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The crab-waist scheme becomes the baseline for future circular eþe− colliders, where a large Piwinski
angle is a must. It has been first found that a strong coherent head-tail instability in the vertical direction
may be induced by the interplay of beam-beam interaction and ring impedance below the conventional
transverse mode-coupling instability threshold. The collision would be stable only considering pure beam-
beam interaction. That is to say, the new instability is a combined effect of beam-beam interaction and ring
impedance. The instability can limit the performance of future colliders based on the crab-waist scheme.
Mode analysis has been done to help understand the physics. Mitigation schemes are also presented and
verified by analysis and simulation.
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I. INTRODUCTION

The crab-waist (CW) collision [1] scheme was proposed
to boost the luminosity of a lepton collider and has been
successfully demonstrated at DAΦNE [2]. The experimen-
tal results of DAΦNE show that the novel scheme increases
the peak luminosity by a factor of 3 with respect to that
achieved before the upgrade. The CW collision scheme
consists of a large Piwinski angle, small vertical beta
functions at the IP (i.e., β�y), and suppression of beam-
beam resonances by sextupole pairs creating a “crab-waist”
configuration [3].
The CW scheme has become the baseline design of

SuperB, SuperCT, CEPC, and FCCee [4–8]. The initial
design of SuperKEKB [9] adopted the “nanobeam” scheme
(i.e., large Piwinski angle plus small β�y, but without crab
waist sextupoles). Beam commissioning in SuperKEKB
without the CW showed that the blowup of vertical beam
sizes was uncontrollable [10]. In 2020, the FCCee-like CW
scheme [11] was successfully introduced to SuperKEKB to
suppress the vertical blowup. In 2022, a new luminosity

record of4.65 × 1034 cm−2 s−1was achieved at SuperKEKB
with CW collision [10].
During the design of FCCee, a coherent beam-beam

head-tail instability (X-Z instability) has been revealed via
beam-beam simulation [12] and later validated by the mode
analysis method [13]. This X-Z instability has also been
seen in beam-beam simulations for CEPC [14] and
observed in machine studies at SuperKEKB [15]. This
instability sets a new constraint on machine parameters and
has greatly impacted the design of CEPC and FCCee.
In storage rings, the conventional longitudinal imped-

ance causes potential-well distortion (PWD) and conse-
quently modifies the synchrotron motion of particles inside
a bunch. Since synchrotron motion plays an essential role
in the X-Z instability driven by beam-beam interaction, this
instability may be disturbed by PWD. The combined
effects between beam-beam interaction and longitudinal
impedance have been studied by numerical simulations and
analysis method [16–18]. For CEPC CDR parameters, it
has been found that there would not exist a large enough
stable tune area when the effect of longitudinal impedance
is considered. The related work has pushed the evolution of
machine parameters and optics design of the two future
machines, CEPC and FCCee [19]. These findings indicate
that in the present and future colliders with crab waist and
large crossing angles, different dynamic effects should be
modeled self-consistently in simulations and/or analyses to
ensure a reliable prediction of beam stability.
The X-Z instability driven by beam-beam interaction

arises from the strong coupling between horizontal and
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longitudinal motions. It is a coherent head-tail instability
and can be enhanced by longitudinal impedance. In
principle, a vertical head-tail instability driven by the
interplay of beam-beam and conventional impedance can
also appear. Studies on the interplay of beam-beam
interaction and transverse impedance in hadron colliders,
such as LHC and Tevatron, were reported in the literature
[20,21]. However, in eþe− colliders, there is a lack of
investigations of such an interplay. Recently, strong-strong
beam-beam simulations with vertical impedance showed
that a σ head-tail instability may appear in CEPC and
SuperKEKB [22,23]. The results showed that this vertical
instability can appear below the transverse mode-coupling
instability (TMCI) threshold (here, the TMCI threshold is
determined by vertical impedance without collision). This
paper extends the previous work and intends to present a
detailed study of the interplay between beam-beam effects
and vertical impedance in eþe− colliders.
The paper is organized as follows: In Sec. II, we

introduce the vertical cross-wake force of beam-beam
interaction as an extension of the horizontal case [12]. The
fundamental formulations of the mode analysis method
for studies of head-tail instabilities are also briefly
reviewed. Using CEPC parameters, the combined effect
of beam-beam interaction and vertical impedance is
analyzed. Two schemes for mitigating this instability
are also discussed based on the instability analysis. The
results are shown in Sec. III. The simulation results for
CEPC and SuperKEKB are documented in Sec. IV. In the
end, the work is summarized, and more future work is
discussed.

II. THEORETICAL MODEL

Conventionally, the concept of wakefield is used to
describe the interaction of a single beam and its surround-
ings [24]. The wakefields exert a wake force on the beam
and can drive collective instability. The beam-beam inter-
action is a phenomenon of two-beam effects. The beam-
beam force can be treated as a cross-wake force, of which
the impedance can be used in the mode analysis of beam
instability. The horizontal cross-wake force of beam-beam
interaction was introduced to study the coherent X-Z
instability in Refs. [12,13]. This section formulates the
vertical cross-wake force induced by beam-beam interac-
tion and its application to the instability analysis method
used in the paper.

