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Originating from the stochastic nature of the photon emission process, the longitudinal coordinates of
electrons diffuse even if the global phase slippage of a storage ring is zero, as we cannot zero all the local
phase slippages simultaneously. This quantum diffusion is viewed as the most fundamental effect limiting
the lowest bunch length realizable in an electron storage ring from single-particle dynamics perspective.
Energy spread diverges when bunch length is pushed to the limit given by this diffusion. Here we report the
first experimental evidence supporting the existence of this effect. The measurements confirm the
breakdown of the classical formula of bunch length and energy spread in an electron storage ring with
globally small and locally large phase slippage.
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I. INTRODUCTION

Short electron bunches or microbunches are desired in
synchrotron radiation sources to produce ultrashort radiation
pulses for ultrafast science investigations. Short electron
bunches also enable high-power high-flux coherent radia-
tion generation, which could provide new opportunities for
research like high-resolution angle-resolved photoemission
spectroscopy and industry applications like extreme ultra-
violet lithography. To satisfy the ever-increasing demand of
science and industry on advanced light sources, accelerator
scientists keep inventing and developing new scenarios
and technologies. For example, a storage ring–based novel
light source mechanism called steady-state microbunching
(SSMB), which promises high-average-power narrow-band
coherent radiation with wavelengths ranging from THz to
soft x ray, is being actively studied with encouraging
progress being achieved [1–21], in particular, the recent
success of the SSMB proof-of-principle experiment [22].

To obtain short bunches in an electron storage ring,
a well-known method is the implementation of a quasi-
isochronous magnetic lattice, where

η ¼ ΔT=T0

ΔE=E0

¼ 1

C0

I �
DxðsÞ
ρðsÞ −

1

γ2

�
ds; ð1Þ

the phase slippage factor of the ring which quantifies the
energy dependence of particle’s revolution time is very
small. In the definition of η, T0 is the revolution period and
E0 ¼ γmec2 is the energy of the reference particle, me is
the electron rest mass, γ is the Lorentz factor, C0 is the
circumference of the ring,Dx is the horizontal dispersion, ρ
is the bending radius of the trajectory, and s is the path
length along the reference orbit. The reason behind this
approach is the classical “zero-current” bunch length
scaling law σz ∝

ffiffiffiffiffijηjp
, given by Sands [23]. However,

from single-particle dynamics perspective, there is a
fundamental effect limiting the lowest bunch length real-
izable in an electron storage ring. It originates from the
stochasticity of photon emission time or location. This
stochasticity results in a diffusion of the electron longi-
tudinal coordinate even if the global phase slippage of the
ring is zero, as we cannot make all the local or partial phase
slippages zero simultaneously. As a consequence, there
exists a lower bunch length limit and the energy spread
grows significantly when the bunch length is pushed close
to the limit. This bunch length limit and energy widening
effect are first theoretically investigated by Shoji et al.
[24,25] and recently more accurately analyzed by a part of
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us using the longitudinal Courant-Snyder formalism [9,26].
This quantum diffusion is of crucial importance for SSMB
and other ideas invoking ultrashort electron bunches in
storage rings. As fundamental as it is, nevertheless, there is
still no experiment confirming this effect. In this paper, we
report the first experimental evidence supporting the
existence of this effect. The experiment was conducted
at the Metrology Light Source (MLS) [27–29] of the
Physikalisch-Technische Bundesanstalt in Berlin.

II. THEORETICAL ANALYSIS

Before the presentation of the experimental work, here
we give a brief overview of the theoretical analysis of this
effect presented in Ref. [9] to make this paper more self-
contained. The particle state vector X ¼ ðx; x0; y; y0; z; δÞT
in 6D phase space is used, where x; x0; y; y0; z and δ ¼
ΔE=E0 are the horizontal position, angle, vertical position,
angle, longitudinal position, and relative energy deviation
with respect to the reference particle, respectively, and T

means transpose. The three eigenemittances ϵk of a particle
beam, with k ¼ I; II; III, are the positive eigenvalues of
iΣS, where i is the imaginary unit, Σ ¼ hXXTi are the
second moments of the beam, and

