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Vacuum chambers of particle accelerators are typically equipped with radio-frequency couplers. The
couplers are employed to excite modes for particle acceleration, to extract the energy of higher-order
modes, or for diagnostic purposes. From a network theory perspective, these couplers represent terminal
ports by which means the structure can exchange energy with its exterior. Usually, these ports are
terminated with fixed impedances corresponding to the characteristic impedances of the coaxial lines
attached to them. In this paper, we investigate the influence of the termination conditions of vacuum
chambers on beam coupling impedances. For this purpose, we introduce a novel approach that allows us to
determine beam coupling impedances for arbitrary port terminations. A full-wave Maxwell solver is
employed to determine a generalized scattering matrix of the vacuum chamber and its couplers terminated
with prespecified reference impedances. Often, these impedances are chosen to be the characteristic line
impedances of the waveguides so that coupler ports are free of reflection. Using the generalized scattering
matrix, the beam coupling impedances can be readily determined by means of a computationally
inexpensive postprocessing step that takes into account arbitrary impedance loads at the coupler ports.
Thus, the influence of various port terminations on the beam coupling impedances can be conveniently
examined. This is relevant to improve older structures that were designed when no sophisticated design
tools were available or to improve the operation of existing structures for a purpose they were initially not
designed for. Using the proposed approach, we investigate the 33-cell 200 MHz traveling-wave
accelerating structures of the SPS at CERN. It is shown that port termination conditions do have an
important influence on the beam coupling impedance and, therefore, must be taken into account in beam
stability considerations.
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I. INTRODUCTION

Charged-particle beams traversing vacuum chambers of
particle accelerators excite electromagnetic wakefields [1–5].
The interaction of these wakefields with the particle beam
may lead to instabilities, thus, limiting the maximal
achievable beam current. Furthermore, wakefields can be
responsible for other unwanted effects such as deterioration

of beam quality and/or excessive heat load on the lossy
walls of the vacuum chamber.
Thewakefield interaction is typically characterized in the

time domain by so-called wake potentials and in the
frequency domain by the corresponding beam coupling
impedances. The measurement, the analytical calculation
as well as the numerical computation of beam coupling
impedances have been addressed by many authors in the
past (see e.g., [6–16] and references therein).
The ever-increasing demand for high beam currents with

short pulses requires the accurate estimation of beam
coupling impedances in a broad frequency band as dis-
cussed, e.g., in [17]. Consequently, guidelines to ensure
low beam coupling impedances are already required in the
early design stages. For impedance studies, a number of
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numerical codes such as ECHO [18], PBCI [19], GdfidL [20],
ACE3P [21], and CST Studio Suite® [22] are available in
addition to analytical methods [3,14–16]. These codes are
able to compute with great accuracy impedance contribu-
tions arising from surface effects such as wall resistance
and from geometrical effects such as changes in the cross
section of the vacuum chamber.
Usually, the vacuum chambers are equipped with radio-

frequency (rf) couplers. For instance, such couplers are
employed to excite modes for particle acceleration or are
used for diagnostic purposes. Methods to design rf couplers
for vacuumchambers arewell developed and have been used
for decades. The design methods and the underlying models
are predominantly based on the analysis of the electromag-
netic field distributions resulting from the excitation of
waveguides with probes and loops [23,24]. Higher-order
mode (HOM) couplers are another special type of couplers
which are used to extract the energy of unwanted modes
within the structure. The HOM couplers are designed such
that dangerousmodes in thevacuumchamber are damped by
(typically prespecified) resistive termination loads, whereas
the fundamental mode should remain unaffected. Typical
design methods [25–29] for HOM couplers are based on 3D
electromagnetic field simulations accompanied by equiv-
alent circuit diagrams including lumped network elements
and transmission lines. Nowadays, often existing coupler
designs are chosen as a starting point and are modified to
satisfy the required figures of merit.
Despite the well-established knowledge that beam cou-

pling impedances can be changed with comparably less
effort by modifying coupler termination impedances, stud-
ies directly related to the influence of these terminations on
beam coupling impedances are scarce. As an exception to
the rule, in [30,31] it was proposed to reduce the beam
coupling impedance of the CERN Super Proton
Synchrotron (SPS) at 630 MHz by reducing the termination
impedances of the traveling-wave (TW) structures from
50 Ω to approximately 23 Ω. This was an extremely
important observation since the high-order modes around
630MHz have been identified as one of the main sources of
longitudinal multibunch instabilities at the SPS [30–32].
The relative lack of attention in the literature on the

