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We propose a novel positron beam loading regime in a hollow plasma channel that can efficiently
accelerate eþ beam with a high gradient and narrow energy spread. In this regime, the eþ beam coincides
with the drive e− beam in time and space and their net current distribution determines the plasma
wakefields. By precisely shaping the beam current profile and loading phase according to explicit
expressions, three-dimensional particle-in-cell (PIC) simulations show that the acceleration for eþ beam of
∼nC charge with ∼ GV=m gradient, ≲0.5% induced energy spread, and ∼50% energy transfer efficiency
can be achieved simultaneously. Besides, only tailoring the current profile of the more tunable e− beam
instead of the eþ beam is enough to obtain such favorable results. A theoretical analysis considering both
linear and nonlinear plasma responses in hollow plasma channels is proposed to quantify the beam loading
effects. This theory agrees very well with the simulation results and verifies the robustness of this beam
loading regime over a wide range of parameters.
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I. INTRODUCTION

High energy particle physics demands next generation
eþe− colliders at the energy frontier for exploring new
physics [1–3]. To reach unprecedented beam energy,
advanced accelerator concepts that provide a much higher
accelerating gradient than the conventional radio-frequency
accelerators are especially attractive [4–6]. Among them,
plasma wakefield acceleration (PWFA) has achieved great
success in e− acceleration in the so-called blowout regime
[7–10]. Tens of GeV energy gain has been obtained in a
meter-scale plasma [11], and efficient acceleration of an
e− bunch with narrow energy spread has been demonstrated
by properly beam loading a trailing e− bunch behind the
drive beam [12]. However, for eþ bunch acceleration, no
beam loading scenario that simultaneously satisfies the
requirements of small energy spread of the accelerating
positron beam and high energy extraction efficiency from the
drive beam to the trailing beam has been demonstrated.

The performance of a particle collider is mainly quanti-
fied by the beam energy and luminosity L, that is, roughly
given by Lðcm−2 s−1Þ ¼ fN2=4πσxσy. Here, f, N, σx, and
σy are the repetition rate of colliding bunches, single bunch
population, and rms beam sizes at the interaction point in x
and y directions, respectively. A collider that is built for the
precision measurements of the Higgs boson will require
center-of-mass e−=eþ beam energy of about 250 GeV and
L ∼ 1034 cm−2 s−1, which can be achieved by 1010 particles
per bunch with a collision rate of 1 kHz and σxσy <
8000 nm2 [13]. To tightly final focus the beam usually
requires high beam quality, such as the beam energy spread
much less than 1%. Various methods have been proposed to
address the plasma wakefield eþ acceleration problem for a
compact eþe− collider. A hollow laser [14] or electron
beam [15] driver was proposed for eþ acceleration in a
uniform plasma, and a finite-width plasma driven by an
e− bunch [16,17] was considered for eþ acceleration and
transport. Recently, multi-GeV acceleration of eþ particles
has been demonstrated in an eþ self-loaded plasma wake-
field [18]. However, all these regimes are still far from what
is needed for a future collider.
Another promising and extensively explored regime is

using a hollow plasma channel where the longitudinal field
inside the channel is almost independent of the transverse
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dimension and the transverse field vanishes when the
highly relativistic beams propagate on axis [19–24].
Hence both positive and negative charged beams can be
transported through the channel simultaneously without
being deflected. Previous researches have demonstrated
the creation of an extended hollow plasma channel [25].
However, the most relevant work has been in the linear
regime, where the accelerating gradient is moderate and the
loaded charge is limited. High gradient acceleration of a
high charge eþ beam in a hollow plasma channel, which is
desired by the plasma-based particle collider, is still an
unsolved problem.
In this work, we propose a new positron beam loading

