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The accurate calculation of the beam coupling impedance for particle accelerators is necessary to
carefully assess the machine stability against impedance-driven collective effects. A first order evaluation
of the beam coupling impedance is often done by means of analytical formulas and/or 2D numerical codes.
The infinite length approximation is often used to simplify the calculation of the beam coupling impedance
of accelerator elements. This is expected to be a reasonable assumption for devices whose length is greater
than the transverse dimension but may be a less accurate approximation for segmented devices. In this
work, we present the application of the mode matching method to the calculation of the transverse dipolar
impedance of a cylindrical cavity loaded with a toroidal insert. By choosing different insert electromagnetic
properties (permittivity, permeability, and conductivity) and dimensions, the model can represent a beam
pipe, a thin insert, a lossy cavity, or a collimator for which the effect of the finite length is investigated. The
method is successfully benchmarked against available analytical formulas, field-matching codes, and 3D
commercial solvers. The proposed model allows for performing wide parametric scans and reaching
accurate results, therefore becoming an essential tool for the impedance evaluation of accelerator devices.
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I. INTRODUCTION

The impedance evaluation of finite length devices, in
particular simple cavities, has been mainly approached by
means of the field matching technique [1–6], i.e., imposing
the electric and magnetic fields continuity at the boun-
daries between the finite length device and the incoming
and outgoing beam pipes or by means of numerical
methods [7–11]. In our previous work [12], we rigorously
studied the longitudinal beam coupling impedance of a
cavity loaded with a generic linear, isotropic, stationary,
dispersive, homogenous, toroidal material, by means of the
mode matching method [13,14], which is based on the
modal expansion of the cavity fields whose coefficients can
be directly related to the external fields at the interfaces.
The present study focuses on the evaluation of the trans-
verse dipolar impedance, complementing the work of [12]
to develop a new tool for the impedance evaluation of
accelerator devices.

This paper is divided into three parts: in Sec. II, we recall
the theoretical background of the mode matching method; in
Sec. III, we derive the electromagnetic fields scattered in the
structure; in Sec. IV, we show the applications and bench-
marks for significant cases in accelerators. We compare our
model with the classical thick wall formula for resistive wall
impedance and with a commercial particle wakefield sim-
ulator. The impedance dependency on the device length will
be also studied in order to assess the validity of the usual
“infinite length” approximation and to characterize the
presence of trapped modes. Since the used approach is
non-ultrarelativistic, we also study the impedance behavior
as a function of the relativistic particle beam velocity.

II. THEORETICAL BACKGROUND

In this section, we show the expressions of the electro-
magnetic field decomposition in a closed volume. The
derived equations are the basis for the mode matching
method.
Given a volume V, enclosed in an ideal surface S ¼

SE ∪ SH, with SE perfect electric, and SH perfect magnetic
boundary surfaces, the scattered electromagnetic fields Ē
and H̄ may be decomposed by means of the Helmholtz
theorem in summation of irrotational and solenoidal
modes which constitute a complete set of orthonormal
functions [13,14]. We can write
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Ē ¼
X
n

Vnēn þ
X
n

Fnf̄n; ð1Þ

H̄ ¼
X
n

Inh̄n þ
X
n

Gnḡn; ð2Þ

where ēn and h̄n are solenoidal and f̄n and ḡn irrotational
orthonormal eigenvectors.
Table I summarizes the eigenvectors together with their

corresponding differential equations and boundary condi-
tions. In this formulation, n̂0 is the unit vector normal to S
pointing internally to the volume, while kn, μn, and νn
represent the eigenvalues corresponding to the eigenvectors.
Since the eigenvectors are determined by the geometry of

the structure under study, the problem reduces to finding
the coefficients Vn, Fn, In, and Gn. For the reader’s
convenience, we report the expression of the expansion
coefficients already derived in [12] with Zo ¼ 1=Yo, the
characteristic impedance and k ¼ ω=c, the propagation
constant in vacuum, with ω ¼ 2πf, the angular frequency.

In ¼
1

k2 − k2n

�
jkY0

Z
SE

ðĒ × h̄�nÞ · n̂0dS

− kn

Z
SH

ðē�n × H̄Þ · n̂0 d S
�
; ð3Þ

Vn ¼
1

k2 − k2n

�
jkZo

Z
SH

ðē�n × H̄Þ · n̂0dS

þ kn

Z
SE

ðĒ × h̄�nÞ · n̂0 dS
�
; ð4Þ

Gn ¼ j
Y0

k

Z
SE

ðĒ × ḡ�nÞ · n̂0 dS; ð5Þ

Fn ¼ −j
Zo

k

Z
SE

ðH̄ × f̄�nÞ · n̂0 dS: ð6Þ

It is important to note that both sets of solenoidal and
irrotational modes contribute to the EM field expansion. In

particular, while for the longitudinal case [12] the solenoi-
dal modes were sufficient, this will not be the case for the
calculation of the transverse impedance.

III. DERIVATION OF THE
ELECTROMAGNETIC FIELDS

The structure we study is a cavity of radius d connected
with a beampipe of radiusb and filledwith a toroidal insert of
thickness t ¼ d − b, as shown in Fig. 1. The choice of this
geometry allows different accelerator devices (e.g. lossy
inserts, flanges, resistive beam pipes, collimators, ferrite
loaded cavities, etc.) to be modeled in an approximate way,
for which either analytical formulas are available in a limited
range of validity or complex finite element simulations
should be envisaged. We choose a cylindrical reference
system ðr̂0; ϕ̂0; ẑ0Þ. The subdomains I and II represent the
cylindrical left and right beam pipes where reflected fields
propagate, III is the toroidal insert where radial waves can
propagate, and IV is the cavity volumewhere resonances can
be excited. Subdomains I, II, and IV are a vacuum (permit-
tivity ε0 and permeability μ0), while III is filled with a linear,
isotropic, stationary, dispersive, homogeneous material
with complex relative permittivity εfðωÞ¼ ε0fðωÞþjε00fðωÞ,
conductivity σc, and complex relative permeability
μfðωÞ ¼ μ0fðωÞ þ jμ00fðωÞ. The surface S1 divides the sub-
domain I from IV, S2, II from IV, S3, and III from IV. The
background is PEC (perfect electric conductor).

A. Source currents

To compute the transverse dipolar impedance, we con-
sider, as source current, a charged particle Q displaced at
r ¼ rS traveling at velocity v ¼ βc along ẑ0, with β the
relativistic factor. In cylindrical coordinates, this can be
written as

J bðr;ϕ; z; tÞ ¼ Qvδðr − rSÞ
δðϕÞ
rS

δðvt − zÞ; ð7Þ

where δ is the Dirac delta function and the above formula is
equivalent, in frequency domain, to

TABLE I. Eigenvector equations.

Eigenvector In V On S ¼ SE ∪ SH

ēn ∇ × ēn ¼ knh̄n
�
n̂0 × ēn ¼ 0; on SE
n̂0 · ēn ¼ 0; on SH

f̄n ¼ ∇Φn ∇2Φn þ μ2nΦn ¼ 0
�
Φn ¼ 0; on SE
∂Φn=∂n ¼ 0; on SH

h̄n ∇ × h̄n ¼ knēn
�
n̂0 · h̄n ¼ 0; on SE
n̂0 × h̄n ¼ 0; on SH

ḡn ¼ ∇Ψn ∇2Ψn þ ν2nΨn ¼ 0
�
∂Ψn=∂n ¼ 0; on SE
Ψn ¼ 0; on SH

FIG. 1. Structure under study: loaded cavity connected with
two beam pipes.
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Jbðr;ϕ; z;ωÞ ¼ Qδðr − rSÞ
δðϕÞ
rS

e−jωz=v: ð8Þ

Since we work in azimuthal symmetry, we can expand
the current in Fourier series

Jbðr;ϕ; zÞ ¼ δðr − rSÞ
X∞
m¼0

Q cosðmϕÞ
πrSð1þ δm0Þ

e−jωz=v: ð9Þ

The term m ¼ 1 is a cosðϕÞ modulated ring with radius
rS which will be used to calculate the dipolar impedance.