A. Vertical cross-wake force

Equation (6) in Ref. [13] gave the cross-wake force in the
horizontal plane. Following the notations of Kuroo et al.,
the difference in the vertical momentum kicks with and
without vertical centroid deviation Δy−=Δyþ can be
expressed as

Δpð−Þ
y ¼ δpð−Þ

y ðy− þΔy− − yþ −ΔyþÞ− δpð−Þ
y ðy− − yþÞ

¼ −
NðþÞρðþÞðz0Þδz0re

γð−Þ
½Fyðy− − yþ þΔy− −ΔyþÞ

−Fyðy− − yþÞ�

¼ −
NðþÞρðþÞðz0Þδz0re

γð−Þ
∂Fy

∂y

����
x¼ðz−z0Þθc
y¼y−−yþ

ðΔy− −ΔyþÞ;

ð1Þ

where NðþÞρðþÞðz0Þδz0 is the number of particles contained
in the δz0 of the eþ bunch, γð−Þ is the relativistic mass factor
of the e− bunch, θc is the half horizontal crossing angle, re
is the classical radius of the electrons, and Fy is represented
by the complex error function w as given in Eq. (4) in
Ref. [13]

F ¼ Fy þ iFx ¼
2

ffiffiffi
π

p
Σ

½wðAÞ − expð−BÞwðCÞ�; ð2Þ

where A, B, C are defined as

A ¼ xþ iy
Σ

; B ¼ x2

4σ̄2x
þ y2

4σ̄2y
; C ¼

σ̄y
σ̄x
xþ i σ̄xσ̄y y

Σ
;

ð3Þ

with Σ ¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ̄2x − σ̄2y

q
and σ̄2x;y ¼ ðσðþÞ2

x;y þ σð−Þ2x;y Þ=2.
Therefore, the partial derivative of F with respect to y

can be obtained as

∂F
∂y

¼ 2
ffiffiffi
π

p
Σ

�
−
2Ai
Σ

wðAÞ − 2

Σ
ffiffiffi
π

p
�
1 −

σ̄x
σ̄y

exp ð−BÞ
�

þ
�

y
2σ̄2y

þ 2iσ̄x
Σσ̄y

C

�
expð−BÞwðCÞ

	
: ð4Þ

Considering that, at the interaction point, the horizontal
beam size is much larger than the vertical beam size, then
we have A ¼ x=ð2σ̄xÞ, B ¼ A2, C ¼ 0, Σ ¼ 2σ̄x. If we
further take y ¼ y− − yþ ¼ 0, ∂Fy=∂y can be simplified as

∂Fy

∂y

����
y¼0

¼
ffiffiffi
π

p
σ̄x

�
x
2σ̄2x

Imw

�
x
2σ̄x

�

þ 1ffiffiffi
π

p
σ̄x

�
−1þ σ̄x

σ̄y
exp

�
−

x2

4σ̄2x

��	
: ð5Þ

The cross-wake force is defined as the differential of the
beam-beam force as

Wð−Þ
y ðz − z0Þ ¼ −

NðþÞre
γð−Þ

∂Fy

∂y

����
y¼0

x¼ðz−z0Þθc

: ð6Þ
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Substituting Eq. (5) into Eq. (6), the vertical cross-wake
force can be written as

Wð−Þ
y ðzÞ ¼ −

NðþÞre
γð−Þ

ffiffiffi
π

p
σ̄x

�
ζ

2σ̄x
Imw

�
ζ

2

�

þ 1ffiffiffi
π

p
σ̄x

�
−1þ σ̄x

σ̄y
exp

�
−
ζ2

4

��	
; ð7Þ

where ζ ¼ θpz=σz and θp ¼ θcσ̄z=σ̄x is the Piwinski angle.
With flat-beam approximation σ̄y=σ̄x ≪ 1, the expression

of Wð−Þ
y can be well approximated by the leading term as

Wð−Þ
y ðzÞ ¼ −

NðþÞre
γð−Þ

1

σ̄xσ̄y
exp

�
−
ζ2

4

�
: ð8Þ

The cross-wake force Wð−Þ
y ðzÞ can be treated as a wake

function. By definition, we can obtain the vertical beam-
beam impedance as

ZyðωÞ ¼ i
Z

∞

−∞
WyðzÞe−iωz=c

dz
c
; ð9Þ

where c is the speed of light.
As the collision proceeds from the head of the bunch to

the tail, the total vertical momentum kicks of Eq. (1) can be
expressed as the integration of the cross-wake force of
Eq. (6),

Δpð∓Þ
y ðzÞ ¼−

Z
∞

−∞
Wð∓Þ

y ðz− z0Þρð�Þ
y ðz0Þdz0

þ
Z

∞

−∞
Wð∓Þ

y ðz− z0Þρð�Þðz0Þdz0Δyð∓ÞðzÞ; ð10Þ

where ρyðzÞ ¼ ρðzÞ · ΔyðzÞ. On the right side of the above
equation, the first integral represents the dipole term, and
the second is the quadrupole term in which the strength of
the kick is proportional to the deviation Δyð∓ÞðzÞ of itself.
For beam-beam interaction of symmetric beams, we can

assume that the two colliding beams contain only a σ mode
where the dipole moment distributions are identical

ρðþÞ
y ðzÞ ¼ ρð−Þy ðzÞ or a π mode where the distributions

are opposite ρðþÞ
y ðzÞ ¼ −ρð−Þy ðzÞ. With this assumption,

the momentum kicks of Eq. (10) of the two-beam can
be reduced to a single-beam momentum kick,

ΔpyðzÞ ¼ ∓
Z

∞

−∞
Wyðz − z0Þρyðz0Þdz0

þ
Z

∞

∞
Wyðz − z0Þρðz0Þdz0ΔyðzÞ: ð11Þ

The first integral containing ρy is the dipole term, with the
“−” sign for σ mode, and the “þ” sign for π mode. The

second integral is the quadrupole term, which is the same
for both σ and π modes.