regime in a hollow plasma channel that can achieve
simultaneously uniform, high-gradient, and high-efficiency
acceleration of a high-charge positron beam. By loading
the eþ bunch on top of a precisely tailored e− bunch, the
excited wakefields inside the hollow plasma channel can be
uniformly accelerated for that eþ beam. The energy transfer
efficiency from the drive e− bunch to the witness eþ bunch
can be quite high when the two beams are in the same wave
bucket. And this regime is valid over a wide range of beam
charges and accelerating gradients. These merits are veri-
fied by a series of full three-dimensional (3D) quasistatic
approximation (QSA) PIC simulations with various param-
eters. Also, a theoretical model considering the nonlinear
blowout effect in a hollow plasma channel is developed
to comprehend this regime. This paper is organized as
follows: In Sec. II, we examine the validity of the linear
theory of the hollow plasma channel when the eþ bunch is
loaded behind the drive e− bunch as in the usual way in a
drive-trailing bunch configuration employed in a PWFA.
The simulations and theoretical analysis show that the
predictions of linear theory will fail as we increase the
eþ bunch charge to nC when the gradient is ∼ GV=m.
Then we describe the beam loading scenario when e− and
eþ bunches are spatially overlapped with one another
in Sec. III. In this case, one can manipulate the current
profile of the e− beam instead of the eþ beam to achieve
longitudinally uniform beam loading. Extensive numerical
simulations show that this scenario supports high-gradient
uniform eþ acceleration when the drive e− beam is pre-
cisely tailored. In Sec. IV, a theoretical description of this
beam loading regime is explored, where the dynamics of
the plasma electrons is considered and the blowout effect is
quantified. The contributions from the linear and nonlinear
responses can be estimated through this model and the
estimate agrees well with the simulation. Finally, more
discussion and the conclusion are presented in Sec. V.

II. VALIDITY OF THE LINEAR THEORY IN A
HOLLOW PLASMA CHANNEL

Although hollow plasma channels have been widely
studied as a promising way of eþ beam acceleration, most
proposals are based on the linear regime that assumes the

plasma density profile at the channel wall is unperturbed by
the drive and witness beam [21,25]. When the accelerated
charge and/or gradient increase toward the requirements of
the linear collider, this critical assumption may no longer
hold. Detailed examination of the validity of the linear
theory is thus necessary for the performance of a hollow
plasma channel when it serves as an accelerating unit.
For an eþe− collider with high beam colliding lumino-

sity and compact size, we seek eþ acceleration with a beam-
loaded accelerating gradient >1 GV=m; charge ∼1 nC,
and induced energy spread <1%. To accelerate 1 nC
eþ bunch, we employ a relativistic e− driver that contains
2 nC charge, and the eþ beam is placed at the accelerating
phase behind the drive beam as usual. The hollow plasma
channel is an annular shape plasmawith the electron density
described as npðrÞ ¼ n0½Hðr − riÞ −Hðr − roÞ�, where H
is the Heaviside step function, ri and ro are the plasma
channel inner and outer radii, respectively. In a linear
regime, the plasma wakefields can be expressed as the
convolution of wake function and beam charge distribution.
For the above plasma channels, an on-axis ultrarelativistic
beam drives longitudinal wakefieldEzðξÞ inside the channel
determined by the m ¼ 0 mode

EzðξÞ ¼
Z

ξ

−∞

Gk2p
πϵ0

cos½χkpðξ − ξ0Þ�ρðξ0Þdξ0: ð1Þ

Here, ξ≡ ct − z, ρðξÞ is the longitudinal charge density

distribution, kp ¼
ffiffiffiffiffiffiffiffiffiffi
npe2

ϵ0mec2

q
is the plasmawavenumber,G and

χ are geometric quantities, with G¼ B00

kprið2B10þkpriB00Þ, χ ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2B10

2B10þkpriB00

q
and Bij≡IiðkpriÞKjðkproÞþð−1Þi−jþ1×

IjðkproÞKiðkpriÞ, where In and Kn are modified Bessel
functions [25]. Equation (1) indicates thatEz is independent
of r inside the channel to the lowest order. Meanwhile, the
transverse wakefieldW⊥ ¼ Er − cBϕ is almost 0 inside the
channel, allowing for the transport of both e− and eþ
bunches.
To obtain a larger amplitude plasma wakefield with the

given Qd ¼ 2 nC e− bunch, a staightforward method is to
compress the beam to achieve a higher beam current. Here
we select the rms beam length of 625, 167, and 104 fs
separately, corresponding to the peak current 1.3, 4.8, and
7.6 kA, respectively. The plasma density is adjusted with
the beam length in order that the plasma skin depth is
compatible with the beam size. The corresponding plasma
response and the wakefields (both in simulation and
according to the linear theory) are presented in Fig. 1.
Simulations in this work are conducted using the 3D QSA
PIC code QuickPIC [26,27], and there are 1024 × 1024 ×
1024 cells in ðx; y; ξÞ dimensions and 6 × 6 plasma
particles in each cell. The plasma densities for the
three cases in Fig. 1 are 1.26 × 1015, 1.77 × 1016, and
4.52 × 1016 cm−3 so that the normalized rms bunch length
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kpσz ¼ 1.25 is fixed. So are the normalized bunch size
kpσr ¼ 0.5, normalized annular plasma radii kpri ¼ 3, and
kpro ¼ 5.5. On-axis Ez lineout is illustrated by the black
dashed lines for the linear theory and red lines for the
simulation results.
As can be seen in Fig. 1, generally higher accelerating