B. Source fields

In I, II, and IV, the source term is present. The solution in
these subdomains can be written as the superposition of
source fields and scattered fields, i.e.,

ĒðtotÞ ¼ ĒðsourceÞ þ ĒðscatteredÞ; ð10Þ

H̄ðtotÞ ¼ H̄ðsourceÞ þ H̄ðscatteredÞ: ð11Þ

Since there is only one solution to the EM problem for a
given beam excitation, we can choose as source fields, the
ones excited by a particle beam traveling in an infinitely
long perfectly conducting cylindrical beam pipe of radius
b. In this way, the tangential source field continuity on S1
and S2 is automatically ensured, simplifying the matching
operations. This approach would not be possible if the
entrance beam pipe apertures would have a different shape.
In that case, one could consider as source fields the ones
produced by a beam traveling in vacuum. It is, by the way,
also possible to formulate the mode matching problem
considering directly the source current Jbðr;ϕ; zÞ in place
of the source fields [14]. It is understood that the scattered
fields must satisfy the source-free Maxwell equations in all
the subdomains.
The source fields corresponding to the dipolar current

excitation are summarized below [15]

Er ¼ −
QZo

πβγ

α2b
b2γ

cosðϕÞI1ðsÞ
∂F1ðuÞ
∂u

e−
jzαb
b ; ð12Þ

Eϕ ¼ QZo

πβγ

α2b
b2γ

sinðϕÞI1ðsÞ
F1ðuÞ
u

e−
jzαb
b ; ð13Þ

Ez ¼
jQZo

πβγ2
α2b
b2γ

cosðϕÞI1ðsÞF1ðuÞe−
jzαb
b ; ð14Þ

Hr ¼ −
Q
πγ

α2b
b2γ

sinðϕÞI1ðsÞ
F1ðuÞ
u

e−
jzαb
b ; ð15Þ

Hϕ ¼ −
Q
πγ

α2b
b2γ

cosðϕÞI1ðsÞ
∂F1ðuÞ
∂u

e−
jzαb
b ; ð16Þ

Hz ¼ 0: ð17Þ

where

F1ðuÞ ¼ K1ðuÞ −
I1ðuÞK1ðxÞ

I1ðxÞ
; ð18Þ

with IνðuÞ and KνðuÞ representing the modified Bessel
function of order ν, respectively, of first and second
kind, αb ¼ bω=v, γ the relativistic factor, u ¼ rαb=ðbγÞ,
x ¼ αb=γ, and s ¼ rSω=ðγvÞ.

C. Scattered fields

The scattered fields for subdomains I–IV are given in
Tables II–IV in Appendix A together with their relevant
parameters.
For symmetry reasons, both TE and TM modes should

be considered. In general, the modes propagating into the
beam pipes depend on the radial mode number p and
azimuthal mode number ν, the modes in the insert depend
on the longitudinal mode number s and ν, the modes in the
cavity depend on p, ν, and s. We consider only the scattered
modes with azimuthal mode number ν ¼ 1. This is not a
restriction, because, due to the azimuthal symmetry of the
structure, modes with ν ≠ 1 do not couple with the source
field and cannot be excited. From another point of view,
they do not contribute to the field matching by having null
projection integrals. Therefore, we suppress the ν index
dependence from the field expansion.
The electric fields in the pipes and the insert (subdo-

mains I–III) are expanded as

ĒðIÞ ¼
X
p

CTM
p ĒðI;TMÞ

p þ
X
p

CTE
p ĒðI;TEÞ

p ; ð19Þ

ĒðIIÞ ¼
X
p

DTM
p ĒðII;TMÞ

p þ
X
p

DTE
p ĒðII;TEÞ

p ; ð20Þ

ĒðIIIÞ ¼
X
s

ATM
s ĒðIII;TMÞ

s þ
X
s

ATE
s ĒðIII;TEÞ

s ; ð21Þ

and analogously for the magnetic fields. In the cavity, we
have

ĒðIVÞ ¼
X
p s

VTM
p s ē

ðIV;TMÞ
p s þ

X
p s

VTE
p sē

ðIV;TEÞ
p s þ

X
p s

Fpsf̄
ðIVÞ
p s ;

ð22Þ

H̄ðIVÞ ¼
X
p s

ITMp s h̄
ðIV;TMÞ
p s þ

X
p s

ITEp sh̄
ðIV;TEÞ
p s þ

X
p s

Gpsḡ
ðIVÞ
p s :

ð23Þ
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D. Magnetic matching

We now proceed to the matching procedure in order to
find the 12 vector unknowns CTM

p , DTM
p , ATM

s , ITMp s , VTM
p s ,

CTE
p , DTE

p , ATE
s , ITEp s, VTE

p s, Gps, Fps by means of 12
functional equations: six equations can be obtained by
matching the magnetic field at the surfaces S1, S2 and S3,
four equations are provided by Eqs. (3) and (4) for
solenoidal modes and the remaining two are provided by
Eqs. (5) and (6) for the irrotational modes. Each functional
equation is transformed into an infinite set of linear
equations. We can immediately notice that Eq. (6) implies
Fps ¼ 0 since the irrotational electric modes f̄p s are null
on the subdomain IV boundaries. This condition does not
hold for the irrotational magnetic modes.

1. Matching on S3
Between regions III and IV, we impose the continuity of

longitudinal and azimuthal magnetic field components. In
the longitudinal direction, we have

HðIIIÞ
z jr¼b ¼ HðIVÞ

z jr¼b: ð24Þ

Only the TE solenoidal and H irrotational fields have a non-
null longitudinal magnetic component. Substituting the
longitudinal components from Tables III and IV, and
projecting over sinðαsz=bÞ, we get

ATE
s ¼ −

ffiffi
2
π

q
αs

bWTEsðα̃fsÞ
X∞
p¼1

Gpsβpffiffiffiffiffiffiffiffiffiffiffiffiffi
β2p − 1

q
βp s

þ
ffiffi
2
π

q
bWTEsðα̃fsÞ

X∞
p¼1

ITEp sβ2pffiffiffiffiffiffiffiffiffiffiffiffiffi
β2p − 1

q
βp s

: ð25Þ

In the azimuthal direction, we have

HðIVÞ
ϕ jr¼b þHðsourceÞ

ϕ jr¼b ¼ HðIIIÞ
ϕ jr¼b: ð26Þ

The azimuthal components are non-null for both TE and
TM fields. Substituting the field expressions from
Tables II–IV and projecting over cosðαsz=bÞ, we get

ffiffiffi
2

π

r ffiffiffiffi
L
ϵs

s
1

b

X∞
p¼1

Gpsβpffiffiffiffiffiffiffiffiffiffiffiffi
β2p − 1

q
βps

þ
ffiffiffiffi
L
π

r
αs
b

X∞
p¼1

ITEpsffiffiffiffiffiffiffiffiffiffiffiffi
β2p− 1

q
βps

þ−
ffiffiffi
2

π

r ffiffiffiffi
L
ϵs

s
1

b

X∞
p¼1

ITMps þ jα2bðð−1Þse−
jLαb
b − 1Þ

2πbγðα2b−α2sÞI1ðαbγ Þ

¼
ffiffiffiffi
L
2

r
αsWTEsðα̃fsÞ

α̃2fs
ATE

s −

ffiffiffiffi
L
ϵs

s
jαfW 0

TMsðα̃fsÞ
Zfα̃fs

ATM
s : ð27Þ

2. Matching on S1
Between subdomains I and IV, we can impose the

continuity of the transverse magnetic field components
separately for TE and TM modes

H̄ðIVÞ
t jz¼0 ¼ H̄ðIÞ

t jz¼0: ð28Þ

For TM modes, projecting over ∇tE
ðIÞ
zq × ẑ0, we get

X∞
s¼0

ffiffiffiffi
ϵs

p
ITMp s ¼ jb

ffiffiffiffi
L

p
αo

Zoα
2
p

CTM
p : ð29Þ

For TE modes, projecting over ∇tH
ðIÞ
zq , we get

X∞
s¼0

αs
ffiffiffi
2

p

βp s
ITEp s þ

X∞
s¼0

βp
ffiffiffiffi
ϵs

p
βp s

Gps ¼
jb

ffiffiffiffi
L

p
β̃p

β2p
CTE

p : ð30Þ

3. Matching on S2
Analogously, between subdomains II and IV, we have,

for TM modes

X∞
s¼0

ð−1Þs ffiffiffiffi
ϵs

p
ITMp s ¼ jb

ffiffiffiffi
L

p
αo

Zoα
2
p

DTM
p ; ð31Þ

and for TE modes

X∞
s¼0

ffiffiffi
2

p ð−1Þsαs
βp s

ITEp s þ
X∞
s¼0

ð−1Þsβp ffiffiffiffi
ϵs

p
βp s

Gps

¼ −
jb

ffiffiffiffi
L

p
β̃p

β2p
DTE

p : ð32Þ

E. Electric matching

According to the assumed expansion in the subdomain
IV, the tangential component of the electric field on the
boundary S ¼ S1 ∪ S2 ∪ S3 ¼ SE is null by definition and
the expansion given by Eqs. (22) and (23) does not
converge uniformly on the boundaries. This difficulty is
circumvented by resorting to Eqs. (3) and (4). We get the
following relation between modal coefficients Ips and Vps

ITMp s ¼ jbαo
Zoðα2o − α2p sÞ

Z
S
ðĒ × h̄�ðIV;TMÞ

p s Þ · n̂0dS; ð33Þ

VTM
p s ¼ −

jZoαp s

αo
ITMp s ; ð34Þ

ITEp s ¼
jbαo

Zoðα2o − β2p sÞ
Z
S
ðĒ × h̄�ðIV;TEÞp s Þ · n̂0dS; ð35Þ

VTE
p s ¼ −

jZoβp s

αo
ITEp s: ð36Þ
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The surface integral has to be split for S1, S2, and S3, and
after some algebra leads to

ITMp s ¼ jbαo
Zoðα2o − α2p sÞ

�
jbα̃p
α2p

ffiffiffiffi
ϵs
L

r
CTM

p

þ jbα̃p
α2p

ð−1Þs
ffiffiffiffi
ϵs
L

r
DTM

p þ
ffiffiffiffiffiffi
2π

p
WTMsðα̃fsÞATM

s

�
;