B. Mode analysis method

We use the method presented in Ref. [18] to treat the
cross-wake force from beam-beam interaction for beam
instability analysis. The wake force induced by conven-
tional ring impedance could also be considered using the
same method. The mode analysis method is briefly intro-
duced in the following.
The dipole moments of the bunch in longitudinal phase

space ðJ;ϕÞ are normalized and expanded in terms of
azimuthal modes,

yðJ;ϕÞffiffiffiffiffi
βy

p ¼
X∞
l¼−∞

ylðJÞeilϕ;
ffiffiffiffiffi
βy

q
pyðJ;ϕÞ ¼

X∞
l¼−∞

plðJÞeilϕ; ð12Þ

where βy is the vertical β function. Here we have assumed
that the α function at IP is zero since the IP should be a pure
waist point in a ring collider.
At the IP, the change of momentum due to dipole and

quadrupole wakefields induced by the beam-beam inter-
action of Eq. (11) can be written as,

ΔplðJÞ ¼
Z

dJ0
X∞
l0¼−∞

½∓β�yWl;l0 ðJ; J0ÞψðJ0Þyl0 ðJ0Þ

þ β�yVl;l0 ðJ; J0ÞψðJ0Þyl0 ðJÞ�; ð13Þ

where

Wl;l0 ðJ; J0Þ ¼
1

2π

ZZ
dϕdϕ0Wyðz − z0Þe−ilϕþil0ϕ0

; ð14Þ

Vl;l0 ðJ; J0Þ ¼
1

2π

ZZ
dϕdϕ0Wyðz − z0Þe−iðl−l0Þϕ: ð15Þ

HereWl;l0 and Vl;l0 correspond to the dipole and quadrupole
kick in Eq. (11), respectively, and the ∓ sign in Eq. (13)
correspond to σ=π mode. The parameter β�y is the beta
function at the IP. With the discretization of J in Eq. (13),ffiffiffiffi
Ji

p ¼ iΔJ (i ¼ 1;…; nJ) and truncation of l to �lmax, the
equation of motion is written as follows:

ΔplðJjÞ ¼
XnJ
j0¼1

Xlmax

l0¼−lmax

Mjl;j0l0yl0 ðJj0 Þ; ð16Þ

where
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Mjl;j0l0 ¼ ∓β�yWl;l0 ðJj; Jj0 ÞψðJj0 ÞΔJj0

þ
XnJ
j00¼1

β�yVl;l0 ðJj; Jj00 ÞψðJj00 ÞΔJj00δjj0 : ð17Þ

The transfer map of beam-beam interaction for the vector
½ylðJÞ; plðJÞ� at the IP is as follows:

MW ¼
�

1 0

Mjl;j0l0 1

�
: ð18Þ

Together with the transfer matrix for the arc section,

M0 ¼ e−i2πlνs
�

cos μy sin μy
− sin μy cos μy

�
; ð19Þ

where μy ¼ 2πνy is the betatron phase advance for one
revolution and νs is the synchrotron tune. The total transfer
matrix for one revolution isM0MW . Finally, the stability of
the colliding beams is determined by the eigenvalues λ0s.
When considering the conventional ring impedance, the
corresponding kick map is also applied at the IP following
the same form of cross-wake force while the wake function
now is from ring impedance.
If there does not exist PWD in the longitudinal direction,

that is to say, the Poincare plot of beam motion in the
longitudinal phase space is elliptic, we have

z ¼ ffiffiffiffiffiffiffiffiffiffi
2βzJ

p
cosϕ; δ ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
2J=βz

p
sinϕ: ð20Þ

We can rewrite Vl;l0 ðJ; J0Þ and Wl;l0 ðJ; J0Þ using the trans-
verse impedance

Wl;l0 ðJ;J0Þ ¼ il−l
0−1

Z
dωZyðωÞJl

�
ωrz
c

�
J0l0
�
ωr0z
c

�
; ð21Þ

Vl;l0 ðJ; J0Þ ¼ il−l
0−1

Z
∞

−∞
dωZyðωÞJl−l0

�
ωrz
c

�
J0

�
ωr0z
c

�
;

ð22Þ

where rz ¼
ffiffiffiffiffiffiffiffiffiffi
2βzJ

p
, z ¼ rz cosϕ, and Jl is the Bessel

function.
Mode coupling may be induced if the off-diagonal

matrix elements are nonzero. The wake function does
not satisfy causality for the beam-beam cross-wake force
since it is symmetric for z. The corresponding impedance is
purely imaginary and symmetric for ω. Wl;l0 , which is
related to the dipole term, is zero for the opposite parity of l
and l0 (even-odd or odd-even). That is to say, there does not
exist coupling between modes with different parities. While
for the conventional wakefields, the causality is satisfied,
and the wake function is 0 for z > 0. The corresponding
wake has a finite real part and can induce mode coupling
between all modes.