S ¼

0
BBBBBBBB@

0 1 0 0 0 0

−1 0 0 0 0 0

0 0 0 1 0 0

0 0 −1 0 0 0

0 0 0 0 0 1

0 0 0 0 −1 0

1
CCCCCCCCA
: ð2Þ

The eigenemittances are invariants with respect to linear
symplectic transportation of the beam. In an electron
storage ring, the equilibrium state is a balance between
quantum excitation and radiation damping. According to
Chao’s solution by linear matrices (SLIM) formalism [30],
the equilibrium eigenemittances are given by

ϵk ¼
CLγ

5

cαk

I jEk5ðsÞj2
jρðsÞj3 ds; ð3Þ

and the second moments of the beam are

Σij ¼ 2
X

k¼I;II;III

ϵkRe½EkiE�
kj�; ð4Þ

where αk is the damping constant of the three eigenmodes,
CL ¼ 55reℏ=ð48

ffiffiffi
3

p
meÞ, with ℏ the reduced Planck’s

constant, re the electron classical radius, Re½� means taking
the real part of a complex number, � means complex
conjugate, and Ek is eigenvector of the 6 × 6 symplectic
one-turn map, satisfying the following normalization
condition

E†
kSEk ¼

�
i; k ¼ I; II; III;

−i; k ¼ −I;−II;−III;
ð5Þ

and E†
kSEj ¼ 0 for k ≠ j, in which † means complex

conjugate transpose. Eki is the ith component of the
eigenvector Ek.
In a planar uncoupled storage ring, the one-turn map and

its eigenvectors can be parametrized using the Courant-
Snyder functions [9,31]. In this case, the longitudinal
emittance is then defined as

ϵz ≡
�z2k þ ½αzzk þ βzδ�2

2βz

�
; ð6Þ

where zk ¼ z −D0
xx −Dxx0, D0

x ¼ dDx
ds is the horizontal

dispersion angle and αz, βz, γz are the Courant-Snyder
functions in the longitudinal dimension. In the equilibrium
state, the longitudinal emittance is given by

ϵz ¼
55

96
ffiffiffi
3

p αFƛ2eγ5

αL

I
βzðsÞ
jρðsÞj3 ds; ð7Þ

in which αL is the longitudinal radiation damping constant
and nominally αL ≈U0=E0 with U0 the radiation energy
loss of an electron per turn, αF ¼ 1

137
is the fine structure

constant, ƛe ¼ λe=2π ¼ 386 fm is the reduced Compton
wavelength of the electron. Therefore, it is the longitudinal
beta function βz at the bending magnets that matters in
determining the equilibrium longitudinal emittance ϵz. A
physical picture is given in Fig. 1 to help better understand
this argument.
If there is only a single radiofrequency (rf) cavity placed

at a dispersion-free location in the ring, then at a specific
position sj, the ring can be divided into three parts, with
their longitudinal transfer matrices given by

Tðsrf ; sjÞ ¼
�
1 −η̃ðsrf ; sjÞC0

0 1

�
;

Tðsrf ; srfÞ ¼
�
1 0

h 1

�
;

Tðsj; srfÞ ¼
�
1 −η̃ðsj; srfÞC0

0 1

�
; ð8Þ

FIG. 1. A physical picture to explain why a larger longitudinal
beta function βz means a larger contribution to longitudinal
emittance ϵz, with a given strength of quantum excitation.
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where

η̃ðs2; s1Þ ¼
1

C0

Z
s2

s1

�
DxðsÞ
ρðsÞ −

1

γ2

�
ds ð9Þ

is the local or partial phase slippage from s1 to s2, and
η̃ðsrf ; sjÞ þ η̃ðsj; srfÞ ¼ η, h ¼ eVrfkrf cosϕs=E0 quantifies
the rf acceleration gradient, in which e is the elementary
charge, Vrf is the rf voltage, krf ¼ 2π=λrf is the rf wave-
number, and ϕs is the synchronous phase. In the analysis,
the rf cavity is assumed to be a zero-length one. The one-
turn map at sj is then