ð37Þ

and

ITEp s ¼
jbαo

Zoðα2o − β2p sÞ
�

jbαoαs
Y0β

2
pβp s

ffiffiffiffi
2

L

r
CTE

p

−
jbαoαs
Y0β

2
pβp s

ffiffiffiffi
2

L

r
ð−1ÞsDTE

p

þ −
j

ffiffiffiffiffiffi
2π

p
αfβ

2
pðδs0 − 1ÞW 0

TEsðα̃fsÞ
Yf

ffiffiffiffiffiffiffiffiffiffiffiffiffi
β2p − 1

q
βp sα̃fs

ATE
s

−
ffiffiffi
π

p
αs

ffiffiffiffi
ϵs

p ðα2f − β2p sÞWTMs ðα̃fsÞffiffiffiffiffiffiffiffiffiffiffiffiffi
β2p − 1

q
βp s α̃

2
fs

ATM
s

�
: ð38Þ

The Gps coefficients of the irrotational modes H can be
derived from Eq. (5) which, in this context, may be
rewritten as

Gps ¼
jbY0

αo

Z
S
ðĒ × ḡ�p sÞ · n̂0 dS: ð39Þ

Solving the integral, we have

Gps ¼
jbY0

αo

×
�
−

ffiffi
π
2

p
βpϵsððδs0 þ 1Þα̃2fs þ α2sÞWTMsðα̃fsÞffiffiffiffiffiffiffiffiffiffiffiffiffi

β2p − 1
q

βp s α̃
2
fs

ATM
s

−
j

ffiffiffi
π

p
αfβpαs

ffiffiffiffi
ϵs

p
W 0

TEsðα̃fsÞ
Yf

ffiffiffiffiffiffiffiffiffiffiffiffiffi
β2p − 1

q
βp sα̃fs

ATE
s

þ jbαo
Y0βpβp s

ffiffiffiffi
ϵs
L

r
CTE

p −
jbð−1Þsαo
Y0βpβp s

ffiffiffiffi
ϵs
L

r
CTE

p

�
: ð40Þ

Up to this point, we collected nine independent relations
given by Eqs. (25), (27), (29), (30)–(32), (37), (38), and
(40) in nine variables, CTM

p , DTM
p , ATM

s , ITMp s , CTE
p , DTE

p ,
ATE

s , ITEp s, Gps. The VTM
p s coefficients are linearly related to

the ITMp s with Eq. (34) and similarly for the VTE
p s ones.

F. Sum manipulation

In order to simplify the numerical implementation of the
equations, some series can be closed. In the following, we
will use the results summarized in Appendix B.
Inserting Eq. (37) in Eq. (29) and summing over the s

index with Eqs. (B1) and (B2), we get

CTM
p

�
cot

�
Lα̃p
b

�
þ j

�
þ DTM

p csc

�
Lα̃p
b

�

¼ j

ffiffiffiffiffiffi
2π

L

r
α2p

X∞
s¼0

ffiffiffiffi
ϵs

p
WTMsðα̃fsÞ
α2o − α2p s

ATM
s : ð41Þ

In a similar way, inserting Eq. (37) in Eq. (31), we get

CTM
p csc

�
Lα̃p
b

�
þ DTM

p

�
cot

�
Lα̃p
b

�
þ j

�

¼ j

ffiffiffiffiffiffi
2π

L

r
α2p

X∞
s¼0

ð−1Þs ffiffiffiffi
ϵs

p
WTMsðα̃fsÞ

α2o − α2p s
ATM

s : ð42Þ

Solving the system in the two variables CTM
p and DTM

p

and passing to a matrix representation, we have

CTM
P×1 ¼ N1P×P · M1P×S ·ATM

S×1; ð43Þ

DTM
P×1 ¼ N1P×P · M1P×S · IIS×S ·ATM

S×1; ð44Þ

with matrix elements reported in Eqs. (C1)–(C3) of
Appendix C.
Another system can be obtained by inserting Eqs. (38)

and (40), respectively, in Eqs. (30) and (32). Summing over
the s index with Eqs. (B3)–(B6), we get

CTE
P×1 ¼ N2P×P · M2P×S ·ATE

S×1

þ N2P×P · M3P×S ·ATM
S×1; ð45Þ

DTE
P×1 ¼ N2P×P · M2P×S · IIS×S ·ATE

S×1

þ N2P×P · M3P×S · IIS×S ·ATM
S×1; ð46Þ

with matrix elements reported in Eqs. (C4)–(C6).
Inserting Eqs. (37), (38), and (40) in Eq. (27) and

summing over the index p making use of Eqs. (B13)–
(B17), we get

BS×1 þ F1S×S ·ATE
S×1 þ F2S×S ·ATM

S×1

− ðT1S×S · G1S×P þ T2S×S · G2S×PÞ · CTE
P×1

þ IIS×S · ðT1S×S · G1S×P þ T2S×S · G2S×PÞ ·DTE
P×1

þ T3S×S · G3S×P · CTM
P×1

þ IIS×S · T3S×S · G3S×P ·DTM
P×1 ¼ 0; ð47Þ

and the matrix elements are reported in Eqs. (C7)–(C15).
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Inserting Eqs. (38) and (40) in Eq. (25) making use of
Eqs. (B14) and (B17)–(B19), we get

F3S×S ·ATE
S×1 þ F4S×S ·ATM

S×1

− ðT4S×S · G4S×P − T5S×S · G5S×PÞ · CTE
P×1

þ IIS×S · ðT4S×S · G4S×P − T5S×S · G5S×PÞ · DTE
P×1 ¼ 0;

ð48Þ

where the matrix elements are reported in Eqs.
(C16)–(C21).
Recapitulating the matching equations, we have six

vector equations in six independent vector variables, the
problem is formally solved and the coefficientsCTM

P×1,D
TM
P×1,

CTE
P×1, D

TE
P×1, A

TM
S×1, and ATE

S×1 can be now found with a
numerical inversion of the truncated matrices.

G. Impedance calculation

The transverse dipolar impedance can be calculated
dividing the calculation for the three subdomains I, II,
and IV. From now on, we consider a small source
displacement, i.e., rS → 0, so that we can simplify the
source matrix BS×1 of Eq. (47) with I1ðsÞ=rS → 1=2. In
subdomain I, we have

ZðIÞ
dipðωÞ ¼ j

Z0
−∞

dz ejαbz=b
X∞
p¼1

CTM
p ðEðI;TMÞ

rp − βcμ0H
ðI;TMÞ
ϕp

Þ

þ j
Z0
−∞

dzejαbz=b
X∞
p¼1

CTE
p ðEðI;TEÞ

rp − βcμ0H
ðI;TEÞ
ϕp

Þ:

Substituting the field components from Tables II and III and
integrating, we get

ZðIÞ
dipðωÞ ¼

X∞
p¼1

jbCTM
p ðα̃p þ βαoÞffiffiffiffiffiffi

2π
p

α2pJ0ðαpÞðα̃p þ αbÞ

þ
X∞
p¼1

−jbCTE
p ðββ̃p þ αoÞffiffiffiffiffiffi

2π
p

Yoβ
2
p

ffiffiffiffiffiffiffiffiffiffiffiffiffi
β2p − 1

q
J0ðβpÞðβ̃p þ αbÞ

:

ð49Þ

Analogously, we can do this for subdomain II obtaining

ZðIIÞ
dip ðωÞ ¼

X∞
p¼1

−jbDTM
p e

jLαb
b ðβαo − α̃pÞffiffiffiffiffiffi

2π
p

α2pJ0ðαpÞðαb − α̃pÞ

þ
X∞
p¼1

jbDTE
p e

jLαb
b ðαo − ββ̃pÞffiffiffiffiffiffi

2π
p

Yoβ
2
p

ffiffiffiffiffiffiffiffiffiffiffiffiffi
β2p − 1

q
J0ðβpÞðαb − β̃pÞ

:

ð50Þ

Truncating at pmax ¼ P radial modes, we have

ZðIÞ
dip ¼ ZCTM

1×P · CTM
P×1 þ ZCTE

1×P ·CTE
P×1; ð51Þ

ZðIIÞ
dip ¼ ZDTM

1×P ·DTM
P×1 þ ZDTE

1×P ·DTE
P×1; ð52Þ

with matrix elements reported in Eqs. (D1)–(D4) of
Appendix D.
In cavity subdomain IV, the fields are given by Eqs. (22)

and (23). We consider separately the contribution of TM,
TE, and irrotational modes to the impedance. Starting from
the TM contribution, we have

ZðIVTMÞ
dip ðωÞ

¼
X∞
p s

j
ZL
0

dzejαbz=bðVTM
p s e

ðIV;TMÞ
rp s − βZoITMp s h

ðIV;TMÞ
ϕp s

Þ:

