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In the aspect of longitudinal beam bunching, the bunching strength can be controlled by the rf cavity
phase and voltage. However, these machine parameters are different from those that interact with the beam
itself. In order to gain control of the beam-cavity interaction, cavity calibration must be performed.
Furthermore, it relies on fitting the beam energy gain versus cavity phase to a calibration function. Under
the conventional assumption of relativistic beam conditions, the calibration function is a first harmonic
sinusoidal function (a sinusoidal function with a period of 2π). However, this expression is insufficient for a
high-voltage bunching cavity. Due to beam acceleration inside the cavity, an energy bias and a second
harmonic function should be included to modify the conventional calibration function, even for a
relativistic electron beam. In this paper, we will derive this modification and provide a comparison to both
the Coherent Electron Cooling Experiment and the IMPACT-T simulation, respectively.
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I. INTRODUCTION

A single-cell rf cavity often serves as a bunching cavity
for low-energy beamline. In normal design, the bunching
cavity frequency, denoted by f, is matched with the
incoming beam velocity, such that f ¼ β0c=L, where L
is the cavity length. This matching condition allows the
incoming beam to “surf” on a chosen phase angle of the
cavity field. By adjusting the cavity voltage, a designated
energy chirp can be introduced to the incoming beam. This
energy chirp creates a head-to-tail velocity difference in the
beam, causing longitudinal bunching (velocity bunching).
Consequently, the target beam current profile can be
manipulated by the input phase angle and voltage of the
bunching cavity.
However, due to the nature of the rf system, the machine

input phase parameters θ are different from the phase angle
of the electric field that the beam is surfing on. It requires
calibration to determine cavity parameters, such as the
transit time factor (TTF) and the rf phase reference. During
calibration, we measure a calibration function, which is

defined as the beam energy gain ΔU after the cavity at
different input cavity phases θ, shown in Eq. (1). Here, E⃗
denotes the cavity electric field and υ⃗ denotes the beam
velocity.
For relativistic electrons, the effect of velocity change

inside the rf cavity is conventionally ignored, leading to the
widely accepted first-order calibration function Cð1ÞðθÞ,
given by Eq. (2). Here, V0 denotes the cavity voltage, while
α and μ0 denote the TTF and the rf phase reference,
respectively.

CðθÞ ¼ ΔUðt ¼ L=β0c; θÞ

¼ q
Z

L=β0c

0

E⃗ðzðt0; θÞ; θ; t0Þ · υ⃗ðt0; θÞdt0; ð1Þ

Cð1ÞðθÞ ¼ qV0α sinðθ − μ0Þ. ð2Þ

However, Eq. (2) is insufficient for high-voltage rf
cavities, such as the single-cell 500-MHz bunching cavity
used in the Coherent Electron Cooling (CeC) Proof of
Principle (PoP) Experiment [1,2]. Figure 1 shows the CeC
low-energy beam transport (LEBT) section, where the
electron bunches (∼1.5 nC, ∼380 ps) are generated in
the 113-MHz quarter-wave superconducting rf (SRF)
photoinjector [3,4], which provides a primary acceleration
of 1.25 MeV. Before the beam reaches the 704-MHz
SRF five-cell linac for the final energy boost of
13.1 MeV, the desired beam peak current is achieved by
means of longitudinal bunching. The required compression
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is obtained through the use of a normal-conducting
500-MHz bunching cavity [5] (L ¼ 0.57 m) that is oper-
ated at 185 kV, providing ∼20 times the bunch length
compression in a drifting course of 10 m.
During cavity calibration, through both experiment and

simulations (using IMPACT-T [6]), for the CeC relativistic
electron beam, we observed significant deviation from the
conventional calibration function shown in Eq. (2). For
example, the bunching phase reference can shift from∼0.2°
to 0.5° for the setting of ∼100 to 200 kV bunching voltage.
These deviations strongly affected our machine optimiza-
tion for beam emittance and peak current control. A higher-
order correction in the beam-cavity interaction is needed to
achieve controllable beam instability.
While the higher-order correction in the beam-cavity

interaction was realized and derived in the late 1980s for
low-velocity ions under Newtonian mechanics [7,8], it is
currently unclear whether this effect has been systemati-
cally measured and studied for relativistic electron beams.
Although it is possible that this problem has been observed
and addressed in other electron linacs, to our knowledge, no
comprehensive study or model has been developed for
correcting this effect beyond the first-order formula in the
case of relativistic electron beams. In the following sec-
tions, we will derive the second-order correction to the
calibration function using an alternative approach. By
expanding the phase-space parameters of the traveling
beam in terms of energy gain, we arrived at a relativistic
version of the modified calibration function with correc-
tions (compared with the result in Ref. [7]). We will
show detailed derivation steps in the Appendix section.
Furthermore, we will provide a direct comparison of
the theoretical model with experimental measurement,
IMPACT-T simulation results, and the nonrelativistic model
of Ref. [7].