III. INSTABILITY ANALYSIS

Using the formulations of cross-wake force and mode
analysis described in Sec. II, instability analysis can be
performed with the input of machine parameters. The
instability analysis provides a qualitative picture of the
underlying physics in the combined effect of beam-beam
interaction and conventional impedance. Here we use CEPC
as an example of instability analysis, where the machine
parameters are listed in Table. I. With the beamstrahlung
bunch length and the ring impedance, the estimated TMCI
threshold of the bunch population is approximately
21 × 1010. That is to say, there does not exist conventional
TMCI instability for the design bunch population consider-
ing the lengthened bunch due to beamstrahlung.

A. Cross-wake impedance at CEPC

Using the CEPC parameters, the beam-beam cross-wake
functions weighted by the β functions at the IP are
calculated and compared in Fig. 1. One can see that the
amplitudes of the horizontal and vertical cross-wake
functions are comparable. The beam-beam impedance is
calculated from the wake function and compared with the
conventional ring impedance in Fig. 2. Here, the imped-
ances have been weighted by the local β functions of the
impedance sources. The beam-beam impedances in the
horizontal and vertical planes show quite different features.
Especially in the frequency range of the bunch spectrum,
the vertical beam-beam impedance is dominant compared
with the horizontal beam-beam impedance. The β function
weighted beam-beam impedance is roughly 5 times higher
than that of the imaginary part of ring impedance except in
the very low-frequency region. The real part of ring
impedance, which has been included in the following
instability studies, is also shown in Fig. 2.

B. Mode analysis for CEPC

For the mode analysis, we consider particles within�3σz
regions corresponding J from 0 to Jmax ≈ 4.5ϵz. J is

TABLE I. Machine parameters (CEPC).a

Parameter CEPC-Z

Energy Eþ=− (GeV) 45.5
Bunch population N0 (1010) 14
Emittance ϵx=y (nm/pm) 0.27=1.4
Beta at IP β�x=y (m/mm) 0.13=0.9
Bunch length (SR/BS) σz (mm) 2.5=9.6
Energy spread (SR/BS) σp (10−4) 4.0=13.7
Synchrotron tune νs 0.0176
Damping time τx;y (turn) 4919
Piwinski angle σzθc=σx 26.7
Beam-beam parameter ξx=y 0.0036=0.111

aSR: Only considering synchrotron radiation in the ring and
without collision. BS: Collision with the beamstrahlung effect is
also considered.
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discretized as
ffiffiffiffi
Ji

p ¼ iΔJ; i ¼ 1;…; nJ. We take the
maximummesh size as nJ ¼ 50, and the maximum number
of azimuthal modes as lmax ¼ 13 in the following
calculation.

The momentum kick of conventional wakes is locally
applied to the beam at IP, the same as treating the cross-
wake force of beam-beam interaction. First, we ignore
the quadrupole term in the beam-beam kick [see Eq. (11)]
and clarify how the ring impedance influences the
instability. Figure 3 compares the cases with and without
ring impedance for the σ and π modes, respectively. Here
the growth rate and eigentune are calculated by log λ and
tan−1ðImλ=ReλÞ=ð2πÞ. To illustrate the underlying phys-
ics, we revisit the dipole term of the beam-beam cross-
wake, which can be rewritten as

ΔpyðzÞ ¼ ∓
Z

∞

−∞
Wyðz − z0Þρyðz0Þdz0; ð23Þ

where the − and þ signs represent σ and π modes,
respectively. Since Wy < 0 applies for any z, the dipole
cross-wake force contributes a negative tune shift in σ
mode and a positive one in π mode. For the wrapped
modes [13], it is a positive tune shift in the σ mode and a
negative one in the π mode. The instability would be
induced when the modes of the same parity couple with
each other. In the specific tune region, the σ mode would
be much stronger than the π mode, which is similar to that
in the horizontal direction as demonstrated in Ref. [13]. In
fact, the cross-wake kick equation for σ mode is similar to
that of ring wakefields. Since both the vertical cross-wake
and ring wakefields are defocusing, the combination of
two kinds of wakes is expected to enhance the σ mode
instability. This is the case as shown in the upper
subfigures of Fig. 3. At νy ¼ 0.592, there does not exist
clear π mode instability as shown in the bottom subfigures
of Fig. 3.
In the following, we consider both the dipole and

quadrupole terms of the beam-beam kick. Quadrupole
wakefield induced by monopole moment would not
directly cause an exponential type of collective instability.
The results for σ mode (νy ¼ 0.592) are shown in Fig. 4. It
is seen that the instability is enhanced by ring impedance.
Notably, the mode pattern is quite different from that
without the quadrupole term, as shown in Fig. 3. Here
the eigentunes are very dense with an increase in bunch
current. This is because the vertical beam-beam tune shift is
∼0.1 for the design bunch population, which is much larger
than that from the conventional TMCI case. The corre-
sponding quadrupole term induces a large tune spread.
Compared to Fig. 3, another impressive contribution from
the quadrupole term is the reduction of instability growth
rate, which is due to the Landau damping effect coming
from the large tune spread.
It could be noticed in Fig. 4 that new unstable modes are

induced near the bunch population N ¼ 0.2=0.5=0.8N0,
where N0 is the design one. They are induced by coupling
between different azimuthal modes: ð−11;−1Þ, ð−10;−2Þ,
ð−9;−3Þ, ð−8;−4Þ, ð−7;−5Þ, ð−6;−6Þ near 0.2N0;

FIG. 1. Comparison of the horizontal and vertical beam-beam
cross-wake function of CEPC which have been weighted by the
local β functions at the IP.