To solve this expression, we can write the coefficients VTM
p s

as function of ITMp s resorting to Eq. (34) and substitute the
ITMp s by means of Eq. (37) in order to recollect the known
coefficients CTM

p , DTM
p , and ATM

s . Substituting the field
expressions from Table IV and summing over p and s
indices with the help of Eqs. (B20), (B7), and (B8), we get

ZðIVTMÞ
dip ¼ ZIVTM;CTM

1×P · CTM
P×1 þ ZIVTM;DTM

1×P ·DTM
P×1

þ ZIVTM;ATM
1×S ·ATM

S×1;

where we truncated the matrices at pmax ¼ P and smax ¼ S.
The matrix elements are reported in Eqs. (D5)–(D6).
In a similar way, we can derive the TE contribution

ZðIVTEÞ
dip ðωÞ

¼
X∞
p s

j
ZL
0

dz ejαbz=bðVTE
p se

ðIV;TEÞ
rp s − βZoITEp sh

ðIV;TEÞ
ϕp s

Þ:

The VTE
p s coefficients can be expressed in function of ITEp s

resorting to Eq. (36) and we can substitute the ITEp s by
means of Eq. (38) and the known coefficients CTE

p , DTE
p ,

ATM
s , and ATE

s . We get

ZðIVTEÞ
dip ¼ ZIVTE;CTE

1×P ·CTE
P×1 þ ZIVTE;DTE

1×P ·DTE
P×1

þ ZIVTE;ATM
1×S ·ATM

S×1 þ ZIVTE;ATE
1×S ·ATE

S×1:

It is interesting to notice the presence of the term ATM
s

which couples in the impedance the effect of both TE and
TMmodes. Substituting the field expressions and summing
over the p and s index using Eqs. (B21), (B22), (B9), and
(B10), we get Eqs. (D8)–(D11).
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The last impedance term is the one coming from the
irrotational modes. Since we found Fps ¼ 0, we calculate
only the contribution from the modes H, i.e., involving the
Gps coefficients. We have

ZðIVHÞ
dip ðωÞ ¼

X∞
p s

j
ZL
0

dz ejαbz=bð−βZoGpsgϕp s
Þ:

Inserting Eq. (40), we can write Gps as a function of the
known coefficients CTE

p , DTE
p , ATM

s , and ATE
s and obtain

ZðIVHÞ
dip ¼ ZIVH;CTE

1×P · CTE
P×1 þ ZIVH;DTE

1×P · DTE
P×1

þ ZIVH;ATM
1×S ·ATM

S×1 þ ZIVH;ATE
1×S ·ATE

S×1:

Substituting the field expressions and summing over the p
and s index using Eqs. (B21), (B11), and (B12), we get
Eqs. (D12)–(D15).
The impedance can therefore be written as

ZdipðωÞ ¼ ZðIÞ
dipðωÞ þ ZðIIÞ

dip ðωÞ þ ZðIVTMÞ
dip ðωÞ

þ ZðIVTEÞ
dip ðωÞ þ ZðIVHÞ

dip ðωÞ: ð53Þ
As we anticipated in Sec. II, and contrary to the longi-
tudinal impedance case studied in [12], Eq. (53) also shows
a contribution from the irrotational modes.

IV. APPLICATIONS

In this section, we show a series of studies related to the
impedance dependence on the conductivity σ of the material
in region III, on the lengthL of the device, and on thevelocity
v of the particle beam. The model dimensions are, unless
differently specified, b ¼ 5 cm, t ¼ 25 cm, andL ¼ 20 cm
according to Fig. 1. The material filling region III has the
properties εd ¼ ε0 − jσc=ω, μd ¼ μ0.
First, we will show the convergence of the method as a

function of the number of simulated cavity modes (IVA),
then resonant frequencies (IV B), and the low frequency
impedance in an empty cavity (IV C). We will then consider
the case of a conductive insert (IV D) with a detailed analysis
of related trappedmodes (IV E).Weconclude by showing the
impedance dependence on beam velocity (IV F).

A. Convergence

Depending on the case under study, the convergence
of the mode matching depends on the number of longi-
tudinal S modes and radial P modes used in the matrix
computation. We defined S and P as the maximum number
of longitudinal and radial cavity modes, with s and p
the longitudinal and radial mode indices. Once S and P
are fixed, the modal index is p ∈ ð1;…; PÞ and s ∈
ð0;…; S − 1Þ for TM modes and s ∈ ð1;…; SÞ for TE
modes. This is also the convention in the MATLAB [16] code

we implemented. Given the geometry (in terms of beam
pipe radius b, cavity thickness t, and insert length L), we
can estimate the maximum number of modes P and S
needed in order to reach the maximum frequency fmax we
are interested in.
Figure 2 shows the impedance calculation for the case of

a resistive insert with σc ¼ 106 S=m. Different choices of S
are shown (S ¼ 5, 10, 15, 25) for the same number of radial
modes (P ¼ 5). In the case of S ¼ 25, we reach conver-
gence in the frequency span from 0 to 10 GHz, the region of
typical interest in accelerator physics applications. If
instead, we consider the case S ¼ 5, P ¼ 5, the maximum
frequency fmax that could be simulated is 3.8 GHz. The
number of radial modes P is less relevant since the current
flows mainly on the insert surface and therefore radial
resonances are not expected.
For low conductivity, resonant modes start to appear and

the role of P modes becomes evident. Figure 3 shows the
case for a very narrow empty cavity (σc ¼ 10−10 S=m). In
this case, S ¼ 1 is sufficient to cover the frequency range of
interest while, due to the thickness, we have to consider
P ¼ 20 in order to obtain a reasonable convergence. The
frequency is normalized over the first beam pipe propa-
gating mode (TE11), known as cutoff frequency, defined as

fTEco ¼ β1;1
c
b
; ð54Þ

where β1;1 ≃ 1.8411 is the eigenvalue corresponding to the
TE11 propagating mode. We let the reader notice, that
convergence is reached regardless the ratio of S=P. This is
sometimes required in other studies involving a truncation
of a doubly infinite set of equations [17].

B. Empty cavity: Mode excitation

The TM and TE modes in an empty cavity are given by
(see, for example [13])
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FIG. 2. Convergence of mode matching as a function of the
number of longitudinal modes S. Mode matching parameters:
b ¼ 5 cm, t ¼ 25 cm, L ¼ 20 cm, σc ¼ 106 S=m, β ¼ 1.
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fTM1;p;s ¼
c

2πb

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
α21;p þ α2s

q
;

with s ∈ ð0; 1;…Þ and p ∈ ð1; 2;…Þ; ð55Þ

fTE1;p;s ¼
c

2πb

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
β21;p þ α2s

q
;

with s ∈ ð1; 2;…Þ and p ∈ ð1; 2;…Þ; ð56Þ

where we restricted ourselves to the dipole modes. In order
to compare the mode frequency from theory and mode
matching implementation, we choose a small beam pipe
radius with respect to the cavity thickness (b ¼ 1 cm and
t ¼ 25 cm): in this way, we can push the beam pipe cutoff
frequency fTEco well above the first cavity resonant mode
avoiding the resonant frequency shift due to the coupling
with the beam pipes. The conductivity σc, moreover, has
been set to σc ¼ 10−7 S=m in order to be able to appreciate
the resonant shape in the real part of the impedance (a null
conductivity would give rise to Dirac functions at resonant
frequencies). Figure 4 shows the real part of the transverse
dipolar impedance. Arrows are placed at the frequencies
calculated with Eqs. (55) and (56). A good agreement for
the resonant frequency location is observed between these
predictions and the mode matching modes. We note that,
even if the beam represents a TM-like excitation (there is no
magnetic field component in the z direction), the TE modes
are anyway excited. The slow impedance growth toward
low frequencies is due to the fact that we had to choose a
small, but nonzero, conductivity σc in order to make the
modes visible: this does not in any way affect the mode
location whose frequency implies ωε0 ≫ σc.

C. Empty cavity: Low frequency impedance

The impedance of an empty cavity at low frequency
represents a classical problem already analyzed by other
authors. In particular, here, we compare the mode matching
transverse impedance with formulas given in [18] for the
low frequency regime. The impedance at low frequency is

Zlow freq
dip ¼ −j

Z0L
πb2

S2 − 1

S2 þ 1
; ð57Þ

valid for L < π2 b
32
[19] and f < fTM010

with S¼ ðbþ tÞ=b.
Figure 5 shows the convergence to the theoretical value for
small cavity length. With L < 0.001, the condition L <
π2 b

32
is fulfilled within 6% and mode matching and theory

FIG. 3. Convergence of mode matching as a function of the
number of radial modes P. Frequency is normalized over the first
beam pipe propagating mode (TE11). Mode matching parameters:
b ¼ 5 cm, t ¼ 45 cm, L ¼ 2 mm, σc ¼ 10−10 S=m, β ¼ 1.
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are closer. We observe that, outside of the range of
applicability of the analytical formula, the low frequency
impedance does not scale linearly with the insert length.

D. Conductive insert: Benchmark on length,
thickness, and conductivity

We introduce two frequency parameters fc and fskin. The
parameter fc is the frequency limit at which a metal with a
given conductivity σc can be treated as a good conductor
(σc > ωε0) and is defined as

fc ¼
σc
2πε0

: ð58Þ

The parameter fskin is the frequency at which the skin depth
δskin ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2=ðωμσcÞ

p
equals the insert thickness t. It is

important to notice that we can define fskin only in the
hypothesis of good conductor, i.e., σc > ωε0 or f < fc.