gradient wakes are driven in higher density channels by
higher current beams, but the simulation results deviate
further from the linear theory. In Fig. 1(a), a tenuous beam
only slightly perturbs the wide hollow plasma channel and
drives a moderate amplitude wakefield (peak accelerating
gradient ∼150 MV=m) that agrees well with the linear
theory. As we increase the beam peak current to 4.8 kA, the
plasma electrons near the inner boundary are expelled, then
they are pulled back by the more massive and therefore
relatively immobile plasma ions and are injected inside the
channel as shown in Fig. 1(b). The peak accelerating field
now is only half of the linear theory with the gradient up to
1 GV=m. When the 2 nC driver is compressed to 104 fs as
in Fig. 1(c), the returned plasma electrons gather around
the axis and form a density peak. The on-axis Ez is no
longer sinusoidal-like, but there is a deep trough during
the eþ accelerating phase, which cannot be predicted by
the linear theory.
Next, we will elaborate on the relationship between the

magnitude of the accelerating gradient and the validity of
the linear theory. If the displacement of plasma electrons is
comparable to the plasma skin depth, we would expect that

the linear theory no longer holds. For a short drive
beam (kpσz ≲ 1), the displacement of the plasma sheath
electrons is roughly twice the equilibrium blowout radius
reqðξÞ [28], i.e., the charge of the drive beam is com-
pensated by the ions inside the blowout boundary
n0π½ðreqðξÞ þ riÞ2 − r2i � ¼ IðξÞ=ec. So, the normalized
maximum blowout radius can be estimated as

kprm ≈
2Qdkp

ð2πÞ3=2eriσzn0
: ð2Þ

On the other hand, a drive bunch with a Gaussian profile
excites the oscillating EzðξÞ with the amplitude

Ezm ¼ Qd
Gk2p
πϵ0

e−
1
2
χ2k2pσ2z ð3Þ

according to Eq. (1). Figure 1(d) plots the Eqs. (2) and (3)
with the above parameters. With the fixed normalized
quantities, kprm and Ez follow the same trend with respect
to the plasma density. The simulated kprm denoted by the
asterisks shows a good agreement with Eq. (2), that is, 0.1,
0.3, and 0.5 for the three drive beams, respectively. As
shown in Figs. 1(a)–1(c), if kprm ≪ 1, the linear theory is a
reasonable description, but when kprm ∼ 1, the nonlinear
effect plays a major role. As seen in Fig. 1(d) by the dotted
red line, when the accelerating gradient ≥ 1 GV/m, the
peak accelerating fields from linear theory and PIC
simulation differ by 50%, which indicates that nonlinear
effects should be taken into account.
The validity of the linear theory with eþ beam loading

behind the drive beam must be examined using PIC
simulations and is presented in Fig. 2. The eþ beam
contains 1 nC charge and has the Gaussian transverse
profile with kpσr ¼ 0.3. The longitudinal profile and the
loading phase are chosen so as to flatten the Ez field
according to the linear theory as illustrated by the dashed
lines in Fig. 2 and the drive beam and plasma are identical
to that in Fig. 1. Intuitively, the eþ beam loading suffers
more from the nonlinear effects. For the 625 fs driver
[Fig. 2(a)], the trailing positron bunch does not perturb
(beam load) the plasma structure too much, while the
loaded Ez is not as uniform as the linear theory prediction.
The induced energy spread δE ¼ σE=ΔE (the ratio of rms
energy to average energy gain) is 5.9% as plotted in
Fig. 2(d). As the beam load current is increased as in
Figs. 2(b) and 2(c), the plasma electrons are sucked in by
the positrons toward the axis, leading to a sharp decreasing
field within the positron bunch. δE in these cases could be
larger than 100%. Besides, Ez field is no longer uniform in
the transverse direction due to the plasma electrons inside
the channel as shown in Fig. 2(c), which induces extra
slice energy spread of the witness beam and also deviates
from the linear theory.

