in a strong tapered undulator, these effects should be
carefully treated. Here we assume the electron beam has
an initial density modulation, which is amplified by
longitudinal space charge and can produce an energy
modulation. To quantitatively study the MBI effect, the
broadband energy modulation and introduced phase modu-
lation from modulators and chicanes are summed over
different frequencies, as described in Refs. [36,37]. The
density modulation introduced by shot noise is normally at
the level of 0.001%, while MBI can amplify the modulation
by 2–3 orders of magnitude. Fortunately, with a suitable

(a) (b) (c)

(d) (e) (f)

FIG. 10. Bunching factor at the entrance (upper) and exit (lower) of the first radiator, in which the left (a, d) is for only shot noise, the
middle (b, e) is for density modulation of 0.01% amplitude and the right (c, f) is for density modulation of 0.1% amplitude.
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laser heating system, such a modulation is possible to be
mitigated to the level of 1–2 orders larger than shot noise.
To study the influence of MBI on bunching factor, we

perform the numerical simulations with energy modula-
tions and phase modulations imposed on the electron beam,
as shown in Fig. 10. From the shot noise to 0.01%
amplitude of density modulation, the average bunching
factors at the entrance of the first radiator are almost the
same, and the corresponding fluctuations are less than
2.5%. Increasing modulation amplitude to 0.1%, the
decrease in average bunching factor is quite small but
the fluctuation is increased to 17%. Nevertheless, due to the
FEL gain and slippage effect, after the first radiator, the
bunching factor instability can be mitigated to some extent.
For 0.01% modulation amplitude, the average bunching
factor is 0.73 and the fluctuation is about 1% at the exit of
the first radiator. Increasing modulation amplitude to 0.1%,
the average bunching factor is only slightly decreased to
0.71. The corresponding fluctuation is about 4.8%, which is
only twice as large as shot noise. The modulation amplitude
smaller than 0.1% seems to have little influence on EEHG
stability. Therefore, it has a high possibility to obtain a
stable output in a normal EEHG when MBI is well
suppressed. However, such an influence of MBI will be
amplified in the following tapered undulator, as shown in
Fig. 11. The tapering profile keeps the same in the ideal
case in which only shot noise is included. The influence
from 0.01% modulation amplitude is almost the same as
shot noise. From the shot noise to 0.1% modulation
amplitude, the power fluctuation at the end of the tapered
undulator is increased from 10% to 22%, while the average
power is slightly decreased. The fluctuation in spectrum
strength increased from 3% to 20%. Nevertheless, in this
condition, FEL power is still effectively improved by nearly

2 orders larger than initial power. Its stability is still much
better than SASE. With a suitable laser heating system that
can well suppress the density modulation, the influence of
MBI on a tapered EEHG can be expected to be small. For
an ultrahigh harmonic order, the tapering performance will
be more sensitive to shot noise and MBI. The specific
influence should be discussed and analyzed under the given
harmonic order and EEHG settings.
In the proposed scheme, we also study the influence of

the jitter of the seed laser on output stability, as shown in
Fig. 12. It shows a good tolerance both for the seed lasers at
two modulators. In the range of�5% variation on the given
seed power, the jitter of output power is always smaller than
�1%, which is greatly smaller than the fluctuation caused
by shot noise. The center spectrum also can be well
preserved but with a large fluctuation in spectrum strength
(�7%), which is on the same level as shot noise. Therefore,
the EEHG based tapering scheme is not only possible to
greatly enhance FEL efficiency but also can keep a good
longitudinal coherence inherited from EEHG and maintain
the stable output power.

VI. SIDEBAND SUPPRESSION
BY JUMPING RESONANT PHASE

Sideband suppression is an important issue in tapered
undulator. Several methods have been proposed to suppress
the sideband, such as introducing the phase shift to
interrupt the growth of the sideband, increasing the reso-
nant phase to speed up the synchrotron oscillation, intro-
ducing the initial bunching factor, and increasing the input
power to prevent the sideband frequency from the center

(a)

(c) (d)

(b)

FIG. 11. Radiation spectrum (a, c) and power distribution
(b, d) for a tapered EEHG with 0.01% (upper blue) and 0.1%
(lower magenta) amplitude of density modulation.

(a)

(b)

FIG. 12. Output power jitter (a) and spectrum strength jitter
(b) depend on seed laser.
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frequency and reduce the influence of shot noise. In this
paper, a significant sideband instability also can be found
even with the initial bunching and input laser from EEHG,
as shown in Fig. 8(c). The sideband shifted from the central
wavelength can be quantitatively described as