1. Case f < f c and t < b, L > b

For long devices and thin conducting layers, the resistive
wall theory can be applied in both low frequency regime
(LF, valid for f < fskin) and intermediate frequency regime
(IF, valid for f > fskin) [18,20]. The classical resistive wall
formulas in these regimes are

ZLF
dip ¼

jZot
πb3

L; ð59Þ

ZIF
dip ¼

βc
ω

1þ j
πσcδskinb3

L: ð60Þ

Figure 6 shows the comparison between mode matching
and the classical theory of resistive wall impedance: the
agreement is good within a wide range of frequencies in
both LF and IF regimes.

2. Case f < f c and t > b

In case the thickness becomes comparable or larger than
the beam pipe radius (e.g., in collimators), the LF resistive
wall formula does not hold anymore since it assumes
t ≪ b. In order to cover this range of frequencies, we can
compare our model with IW2D [21], a 2D code based on
field matching to study the impedance of multilayer beam
pipes of flat and circular cross sections. It is important to
note that IW2D does not implement PEC layers. In order to
simulate our boundary condition, we therefore chose an
ideally highly conductive material with σc ¼ 1010 S=m and
infinite thickness.
Figure 7 shows the impedance normalized over the

cavity length. The normalization is performed as IW2D is
developed within the infinite length approximation. When
L < b, the transverse LF impedance in the mode matching
model becomes higher by up to a factor 2 with respect to
IW2D [see Fig. 7 (bottom)]. This effect becomes apparent

only for short inserts at very low frequencies (10–100 Hz)
and it is related to the increased insert capacitance.

3. Case f > f c and L > b, t > b

To complete our treatment, we consider the case of
elongated structures with low conductivity, i.e., σc ∈
ð10−5;…; 105Þ S=m for which cavity resonances start to
play a role and analytical formulas are not available. The
low conductivity could represent effective dielectric losses
characterized by the material loss tangent tan δ for which
σc;eq ¼ ωε0εr tan δ (e.g., ceramic chambers). To prove
the validity of our method also in this case, we can
benchmark it with the Wakefield solver of a commercial
particle simulation tool, CST Studio Suite® by Dassault
Systèmes [22]. CST is a time domain code in which a
truncated Gaussian particle distribution ρðsÞ can be tracked
along the device under test. The bunch length settles the
maximum simulated frequency.
Figure 8 shows the mode matching benchmark with CST

for σc ¼ 10−2 S=m and with a bunch length σb ¼ 2 cm
where a good agreement has been achieved.

10
2

10
4

10
6

10
8

10
10

10
−1

10
0

10
1

10
2

10
3

=10
3
 S/m

=10
4
 S/m

=10
5
 S/m

=10
6
 S/m

f [Hz]

R
e(

Z
d
ip

) 
[

/m
]

Mode Matching

Theory IF

10
2

10
4

10
6

10
8

10
10

10
0

10
1

10
2

=10
3
 S/m

=10
4
 S/m

=10
5
 S/m

=10
6
 S/m

f [Hz]

Im
(Z

d
ip

) 
[

/m
]

Mode Matching

Theory IF

Theory LF

FIG. 6. Comparison between mode matching and the
classical theory of resistive wall of [18,20] real and imaginary
part of the transverse impedance. Mode matching parameters:
b ¼ 5 cm, t ¼ 500 μm, L ¼ 20 cm, σc ∈ ð103;…; 106Þ S=m,
β ¼ 1, P ¼ 10, S ¼ 20.
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E. Trapped modes

An interesting effect, relevant for short inserts with low
conductivity, is the presence of trapped modes below the
beam pipe cutoff frequencies, which could be of interest in
the frame of beam stability studies. In the longitudinal
plane, this effect was studied close to the TM01 cutoff and it
was characterized by a transmission line model with
lumped parameters. While the same effect appears also
on the dipolar impedance, close to the TE cutoff frequen-
cies, a similar model is not easily applicable. Figure 9, on
the top, shows the dipolar impedance perturbed by a
trapped mode slightly below cutoff. We may note that at
exactly the cutoff frequency, i.e., f=fTEco ¼ 1, the imped-
ance appears unperturbed, as shown in the bottom plot.
The trapped mode frequency shift relative to the TE11

cutoff frequency has been evaluated for small discontinu-
ities by different authors [23,24]. Here, we compare the
perturbation theory developed in [24] to the trapped mode
frequency shift calculated with the mode matching and CST

simulations. Figure 10 shows the comparison between the
three different methods as a function of the ratio t=b of the
cavity. While there is agreement between the perturbative
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method and the mode matching for very small cavity
thicknesses, a deviation from the perturbative theory starts
to appear when t=b > 10−4. CST simulations have been
performed from t=b ≥ 2 × 10−4 due to practical meshing
limits. This study further confirms the mode matching
flexibility and reliability as a tool to evaluate the dipolar
impedance over a wide range of parameters.

F. Impedance dependence on relativistic β

We now benchmark the mode matching method for
impedance calculation in the case of non-ultrarelativistic
beam velocities, i.e., β < 1. This problem is of interest to
machines working in the first stages of beam acceleration.
For example, in the CERN Low Energy Ion Ring (LEIR),
the Pb54þ beam is first injected at 4.2 MeV=nucleon and
accelerated to 72.2 MeV=nucleon, which corresponds to a
swing in relativistic β from 0.09 to 0.37. At low β, effects
like space charge (SC) become relevant for the beam
dynamics and play a key role in the overall beam stability.
The resistive wall impedance of circular vacuum cham-

bers in the low β regime was already studied in the past in
[25] and [26] and generalized within the IW2D code [21].
These approaches are all valid for infinitely long beam
pipes, i.e., where edge effects and/or cavity resonances are
not expected to appear.
Since the source fields for the impedance calculations are

the fields produced by a beam traveling in a perfectly
conducting beam pipe, the impedance calculated with the
mode matching does not take into account the direct and
indirect space charge (DSC and ISC). The DSC represents
the direct interaction of the source particle field with the test
particle, the ISC the interaction with the scattered fields of

the perfectly conducting beam pipe. Since in the IW2D code,
the ISC impedance is embedded in the impedance calcu-
lation, we add the ZISC term to the impedance calculated
with the mode matching.
The ISC transverse impedance per unit meter in a round

beam pipe of radius b is given by [15]

ZISC
dip ¼ jI21ðsÞZo

βγ2πr2S

K1ðxÞ
I1ðxÞ

: ð61Þ

For rS → 0, the expressions simplify to

ZISC
dip ¼ jω2Zo

4πc2β3γ4
K1ðxÞ
I1ðxÞ

: ð62Þ

For small argument of x, we recover the well-known
formulas showing the 1=γ2 dependence

ZISC
dip ¼ jZo

2πβγ2
1

b2
: ð63Þ

Figure 11 shows the comparison between IW2D code and
the mode matching for a high conductivity material. The
reader can appreciate the very good agreement between the
two codes for varying β. Also, as described in detail in [12],
both real and imaginary parts exhibit a roll-off behavior at
high frequencies due to the finite beam spectrum for β ≠ 1.
The ultrarelativistic beam approximation, commonly

used in impedance calculations, constitutes, in the case
of the real part of the impedance, the worst-case scenario.
The discrepancy at low frequencies is due to the PEC
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approximation made in the IW2D code, for which we
considered a layer with high conductivity (σ ¼ 1014 S=m).

V. CONCLUSION

In this work, we presented the application of the mode
matching method for the calculation of the transverse
driving impedance of a cylindrical cavity loaded with a
toroidal insert. While the same method has been applied in
the past for the computation of longitudinal impedances, it
is the first time that it is implemented for the transverse
case. Notably, the inclusion of the full set of solenoidal and
irrotational modes is necessary to correctly compute the
impedance.
Despite the simplicity of the chosen geometry, the model

can serve as a first impedance estimator for various devices
(e.g., lossy inserts, flanges, resistive beam pipes, collima-
tors, ferrite loaded cavities, etc.) allowing flexible and
accurate parametric explorations (see, e.g., the application
performed in [27]). An extensive set of benchmark results
against available analytical formulas, field matching codes,
and commercial solvers has been performed highlighting
the method’s reliability and good performance over a wide
range of parameters.
After having demonstrated the rapid convergence of the

method, we successfully benchmarked the approach for an
empty cavity, a cavity at low frequency and a resistive wall
impedance in both low and intermediate frequency regimes.
For this last case, we investigated the validity of the 2D
infinite length approximation for the computation of
resistive wall impedance showing that this is valid only
for devices whose length is larger than the transverse
direction. We also successfully compared the method
against CST time domain simulations for structures where
analytical formulas are not available. Moreover, the pres-
ence of trapped modes introduced by small beam pipe
deformations has been investigated and compared to
perturbative methods and CST time domain simulations.