Plasmasmmma a aa aaa 
ionsonsnsns

Plasmma a
electronsrons

Bunch
directiondirecdirecdirecdirectiontiontiontion

(a) (b)

(c) (d)

FIG. 1. (a–c) Plasma wakes in hollow plasma channels driven
by 2 nC e− beams. From (a) to (c) the rms bunch durations are
625, 167, and 104 fs and plasma densities are 1.26 × 1015,
1.77 × 1016, 4.52 × 1016 cm−3 correspondingly so that the nor-
malized bunch length, size, and plasma structures are constant.
(d) The maximum normalized outward displacement of the
plasma electron sheath and the corresponding maximum Ez
against plasma density. The blue asterisks denote kprm for
simulations in (a–c). The red dotted line separates the linear
and nonlinear regions where the peak Ez field from linear theory
is 50% larger than that in simulation.
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To summarize this section, as we approach the parameter
requirements of an eþe− collider, accelerating an eþ beam
behind an e− bunch inside the hollow plasma channel will
lose the advantages predicted by the linear theory.
However, an important hint from Figs. 1 and 2 is that at
the eþ accelerating phase (positive Ez), which is the same
as the decelerating phase for the drive electrons, Ez in
simulation agrees much better with the linear theory, which
would lead to alternative solutions.

III. HIGH GRADIENT UNIFORM POSITRON
ACCELERATION IN A HOLLOW

PLASMA CHANNEL

We now examine in detail the loading scenario where the
eþ beam coincides with the drive e− beam, which shows
the great potential of high gradient uniform positron
acceleration.
In this loading regime, the eþ bunch influences the

wakefields by compensating part of the negative charge of
the drive beam, and the net current profile now determines
the plasma wakefields. To obtain uniform acceleration
for the eþ bunch, we can turn to the linear theory of
hollow plasma channel as the first step. A systematic way to
calculate the current profile for a desired electric field is
using the Laplace transformation [29]. But already simple
current distribution can maintain a uniform longitudinal
field within a region. Consider a two-part current profile
where the front excites the wakefield and the tail part

maintains it at a constant level. For demonstration pur-
poses, let the beam current of the first part be uni-
form IðξÞ ¼ I1ð0 ≤ ξ ≤ L1Þ, and it excites wakefield at
ξ ≥ L1 according to Eq. (1), Ez1ðξÞ ¼ I1W0

ck0
½sinðk0ξÞ−

sin k0ðξ − L1Þ�. Here W0 ¼ Gk2p
πϵo

and k0 ¼ χkp. To maintain

a uniform wakefield at ξ ≥ L1 so that Ez ¼ I1W0

ck0
sinðk0L1Þ,

the required current profile is linearly ramped IðξÞ ¼
I2
L2
ðξ − L1Þ þ I3ðL1 ≤ ξ ≤ L1 þ L2Þ, where I2 ¼ I1k0L2 ×

sinðk0L1Þ and I3 ¼ I1½1 − cosðk0L1Þ�. However, a discon-
tinuity at ξ ¼ L1 makes this current profile hard to generate
in practice. A linearly ramped current section can be
brought in to bridge the gap between these two parts.
For a continuous current distribution with the form,

IðξÞ ¼

8>>>>><
>>>>>:

I1 ; ξ ∈ ½0;L1�
I2
L2
ðξ−L1Þ þ I3 ; ξ ∈ ðL1;L1 þL2�

I4
L3
ðξ−L1 −L2Þ þ I5 ; ξ ∈ ðL1 þL2;

L1 þL2 þL3�

; ð4Þ

the continuity condition demands I3 ¼ I1,I5 ¼ I1 þ I2.
Let the wakefield in ðL1 þ L2; L1 þ L2 þ L3� be con-
stant, then we can obtain the following relations:
I2

k0L2
sinðχkpL2Þ ¼−I1 cos k0ðL1þL2Þ, I1 sink0ðL1þL2Þ−

I2
k0L2

ðcosðk0L2Þ−1Þ¼ I4
k0L3

and the uniform wakefield

Ez ¼ I2W0

ck0ðk0L2Þ ½1 − cos k0ðL1 þ L2Þ� þ I3W0

ck0
sinðk0L2Þ.