MðsjÞ¼Tðsj;srfÞTðsrf ;srfÞTðsrf ;sjÞ

¼
�
1− η̃ðsj;srfÞhC0 −ηC0þ η̃ðsj;srfÞη̃ðsrf ;sjÞhC2

0

h 1− η̃ðsrf ;sjÞhC0

�
:

ð10Þ
A stable motion requires that

0 < hηC0 < 4: ð11Þ

Following Courant and Snyder [31], we parametrize
MðsjÞ as

MðsjÞ¼
�
cosΦzþαzðsjÞsinΦz βzðsjÞ sinΦz

−γzðsjÞsinΦz cosΦz−αzðsjÞ sinΦz

�
;

ð12Þ
where Φz ¼ 2πνs, νs ¼ − η

jηj
fs
f0
, fs is the synchrotron

oscillation frequency, and f0 ¼ 1
T0

is the revolution fre-
quency of the particle in the ring. Therefore,

βzðsjÞ ¼
M12ðsjÞ
sinΦz

¼ −ηC0 þ η̃ðsj; srfÞη̃ðsrf ; sjÞhC2
0

sinΦz
; ð13Þ

Note that βz is always positive, and

dβzðsjÞ
dsj

¼ ½η̃ðsrf ; sjÞ − η̃ðsj; srfÞ�hC0

sinΦz

�
DxðsjÞ
ρðsjÞ

−
1

γ2

�

¼ 2αzðsjÞ
�
DxðsjÞ
ρðsjÞ

−
1

γ2

�
; ð14Þ

which is different from the conventional relation dβx;y
ds ¼

−2αx;y in transverse dimensions [10].
The first term in the numerator of Eq. (13) is the

conventional global phase slippage. The second term
reflects the impact of the partial phase slippage on βz. In
usual rings, the second term is much smaller than the first
term, therefore βz is almost a constant value around the
ring. The classical formulas of bunch length σzS, energy
spread σδS, and longitudinal emittance ϵzS are actually
obtained with such approximation. Here in this paper, we
use the subscript S to represent the classical results

obtained in the analysis of Sands [23]. More specifically,
for an isomagnetic storage ring, we have

βzS ¼ −ηC0

sinΦz
≈

ffiffiffiffiffiffiffiffi
ηC0

h

r
;

νs ¼
1

2π
arcsin

�
−ηC0

βzS

�
≈ −

η

jηj
ffiffiffiffiffiffiffiffiffiffiffi
hηC0

p
2π

;

σzS ¼ ffiffiffiffiffiffiffiffiffiffiffiffi
ϵzSβzS

p
≈

ffiffiffiffiffiffiffiffiffiffiffi
Cq

Js

γ2

ρ

s ffiffiffiffiffiffiffiffi
ηC0

h

r
≈ σδSβzS;

σδS ¼ ffiffiffiffiffiffiffiffiffiffiffiffi
ϵzSγzS

p ≈
ffiffiffiffiffiffiffi
ϵzS
βzS

r
≈

ffiffiffiffiffiffiffiffiffiffiffi
Cq

Js

γ2

ρ

s
;

ϵzS ≈
Cq

Js

γ2

ρ

ffiffiffiffiffiffiffiffi
ηC0

h

r
≈ σzSσδS ≈ σ2δSβzS; ð15Þ

where Cq ¼ 55ƛe
32

ffiffi
3

p ¼ 3.8319 × 10−13 m, Js is the longi-

tudinal damping partition number, and for a planar ring
usually Js ≈ 2, ρ is the bending radius of the bending
magnets. As can be seen, to generate short bunches in an
electron storage ring, we need to implement a quasi-
isochronous lattice, i.e., a small η, and a high rf gradient,
i.e., a large h. We also note that the energy spread of an
electron beam in the classical analysis is dominantly
determined by the beam energy and bending radius of
the bending magnets and has little dependence on the
bunch length or global phase slippage of the ring.
Now with both terms in the numerator of Eq. (13)

considered, the more accurate formula of the longitudinal
emittance is then

ϵz ¼ ϵzS

�
1þ hC0

hη̃2ðsj; srfÞiρ − ηhη̃ðsj; srfÞiρ
η

�
: ð16Þ

Note that hiρ here means the radiation-weighted average
around the ring, defined as

hPiρ ¼
H

P
jρðsÞj3 dsH

1
jρðsÞj3 ds

; ð17Þ

i.e., the average is actually conducted at places with
nonzero bending radius. After getting the longitudinal
emittance and Courant-Snyder functions, the bunch length
and energy spread at a specific location si are then

σzðsiÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ϵzβzðsjÞ

q

≈ σzS

ffiffiffiffiffiffi
ϵz
ϵzS

r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − η̃ðsi; srfÞη̃ðsrf ; siÞ

hC0

η

s
;

σδðsiÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ϵzγzðsiÞ

p
≈ σδS

ffiffiffiffiffiffi
ϵz
ϵzS

r
: ð18Þ

BREAKDOWN OF CLASSICAL BUNCH LENGTH … PHYS. REV. ACCEL. BEAMS 26, 054001 (2023)

054001-3



We remind the readers that the energy spread and γz are
unchanged outside the rf cavity. In addition, if the
contribution of 1

γ2
is negligible in the definition of η, αz,

and βz will vary notably only inside the bending magnets.
Actually, the chromatic Hx function, a parameter quantify-
ing the coupling of horizontal emittance to bunch length as
will be given in Eq. (21), also changes only inside the
bending magnets. Both arguments reveal the fact that in
ultrarelativistic cases, bunch length changes only inside the
bending magnets. We will see this clearly in Fig. 2.
By investigating the bunch length at the rf cavity

σzðsrfÞ≈σzS

ffiffiffiffiffiffi
ϵz
ϵzS

r

¼σδS

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η

hC0

þhη̃2ðsj;srfÞiρ−ηhη̃ðsj;srfÞiρ
r

C0; ð19Þ

we observe that there exists a lower bunch length limit
when η approaches zero

σz;limit ¼ σδS

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hη̃2ðsj; srfÞiρ

q
C0: ð20Þ

This limit is the main consequence of the unavoidable
quantum diffusion of longitudinal coordinates in a storage
ring. It has little dependence on the global phase slippage
and rf voltage, once the beam energy and dispersion func-
tion pattern around the ring is given. Since σzS ∝

ffiffiffiffiffijηjp
,

the above bunch length limit means ϵz
ϵzS

will diverge as η

approaches zero. The energy spread will thus diverge in this
process.
While the bunch length at the rf cavity will saturate at the

limit given by Eq. (20) with the decrease of η, the bunch
length at other places, from which the partial phase slippage
to the rf cavity is large, may first decrease and then
increase. The reason is that the increased energy spread
will lead to bunch lengthening through the partial phase
slippage from the rf cavity to the specific location. In other
words, the longitudinal beta function ratio between that at
the rf cavity and that at the specific location may increase
with the lowering of η.

III. EXPERIMENTAL VERIFICATION

Now, we present our experimental work on this quantum
diffusion effect. For usual rings, the bunch length limit
given by Eq. (20) is a couple of 10 fs to about 100 fs, while
the typical bunch length in operation is at 10 ps level. So
this effect is negligible in almost all existing rings.
However, with the accelerator physics and technologies
continuing to advance, more ambitious goals of bunch
length can be envisioned and realized in the future to
benefit more from the electron beam. For example, in an
SSMB storage ring, the desired bunch length is submicron
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FIG. 2. Two lattices used in the experiment. Evolution of
(a) βx;y, (b) Dx and βz, (c) σz, (d) σδ, around the ring. In this
plot, the rf cavity is placed at srf ¼ 0 m, and Vrf ¼ 600 kV is
applied, and the global phase slippage used is η ¼ 1 × 10−5. The
dipole magnets are shown at the top as blue rectangles. Each
dipole has a length of 1.2 m and bends the electron trajectory for
an angle of π=4. βx;y andDx are obtained by fitting a model to the
BPM-corrector response matrix (LOCO) [32]. The bunch length
and energy spread evolution are calculated based on the longi-
tudinal Courant-Snyder formalism and SLIM formalism.
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or even nanometer, which corresponds to sub-fs in unit of
time. The quantum diffusion investigated here then
becomes the first fundamental issue that needs to be
resolved. With such motivation to develop an SSMB light
source, and considering that it is a fundamental physical
effect by itself, we believe it is important to experimentally
verify this effect.
To observe the influence of this effect, we need the