II. THEORETICAL MODEL

To solve Eq. (1), we expand both the beam velocity
υðt; θÞ and the distance traveled by the beam zðt; θÞ
with respect to the change in beam energy caused by
the bunching cavity, ΔUðt; θÞ, as shown in Eq. (3).

Furthermore, we use the Fourier form of Ez in Eq. (4)
to represent an arbitrary rf cavity field, where ak and ϕk are
the Fourier coefficients.

υðt; θÞ ¼ β0cþ
β−10 γ−30
mc

ΔUðt; θÞ þ � � �

zðt; θÞ ¼ β0ctþ
β−10 γ−30
mc

Z
t

0

ΔUðt0; θÞdt0 þ � � � ; ð3Þ

Ezðz; t; θÞ ¼ E0

XN
k¼0

ak cos

�
kπ
L

z − ϕk

�
cos ð2πftþ θÞ.

ð4Þ

A. First-order calibration function

Under the assumption of low bunching voltage for a
relativistic incoming beam, only the first order of υ and z is
kept for the buncher calculation, shown in Eq. (5). As a
result, at any given time t, the beam energy gain can be
written as Eq. (6), where ευ and τυ are functions of time t. If
we set the time equal to L=β0c, we obtain the conventional
calibration function shown in Eq. (2).

υð1Þðt; θÞ ¼ β0c;

zð1Þðt; θÞ ¼ β0ct; ð5Þ

ΔUð1Þðt; θÞ ¼ γ30mβ0cευðtÞ cos ½θ − τυðtÞ�. ð6Þ

B. Second-order calibration function

On the other hand, at high bunching voltage, the
calibration function should include beam acceleration.
By substituting Eq. (6) into Eq. (3), we obtain the
second-order correction of beam velocity and beam dis-
tance traveled for an accelerating beam characterized by
two-time functions ευðtÞ and εzðtÞ, shown in Eq. (7).

υð2Þðt; θÞ ¼ ευðtÞ cos ½θ − τυðtÞ�;
zð2Þðt; θÞ ¼ εzðtÞ cos ½θ − τzðtÞ�; ð7Þ

ΔUð2Þðt; θÞ ¼ δ0ðtÞ þ δ1ðtÞ cos ½2θ − τv2ðtÞ�. ð8Þ

In general, εz and ευ are smaller than their leading-order
parameters L and β0c at any given location inside the
bunching cavity, as shown in Fig. 2. Therefore, we expand
the integral in Eq. (1) up to the first order of εz and ευ
without losing generality. After the approximation, we
obtain an expression for the second-order correction in
beam energy gainΔUð2Þ, shown in Eq. (8), where the newly
appeared time functions δ0ðtÞ and δ1ðtÞ in this equation are
also independent of the phase angle θ. Unlike the form of
ΔUð1Þ, ΔUð2Þ has no first harmonic function term, e.g.,
cosðθ − μÞ, but has a bias term and a second harmonic

FIG. 1. The schematic of the CeC low-energy transportation
beamline. The main goal of this section is to prepare a high-
quality electron beam for coherent cooling. Currently, only one
500 MHz bunching cavity is in operation.
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function. Both terms are suppressed by the factor q2V2
0
α2

γ2
0
P0c

at

the end of the bunching cavity (when t ¼ L=β0c), where P0

is the initial beam momentum. As a result, the second-order
correction of the calibration function has a quadratic
dependence on the bunching voltage. This result is con-
sistent with the second-order longitudinal transit time factor
derived in Ref. [7] for slow-moving ions (β below 0.1),
which did not take the relativistic effect into account.