FIG. 2. Comparison of the CEPC ring impedance (imaginary
part) with the horizontal and vertical beam-beam impedance
(top), where the real part of the ring impedance (bottom) is also
shown. The impedances have been weighted by the local β
functions.
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ð−11;−3Þ, ð−10;−4Þ, ð−9;−5Þ, ð−8;−6Þ, ð−7;−7Þ near
0.5N0; ð−12;−4Þ, ð−11;−5Þ, ð−10;−6Þ, ð−9;−7Þ,
ð−8;−8Þ near 0.8N0. It could be found that the coupling
modes have high azimuthal modes. The unstable mode

pattern is nearly kept unchanged with and without ring
impedance, even the ring impedance really impacts the
growth rate. The eigenvector of the most unstable mode at
design bunch populationN0 is shown in Fig. 5. We can find

FIG. 3. Mode analysis of vertical oscillation versus bunch current for CEPC with vertical tune νy ¼ 0.592. The green and red dots in
each subfigure indicate the cases with and without ring impedance, respectively. The above two figures are of σ mode. The below two
figures are of π mode. Here only the dipole term of beam-beam kick is considered.

FIG. 4. Mode analysis of vertical oscillation versus bunch current (νy ¼ 0.592). The above two figures only consider beam-beam
interaction. The below two figures consider both collision and ring impedance. The growth rate is faster with ring impedance.
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that the ring impedance nearly does not change the
eigenvector. There are seven peaks along the azimuthal
which means the l ¼ 7 modes dominate.
However, it is found that there really exist an unstable

mode with low azimuthal mode number in case of that ring
impedance is considered. It is induced by coupling between
the 0 mode and −1 mode, which is identified in Fig. 4 and
enlarged in Fig. 6. The zero mode (l ¼ 0) tune would
decrease with bunch population due to ring impedance,
while −1 mode tune would increase with bunch population
due to beam-beam interaction. The two modes would
merge at lower bunch population than the conventional
TMCI threshold. This specific unstable mode is called
TMCI mode in the following. The eigenvector of the TMCI
mode is also shown in Fig. 7, which is very similar to the
conventional case. The eigenmode analysis with lower
azimuthal modes (lmax ¼ 4) is also shown in Fig. 8 where
no wrapped modes are included. Here only the TMCI mode
appears and the results agree well with that shown in Figs. 4
and 6 (lmax ¼ 13). That is to say the TMCI mode is not
related to the wrapped modes which are important to the
X-Z instability.
Figure 9 shows the growth rate of σ=π mode instability

versus vertical tune at design bunch population. Here
both the dipole and quadrupole cross-wake forces are
considered. Not only the most unstable mode but also the

TMCI mode is shown for σ mode oscillation. The TMCI
mode would be induced only when both beam-beam
interaction and ring impedance are considered. The
TMCI growth rate is not sensitive to the vertical tune,
which is similar to the conventional case. It is noticed that
the growth rate of the most unstable π mode is about one
fourth of that σ mode. That is to say, the σ mode is
expected to dominate the instability. The large tune
spread by the quadrupole term also helps reduce the
instability growth rate of π mode, while making the mode
coupling easier to be induced together with the dipole
term. That is why there does not exist stable tune
considering the quadrupole term in π mode. It is clear

FIG. 5. Eigenvector of most unstable mode at design bunch population with (left) and without (right) ring impedance. y is an arbitrary
unit.

FIG. 6. Enlargement of the blue rectangular region in Fig. 4. Ring impedance is considered in the left figure, while not considered in
the right figure.

FIG. 7. Eigenvector of TMCI mode. y is an arbitrary unit.
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that the π mode is not sensitive to the ring impedance,
while the σ mode is very sensitive. Here we could also
find that the σ mode instability is basically enhanced by
the ring impedance. However, the π mode instability is
more or less suppressed by ring impedance, which could
be understood by referring to the above discussion only
considering dipole wake.
We did not find any unstable eigenmode which is

similar to the conventional TMCI instability for the π
mode. Even the low azimuthal modes may couple, the

radial distribution of the eigenvector of π mode is very
singular (only appear in some specific narrow area of radial
amplitude) and the corresponding growth rate is very low
(< 0.001). These modes are supposed to be impossible to
be induced in real case.
It is also noticed that the pure beam-beam interaction is

even unstable, while it is stable in simulation. Since only
the first-order derivative of beam-beam force is considered
in the analysis, the instability is overestimated. Actually,
the beam-beam force is evaluated only at the centroid in the
analysis of this paper, while there are many particles with
various betatron coordinates in a synchrotron phase space
[25]. The coherent instabilities could be smeared out due to
the nonlinear beam-beam force.

C. Mitigation method

We first consider different betatron tunes for two
colliding bunches since the σ mode dominates the insta-
bility and colliding bunches oscillate in phase. Then we
study the effect of finite chromaticity, which is a classical
method to suppress the TMCI instability.