influence of port terminations on beam coupling imped-
ances is probably a matter of methodology. Typically, the
coupler design process consists of the following sequence
of steps. In the first step, an overall beam impedance
threshold is determined by beam dynamics simulations and
stability considerations. Next, the investigation of cavities
and other parts of the vacuum chamber gives coupling
constants for relevant (higher-order) modes in these struc-
tures. The beam impedance threshold provides the upper
bound for the shunt impedances of these modes.
Subsequently, couplers terminated with prespecified ter-
mination impedances are designed such that the constraints
on the quality factors are met. Finally, various iterations of

the described approach may be required to converge to a
satisfying coupler design. In this procedure, however,
termination impedances are considered as fixed parameters
and are, therefore, not a degree of freedom in the opti-
mization process.
Another reason that discourages a thorough investigation

of the impact of coupler terminations on the beam coupling
impedance is that wakefield or impedance simulations with
varying port terminations are numerically extremely time
consuming. For every set of port terminations at the
couplers, generally, a full-scale simulation of the complete
chamber structure—typically in 3D—is required.
The aim of this paper is to introduce an approach that

readily allows for determining the beam coupling imped-
ance for various termination impedances at the coupler
ports. The scheme is based on the idea of the generalized
scattering matrix introduced in [33]. In the generalized
scattering matrix formulation, the charged particle beam is
considered as an independent excitation port in the N-port
network model representing the loaded vacuum chamber.
This frequency-dependent generalized scattering matrix
needs to be determined only once for the given chamber
geometry with attached waveguide ports, terminated with
prespecified impedances (typically the characteristic
impedances of the waveguides). This requires the numeri-
cal solution of Maxwell’s equations which is typically
conducted using finite-element approaches or the finite-
integration technique. Once the generalized scattering
matrix is known in the frequency interval of interest, the
beam coupling impedance resulting from various termi-
nation conditions at the coupler ports can be easily
determined using the approach described in this paper.
We believe this is the first method that allows for conven-
iently computing beam coupling impedances for different
termination impedances of the radio-frequency couplers.
The method is particularly suitable to improve the oper-
ation of existing accelerating structures, which have been
designed when no suitable codes for solving electromag-
netic field problems were available. Furthermore, the
scheme can help to repurpose available accelerator struc-
tures for applications with specifications different from
those they were initially designed for.
The method can also be used to examine and optimize

the influence of various vacuum to air transitions at the
couplers on the beam coupling impedances. In this case, the
reference planes for the computation of the generalized
scattering matrix are specified so that vacuum-to-air tran-
sitions are excluded. Then, the frequency-dependent reflec-
tions of the transitions, which contain a window with a
matching step, are separately determined and described by
the matrices collating the reflections of the structures
attached to the vacuum chamber. Finally, the proposed
scheme is employed to determine the beam coupling
impedances accounting for the various reflections of the
vacuum-to-air transitions.
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The paper is organized as follows: In Sec. II, the concept
of generalized scattering matrices is revised. Thereafter, the
approach to determine the beam coupling impedances for
arbitrary terminations at the coupler ports of the vacuum
chamber is introduced. Section III presents an application
of the method. First, a simplified model of the CERN SPS
200 MHz TW structure is used to validate the results from
the proposed approach with direct numerical computations
using CST Studio Suite® [22]. Then, the scheme is employed
to determine an optimal termination impedance for the full
TW structure with 33 cells so that the beam coupling
impedance is minimized. Finally, Sec. IV provides a
summary and conclusions.