CðθÞ ¼ qV0αsin ðθ−μ0Þþ
q2V2

0α
2

γ20P0c
½σ0þ σ1 sin ð2θ−μ1Þ�

where δiðL=β0cÞ ¼
q2V2

0α
2

γ20P0c
σi; i¼ 0;1; ð9Þ

θ0 ≈ μ0 −
qV0α

γ20P0c
½σ0 þ σ1 sin ð2μ0 − μ1Þ�. ð10Þ

Finally, Eq. (9) shows the modified calibration function,
where σ0 and σ1 are dimensionless parameters related to the
cavity field structure. In a setup with relatively high
bunching voltage, the bias term in Eq. (9) can cause a
significant shift in beam energy. If the conventional
calibration function is used, this energy shift may be
incorrectly interpreted as an increase in the initial beam
energy. Additionally, the reference phase θ0 (phase of zero
beam energy gain) is also shifted from the conventional rf
phase reference μ0 due to the effect of beam acceleration.
This phase shift has a rough linear relation with the
bunching voltage, as shown in Eq. (10). Consequently,
using only Eq. (2) to calibrate a high voltage bunching
cavity can compromise the accuracy of beam dynamics
calculations.

III. SIMULATION COMPARISON

To verify our modification, we compared Eqs. (9) and
(10) with a CeC IMPACT-T simulation model [9]. During
the simulation, we propagated the CeC electron beam
through a 500-MHz bunching cavity with variant voltage,
ranging from 8 to 360 kV (initial beam energy is
1.25 MeV), and recorded the exiting beam energy. At
each bunching cavity voltage, we scanned a complete 2π
cavity phase in 160 steps to obtain a single calibration
function. These simulated calibration functions were
then individually fitted with a general function, e.g.,
CðθÞ ¼ Aþ B sinðθ þ aÞ þ C sinð2θ þ bÞ. We plotted all

FIG. 2. The upper plot shows the central electric field of the
CeC 500-MHz bunching cavity, while the lower plot displays the
evolution of the parameters ευ

β0c
(red line) and εz

L (black line) inside
the bunching cavity. Both ευ and εz are approximately 1% of their
leading order terms.

FIG. 3. The comparison between IMPACT-T simulation (black
dots) and theoretical model (red line) of the CeC 1.25-MeV
electron beam is shown in the following three plots: (a) compares
the bias term in Eq. (9); (b) compares the second harmonic term
in Eq. (9) and result calculated by means of Ref. [7] (blue line);
and (c) compares the zero energy gain phase θ0, which is often
used as a reference phase during bunching cavity calibration.
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the fitting constants A against their bunching voltage in
Fig. 3(a), together with the theoretical expression of the
bias term shown in Eq. (9) for comparison.
Figure 3(b) shows a comparison of the second-order

harmonic term obtained from our modified calibration
function and the formula from Ref. [7], which without
considering the relativistic effects. Notably, our modified
calibration function with the relativistic correction term
shows much better agreement with the IMPACT-T simulated
data. This clearly demonstrates the significance of our
proposed modification. We also compared the phase shift
obtained from our modified calibration function with the
simulated results, as shown in Fig. 3(c). Overall, the
IMPACT-T simulation of the CeC experiment matched well
with our modified calibration function.
However, one may notice some discrepancies in both

Figs. 3(a) and 3(b). These discrepancies are the result of the
contribution of higher-order corrections (e.g., the third-
order correction), which are outside the scope of this paper
and the current CeC experiment.

IV. EXPERIMENTAL COMPARISON

Moreover, we also observed similar deviations in the
calibration function during the CeC experiment. Figure 4
shows the data from a complete calibration of the CeC 500-
MHz bunching cavity. Each point of UðθÞ on Fig. 4 was
obtained by a single CeC beam energy measurement
individually, using the downstream trims, solenoid, and
YAG screen [10,11]. In this particular calibration, the initial
CeC electron beam energy was 0.75 MeV, and the bunch-
ing cavity was set to around 190 kV. After subtracting the
bias and first harmonic component from the measurement
data, we obtained the higher-order components (dominated
by the second-order harmonic) of the calibration function.

The comparison of the subtracted result, the theoretical
prediction from Eq. (9), and the formula of Ref. [7] is
shown in Fig. 5. The measurement data exhibited a good
match in terms of amplitude and frequency with our
theoretical prediction. However, the formula of Ref. [7]
showed a significant discrepancy, which is mainly attrib-
uted to the lack of relativistic gamma factor suppression in
Newtonian mechanics. This causes an overestimation of the
effect in the case of a relativistic electron beam, such as the
one in the CeC accelerator.
However, a phase-dependent discrepancy between the

experimental measurement and our theoretical model can
also be identified from Fig. 5. This small discrepancy can be
caused by even higher-order corrections (such as the third-
order harmonic) of the calibration function, convoluted with
machine errors. The most common machine errors are beam
energy fluctuations and time jitter of the rf system (for the
CeC beam, ∼� 10 ps jitter and ∼� 0.1-keV energy fluc-
tuations). Isolating the effect of higher-order correction is
challenging since each single energy measurement requires
at least 32 CeC electron beam bunches to reach the desired
measurement accuracy. Figure 5 contains a total of 1280
measurements of individual CeC electron beams taken over a
period of 4 h. To measure only the effect of higher-order
calibration functions requires extremely high stability from
the CeC machine.