1. Asymmetric tunes

Different from classical single-bunch instability, we
are now studying the two-bunch instability occurring in
the collision. It has been found that σ mode dominates
the instability both in simulation and analysis. Different
tunes for two beams are expected to help suppress the
instability since they will not synchronize in phase.
For this analysis study, we should deal with the two
beams directly, and the matrix dimension is doubled than
before. It is easy to extend the single-beam case (σ or π
mode is assumed) to a two-beam case. Here we introduce
it briefly.
The vector ðyðþÞ

l ðJÞ; pðþÞ
l ðJÞ; yð−Þl ðJÞ; pð−Þ

l ðJÞÞ is trans-
ferred by M0 in the arc section,

M0 ¼
�
MðþÞ

0 0

0 Mð−Þ
0

�
; ð24Þ

FIG. 8. The eigenmode analysis with lower azimuthal modes (lmax ¼ 4), where no wrapped modes are included.

FIG. 9. The growth rate of σ=π mode versus vertical tune with
the local beam-beam kick (BB) and ring impedance (ZT) at
design bunch population. Besides the most unstable mode, the
TMCI mode is also shown which only appears when ring
impedance is considered.
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where Mð�Þ
0 are transferred matrix for eð�Þ bunches in the

arc section,

Mð�Þ
0 ¼ e−i2πlν

ð�Þ
s

�
cos μð�Þ

y sin μð�Þ
y

− sin μð�Þ
y cos μð�Þ

y

�
: ð25Þ

At the IP, the transferred matrix MW is expressed as
follows:

MW ¼

0
BBB@

1 0 0 0

VðþÞ
jl;j0l0 1 WðþÞ

klk0l0 0

0 0 1 0

Wð−Þ
klk0l0 0 Vð−Þ

jl;j0l0 1

1
CCCA; ð26Þ

where Wð�Þ
jl;j0l0 ,V

ð�Þ
jl;j0l0 is defined as follows:

Wð�Þ
jl;j0l0 ¼ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
β�ðþÞ
y β�ð−Þy

q
Wl;l0 ðJð�Þ

j ; Jð∓Þ
j0 ÞψðJð∓Þ

j0 ÞΔJð∓Þ
j0 ;

ð27Þ

Vð�Þ
jl;j0l0 ¼

XnJ
j00¼1

β�ð�Þ
y Vl;l0 ðJð�Þ

j ; Jð∓Þ
j00 ÞψðJð∓Þ

j00 ÞΔJð∓Þ
j00 δjj0 : ð28Þ

Finally, the stability of the two colliding beams is deter-
mined by the eigenvalues λs of M0MW .
Figure 10 shows the comparison of instability growth

rate between symmetric and asymmetric tunes. Both the
most unstable mode and TMCI mode are shown. The
mitigation effect on the most unstable mode would be clear
when the tune gap of two colliding bunches is greater than
about 0.01. The TMCI mode suppression needs a larger
tune difference.

2. Chromaticity

We consider only linear tune chromaticity, and the
betatron tune νyðδÞ is given by

νyðδÞ ¼ νy0 þ ν0yδ; ð29Þ

where νy0 is the bare tune and ν0y is the vertical tune

chromaticity. Using the relation δ ¼ ffiffiffiffiffiffiffiffiffiffiffiffi
2J=βz

p
sinϕ and

ϕðtÞ ¼ ϕ0 þ 2πvst, the chromatic betatron phase advance
for one turn is represented by

μyðJ;ϕÞ ¼ 2π

Z
1

0

dtðνy0 þ ν0y
ffiffiffiffiffiffiffiffiffiffiffiffi
2J=βz

p
sinϕÞ

¼ 2πνy0 − ν0y
ffiffiffiffiffiffiffiffiffiffiffiffi
2J=βz

p
=νsðcosðϕþ 2πνsÞ

− cosϕÞ: ð30Þ

For simplicity, we have replaced ϕ0 by ϕ. Thus, the
transformation of azimuthal modes in the arc section can
be written as

x̄lðJÞ þ ip̄lðJÞ ¼
1

2π
e−i2πlνs

Xlmax

l0¼−lmax

½ðxl0 ðJÞ þ ipl0 ðJÞÞ

·
Z

2π

0

dϕe−iðμyðJ;ϕÞþðl−l0ÞϕÞ�; ð31Þ

or

x̄lðJÞ ¼
1

2π
e−i2πlνs

Xlmax

l0¼−lmax

ðAll0 ðJÞxl0 ðJÞ þ Bll0 ðJÞpl0 ðJÞÞ;

p̄lðJÞ ¼
1

2π
e−i2πlνs

Xlmax

l0¼−lmax

½−Bll0 ðJÞxl0 ðJÞ þ All0 ðJÞpl0 ðJÞ�;

ð32Þ

where

All0 ðJÞ ¼ Re

�Z
2π

0

dϕe−iðμyðJ;ϕÞþðl−l0ÞϕÞ
�
; ð33Þ

Bll0 ðJÞ ¼ Im

�Z
2π

0

dϕe−iðμyðJ;ϕÞþðl−l0ÞϕÞ
�
: ð34Þ

The transformation at the IP is the same as Eq. (18).
Figure 11 shows the instability growth rate with different

vertical tune chromaticity by analysis. Both the most
unstable mode and TMCI mode are shown. It is found
that the instability could be mitigated clearly with large
enough chromaticity. In the CEPC case, it is found that
ν0y ≳ 5 is a must to weaken the combined instability of
beam-beam interaction and ring impedance. Even the most
unstable mode could not be suppressed totally, the TMCI

FIG. 10. Growth rate of vertical instability versus tune in case
of symmetric and asymmetric tunes. In the asymmetric case, one
beam’s vertical tune is fixed at 0.61, and the other beam’s vertical
tune is scanned. For the symmetric case, the two beams’ vertical
tunes are the same and scanned together. Ring impedance is
considered.
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mode could be well suppressed with ν0y ¼ 10. Since the
vertical tune is far from half integer, the large chromaticity
is more or less acceptable.