II. THEORY

A. Generalized scattering matrices

For the reader’s convenience, the basic generalized
scattering matrix formalism introduced in [33] is summa-
rized. Extending the conventional scattering matrix by one
row and one column to accommodate the beam excitation
as an additional port yields

�
S k

h zb

�
|fflfflfflfflfflffl{zfflfflfflfflfflffl}

S̃

�
a

ib

�
|fflffl{zfflffl}

ã

¼
�

b

vb

�
|fflfflffl{zfflfflffl}

b̃

; ð1Þ

where underlined symbols refer to complex-valued quan-
tities that are sampled at a given frequency. The vectors
a ∈ CN×1 and b ∈ CN×1 comprise the incident and scat-
tered wave amplitudes corresponding to all N modal
excitations at all waveguide boundaries of the structure.
The additional entry ib in the vector ã ∈ CðNþ1Þ×1

corresponds to the beam current excitation, vb in the vector
b̃ ∈ CðNþ1Þ×1 to the induced beam voltage, and zb in the
matrix S̃ ∈ CðNþ1Þ×ðNþ1Þ to the beam coupling impedance.

B. Beam impedances for arbitrary
coupler port terminations

To account for arbitrary termination impedances at the
couplers (cf. Fig. 1), the incident and scattered wave
amplitudes at the corresponding ports are related by

Rater ¼ bter; ð2Þ

with the block-diagonal matrix

R ¼ diagðΓter;1;Γter;2;…;Γter;p;…;Γter;PÞ: ð3Þ

The submatrices Γter;p hold the reflection coefficients at the
pth waveguide port. In general, multimodal terminations
with mode mixing result in fully populated submatrices
Γter;p. In the special case of single-mode scattering at the
terminations, these matrices are diagonal matrices and hold
the reflection coefficients at the pth waveguide port on their
main diagonal:

Γter;p ¼ diagð…;Γm−1;Γm;Γmþ1;…Þ: ð4Þ

The reflection coefficients Γm of the mth mode are related
to the termination impedances Zter;m via

Γm ¼ Zter;m − Z0;m

Zter;m þ Z0;m
; ð5Þ

where Z0;m are the port impedances of the mth mode to
which the generalized scattering matrix S̃ in (1) is initially

FIG. 1. Schematic representation of an accelerator structure excited by a particle beam with external termination impedances for each
mode at each waveguide port. The Pwaveguide ports are indexed by p. The beam path is marked in blue. The beam enters the structure
from the left and leaves the structure on the right. The coupling between various coupler ports and the external termination loads is
indicated by green and orange lines, respectively.
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normalized to (refer to (2) and (3) in [33]). However, note
that single-mode and therefore nonmode mixing termina-
tions are a coarse approximation of the vast majority of
real-world setups.
In the next step, the coefficients in the vectors

ã and b̃ in (1) are reordered using a permutation
matrix P:

Pã ¼

0
BBB@

acou
abpl
abpr
ib

1
CCCA; Pb̃ ¼

0
BBB@

bcou

bbpl

bbpr

vb

1
CCCA: ð6Þ

Incident and scattered wave amplitudes with sub-
scripts “bpl” and “bpr” refer to the beam pipe ports at
the left and right end of the structure and incident and
scattered wave amplitudes with the subscripts “cou” refer
to coupler ports. Replacing the vectors ã and b̃ in (1)
with the reordered vectors defined in (6) and exploiting
the orthogonality of the permutation matrix (PT ¼ P−1)
gives

PS̃PT|fflffl{zfflffl}
G

0
BBB@

acou
abpl
abpr
ib

1
CCCA ¼

0
BBB@

bcou

bbpl

bbpr

vb

1
CCCA: ð7Þ

The resulting matrix G is split into blocks according to

G ¼
�
G11 G12

G21 G22

�
; ð8Þ

with

G11 ∈ CNcou×Ncou ;

G12 ∈ CNcou×ðNbplþNbprþ1Þ;

G21 ∈ CðNbplþNbprþ1Þ×Ncou ;

G22 ∈ CðNbplþNbprþ1Þ×ðNbplþNbprþ1Þ:

Here, Ncou denotes the total number of waveguide port
modes at the couplers, whereas Nbpl and Nbpr denote the
total number of waveguide port modes at the left and the
right end of the beam pipe, respectively.
Splitting the system of linear equations (7) using (8)

gives

G11acou þG12

0
B@

abpl
abpr
ib

1
CA ¼ bcou ð9Þ

and

G21acou þG22

0
B@

abpl
abpr
ib

1
CA ¼

0
B@

bbpl

bbpr

vb

1
CA: ð10Þ

Connecting the terminations to the coupler ports requires
the wave amplitudes scattered from the couplers to match
the wave amplitudes incident on the terminations,

bcou ¼ ater: ð11Þ
Similarly, the wave amplitudes incident on the couplers
must equal the wave amplitudes scattered from the termi-
nations,

acou ¼ bter: ð12Þ
Multiplying (9) from the left with R and using (2), (11),
and (12) gives