Δλ
λ

¼ � λu
Ls

¼ � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2KlKf cosψ r

p

; ð5Þ

where Ls is the synchrotron oscillation period. With the
increase of FEL power in a tapered undulator, the resonance
between the sideband and synchrotron oscillation of the
electron beam makes the particle detrapping. It will reduce
the optical guiding, then lead to a roughly constant Ls and
the final saturation.
The resonant phase around π=4 has been demonstrated

as the optimal resonant phase to enhance FEL efficiency.
Nevertheless, it seems do not yield the optimal sideband
suppression, as shown in Fig. 13. When ψ r is small, a weak
sideband suppression and a strong fluctuation in output
power are observed, which are similar to the self-seeding
based tapering scheme [10]. Therefore, without an appro-
priate tapering strategy, the stability also can be deterio-
rated in the proposed scheme. When ψ r is greater than π=4,
a large resonant phase will further speed up the synchrotron
oscillation and then suppress the sideband. The fast
synchrotron oscillation with a large ψ r leads to a rapid
particle detrapping and a low saturation power but with
more stable output power than a small ψ r.
Inspired by these features at different ψ r, in this section,

we try to suppress the sideband by jumping the resonant
phase before the sideband grows to a significant level. At
the start stage of undulator tapering, we also keep a
constant resonant phase ψ r ¼ π=4 to ensure the best
compromise between the initial particle trapping and
efficiency enhancement, then employ a large ψ r to interrupt
the fast growth of sideband in the following undulator. As
shown in Fig. 7, the sideband around the center spectrum
before Nu ¼ 1000 does not have a significant growth,
therefore, we choose to jump the resonant phase at
Nu ¼ 800. The phase jump is preliminary optimized from
π=4 to π=3. Obviously, the tapering amplitude in phase
jump is larger than a constant resonant phase of π=4.
Figure 14 shows the corresponding radiation performance.

Compared with a constant resonant phase of π=4, it yields
an effective sideband suppression around the center spec-
trum, which is also beneficial to improving the stability in
time domain. The average rms fluctuation of power dis-
tribution (∼7%) is improved to be the same with the
untapered EEHG, while the power enhancement is almost
the same.
In this method, the sideband suppression is only realized

by tapering the undulator parameter with a jumping
resonant phase. The additional phase shifts are not
employed inside the tapered undulator, thus this method
should be applicable to the other tapering schemes that
probably have different conditions.

VII. DISCUSSION AND SUMMARY

This paper proposes an EEHG based tapering scheme to
obtain a high efficiency FEL. First, we perform a typical
EEHG scheme to form the initial bunching and obtain the
input power for undulator tapering. Then tapering with a
constant resonant phase (closing to parabolic taper) and
with the simplest variable resonant phase (linear taper) are
discussed in details. It indicates that a constant resonant
phase around π=4 is preferred in these two specific tapering
strategies. Based on the tapering profile optimized by the
time-independent 3D simulations, we perform the time-
dependent 3D simulations to study some time-dependent
effects. Note that the tapering profile obtained from time-
independent optimization probably does not yield the highest
efficiency when time-dependent effects are included, as
demonstrated in Ref. [9]. In this paper, the primary goal is
to try to evaluate the radiation performance of the proposed
scheme at both time and frequency domain, but not just
limited to finding the best tapering profile.
In the time-dependent simulations, FEL efficiency still

can be improved by more than 2 orders in comparison to the
initial saturation power of EEHG. The radiation perfor-
mance can inherit the advantages of EEHG, then ensure a
stable output. It shows a good tolerance on shot noise and
jitter of seed laser. We further compare the proposed
scheme with a self-seeding based tapering scheme. The
normal self-seeding scheme has an unstable output, how-
ever, its output stability is possible to be greatly improved
by undulator tapering. In the proposed scheme, the output

(a) (b)

FIG. 13. Spectrum (a) and power distribution (b) with different
resonant phase.

(a) (b)

FIG. 14. Radiation spectrum (a) and power distribution (b) with
the resonant phase jumping from π=4 to π=3.
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stability has slightly deteriorated from the origin, which is
in contrast to the self-seeding scheme. The difference
between these two FEL modes comes from the different
features, in which the bunching factor fluctuation arisen by
shot noise is amplified in proposed scheme while the seed
power fluctuation can be greatly mitigated in the self-
seeding scheme. At a high harmonic order, the bunching
factor fluctuation in this scheme seems to have a stronger
impact on causing instability than the seed power fluc-
tuation in self-seeding scheme. An elaborate study on
stability improvement of a self-seeding based tapering
scheme will be carried on in our future works. The MBI
effect in the proposed scheme is also studied in detail. With
a well-suppressed MBI effect, the bunching factor fluc-
tuation can keep small and a stable output is obtained. In
addition, the center spectrum around resonant wavelength
can be well preserved but the sideband instability has arisen
to some extent. To suppress the sideband, we develop an
easy method by jumping the resonant phase. The sideband
can be effectively suppressed and the power stability is
improved to be the same as a normal EEHG.
The proposed scheme shows a good potential to greatly

enhance FEL efficiency in an EEHG device. In the normal
high-gain harmonic generation, it should be suitable at a low
harmonic but probably cannot work well at a high harmonic
due to a large introduced energy spread and/or a small initial
bunching. Additionally, several issues also should be care-
fully taken into account, such as the inhomogeneous dis-
tributions of slice current and energy spread, the mismatch
between FEL and electron beam, and the energy chirp along
electron bunch. These factors are also possible to deteriorate
the efficiency enhancement and arise the sideband instability.
Achieving a high efficiency at a high-gain short-wavelength
FEL, in practice, will require more delicate studies. Studies
on high efficiency tapered FELwithmore practical situations
will be carried on in our future works.
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