V. CONCLUSION

In conclusion, the acceleration inside the bunching
cavity induces a secondary correction to the conventional
calibration function, which is significant even for relativ-
istic electron beams. This correction creates an additional
energy bias and adds a second harmonic function to the
conventional calibration function. Both additional terms

FIG. 4. These data represent a complete CeC 500-MHz
bunching cavity calibration, in which the beam energy UðθÞ
was measured downstream with different phase angle settings θ.
The measurement data are shown as black crosses, and a first-
order fitting using Eq. (2) is displayed as the red line.

FIG. 5. The comparison between the theoretical model of the
second-order calibration function and the experimental measure-
ment. The experimental data from the CeC experiment is
represented as black circles, while our theoretical model is
displayed as a red line and Ref. [7] formula as a blue line.
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have a quadratic dependence on the bunching voltage.
Additionally, these corrections induce a linear phase shift to
the reference phase of the conventional calibration func-
tion, which can affect downstream beam dynamics, includ-
ing emittance and peak current.
Notably, the formula of Ref. [7], developed for low-

velocity beams, overestimates the corrections for our
intermediate energy beams. This finding emphasizes the
significance of our proposed modification, which takes into
account the relativistic effects and provides a more accurate
calibration function for high-voltage bunching systems. In
the example of the CeC 500-MHz bunching cavity, which
operates at a voltage of 185 kV, the electron beam with an
initial energy of 1.25 MeV will be shifted by a 1.6 keV
energy bias after the bunching cavity. Furthermore, the
reference phase of the cavity will also be shifted by 0.46°.
These modifications improve the accuracy of the down-
stream beam dynamics control and are crucial for

optimizing the performance of relativistic electron beams
in various applications.
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APPENDIX

In the first-order approximation, the beam velocity is
assumed to be constant, as shown in Eq. (5). By solving the
integral equation [Eq. (1)] under this assumption, the first-
order energy gain for any rf cavity structure can be expressed
as follows:

ΔUð1Þðt; θÞ ¼ q
Z

t

0

Ezðzð1Þ; t0; θÞυð1Þdt0

¼ qE0β0c
X
k

ak

Z
t

0

cos

�
kπ
L

β0ct0 − ϕk

�
cos ð2πft0 þ θÞdt0

¼ qE0β0c
X
k

ak
2

Z
t

0

dt0fcos ½ωkþt
0 − ϕk þ θ� þ cos ½ωk− t

0 − ϕk − θ�g

¼ γ30mβ0c½ευcðtÞ cosðθÞ þ ευsðtÞ sinðθÞ�. ðA1Þ

We have defined the following parameters:

ωk� ¼ kπ
L

β0c� 2πf; ðA2Þ

ευcðtÞ ¼
qE0

γ30m

X
k

ak
2

�
sin ðωkþt − ϕkÞ þ sinðϕkÞ

ωkþ
þ sin ðωk− t − ϕkÞ þ sinðϕkÞ

ωk−

�

ευsðtÞ ¼
qE0

γ30m

X
k

ak
2

�
cos ðωkþt − ϕkÞ − cosðϕkÞ

ωkþ
−
cos ðωk−t − ϕkÞ − cosðϕkÞ

ωk−

�
. ðA3Þ

Using Eq. (3), we can obtain the second-order beam
velocity and distance traveled.

υð2Þðt; θÞ ¼ ευcðtÞ cosðθÞ þ ευsðtÞ sinðθÞ

zð2Þðt; θÞ ¼
Z

t

0

½ευcðt0Þ cosðθÞ þ ευsðt0Þ sinðθÞ�dt0

¼ εzcðtÞ cosðθÞ þ εzsðtÞ sinðθÞ. ðA4Þ

As a result, we can express these second-order beam
quantities in polar format, shown in Eq. (7). The “vector
length” is denoted by ευ, while the “vector angle” is repre-
sented by τυ (e.g., ευ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ε2υs þ ε2υc

p
, tan½τυ� ¼ ευs=ευc).