Since the used approach is non-ultrarelativistic, we also
performed a benchmark of the impedance behavior as a
function of the relativistic particle beam velocity.
Based on these results, the method proved to be a

powerful new tool for the evaluation of the impedance
of accelerator devices. The generalization of the method to
arbitrary cavity geometries is currently being addressed by
performing a 3D numerical modal decomposition (e.g.,
with the Eigenmode solver of CST) in place of the analytical
one performed for the geometry addressed in this work.
This would allow a direct computation of the impedance in
frequency domain for structures more general than the ones
treated in this work.
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APPENDIX A: FIELD TABLES

The fields are defined with the following parameters:
(i) αp: pth zero of the Bessel function JνðxÞ with ν ¼ 1.
(ii) βp: pth zero of the Bessel function J0νðxÞ with ν ¼ 1.
(iii) J01: derivative of Bessel J1 function with respect to r.
(iv) ko: characteristic constant in vacuum ko ¼ ω

ffiffiffiffiffiffiffiffiffi
μoεo

p
.

(v) kf: characteristic constant in the insert material
kf ¼ ω

ffiffiffiffiffiffiffiffiffi
μfεf

p .
(vi) Zo: characteristic impedance in vacuum

Zo ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
μo=εo

p
.

(vii) Zf: characteristic impedance in the insert material
Zf ¼ ffiffiffiffiffiffiffiffiffiffiffiffi

μf=εf
p

.
(viii) αo: normalized characteristic constant in vacuum

αo ¼ kob.
(ix) αf: normalized characteristic constant in the insert

material αf ¼ kfb.

TABLE II. TM scattered field components (subdomains I–III).

Scattered fields TM Left pipe (I) Right pipe (II) Insert (III)

Er j b J0
1
ðrαpb Þ cosðϕÞα̃p
α2pT TM

s
e
jzα̃p
b − j b J0

1
ðrαpb Þ cosðϕÞα̃p
α2pT TM

s
e−

jðz−LÞα̃p
b − αs cosðϕÞ sinðzαsb ÞW 0

TMsð
rα̃fs
b Þ

LTM
s α̃fs

Eϕ − j b sinðϕÞα̃pJ1ðrαpb Þ
rα2pT TM

s
e
jzα̃p
b

j b sinðϕÞα̃pJ1ðrαpb Þ
rα2pT TM

s
e−

jðz−LÞα̃p
b b αs sinðϕÞ sinðzαsb ÞWTMsð

rα̃fs
b Þ

rLTM
s α̃2fs

Ez cosðϕÞJ1ðrαpb Þ
T TM

s
e
jzα̃p
b

cosðϕÞJ1ðrαpb Þ
T TM

s
e−

jðz−LÞα̃p
b cosðϕÞ cosðzαsb ÞWTMsð

rα̃fs
b Þ

LTM
s

Hr − j b αo sinðϕÞJ1ðrαpb Þ
rZoα

2
pT TM

s
e
jzα̃p
b − j b αo sinðϕÞJ1ðrαpb Þ

rZoα
2
pT TM

s
e−

jðz−LÞα̃p
b − j b αf sinðϕÞ cosðzαsb ÞWTMsð

rα̃fs
b Þ

rZfLTM
s α̃2fs

Hϕ −j b αo cosðϕÞJ01ð
rαp
b Þ

Zoα
2
pT TM

s
e
jzα̃p
b

−j b αo cosðϕÞJ01ð
rαp
b Þ

Zoα
2
pT TM

s
e−

jðz−LÞα̃p
b − j αf cosðϕÞ cosðzαsb ÞW 0

TMsð
rα̃fs
b Þ

ZfLTM
s α̃fs

Hz 0 0 0
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(x) α̃p: beam pipe normalized propagation constant

α̃p ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
α2o − α2p

q
.

(xi) αs: longitudinal normalized cavity TM eigenvalue
αs ¼ sπ b

L.
(xii) βs: longitudinal normalized cavity TE eigenvalue

βs ¼ αs.
(xiii) α̃fs: radial normalized propagation constant in the

insert α̃fs ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
α2f − α2s

q
.

(xiv) αp s: cavity TM eigenvalues αp s ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
α2p þ α2s

q
.

(xv) βp s: cavity TE eigenvalues βp s ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
β2p þ β2s

q
.

(xvi) WTMs: radial TM wave function in the insert

WTMsðrÞ ¼ Hð2Þ
ν ðrα̃fsb Þ − Hð2Þ

ν ðcα̃fsb Þ
Hð1Þ

ν ðcα̃fsb Þ
Hð1Þ

ν ðrα̃fsb Þ calculated in

r ¼ b with ν ¼ 1.
(xvii) W 0

TMs: derivative of WTMsðrÞ with respect to r
calculated in r ¼ b.

(xviii) WTEs: radial TE wave function in the insert

WTEsðrÞ ¼ Hð2Þ
ν ðrα̃fsb Þ − H0ð2Þ

ν ðcα̃fsb Þ
H0ð1Þ

ν ðcα̃fsb Þ
Hð1Þ

ν ðrα̃fsb Þ calculated in

r ¼ b with ν ¼ 1.
(xix) W 0

TEs: derivative of WTEsðrÞ with respect to r
calculated in r ¼ b.
(xx) VTM

p s : norm of solenoidal modes VTM
p s ¼

b
ffiffi
π
2

p ffiffiffi
L
ϵs

q
J0ðαpÞ αp s

αp
.

(xxi) VTE
p s: norm of solenoidal modes VTE

p s ¼
b

ffiffi
π
2

p ffiffiffi
L
2

q ffiffiffiffiffiffiffiffiffiffiffiffiffi
β2p − 1

q
J0ðβpÞ βp s

βp
.

(xxii) VE
p s: norm of electric irrotational modes

VE
p s ¼ 1

2

ffiffiffi
π

p ffiffiffiffi
L

p
αp sJ0ðαpÞ.

(xxiii) VH
p s: norm of magnetic irrotational modes

VH
p s ¼

ffiffi
π
2

p
βp sJ0ðβpÞ

ffiffiffi
L
ϵs

q ffiffiffiffiffiffiffiffiffiffiffiffiffi
β2p − 1

q
.

(xxiv) T TE
p : transverse norm T TE

p ¼ ffiffi
π
2

p
βp

ffiffiffiffiffiffiffiffiffiffiffiffi
β2p − 1

q
J0ðβpÞ.

(xxv) T TM
p : transverse norm T TM

p ¼ ffiffi
π
2

p
αpJ0ðαpÞ.

TABLE III. TE scattered field components (subdomains I–III).

Scattered fields TE Left pipe (I) Right pipe (II) Insert (III)

Er − j b αo cosðϕÞJ1ðrβpb Þ
rY0β

2
pT TE

p
e
jzβ̃p
b − j b αo cosðϕÞJ1ðrβpb Þ

rY0β
2
pT TE

p
e−

jðz−LÞβ̃p
b − j b αf cosðϕÞ sinðzαsb ÞWTEsð

rα̃fs
b Þ

LTE
s rYf α̃

2
fs

Eϕ j b αo sinðϕÞJ0
1
ðrβpb Þ

Y0β
2
pT TE

p
e
jzβ̃p
b − j b αo sinðϕÞJ0

1
ðrβpb Þ

Y0β
2
pT TE

p
e−

jðz−LÞβ̃p
b

j αf sinðϕÞ sinðzαsb ÞW 0
TEsð

rα̃fs
b Þ

LTE
s Yf α̃fs

Ez 0 0 0

Hr j b J0
1
ðrβpb Þ sinðϕÞβ̃pffiffiffiffi
2π

p
β2pT TE

p
e
jzβ̃p
b − j b J0

1
ðrβpb Þ sinðϕÞβ̃p
β2pT TE

p
e−

jðz−LÞβ̃p
b

αs sinðϕÞ cosðzαsb ÞW 0
TEsð

rα̃fs
b Þ

LTE
s α̃fs

Hϕ j b cosðϕÞβ̃pJ1ðrβpb Þ
rβ2pT TE

p
e
jzβ̃p
b − j b cosðϕÞβ̃pJ1ðrβpb Þ

rβ2pT TE
p

e−
jðz−LÞβ̃p

b
b αs cosðϕÞ cosðzαsb ÞWTEsð

rα̃fs
b Þ

LTE
s rα̃2fs

Hz sinðϕÞJ1ðrβpb Þ
T TE

p
e
jzβ̃p
b

sinðϕÞJ1ðrβpb Þ
T TE

p
e−

jðz−LÞβ̃p
b

sinðϕÞ sinðzαsb ÞWTEsð
rα̃fs
b Þ

LTE
s

TABLE IV. Scattered field components (subdomain IV).