The instances of the above current distributions in a
specific hollow plasma channel are illustrated in Fig. 3.
The wall electron density of the hollow plasma channel is
n0 ¼ 1.77 × 1016 cm−3, and the inner and outer radii
are 45 and 90 μm, respectively. For the two-part case,
L1 ¼ 40 μm, L2 ¼ 60 μm, and I1 ¼ 5 kA, and for a
continuous net current profile, L1 ¼ 30 μm, L2 ¼ 10 μm,
L3 ¼ 60 μm, and I1 ¼ 5 kA, where other parameters can be
obtained through above expressions. The eþ beam has a bi-
Gaussian profile with the rms size σr ¼ 10 μm, rms length
σz ¼ 10 μm, beam center at ξ ¼ 70 μm and contains charge
of 1 nC. The e− beam current profile is the summation of
net current and eþ beam current profile and has the same

TTTrailirailirailing gggTTTT
e bunch

Drive 
e bunch

(a) (b)

(c) (d)

FIG. 2. (a–c) Beam loading effects when the eþ beam is loaded
behind the drive beam. The plasmas and electron beams are
identical to that in Fig. 1. And the eþ beam profile is chosen to
obtain uniform acceleration according to the linear theory. The
gray dashed line in (a) is the current profile of the beams. The
orange line in (c) is the transverse lineout of Ez. (d) The induced
energy spread of the eþ beam for these situations.

(a) (b)

FIG. 3. Positron beam loading scenario when the eþ and e−

beams coincide. (a) A discontinuous net current case. (b) A
continuous net current case. Ez is calculated according to the
linear theory.
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transverse size as the eþ beam. The on-axis Ez fields
presented in Fig. 3 are calculated according to the linear
theory. For both profiles, along the longitudinal direction, Ez
is increasing at the front 40 μm, then it keeps constant for
the rest. The uniform accelerating gradients are 2.67 and
2.42 GV=m separately. For the eþ beam, the majority part
(within �3σz) resides in the uniform field region.
The performance of this beam loading regime in practice

is evaluated by PIC simulations which can resolve kinetic
and nonlinear processes. The intensity of the net current
span a wide range so that it can be examined from linear to
nonlinear scenarios. Figure 4 illustrates the simulation
results. The net current profile is according to Eq. (4),
with I1 ¼ 0.2, 1, 5 kA, respectively. L1, L2, L3, and the
parameters of the 1 nC positron beam are identical to that in
Fig. 3(b). In Fig. 4(a), the linear regime dominates and the
simulated Ez almost overlaps with the linear theory
prediction. As the net current is weak, the peak accelerating
gradient is only 100 MV=m. In Fig. 4(b), the intensity of
the net current is increased by 5 times. The uniform
accelerating field is now about 500 MV=m, and the
simulation result also agrees well with the linear theory.
Further increasing the net current intensity so that I1 ¼
5 kA as in Fig. 4(c), it is obvious that the plasma electrons
are strongly blown out by the intense drive beams, and the
structure of the hollow plasma channel deviates a lot from
the unperturbed situation. Thus, Ez differs between the
simulation and linear theory. Surprisingly, at the eþ
acceleration region, Ez is still flat, although the amplitude
is not the same as the linear theory predicts. The eþ beam
now gets uniform acceleration of the gradient 2.1 GV=m.
Besides, since the plasma electrons move outward at the eþ
acceleration phase, Ez keeps uniform in the transverse

directions inside the channel as plotted in Fig. 4(c), which
leads to a narrow slice energy spread.
The comparisons between the linear theory and simu-

lation results are presented in Fig. 4(d), where the Ez is
normalized according to their net current strength. As the
net current increases, the linear theory is more inaccurate to
describe the wakefields as expected but the characteristic of
uniform eþ beam acceleration maintains. Figure 4(e) plots
the spectrum of the energy gain of the eþ beam, where the
induced rms energy spread can be measured as 0.29%,
0.42%, and 0.55% for I1 ¼ 0.2, 1, 5 kA, respectively. Since
Ez is uniform in the transverse dimension, the induced slice
energy spread for all cases is less than 0.1%, allowing the
next step manipulation of the phase space such as energy
dechirper to further reduce the total energy spread [30,31].
Energy transfer efficiency, i.e., the ratio between energy
loss of the electron beam and energy gain of the positron
beam, for the three cases is 95.7%, 81.5%, and 46.3% for
I1 ¼ 0.2, 1, 5 kA, respectively. In principle, by adjusting
the ratio of e− and eþ beam charges, the energy efficiency
can be close to 100% for any accelerating gradient.
The above analyses and simulations have validated the

effectiveness of this fresh beam loading regime for high
gradient uniform eþ acceleration. In fact, to achieve the
same goal, the choice of the current profiles is infinite.
Figure 5 presents two other instances with more practical
current profiles of the e− beam. The hollow plasma channel
and the positron beam are the same as that in Fig. 4.
Figure 5(a) illustrates a linearly ramped current profile
instead of a flattop at the beam front and the rest part is
adjusted according to the linear theory so that the eþ beam
gets uniform acceleration. Figure 5(b) shows a case where
the drive beam is with a double-Gaussian current profile.