RG11acou þRG12

0
B@

abpl
abpr
ib

1
CA ¼ Rbcou|fflffl{zfflffl}

acou

: ð13Þ

Solving for the wave amplitudes incident on the couplers
results in

acou ¼ −½RG11 − I�−1RG12

0
B@

abpl
abpr
ib

1
CA: ð14Þ

Finally, replacing (14) in (10) yields

S̃mod

0
B@

abpl
abpr
ib

1
CA ¼

0
B@

bbpl

bbpr

vb

1
CA; ð15Þ

with the modified generalized scattering matrix

S̃mod ¼ ½G22 −G21½RG11 − I�−1RG12� ð16Þ
accounting for the termination impedances Zter;m at the
coupler ports. In analogy with (1), the right-most entry in
the last row of this matrix corresponds to the beam coupling
impedance that, now, contains the influence of termination
impedances at the coupler ports.

III. NUMERICAL COMPUTATIONS

The TW cavities included in the upgraded baseline of the
CERNSPS serve as an application example for the proposed
scheme. The SPS acts as the final stage of the Large Hadron
Collider (LHC) injector [34,35]. The upgrade of the LHC to
the High-Luminosity LHC (HL-LHC) includes an upgrade
of the SPS aswell.While the SPSTWcavities are operated at
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200 MHz, the reduction of the beam coupling impedance
around 630MHz is of special relevance to avoid longitudinal
multibunch instabilities [30–32]. The conductivity of the
cavity walls is assumed to be 5.8 × 107 S=m. The following
considerations focus on the real part of the beam coupling
impedance, as this quantity determines the instability growth
rate (cf. Chapter 4 in [3]).

A. Comparison with direct simulations

To compare the beam coupling impedances obtained by
the proposed approach with impedances directly deter-
mined by field simulations, the four-cell test arrangement
of the SPS TW cavity depicted in Fig. 2 is considered. The
four-cell model is not of practical relevance. However, it is
chosen such that its longitudinal beam coupling impedance
may be conveniently computed by direct simulations with
an electromagnetic field solver. In the following simula-
tions, the CST Studio Suite® [22] is employed. The four-cell
structure consists of two mirror-symmetric end cells
(cf. also Fig. 2(e) in [36]) and two midcells. The midcells
are equipped with a so-called probe-type HOM coupler
which is depicted in Fig. 2(b) and Fig. 2(b) in [36]. Three
different sets of simulations were performed, where the
termination impedances Zter for the TEM mode at both
HOM couplers are assumed to be 25 Ω, 32 Ω, and 50 Ω.
The four-cell TW cavity is discretized with CST Studio

Suite® using 8,346,240 hexahedral mesh cells. The ends of
the HOM couplers are connected to coaxial waveguide
ports. The inner conductors of the coaxial lines in the three
CST models have the diameters 6.3 mm, 8.5 mm, and
9.6 mm, respectively, whereas the diameters of the outer
conductors are 14.5 mm. CST Studio Suite® determines the
characteristic impedance of the coaxial waveguide and
terminates the port with the respective impedance. This is
how the three assumed terminations with 25 Ω, 32 Ω, and
50 Ω at the HOM couplers are implemented in the
respective numerical models. The wakefield solver of
CST Studio Suite® computes the longitudinal on-axis beam
coupling impedances using the finite-integration technique
in the time domain [38]. The resulting real parts of the three
impedances are depicted in Fig. 3 as dotted lines and serve
as reference curves. In addition to the simulations with the
wakefield solver of CST Studio Suite®, the beam coupling
impedances are determined with the proposed approach.
The generalized scattering matrix (1) of the four-cell

FIG. 2. (a) A simplified, four-cell SPS TW cavity used to
compare the proposed scheme with direct computations. (b) Mag-
nification of the red-marked region in (a) showing a probe-type
HOM coupler which is terminated with various termination
impedances Zter;m. The geometry is kindly provided by [37].