second term in the bracket of Eq. (16) to be comparable or
larger than 1, which is nontrivial for many of the existing
storage rings. Other collective and single-particle effects
stand in the way before arriving at such a small value of η.
However, because of the dedicated quasi-isochronous
lattice design and the individually independent magnet
power supplies of the MLS storage ring, there is great
flexibility in tailoring the lattice optics to obtain a locally
large and globally small phase slippage simultaneously,
thus opening the possibility to see this effect in an existing
machine. Another characteristic making the MLS an ideal
test bed for single-particle beam dynamical effects is that
it can operate with a beam current ranging from 1 pA (a
single electron) to 200 mA.
We have prepared two quasi-isochronous lattice optics at

the MLS, named lattice A and B, respectively. Lattice A is
the standard quasi-isochronous lattice, whereas lattice B is
developed and dedicated to this experiment. The optical
functions of the two lattices are shown in Fig. 2. Other
related parameters of the two lattices are given in Table I.
The key difference between these two lattices is that lattice
B has a much larger local phase slippage and average value
of βz. Therefore, the bunch length limit of lattice B (469 fs
at 630 MeV) due to this quantum diffusion is larger than

that in lattice A (115 fs at 630 MeV). Note that with the
given parameters set, βz in lattice A is almost a constant
value around the ring, while βz in lattice B varies
significantly and in many places is much larger than that
in lattice A.
As can be seen in Fig. 2, the magnitudes of horizontal

dispersion function Dx of lattice B are large at some of the
bending magnets, which according to Eq. (9) means the
local phase slippage increases or decreases sharply within
them, leading to a large variation of local phase slippage η̃
and βz. The small global phase slippage η is realized by
canceling the contribution of positive and negative Dx at
different bending magnets. We remind the readers that this
lattice can also be used for the delayed alpha buckets study
in which the momentum differences of particles in different
alpha buckets can be translated into large arrival time
differences through the large partial phase slippage [29],
which might be useful for some user experiments.
To evaluate the possibility of verifying this effect

experimentally, the bunch length and energy spread evo-
lution around the ring in these two lattices have also been
presented in Fig. 2. Note that the bunch length formula in
Eq. (18) contains only the contribution from longitudinal
emittance. Considering the bunch lengthening by horizon-
tal emittance at dispersive locations, the more accurate
formula of bunch length is [8,33]

σz ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ϵzβz þ ϵxHx

p
; ð21Þ

with Hx ¼ γxD2
x þ 2αxDxD0

x þ βxD02
x being the horizontal

chromatic function. Strictly speaking, Courant-Snyder and
dispersion functions are only well defined in a planar
uncoupled lattice and only when the rf cavity is placed at a
dispersion-free location. For a general coupled lattice, the
more accurate SLIM formalism should be referred, i.e.,

σz ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

X
k¼I;II;III

ϵkjEk5j2
s

;

σδ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

X
k¼I;II;III

ϵkjEk6j2
s

: ð22Þ

On the other hand, although the rf cavity is placed at a
dispersive location in lattice B, we have confirmed that the
Courant-Snyder parametrization for beam dynamics analy-
sis, in this case, is still largely valid since the difference of
result between that given by longitudinal Courant-Snyder
formalism and the more accurate SLIM formalism is
very small.
As can be seen in Fig. 2, in which the global phase

slippage η is lowered to be 1 × 10−5, which corresponds
to a synchrotron frequency of fs ¼ 2.2 kHz with Vrf ¼
600 kV, the energy spread grows to be σδ ¼ 7.9 × 10−4,
while the classical energy spread is σδS ¼ 4.4 × 10−4.

TABLE I. Parameters of the two lattices of the MLS storage
ring used in the experiment.