IV. SIMULATION

Weak-strong beam-beam codes are unsuitable for this
study since the coherent beam-beam instability could not
appear in this model. Two independent strong-strong codes
are used, and it is not found there exists any clear difference
[26,27]. So in the following, we would not clarify which
code is used for the specific result. In the horizontal
direction, the localized beam-beam kick could induce the
X-Z instability even without ring impedance. However, in
the vertical direction, no coherent instability is found in the
strong-strong simulation without ring impedance. Vertical
instability can only be observed if ring impedance is
considered. This section presents the simulation results
at CEPC and SuperKEKB separately.

A. CEPC

In the simulations, both longitudinal and transverse
impedances are considered. The longitudinal wakefield
kick is applied at the IP, while the transverse one is
applied evenly along the ring (64 kicks in the arc).
There is no clear difference between 1 kick at IP and 64
kicks in the arc for transverse wakefield. The machine
parameters are listed in Table I, and it is assumed the
colliding beam parameters are symmetrical by default
in CEPC.
We first ignore the vertical ring impedance and fix the

vertical tune at νy ¼ 0.61. The horizontal tune is scanned
to find a properly stable tune region to suppress the X-Z
instability. We fix the horizontal tune at νx ¼ 0.567 to
ensure X-Z instability does not exist. The vertical tune is
then scanned considering vertical impedance. The result
shows that there does not exist a stable tune area.
Figure 12 shows the evolution of the vertical centroid

and skew moment hyzi during the collision. It is clear that
the colliding bunches oscillate in phase, which is the σ-
mode instability. There also exists hyzi oscillation, which
shows that it is a head-tail-like instability. The more
detailed intrabunch dipole moment distribution is also
checked, where hyi in longitudinal phase space is shown
in Fig. 13. The results agree well with the eigenvector of
TMCI mode (see Fig. 7) found in the analysis. Other high
order modes found in analysis have never been seen in our
simulation. It could be understood that high order modes
would be mitigated by strong beam-beam nonlinearity.
The instability in the vertical direction is different from
X-Z instability. The vertical one is similar to the conven-
tional TMCI instability, while the X-Z instability is
induced by the wrapped modes coupling [13]. As men-
tioned before, the bunch population is below the single-
bunch TMCI threshold where beamstrahlung length is
used. Pure beam-beam interaction also does not induce
any instability where ring impedance is not considered.
That is to say, the new instability is a combined effect of
beam-beam interaction and ring impedance, while the X-Z
instability could be induced by pure beam-beam inter-
action. This vertical instability has never been found
before in eþ=e− colliders. It is not found that the crab-
waist has a clear effect on the instability except that
vertical beam size blowup due to nonoptimized crab-waist
strength would impact the growth rate.

FIG. 11. The growth rate of vertical σ-mode instability with
finite chromaticity considering both beam-beam interaction and
ring impedance at different tunes.

FIG. 12. Evolution of hyi and hyzi during a collision at νx=νy ¼
0.567=0.61 with vertical impedance.
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In order to identify the impact of beamstrahlung on the
instability, we compare the growth rate with and without
beamstrahlung, where we keep the bunch length and energy
spread, respectively, same in two cases. It is found that the
beamstrahlung would help damping the instability a little,
as shown in Fig. 14. The effect of beamstrahlung on vertical
instability is different from that of X-Z instability. In the
horizontal case, the instability is enhanced by the beam-
strahlung effect [17]. It is supposed that this is due to the
beamstrahlung effect being sensitive to horizontal beam

size instead of vertical one [28]. However, the vertical beam
size blowup may be very large (≳100) in simulation with
beamstrahlung since X-Z instability may be induced after
the vertical instability and vertical beam-beam interaction is
enhanced thereafter [23].
To suppress the instability, one method is to use finite-

tune chromaticity. The tune scan result with different tune
chromaticity as shown in Fig. 15, where the transverse and
longitudinal impedance is both considered. It could be
found that the finite-tune chromaticity effectively mitigates
the instability, even though the value must be large enough
(ν0y ∼ 10 in the CEPC case). The simulation results show
good agreement with our analysis study. Tune chromaticity
has also been used to mitigate the X-Z instability [29],
where the transverse impedance is not considered.
Since the analysis and simulation show that the insta-

bility is σ mode, different working points between colliding
beams may help mitigate the instability. We keep one
beam’s vertical tune fixed at 0.610 and scan the other one’s.
The result is shown in Fig. 16. It could be found that
asymmetrical tunes could help mitigate the instability,
which agrees well with analytical results. The chromaticity
could be reduced from 10 to about 5 with different working
points.

B. SuperKEKB

The machine parameters are listed in Table II. Here only
the transverse impedance of LER is considered since the
transverse impedance of LER is stronger than that of HER.
The vertical impedance in LER is mainly contributed by the
vertical collimators with small gaps. In our simulation, we
put the transverse impedance at the D06V1 collimator,
which is located in the injection region. The single bunch
TMCI threshold is about 2 times higher than the bunch
population used here.
The betatron tunes are optimized near (0.530,0.572)

for HER and (0.525,0.589) for LER, respectively [30].