Pert.

CST

Pert.

CST

Pert

CST

FIG. 3. Real part of the beam coupling impedance of the four-cell SPS TW structure shown in Fig. 2. The blue curves refer to a
termination impedance Zter of 25 Ω, the red curve to 32 Ω, and the orange curve to 50 Ω. The dotted curves are obtained with the
wakefield solver of CST Studio Suite®, whereas the solid curves are obtained by generalized scattering matrix concatenation CSCBEAM

and the approach proposed in this paper for the coupler port terminations.
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structure shown in Fig. 2 is calculated with the
CSCBEAM [33] method. In the first step, four generalized
scattering matrices for each of the cells are computed using
the fourth order–based in-house beam impedance solver
described in Sec. II B. in [33]. Each end cell is discretized
with 79,299 and each midcell with 97,280 mesh cells. At
both beam ports as well as at each decomposition plane
between the cells, a large number of waveguide modes
consisting of 40 TE- and 40 TM-type modes is considered.
The concatenation of the four generalized scattering matri-
ces for each segment delivers the generalized scattering
matrix of the four-cell structure shown in Fig. 2.
Subsequently, the approach proposed in Sec. II B is applied
using the generalized scattering matrix resulting from the
concatenation. In close analogy to the direct computation
using the CST Studio Suite® code, the termination impedances
are chosen to be 25 Ω, 32 Ω, and 50 Ω. The resulting real
parts of the three beam coupling impedances for the three
termination conditions are depicted in Fig. 3 as solid lines.
Figure 3 shows that the termination impedance at the

HOM couplers has a large influence on the real part of the
beam coupling impedance. By changing the termination
impedance from 50 Ω to 25 Ω, the real part of the beam
coupling impedance at the peak can be reduced from 6 kΩ
to 3 kΩ. Furthermore, Fig. 3 shows a very good agreement
between the dotted and the solid curves. This is quite
remarkable given that the dotted curves result from a
time-domain approach (including window functions and
discrete Fourier transforms) using the finite-integration
technique [38] on a hexahedral mesh. In contrast, the solid

curves result from a frequency-domain approach using the
finite-element method on a hybrid mesh in combination
with the concatenation approach [33] and the modified
generalized scattering matrix approach for the coupler port
terminations (16). Note that the agreement between the
imaginary parts of the beam coupling impedances (not
shown in the figure) resulting from the two methods is good
as well.

B. Application to the SPS TW cavity with 33 cells

We now turn to the investigation of the full 33-cell
cavity [30,36]. A direct field simulation of this electro-
magnetically very large structure is extremely demanding.
Thus, a convenient way to consider the influence of
termination impedances is the approach presented in this
paper. For this sake, generalized scattering matrices of a
cell equipped with a loop-type HOM coupler (see Figs. 2(d)
and 2(h) in [36]) as well as the corresponding matrix for a
cell not equipped with a HOM coupler at all (see Fig. 2(a)
in [36]) are additionally computed with the in-house finite-
element code. The generalized scattering matrices of the
two end cells and the midcell with the probe-type HOM
coupler are already available from the validation study with
the four-cell model in Sec. III A. In total, the generalized
scattering matrices of five different cell types are used.
These are concatenated by CSCBEAM [33] to obtain the
beam coupling impedance for the full 33-cell structure. The
structure is depicted in Fig. 3(a) in [36] and in Fig. 4(a).
Its total length is 12.862 m. Similarly to the computations

(a)

(b)

FIG. 4. (a) Cross section of the 33-cell SPS accelerating structure with 18 HOM couplers. The left and the right end cells are marked
by an “E,” the probe-type couplers by a “P”, the loop-type couplers by an “L”, and the cells without any couplers by an “N”. The
geometry is kindly provided by [37] and is plotted with [22]. (b) Real part of the longitudinal beam coupling impedance of the structure
shown in (a) for different termination impedances Zter at each of the 18 HOM couplers.
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in Sec. III A, a total of 80 port modes is considered for the
concatenation procedure at each of the 32 decomposition
planes.
The approach introduced in Sec. II B is used to determine