(a) (b)

(d) (e)

(c)

FIG. 4. The positron beam loading effects when two bunches coincide. (a–c) The plasma response and the corresponding wakefields
for (a) I1 ¼ 0.2 kA, Qnet ¼ 56 pC, (b) I1 ¼ 1 kA, Qnet ¼ 280 pC and (c) I1 ¼ 5 kA, Qnet ¼ 1.4 nC. (d) The comparison of Ez=I1 for
three simulations and the linear theory. (e) The spectrum of the eþ beam energy gain normalized to the linear theory predictions for three
different situations.
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The drive beam contains a 2 nC charge, and its specific
profile is chosen for the optimization of the energy spread
of the eþ beam. In this case, the first pulse contains a
0.5 nC charge, has rms length of 15.8 μm, and the second
pulse has rms length of 12.2 μm and is separated from the
first peak by 48.8 μm. The eþ beam center is located at
1.4 μm before the second peak. PIC simulations with the
proposed beam parameters are conducted with the results
presented in Figs. 5(c) and 5(d). As we expected, the main
features are consistent with that in Fig. 4(c). The plasma
electrons are expelled from the channel boundary, leading
the simulated wakefield to differ from the linear theory,
while it remains nearly uniform for eþ beam acceleration.
From PIC simulations, we find that the average accelerating
gradient for the eþ beam is 1.8 and 1.7 GV=m, respec-
tively, for the two cases, and the induced energy spread is
0.80% and 1.53%. The induced slice energy spread for both
situations is less than 0.1%. It is also obvious that fine-
tuning the current profiles can further deduce the correlated
energy spread (chirp) to a great extent.

IV. EXPLANATION OF THE NONLINEAR
BEAM LOADING EFFECT

Through discussions in Sec. III, we have found that the
novel positron beam loading regime in a hollow plasma
channel can achieve high-gradient high-efficiency uniform
acceleration. Meanwhile, as mentioned above, the plasma
structure has non-negligible deformation when the gradient
is up to GV=m and nonlinear effects take part in. It is thus
important to figure out how the nonlinear phenomena alter
the beam loading effect.
To fully resolve the plasma wakefields, the kinetics of the

plasma electrons should be carefully considered. In plasma
based acceleration, the wakefields can be determined by the
pseudopotential or wake potential ψ , which depends on
the distribution of the plasma and beams [8]. ψ is defined
as ψðr; ξÞ≡ ϕ − cAz, where ϕ and Az are the scalar and
vector potential of the electromagnetic fields, respec-
tively. In PWFA, upon applying the quasistatic approxi-
mation [32], ψ obeys a 2D Poisson equation, ∇2⊥ψ ¼
− 1

ϵ0
ðρ − Jz=cÞ, where ρ and Jz are the charge density and

current density along the longitudinal direction for all
charged particles. For the highly relativistic beams propa-
gation along z, ρ − Jz=c ¼ ρð1 − vz=cÞ ≈ 0, so the wake
potential is determined by the plasma.
For the same physical and simulation parameters as in

Fig. 4(c), the plasma and beam profiles are presented in
Fig. 6(a). The distribution of S≡ −ðρ − Jz=cÞ obtained
from PIC simulations at ξ ¼ 90 μm as indicated by the red
dash-dotted line is illustrated in Fig. 6(b). At this slice, the
plasma electrons in the wall of the channel have been blown
out by the drive beam, leaving behind the massive plasma
ions and forming a narrow sheath of the electrons. Thus S
can be decomposed into several parts according to these
physical features. Inside the channel, there are no plasma
particles and S is equal to 0. Within the blowout radius rb
of the plasma electrons, S is determined by the exposed
plasma ions S ¼ −en0. For r > rb, there is a narrow sheath
of plasma electrons with high density. Further away, it is
mainly the linear response of the plasma electrons that are
accelerated by the plasma wakefield and contribute to the