FIG. 13. Vertical centroid of two bunches in longitudinal phase
space at the same turn. z > 0 is the head direction for two
bunches.

FIG. 14. Growth rate of vertical centroid versus tune with and
without beamstrahlung effect. Both transverse and longitudinal
impedances are considered.

FIG. 15. Growth rate of vertical centroid versus tune with
different vertical chromaticity. Both transverse and longitudinal
impedance are considered.
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The X-Z instability is well suppressed at the working
points. The vertical tune scan of LER is shown in Fig. 17.
Once the transverse impedance of LER is considered, there
would exist strong vertical beam blowups in some specific
tune regions. The turn-by-turn evolution shows that it is a
σ-mode instability. There exists exponential growth of both
dipole and quadrupole moment in the vertical direction,
which is a TMCI-like typical phenomenon. A skew
moment hyzi oscillation also exists, which shows a
head-tail motion. It is more unstable when the colliding
bunches’ vertical tunes are closer since σ mode dominates.
The phenomenon at SuperKEKB is very similar to that of
CEPC, even though only LER’s ring impedance is con-
sidered here.

FIG. 16. Luminosity and vertical beam size versus asymmetric vertical tunes with different vertical chromaticity. Both transverse and
longitudinal impedance are considered. One beam’s vertical working point is fixed at 0.610.

FIG. 17. Colliding beam size versus LER vertical tune with and
without transverse impedance at SuperKEKB. The vertical tune
of HER is fixed at 0.572.

TABLE II. Machine parameters (SuperKEKB).

HER LER

Energy (GeV) 7 4
Bunch population (1010) 5.02 6.28
Emittance x=y (nm/pm) 4.6=35 4.0=20
Beta at IP x=y (m/mm) 0.06=1 0.08=1
Bunch length (mm) 5.05 4.60
Energy spread (10−4) 6.3 7.5
Synchrotron tune 0.0272 0.0233
Damping time x (turn) 5760 4539
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V. SUMMARY AND OUTLOOK

It has been first found in simulation and analysis that the
combined effects of beam-beam and transverse wakefields
may induce TMCI-like instability in the modern eþe− ring
colliders with large Pinwinski angle.
The combined phenomenon is studied by analysis and

simulation. For the analysis, the vertical cross-wake force
model is first built. The σ-mode instability in the analysis is
stronger than that of πmode, and the latter one is not sensitive
to the ring impedance. In our simulation, only σ-mode
instability appears, which agrees with the analysis results.
When wrapped modes are considered, the analysis

shows that pure beam-beam interaction would induce
instability with high azimuthal mode. And the instability
would be enhanced by ring impedance. The analysis also
shows that there exists an unstable mode (TMCI) which is
induced by the merge of 0 mode and −1 mode when ring
impedance is considered, whether or not the wrapped
modes are considered. That is to say the localized property
of beam-beam force is not important for the TMCI mode. It
is similar to the case of conventional TMCI instability. The
0 mode tune would decrease with bunch population due to
ring impedance, while the −1 mode tune would increase
due to cross-wake impedance. That is to say, the TMCI
threshold would reduce when both beam-beam interaction
and ring impedance are considered. In the π-mode analysis,
we did not find any unstable mode similar to TMCI. The
simulation shows that vertical instability could be induced
in CEPC and SuperKEKB when the ring impedance is
considered. The simulated results agree well with the TMCI
mode found in the analysis. It seems the high azimuthal
mode instability shown in the analysis is suppressed due to
beam-beam nonlinearity since the analysis only considers
the first-order beam-beam force.
Both analysis and simulation show that a large enough

tune chromaticity could also help mitigate the serious
instability. Another idea to mitigate the instability is to
use asymmetric working points for colliding bunches since
it is a σ-mode instability where two bunches oscillate in
phase. The study shows that it is effective to weaken the
instability with different working points. The choice of
working point could not only consider beam-beam inter-
action, other cross-talk between beam-beam and lattice
nonlinearity is also a complicated issue. This is beyond the
scope of the paper. Since high-performance beam-beam
collision is always pursued and the combined effect induces
new instability, the impedance budget should be well con-
strained. A new nonlinear collimator [10] at SuperKEKB
could help weaken the instability since it is expected to
reduce the impedance. The design of CEPC is still evolving
and it could be expected that the ring impedance would
increase after more components are considered. The design
optimization and instabilitymitigation needmorework in the
future.Moremeasures, such as using a feedback system [31],
to suppress the instability are future study.

In this paper, we studied the specific cases of CEPC and
SuperKEKB, which both have large Piwinski angle. A
question is how the instability would vary with the Piwinski
angle. It is believed that the cross-impedance model would
apply to different Piwinski angles. In fact, the instability
studied in this paper is similar to physics as that of LHC
[20] except their very different parameters. A more general
study on the coherent beam-beam instability for different
collision schemes (head-on, small and large Piwinski
angle) will be presented in other paper.
In this paper, we focus on the vertical direction since the

combined phenomenon is not significant in the horizontal
direction. As we have learned, a modern (future) eþe−
collider is much more challenging and complicated than
before. The interplay between beam-beam and other
dynamic effects must be considered in designing and
commissioning high-performance eþe− colliders.
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