Parameter Value Description

C0 48 m Ring circumference
E0 630 MeV Beam energy
U0 9.14 keV Radiation energy loss
frf 500 MHz rf frequency
Vrf 600 kV rf voltage
hrf 0.01 m−1 rf acceleration gradient
σδS 4.4 × 10−4 Classical energy spread
ϵx 197.3 nm Lattice A
Js 1.95 Lattice A
hη̃ðsj; srfÞiρ 2.5 × 10−5 Lattice Affiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

hη̃2ðsj; srfÞi
q

ρ

1.6 × 10−3 Lattice A

σz;limit 34 μm (115 fs) Lattice A
ϵx 219.4 nm Lattice B
Js 1.95 Lattice B
hη̃ðsj; srfÞiρ −5.5 × 10−3 Lattice Bffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

hη̃2ðsj; srfÞi
q

ρ

6.7 × 10−3 Lattice B

σz;limit 142 μm (469 fs) Lattice B
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Such an amount of energy spread growth is detectable by
measuring the spectra of Compton-backscattered (CBS)
photons from the head-on collision between a CO2 laser
with the electron beam at the MLS [27,34]. In addition, the
bunch length difference in these two lattices is large enough
to be observable by investigating the spectra and power
of coherent THz radiation and invoking streak camera
measurement.
To exclude the influence of collective effects, the beam

current is lowered to around 6 μA=bunch in a multibunch
filling mode in the experiment. There is no indication of
microwave or other collective instabilities. The beam is
stable (no fluctuation of radiation source point observed)
and its width and energy spread are independent of the
beam current when the single-bunch current is as low as the
value applied in the experiment. The horizontal chroma-
ticity has been carefully corrected close to zero (about 0.05)
to minimize the beam energy widening arising from the
betatron motion of particles reported in our previous work
[7]. The longitudinal chromaticity has also been corrected
to a small value to mitigate longitudinal nonlinear dynam-
ics. We note that a large quantum diffusion of longitudinal
coordinate (a root-mean-square value of 0.54 μm or 1.8 fs
per turn in lattice B at 630 MeV) actually helps suppress
collective beam instability of ultrahigh frequency, as it will
disperse any fine time structure in an electron beam like
density modulation and energy modulation [25].
To get an idea about the bunch length in the two lattices,

first, we measure the coherent THz radiation spectra and
power as a function of the synchrotron tune in the two
lattices. The shorter the electron bunch, the higher fre-
quency range the coherent THz radiation spectra extend
and the larger radiation power we can obtain. In the
experiment, the synchrotron frequency (fs ∝

ffiffiffiffiffijηjp
), thus

the global phase slippage η, is controlled by slightly
changing the quadrupole currents while keeping the
dispersion function pattern unchanged. The THz beamline
has its source point at π

16
bending angle (s ¼ 38.775 m) at

the seventh dipole, counted from s ¼ 0 m in Fig. 2 which is
where the rf cavity is placed. For getting the coherent
synchrotron radiation emission spectra in the THz spectral
range, a commercial, Michelson-type FTIR spectrometer
(Vertex 80v) in combination with a 4K liquid helium-
cooled composite silicon bolometer was used for measur-
ing interferograms. After fast Fourier transform of the data,
the emitted spectrum can directly be accessed. For this
experiment, a series of 128 interferograms has been
acquired and the average Fourier transformed.
The measured coherent THz radiation power, integrated

with wave number from 1 to 20 cm−1, together with the
theoretical bunch length at the THz observation calculated
using Eq. (21) are shown in Fig. 3(a). The measurement
results agree with our expectations reasonably well. In
particular, we notice that in lattice B, the THz power first
increases and then decreases, with the lowering of the