(a) (b)

(c) (d)

FIG. 5. Two other positron beam loading cases. The drive beam
has (a) a piecewise linearly ramped and (b) a bi-Gaussian current
profile. The Ez fields are calculated according to the linear theory.
(c, d) Simulated plasma responses and wakefields.

r
i

r
b

Δ
L

Δ
S

blowout
effect

sheath effect

linear
effect

(a) (b) (c)

FIG. 6. Theoretical analysis of the beam loading regime in a hollow plasma channel. (a) The plasma density and net charge density of
the beams with identical parameters to Fig. 4(c). The black dashed line is the blowout radius obtained from the adiabatic approximation.
(b) The radial distribution of −ðρ − Jz=cÞ at ξ ¼ 90 μm denoted by red line in (a). (c) The on-axis Ez lineouts from the simulation, linear
and nonlinear theory.
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plasma current. The profile of S is very similar to that in the
blowout regime in a uniform plasma except for the hollow
region [8]. Correspondingly, the ψ can also be identified by
these separate contributions

ψð0; ξÞ ¼ 1

ϵ0

Z
∞

0

dr
r

Z
r

0

ðρ − Jz=cÞr0dr0

¼ 1

ϵ0

�Z
rb

0

þ
Z

rbþΔs

rb

þ
Z

∞

rbþΔs

�

×
dr
r

Z
r

0

ðρ − Jz=cÞr0dr0

¼ ψb þ ψ s þ ψ linear: ð5Þ

With the distribution of S, the pseudopotential can be
obtained by integration of S as in Eq. (5). Since S has
distinct forms for different regions, ψ can also be identified
by these separate effects, i.e., the blowout effect, sheath
effect, and linear effect. A critical parameter in Eq. (5) is the
blowout radius rb of the plasma electrons. At the uniform
acceleration region, the net current IðξÞ slowly increases
along ξ and so does the blowout radius. Assume the
evolution of those plasma electrons in the electron sheath
is adiabatic, then the blowout radius is the equilibrium
radius πðr2bðξÞ − r2i Þen0 ¼ IðξÞ=c. The estimated rbðξÞ is
plotted in Fig. 6(a) by the black dashed line, which shows a
good agreement with the simulation. With the expression of
rbðξÞ, ψb can be easily calculated

ψbð0; ξÞ ¼
1

ϵ0

Z
rb

ri

dr
r

Z
r

ri

en0r0dr0

¼ en0
ϵ0

�
1

4
ðr2bðξÞ − r2i Þ −

1

2
r2i ln

rbðξÞ
ri

�
ð6Þ

for ξ ∈ ½40; 100� μm. Ez is given by Ez ≈ ∂

∂ξ ðϕ − cAzÞ ¼
∂ψ
∂ξ ¼ ∂ψb

∂ξ þ ∂ψs
∂ξ þ ∂ψ linear

∂ξ . So, the contribution to Ez by the
blowout effect is

EzbðξÞ ¼
dψbðξÞ
dξ

¼ 1

4

en0
ϵ0

dr2bðξÞ
dξ

�
1 −

r2i
r2bðξÞ

�

¼ 1

4πcϵ0

dIðξÞ
dξ

�
1 −

r2i
r2bðξÞ

�
; ð7Þ

which can be explicitly calculated as Eq. (7) and is
presented in Fig. 6(c). As in the blowout regime of a
uniform plasma, the plasma sheath is narrow and ψ s is
much less than ψb [9]. Thus, the sheath effect is neglected
here. As for the contribution of the plasma linear response,
it can be approximated by modifying the linear theory. In
the linear theory of hollow plasma channel, the geometrical
quantity G is related to the inner radius of the plasma
G ¼ B00

kprið2B10þkpriB00Þ ∝
1
r2i
. For the expected uniform accel-

eration region, we estimate the linear contribution by

Ezl ≈ Ezl0
r2i

½rbðξÞ þ ΔsðξÞ�2
; ð8Þ

where Ezl0 is the uniform gradient obtained from the
linear theory for an unperturbed hollow plasma channel.
The on-axis EzðξÞ can be expressed by Ez ¼ Ezb þ Ezl.
If we assume Δs ¼ 0.1rb, EzðξÞ can then be explicitly