the longitudinal beam coupling impedance for various
termination impedances. For simplicity, the same termi-
nation impedance Zter is assumed for all Ncou ¼ P ¼ 18
HOM couplers. Note, however, that the method allows to
consider an arbitrary combination of termination imped-
ances at the different coupler ports.
Figure 4(b) depicts the real part of the longitudinal beam

coupling impedance for different Zter. The blue curve
results from the default termination with 50 Ω which is
the standard matching impedance on account of 50 Ω
systems widely being used in particle accelerator and
microwave applications. The red curve arises from a
termination of the HOM couplers with 25 Ω. This value
is chosen, because it has been already proposed in [30,36]
to reduce the real part of the beam coupling impedance at
630 MHz. Note that the red curve in Fig. 4(b) corresponds
to the black curve in Fig. 9 in [36]. The orange curve results
from terminating the HOM couplers with 10.8 Ω. This
value is the optimal, resistive-type impedance Zter which
minimizes the maximal real part of the beam coupling
impedance over the depicted frequency range, i.e., the
minimization of

g ¼ max
f1≤f≤f2

ReðzbÞ; ð17Þ

with f1 ¼ 615 MHz, f2 ¼ 637 MHz, and ReðzbÞ deliver-
ing the real part of zb. The purple curve is obtained from
terminating the HOM couplers with the complex-valued
impedance ð8.0 − j5.5Þ Ω. This is the optimal, complex-
valued termination impedance Zter which minimizes g, i.e.,
the maximal real part of the beam coupling impedance zb
over the considered frequency interval. Both optima were
obtained in a straightforward manner by sampling the
termination impedances on the real axis and in the complex
plane with sufficiently small step widths.
Note that there are various ways to realize complex-

valued terminations, e.g., by employing impedance trans-
forming networks as discussed in [31]. One simple way to
accomplish the complex-valued termination at 631 MHz
for the actual example is an ideal lumped resistor with 8 Ω
in series with an ideal lumped capacitor having a reactance
of XC ¼ ð2πfCÞ−1 ¼ 5.5 Ω, which results in a capacity of
C ¼ ð2πfXCÞ−1 ≈ 46 pF. In fact, this simple RC serial
connection is not realistic due to the presence of inductive
contributions for nonideal resistors at 631 MHz. For a
specific application and depending on the frequency band
of interest, these contributions may require further capacitive
compensation. The proposed optimal terminations minimize
the real part of the beam coupling impedance peak solely at
631 MHz. At other frequencies, the optimal termination
might be different. Thus, in general, frequency-dependent

terminations are required for broadband beam impedance
minimization. Designing such frequency-dependent termi-
nations could be a challenge in itself.
Figure 4 shows again a strong influence of the external

impedance loads on the beam coupling impedance.
Compared to the 50 Ω termination, a matching circuit
with 10.8 Ω leads to a reduction of the real part of the beam
impedance by nearly a factor of 2. For a complex
termination impedance of ð8.0 − j5.5Þ Ω, the real part of
the beam coupling impedance is even more reduced by a
factor of 2.5. Thus, a considerable improvement in the
cavity operation and higher beam stability thresholds can
be achieved with little effort by proper modification of the
impedance loads at the coupler ports.

IV. SUMMARY AND CONCLUSIONS

An efficient method to compute beam coupling imped-
ances as a function of termination impedances of the
matching circuits at the coupler ports is introduced. The
method is based on the generalized scattering matrix
approach. This matrix has to be numerically computed
only once with given port terminations. Then, the scheme
readily enables the computation of beam coupling imped-
ances for arbitrary port terminations. Thus, the method
allows for systematically studying the influence of the
matching circuits on beam coupling impedances without
the computational burden required for these studies using
direct field simulations. Moreover, the influence of various
vacuum-to-air transitions at the couplers on the beam
coupling impedances can be readily determined. This paper
provides a numerical comparison study for a simplified
four-cell TW cavity model demonstrating the validity of
this approach. The application of the scheme for a full
33-cell 200 MHz TW structure of the SPS shows that
coupling impedances can be substantially reduced in the
critical frequency range. Particularly, for already existing
cavity structures, modifying port termination impedances is
a feasible way to reduce beam-coupling impedances with-
out the need to redesign the coupler system. The proposed
scheme allows for designing suitable matching circuits that
minimize the influence of the wakefields on the particle
beam.
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