synchrotron tune, while the radiation power in lattice A
monotonically decreases and then saturates in this process.
This observation agrees well with our theoretical prediction
of the bunch length evolution in these two lattices. Not
presented here, we also notice that the frequency range
of the spectra evolves consistently with the integrated
power, i.e., a larger THz power corresponds to a higher
frequency range coverage. To be more rigorous, we remind
the readers that the bunch length in lattice A at the THz
radiation observation point in principle will also diverge, as
explained in the last section, if we push the phase slippage
factor of the ring even closer to zero, which in practice is
a demanding work.
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FIG. 3. Experiment measurement results and comparison with
theory. (a) Theoretical bunch length and measured coherent THz
radiation power observed at s ¼ 38.775 m, in lattice A and B,
respectively. (b) Theoretical, measured raw data (shifted 8 ps
downwards) and fitted bunch length at s ¼ 24 m, in lattice A and
B, respectively. (c) Theoretical and measured electron beam
energy spreads σδ normalized by the classical energy spread σδS
vs the synchrotron frequency fs, in lattice A and B, respectively.
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During the measurement of coherent THz radiation, we
at the same time employed a streak camera to measure the
electron bunch length directly. The streak camera at the
MLS is installed at the undulator beamline (opposite the rf
cavity, s ¼ 24 m in Fig. 2). For the experiment, the
undulator was closed from the “open” gap of 180 mm
to 45.7 mm to have the first harmonic undulator radiation at
a visible wavelength available for the streak camera. The
measurement results of bunch length and the comparison
with theory is presented in Fig. 3(b). Note that we have
shifted the measured raw data downwards by 8 ps in the
plot. The error bars in the plot are the standard deviation of
the fitted results for each single column of the recorded
streak camera image. Again, we observe the significant
difference in the two lattices concerning the bunch length
evolution as a function of the synchrotron tune, which
agrees qualitatively with the theory. However, quantita-
tively, the measured raw data of bunch length deviate
notably from the theoretic prediction.
Realizing that there will be unavoidable systematic

errors concerning the streak camera measurement because
we are close to its resolution limit, we try to use the model
below to fit the data with the theory,

Δzfit ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Δz2measure − noise2

q
− offset; ð23Þ

where Δz means the bunch length. Note that here we use
the full width at half maximum (FWHM), instead of the
root mean square, to quantify the bunch length, since in the
real case, the bunch profile is unavoidable non-Gaussian to
some extent, especially when the phase slippage factor of
the ring is small. The noise in the above equation is used to
model the square sum-type error, while the offset accounts
for the systematic shift concerning the measurement results.
The fitted data (noise ¼ 7 ps and offset ¼ 3 ps applied)
agrees well with the theoretical curve as shown in Fig. 3(b).
We remind the readers that all the data points in the plot are
modeled with the same noise and offset.
Further, we have measured the electron beam energy

spread in the two lattices, using the head-on CBS between a
CO2 laser with the electron beam. Note that the rf voltage
applied in the above bunch length measurements is 500 kV,
while now it is 600 kV when doing the energy spread
measurement. The measurement of CBS photon spectra
and the evaluation of electron beam energy spread based on
it is a well-established method implemented at the MLS
and is used in this experiment to confirm the energy
widening as we push the bunch length close to the limit,
by lowering the global phase slippage η. More details
about this CBS method can be found in Refs. [27,34].
Quantitative analysis revealing the energy spreads σδ
normalized by the classical energy spread σδS, and its
comparison with the theoretical prediction from Eq. (18)
for two different lattices are shown in Fig. 3(c). The error
bars in Fig. 3(c) are the root-mean-square uncertainties of

the measurements and are due to calibration errors and
counting statistics. The data acquisition time of a photon
spectrum is 15 min. It can be seen from Fig. 3 that in lattice
B, the energy spread grows significantly with the decrease
of η, in the figure synchrotron frequency fs, to the level of
1 × 10−5, while the energy spread stays almost constant in
lattice A. Again the measurement agrees qualitatively with
the theory.
There is still some deviation of the measured energy

widening and the theoretical prediction for lattice B.
Candidate explanations are as follows: first, there is
some uncertainty in the determination of synchrotron
frequency fs, especially when fs is lowered to 2–3 kHz,
considering the fact that the peak of the synchrotron
frequency spectrum then can be as wide as 0.5 kHz;
second, there could be some remaining higher-order
phase slippages that may contribute to the energy spread
growth when η is small due to its impact on the
longitudinal phase space bucket, while the theory
assumes a linear phase slippage.
The above-presented measurements of bunch length