Scattered fields Solenoidal TM Solenoidal TE Irrotational

Er − b αs cosðϕÞJ0
1
ðrαpb Þ sinðzαsb Þ

α2pVTM
p

b βp s cosðϕÞJ1ðrβpb Þ sinðzαsb Þ
rβ2pVTE

p

cosðϕÞJ0
1
ðrαpb Þ sinðzαsb Þ
VE
p

Eϕ b αs sinðϕÞJ1ðrαpb Þ sinðzαsb Þ
rα2pVTM

p
− b βp s sinðϕÞJ0

1
ðrβpb Þ sinðzαsb Þ

β2pVTE
p

− sinðϕÞJ1ðrαpb Þ sinðzαsb Þ
rVE

p

Ez cosðϕÞJ1ðrαpb Þ cosðzαsb Þ
VTM
p

0 αs cosðϕÞJ1ðrαpb Þ cosðzαsb Þ
bVE

p

Hr − b αp s sinðϕÞJ1ðrαpb Þ cosðzαsb Þ
rα2pVTM

p

b αs sinðϕÞJ0
1
ðrβpb Þ cosðzαsb Þ

β2pVTE
p

sinðϕÞJ0
1
ðrβpb Þ cosðzαsb Þ
VH
p

Hϕ − b αp s cosðϕÞJ0
1
ðrαpb Þ cosðzαsb Þ

α2pVTM
p

b αs cosðϕÞJ1ðrβpb Þ cosðzαsb Þ
rβ2pVTE

p

cosðϕÞJ1ðrβpb Þ cosðzαsb Þ
rVH

p

Hz 0 sinðϕÞJ1ðrβpb Þ sinðzαsb Þ
VTE
p

− αs sinðϕÞJ1ðrβpb Þ sinðzαsb Þ
bVH

p
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(xxvi) LTM
s : longitudinal TM norm LTM

s ¼ ffiffiffiffiffiffiffiffiffiffi
L=ϵs

p
.

(xxvii) LTE
s : longitudinal TE norm LTE

s ¼ ffiffiffiffiffiffiffiffi
L=2

p
.

In order to correctly represent the reflected waves in the
beam pipes, we chose αp with ReðαpÞ > 0 and
ImðαpÞ < 0: in this way, the scattered waves below cutoff
get attenuated in both subdomains I and II. Analogous
considerations hold for βp.

APPENDIX B: SERIES SUMMATIONS

Here we list the sums of series used to simplify the mode
matching. Sum of series in s:

X∞
s¼0

ϵs
α20 − α2p s

¼ L
bα̃p

cot

�
Lα̃p
b

�
; ðB1Þ

X∞
s¼0

ð−1Þsϵs
α20 − α2p s

¼ L
bα̃p

csc

�
Lα̃p
b

�
; ðB2Þ

X∞
s¼0

ϵs
β2p s

¼ L
bβp

coth

�
Lβp
b

�
; ðB3Þ

X∞
s¼0

ð−1Þsϵs
β2p s

¼ L
bβp

csch

�
Lβp
b

�
; ðB4Þ

X∞
s¼0

α2s
β2p sðα20 − β2p sÞ

¼ L
2bα20

�
β̃p cot

�
Lβ̃p
b

�
− βp coth

�
Lβp
b

��
; ðB5Þ

X∞
s¼0

ð−1Þsα2s
β2p sðα20 − β2p sÞ

¼ L
2bα20

�
β̃p csc

�
Lβ̃p
b

�
− βpcsch

�
Lβp
b

��
; ðB6Þ

X∞
s¼0

ð−1Þsϵsðα2o − α2sÞð−1þ ð−1ÞsejLαb
b Þ

ðα2b − α2sÞðα2o − α2p sÞ
¼ Lfiα̃pe

jLαb
b ðα2b − α2oÞ þ αbα

2
p½− cscðLα̃pb Þ þ e

jLαb
b cotðLα̃pb Þ�g

bαbα̃pðα2b − α2o þ α2pÞ
; ðB7Þ

X∞
s¼0

ϵsðα2o − α2sÞð−1þ ð−1ÞsejLαb
b Þ

ðα2b − α2sÞðα2o − α2p sÞ
¼ Lfαbα2p½− cotðLα̃pb Þ þ e

jLαb
b cscðLα̃pb Þ� þ iα̃pðα2b − α2oÞg

bαbα̃pðα2b − α2o þ α2pÞ
; ðB8Þ

X∞
s¼0

α2sð−1þ ð−1ÞsejLαb
b Þ

ðα2b − α2sÞðβ2p þ β2sÞ
¼ L½iαb þ βpcschðLβpb ÞðcoshðLβpb Þ − e

jLαb
b Þ�

2bðα2b þ β2pÞ
; ðB9Þ

X∞
s¼0

ð−1Þsα2sð−1þ ð−1ÞsejLαb
b Þ

ðα2b − α2sÞðβ2p þ β2sÞ
¼ LβpcschðLβpb Þ þ iLe

jLαb
b ½αb þ iβp cothðLβpb Þ�

2bðα2b þ β2pÞ
; ðB10Þ

X∞
s¼0

ϵsð−1þ ð−1ÞsejLαb
b Þ

ðα2b − α2sÞðβ2p þ β2sÞ
¼ −Lαb cothðLβpb Þ þ Lαbe

jLαb
b cschðLβpb Þ þ iLβp

bα3bβp þ bαbβ3p
; ðB11Þ

X∞
s¼0

ϵsðe
jLαb
b − ð−1ÞsÞ

ðα2b − α2sÞðβ2p þ β2sÞ
¼ jLβpe

jLαb
b þ Lαbe

jLαb
b cothðLβpb Þ − Lαb cschðLβpb Þ

bα3bβp þ bαbβ3p
: ðB12Þ

Sum of series in p.

X∞
p¼1

1

α20 − α2p s
¼ −

1

2α̃s

J2ðα̃sÞ
J1ðα̃sÞ

; ðB13Þ

X∞
p¼1

β2p
ðβ2p − 1Þβ2p sðα20 − β2p sÞ

¼ 1

α20

�
J0ðαsÞ − I2ðαsÞ

2½I0ðαsÞ þ I2ðαsÞ�
−

J0ðα̃sÞ þ J2ðα̃sÞ
2½J0ðα̃sÞ − J2ðα̃sÞ�

�
; ðB14Þ

X∞
p¼1

1

ðβ2p − 1Þβ2p sðα20 − β2p sÞ
¼ 1

α20

�
J2ðα̃sÞ=α̃s

2½J1ðα̃sÞ − α̃sJ0ðα̃sÞ�
þ J2ðαsÞ=αs
2½αsI0ðαsÞ − I1ðαsÞ�

�
; ðB15Þ
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X∞
p¼1

1

ðβ2p − 1Þðα20 − β2p sÞ
¼ 1

2α̃s

J2ðα̃sÞ
J1ðα̃sÞ − α̃sJ0ðα̃sÞ

; ðB16Þ

X∞
p¼1

β2p
ðβ2p − 1Þβ2p s

¼ 1

2

J0ðαsÞ − I2ðαsÞ
I0ðαsÞ þ I2ðαsÞ

; ðB17Þ

X∞
p¼1

β2p
ðβ2p − 1Þðα20 − β2p sÞ

¼ −
1

2

J0ðα̃sÞ þ J2ðα̃sÞ
J0ðα̃sÞ − J2ðα̃sÞ

; ðB18Þ

X∞
p¼1

β4p
ðβ2p − 1Þβ2p sðα20 − β2p sÞ

¼ −
1

2α20

�
α̃2s ½J0ðα̃sÞ þ J2ðα̃sÞ�
J0ðα̃sÞ − J2ðα̃sÞ

þ β2s ½I0ðαsÞ − I2ðαsÞ�
J0ðαsÞ þ I2ðαsÞ

�
; ðB19Þ

X∞
p¼1

1

J2ðαpÞðα2o − α2p sÞ
¼ 1

α̃2s
−

1

2α̃sJ1ðα̃sÞ
; ðB20Þ

X∞
p¼1

β2p
ðβ2p − 1ÞJ0ðβpÞβ2p s

¼ −
β2s

2βsI1ðβsÞ − 2β2sI0ðβsÞ
; ðB21Þ

X∞
p¼1

β2p s − α2f
ðβ2p − 1ÞJ0ðβpÞβ2p s

¼ 1 − α2f

�
1

β2s
þ 1

2βsI1ðβsÞ − 2β2sI0ðβsÞ
�
: ðB22Þ

APPENDIX C: MATRIX ELEMENTS

N1pp ¼
ffiffiffi
π

2

r
α2p
L

; ðC1Þ

M1p s ¼
ffiffiffiffiffiffiffi
Lϵs

p ð1 − ð−1Þse−jLα̃p
b ÞWTMsðα̃fsÞ

α2o − α2p s
; ðC2Þ

IIss ¼ ð−1Þs; ðC3Þ

N2pp ¼ −
j

ffiffiffi
π

p
β2p

4
ffiffiffiffi
L

p
YfαoZo

ffiffiffiffiffiffiffiffiffiffiffiffiffi
β2p − 1

q
β̃pðcotðLβ̃pb Þ þ jÞ

; ðC4Þ

M2p s ¼
2αfβ

2
pαsϵsðβ2p s − α2oδsÞW 0

TEsðα̃fsÞðcotðLβ̃pb Þ − ð−1Þs cscðLβ̃pb Þ þ jÞ
β2p sα̃fsðβ2p s − α2oÞ

; ðC5Þ

M3p s ¼
2j

ffiffiffiffiffiffiffi
2ϵs

p
Yfðα2oα2s − α2fβ̃

2
pÞWTMsðα̃fsÞðcotðLβ̃pb Þ − ð−1Þs cscðLβ̃pb Þ þ jÞ

α̃2fsðα2o − β2p sÞ
: ðC6Þ

Bs 1 ¼ −
jQI1ðsÞα2bð1 − ð−1Þse−jLαb

b Þ
πbγðα2b − α2sÞI1ðαbγ Þ

; ðC7Þ

T1s s ¼ b

ffiffiffi
2

π

r
; ðC8Þ
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T2s s ¼
ffiffiffi
2