Moreover, we can define the TTF α and the rf phase
reference μ0 at the end of the cavity as follows:

Q ¼ ευðL=β0cÞ
γ30m
qE0

;

α ¼ β0cE0

V0

Q;

μ0 ¼ τυðL=β0cÞ − π=2. ðA5Þ
The constant time factor Q depends solely on the cavity

field structure and initial beam velocity. By incorporating
Eqs. (5) and (7) into Eq. (1), we can obtain the beam’s
energy gain up to the second order.
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ΔUðt; θÞ ≈ q
Z

t

0

Ezðzð1Þ þ zð2Þ; t0; θÞðυð1Þ þ υð2ÞÞdt0

≈ qE0

X
k

ak

Z
t

0

dt0ðυð1;2Þ · Eð1;2Þ
k Þ; ðA6Þ

where

υð1;2Þ ¼

8>><
>>:

β0c cos ð2πft0 þ θÞ
þ ευðt0Þ

2
cos ½2πft0 þ τυðt0Þ�

þ ευðt0Þ
2

cos ½2πft0 − τυðt0Þ þ 2θ�
; ðA7Þ

Eð1;2Þ
k ¼

8>>>>><
>>>>>:

cos
�
kπ
L β0ct0 − ϕk

�

−εzðt0Þ kπL sin
�
kπ
L β0ct0 − ϕk

�
cos ½θ − τzðt0Þ�

−ε2zðt0Þ k2π22L2 cos
�
kπ
L β0ct0 − ϕk

�
cos2½θ − τzðt0Þ�

.

ðA8Þ
Since ευ

β0c
and εz

L are both small quantities (Fig. 2), we can
further simplify the expression for the second-order energy
gain by disregarding the high-order ευ and εz teams (e.g., ε2z
and ευεz).

ΔUð2Þðt; θÞ ≈ qE0

X
k

ak

Z
t

0

dt0
	
ευðt0Þ
2

cos

�
kπ
L

β0ct0 − ϕk

�
cos ½2πft0 þ τυðt0Þ�

þ ευðt0Þ
2

cos

�
kπ
L

β0ct0 − ϕk

�
cos ½2πft0 − τυðt0Þ þ 2θ�

− cos ð2πft0 þ θÞεzðt0Þ
kπβ0c
L

sin

�
kπ
L

β0ct0 − ϕk

�
cos ½θ − τzðt0Þ�




¼ δ0ðtÞ þ δ1cðtÞ cos ð2θÞ þ δ1sðtÞ sin ð2θÞ
¼ δ0ðtÞ þ δ1ðtÞ cos ½2θ − τv2ðtÞ�. ðA9Þ

The kth term of δ0ðtÞ
qE0

, δ1cðtÞ
qE0

, and δ1sðtÞ
qE0

was defined as follows:

δ0ðkÞðtÞ=qE0 ¼ ak

Z
t

0

dt0
	
ευðt0Þ
2

cos

�
kπ
L

β0ct0 − ϕk

�
cos ½2πft0 þ τυðt0Þ�

−
εzðt0Þ
2

kπβ0c
L

sin
�
kπ
L

β0ct0 − ϕk

�
cos ½2πft0 þ τzðt0Þ�



; ðA10Þ

δ1cðkÞðtÞ=qE0 ¼ ak

Z
t

0

dt0
	
ευðt0Þ
2

cos

�
kπ
L

β0ct0 − ϕk

�
cos ½2πft0 − τυðt0Þ�

−
εzðt0Þ
2

kπβ0c
L

sin

�
kπ
L

β0ct0 − ϕk

�
cos ½2πft0 − τzðt0Þ�



; ðA11Þ

δ1sðkÞðtÞ=qE0 ¼ −ak
Z

t

0

dt0
	
ευðt0Þ
2

cos

�
kπ
L

β0ct0 − ϕk

�
sin ½2πft0 − τυðt0Þ�

−
εzðt0Þ
2

kπβ0c
L

sin

�
kπ
L
β0ct0 − ϕk

�
sin ½2πft0 − τzðt0Þ�



. ðA12Þ

δ1ðtÞ and τv2ðtÞ can be obtained from δ1cðtÞ and δ1sðtÞ
using the same technique as described in Eq. (7). As both
factors ευ and εz are dependent on E0, we can utilize
Eq. (A5) to observe that the second-order energy factors δ0
and δ1 are both suppressed by q2V2

0
α2

γ3
0
mβ0c2

.
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