quantified and the result is presented in Fig. 6(c) by the blue
dash-dotted line. That field is rather flat at the eþ beam
acceleration region and the amplitude matches the simu-
lation result as well. The contributions from the blowout
effect and plasma linear response are also presented,
which gives a qualitative explanation of the uniform
acceleration. As the plasma electrons are blown out by
the drive beams, the inner radius of the hollow plasma
channel is effectively wider, leading to the reduction of the
plasma linear wakefields. At the same time, the blowout of
the plasma electrons contributes to the longitudinal wake-
field and partially compensates for the reduction. As a
result, at the eþ beam acceleration region, the accelerating
gradient is smaller than the linear theory while it is still
rather flat. Also note that when I ≪ πa2enpc, rb ≈ ri and
ψ ≈ ψ linear, i.e., the contribution of the nonlinear response
is negligible and linear theory is enough to describe the
wakefield structure.

V. DISCUSSION AND CONCLUSION

Uniform high-gradient acceleration of a high-charge
positron beam is critical for the next generation plasma
based eþe− collider. In this work, we propose a novel beam
loading scenario in the hollow plasma channel to address
this problem. By combining the high charge e− and eþ
beams with specific current profiles, the eþ beam can
obtain high-gradient acceleration with narrow energy
spread and high energy transfer efficiency. A series of
PIC simulations show that the acceleration for eþ beam of
∼nC charge with ∼ GV=m gradient, ∼0.5% induced
energy spread, and ∼50% energy transfer efficiency is
possible. Fine-tuning the current profiles can further
decrease the projected energy spread. Besides, there is
no constraint on the eþ beam current distribution, as long as
the e− beam current profile is precisely tailored, which is
more practical in experiments [33,34].
The transverse stability is another major concern over

the hollow plasma channel. Both theoretical analyses [21]
and experimental measurements [35] have demonstrated
the deflecting force for an off-axis beam would limit the
high energy gain of the eþ beam. Suppression mechanisms
include external focusing or intrinsic stabilization schemes
in this structure. By applying external quadrupole magnets,
numerical simulations illustrate eþ acceleration over a long
distance in a proton driven wake in the hollow plasma
channel [36]. Recently, various approaches such as the
coaxial plasma channel [37], thin warm hollow plasma
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channel [23], or an asymmetric electron driver [24] are
proposed to stabilize the beam transport in hollow plasma
channel and obtain promising results. However, the above
intrinsic stabilization techniques are not applicable to this
scheme, and external magnets or other novel stabilization
mechanisms should be explored for providing stability to
this scenario.
As the eþ beam coincides with the e− beam, there is a

chance a positron annihilates with an electron, and the
rate is related to their beam density and center-of-
mass energy. In general, the rate of electron-positron
annihilation can be estimated as Γ ∼ πr20cne=γ

2
0, where r0

is the classical radius of the electron, ne is the electron
density, and γ0 is the Lorentz factor in the center-of-mass
frame [38,39]. Typically, in PWFA, the electron beam
density is on the order of 1017 cm−3 or less. With
ne ¼ 1017 cm−3, the annihilation time is τa ¼ 1=Γ∼
1=γ20 ms. For most of the time, the eþ and e− beams
have different energy and γ0 ≫ 1, and the propagation
distance during the annihilation time with γ0 ¼ 1 is about
hundreds of kilometers. Thus, for the acceleration dis-
tance of less than 1 km, the annihilation due to the drive
e− beam is negligible.
Also need to note that although the longitudinal beam

current profile is more relevant to the beam-loading effects
in hollow plasma channel, the transverse beam size matters
in different aspects. Currently, the generation of a hollow
plasma channel is using a high-order Bessel laser beam to
ionize the gas, which leaves neutral gas in the channel
center [25]. In this case, the beam size should be chosen
to avoid field ionization of the residual gas. Analogously,
reducing the transverse size increases the beam density and
thus e−eþ annihilation rate, which should be evaluated for
each instance.
The nonlinear theory discussed above is not a fully self-

consistent nonlinear theory such as the theory of blowout
regime [8]. But this heuristic analysis also reveals important
characteristics for the nonlinear regime in hollow plasma
channels, that the plasma linear response is of equal
importance to the blowout effect in this regime. While
in the blowout regime of uniform plasma, the nonlinear
effects usually dominate the plasma wakefields. This work
will be helpful for the development of a self-consistent
nonlinear theory in a hollow plasma channel.
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