π

r
α2oα

2
s ; ðC9Þ

T3s s ¼
ffiffiffi
2

π

r
αo
Zo

; ðC10Þ

G1s p ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffi
β2p − 1

q
β2p s

; ðC11Þ

G2s p ¼ 1

β2p

ffiffiffiffiffiffiffiffiffiffiffiffiffi
β2p − 1

q
β2p sðα2o − β2p sÞ

; ðC12Þ

G3s p ¼ α̃p
α2pðα2o − α2p sÞ

; ðC13Þ

F1s s ¼
ffiffiffiffi
L

p
αfαs½I0ðαsÞ − I2ðαsÞ�W 0

TEsðα̃fsÞffiffiffi
2

p
YfαoZo½I0ðαsÞ þ I2ðαsÞ�α̃fs

−
ffiffiffiffi
L

p
αsWTEsðα̃fsÞffiffiffi

2
p

α̃2fs
; ðC14Þ

F2ss ¼−
j

ffiffiffiffi
L

p

2

�
1

αoZo

� ffiffiffi
2

p
α2oα

2
sJ2ðα̃sÞ

α̃sðα2f−α2sÞðα̃sJ0ðα̃sÞ−J1ðα̃sÞÞ
−

2α2oJ2ðα̃sÞffiffiffiffi
εs

p
α̃sJ1ðα̃sÞ

þ
ffiffiffi
2

p ðI0ðαsÞ− I2ðαsÞÞðα2fδs−α2sðδs−1ÞÞ
ðα2f−α2sÞðI0ðαsÞþ I2ðαsÞÞ

þ4
ffiffiffiffi
εs

p fα2fðI1ðαsÞ−αsI0ðαsÞÞ½ðα2oþα2sÞJ1ðα̃sÞ−α2oα̃sJ0ðα̃sÞ�þα2sðα2o−α2sÞI1ðαsÞðJ1ðα̃sÞ− α̃sJ0ðα̃sÞÞg
αsα̃sðα2s −α2fÞðα2s −α2oÞðI0ðαsÞþ I2ðαsÞÞðJ0ðα̃sÞ−J2ðα̃sÞÞ

�
WTMsðα̃fsÞ

þ−
2αf

Zf
ffiffiffiffi
εs

p
α̃fs

WTMs
0ðα̃fsÞ

�
: ðC15Þ

T4ss ¼ bαs

ffiffiffi
2

π

r ffiffiffiffi
ϵs
L

r
; ðC16Þ

T5s s ¼
2bα2oαsffiffiffi
π

p ffiffiffiffi
L

p ; ðC17Þ

G4s p ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffi
β2p − 1

q
β2p s

; ðC18Þ

G5s p ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffi
β2p − 1

q
β2p sðα2o − β2p sÞ

; ðC19Þ

F3s s ¼
αfðδs − 1Þα̃2s ½J0ðα̃sÞ þ J2ðα̃sÞ�
YfαoZoα̃fs½J0ðα̃sÞ − J2ðα̃sÞ�

W 0
TEsðα̃fsÞ þWTEsðα̃fsÞ; ðC20Þ

F4s s ¼
jαsðα2o − α2fÞ½J0ðα̃sÞ þ J2ðα̃sÞ�
αoZoα̃

2
fs½J0ðα̃sÞ − J2ðα̃sÞ�

WTMsðα̃fsÞ: ðC21Þ
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APPENDIX D: MATRIX ELEMENTS—IMPEDANCE

ZI;CTM
1p ¼ jbðα̃p þ βαoÞffiffiffiffiffiffi

2π
p

α2pJ0ðαpÞðα̃p þ αbÞ
; ðD1Þ

ZI;CTE
1p ¼ −jbðββ̃p þ αoÞffiffiffiffiffiffi

2π
p

Yoβ
2
p

ffiffiffiffiffiffiffiffiffiffiffiffiffi
β2p − 1

q
J0ðβpÞðβ̃p þ αbÞ

; ðD2Þ

ZII;DTM
1p ¼ −jbe

jLαb
b ðβαo − α̃pÞffiffiffiffiffiffi

2π
p

α2pJ0ðαpÞðαb − α̃pÞ
; ðD3Þ

ZII;DTE
1p ¼ jbe

jLαb
b ðαo − ββ̃pÞffiffiffiffiffiffi

2π
p

Yoβ
2
p

ffiffiffiffiffiffiffiffiffiffiffiffiffi
β2p − 1

q
J0ðβpÞðαb − β̃pÞ

: ðD4Þ

ZIVTM;CTM
1p ¼ b½αbα2p½− cotðLα̃pb Þ þ e

jLαb
b cscðLα̃pb Þ� þ jα̃pðα2b − α2oÞ�ffiffiffiffiffiffi

2π
p

αbα
2
pJ2ðαpÞðα2b − α2o þ α2pÞ

; ðD5Þ

ZIVTM;DTM
1p ¼ bfjα̃pe

jLαb
b ðα2b − α2oÞ þ αbα

2
p½− cscðLα̃pb Þ þ e

jLαb
b cotðLα̃pb Þ�gffiffiffiffiffiffi

2π
p

αbα
2
pJ2ðαpÞðα2b − α2o þ α2pÞ

; ðD6Þ

ZIVTM;ATM
1 s ¼ jbð−1þ ð−1ÞsejLαb

b Þ
ðα2b − α2sÞ

ffiffiffi
L
ϵs

q �
α̃s

2J1ðα̃sÞ
− 1

�
WTMsðα̃fsÞ: ðD7Þ

ZIVTE;CTE
1p ¼ b

ffiffiffiffi
L

p
αofjαb þ βpcschðLβpb Þ½coshðLβpb Þ − e

jLαb
b �gffiffiffiffiffiffi

2π
p

Yoβ
2
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Lðβ2p − 1Þ

q
J0ðβpÞðα2b þ β2pÞ

; ðD8Þ

ZIVTE;DTE
1p ¼ −

bαofLβpcschðLβpb Þ þ jLe
jLαb
b ½αb þ jβp cothðLβpb Þ�gffiffiffiffiffiffi

2π
p ffiffiffiffi

L
p

Yoβ
2
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Lðβ2p − 1Þ

q
J0ðβpÞðα2b þ β2pÞ

; ðD9Þ

ZIVTE;ATE
1 s ¼

ffiffiffi
2

p
bαfαsðδs0 − 1Þð−1þ ð−1ÞsejLαb

b ÞW 0
TEsðα̃fsÞffiffiffiffi

L
p

Yfðα2s − α2bÞ½I0ðαsÞ þ I2ðαsÞ�α̃fs
; ðD10Þ

ZIVTE;ATM
1 s ¼

jb
ffiffiffiffi
ϵs

p ð−1þ ð−1ÞsejLαb
b Þðα2fð 1

I0ðαsÞþI2ðαsÞ − 1Þ þ α2sÞWTMsðα̃fsÞffiffiffiffi
L

p ðα2b − α2sÞα̃2fs
: ðD11Þ

ZIVH;CTE
1p ¼ bαoZoðαbcschðLβpb Þð− coshðLβpb Þ þ e

jLαb
b Þ þ jβpÞffiffiffiffiffiffi

2π
p

αbβp

ffiffiffiffiffiffiffiffiffiffiffiffiffi
β2p − 1

q
J0ðβpÞðα2b þ β2pÞ

; ðD12Þ

ZIVH;DTE
1p ¼ bβZo½αbcschðLβpb Þ − e

jLαb
b ðαb cothðLβpb Þ þ jβpÞ�ffiffiffiffiffiffi

2π
p

βp

ffiffiffiffiffiffiffiffiffiffiffiffiffi
β2p − 1

q
J0ðβpÞðα2b þ β2pÞ

; ðD13Þ

ZIVH;ATE
1 s ¼ −

bβ2αfαsβ2sϵsð−1þ ð−1ÞsejLαo
bβ ÞW 0

TEsðα̃fsÞffiffiffi
2

p ffiffiffiffi
L

p
Yf½2βsI1ðβsÞ − 2β2sI0ðβsÞ�α̃fsðβ2α2s − α2oÞ

; ðD14Þ

ZIVH;ATM
1 s ¼ −

jbβαbβ2sϵsð−1þ ð−1ÞsejLαb
b Þððδs0 þ 1Þα̃2fs þ α2sÞWTMsðα̃fsÞ

2αoðα2b − α2sÞ
ffiffiffi
L
ϵs

q
½2βsI1ðβsÞ − 2β2sI0ðβsÞ�α̃2fs

: ðD15Þ
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