and energy spread are very demanding and are moving on
the edge of the experimentally accessible parameter space.
Nevertheless, we see a nice qualitative agreement with the
theory presented in the first part of this paper, proofing
important experimental evidence to support the theoretical
analysis. As far as we know, this type of investigation can
actually not be performed at any other operating storage
ring. However, we recognize that the deviation of the
quantitative numbers between the measurements and
theory concerning both the bunch length and energy
spread emphasizes the need for an even more improved
model. Summarizing, we state that our experimental work
supports the existence of the analyzed quantum diffusion
effect and the argument that the quantum excitation on
longitudinal emittance at a given location depends on the
longitudinal beta function there. The evidence, however,
is not strong enough to claim this is fully consistent proof
of the effect.

IV. DISCUSSIONS

The existence of this quantum diffusion means the
classical formulas of bunch length and energy spread break
down in a ring with ultrasmall global and large local phase
slippage. To realize an ultrashort bunch length and ultra-
small longitudinal emittance in an electron storage ring,
both the global and local phase slippages should be well
confined to minimize βz at all the bending magnets. Based
on the presented longitudinal Courant-Snyder formalism,
we can derive the scaling of the theoretical minimum bunch
length and longitudinal emittance in a longitudinal weak
focusing ring ðνs ≪ 1Þ with respect to the bending radius ρ
and angle θ of each bending magnet [20]
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σz;min ≈
ffiffiffiffiffiffiffiffiffiffi
2415

p

20160

ffiffiffiffiffiffi
Cq

Js

s ffiffiffi
ρ

p
γθ3 ∝

ffiffiffi
ρ

p
γθ3;

ϵz;min ≈ 2

ffiffiffiffiffiffiffiffiffiffi
2415

p

20160

Cq

Js
γ2θ3 ∝ γ2θ3: ð24Þ

A comprehensive analysis of longitudinal emittance
minimization in an electron storage ring can be found in
Ref. [10]. Now we can do some evaluation based on
Eq. (24). For example, if we want to realize steady-state
microbunches with a bunch length of 10 nm in a storage
ring at E0 ¼ 400 MeV, then we need σz;min < 10 nm to
make sure the energy spread will not grow much when the
bunch length is pushed to the desired 10 nm. If ρ ¼ 2 m,
then we need θ ≲ π

17
(corresponding to σz;min ¼ 7.5 nm and

ϵz;min ¼ 3.6 pm), which means we need around 34 bending
magnets in total for the ring. Assuming that the length of
each quasi-isochronous cell containing a bending magnet
(length of ρθ ¼ 0.37 m) is about 2 m, then the arc section
of the ring is about 68 m in length. Considering the space
needed for laser modulator which is the bunching system
for SSMB, radiation generation section, the energy replen-
ish system, etc., the circumference of such an SSMB
storage ring can be 80 to 100 m.
According to Eq. (24), in principle, we can always

implement a smaller bending angle for each bending
magnet when we want a smaller bunch length. However,
if the desired bunch length is as short as the nm level, the
required global phase slippage will be too small in practice.
On the other hand, we remind the readers that the bunch
length limit given in Eq. (24) is derived assuming that the
ring is working in the longitudinal weak focusing regime. If
we want to obtain a bunch length even shorter, longitudinal
strong focusing can be envisioned not unlike its transverse
counterpart [35,36] which is the basis for modern particle
accelerators. This approach of getting extremely short
bunches in SSMB is called longitudinal strong focusing
SSMB [3,9,21]. Another possible way of realizing ultra-
short bunches is by invoking a transverse-longitudinal
coupled lattice since then there will be some freedom in
projecting the three eigenemittances of the electron beam
into different physical dimensions. By taking advantage of
the fact that the vertical emittance in a planar electron
storage ring is rather small, the application of such trans-
verse-longitudinal coupling schemes can help relax the
requirement on the modulation laser power to realize
extremely short electron bunches in SSMB [11,37]. Such
a turn-by-turn transverse-longitudinal coupling-based
bunch compression scheme can be viewed as a generalized
longitudinal strong focusing [18,20].
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