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Misalignment effects on the performance and stability
of x-ray free electron laser oscillator
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We report on the effects of transverse spatial misalignment on the performance and stability of x-ray free
electron laser oscillators (XFELOs). For this study, we adopt the FEL driven paraxial resonator model in
which the transverse profile of the radiation field is represented by Gauss-Hermite mode expansion.
Then, we apply Gaussian optics for transporting the radiation field along with the misalignment in the
optical cavity. We divide the misalignment into relevant categories of static and periodic types to
understand their effects on FEL gain, lasing, and saturation. After that, we associate the first order moments
of the radiation field to that of driven simple harmonic oscillator models to identify regions of instability.
Throughout this report, we validate our models and analyses via theoretical calculations, analytical

approximations, and simulations.
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I. INTRODUCTION

Recent advances for transporting coherent hard x rays
with near perfect efficiency by means of Bragg crystals [1]
and compound refractive lenses [2] have prompted signifi-
cant activities in the research and development of x-ray free
electron laser oscillators (XFELOs) [3-5]. An XFELO
consists of an electron beam and an undulator as the
amplifying (low gain) medium and an optical cavity
containing Bragg crystals and compound refractive lenses
as optical elements for circulating x-ray pulses for
repetitive amplification [6,7]. A schematic layout of an
XFELO is shown in Fig. 1. O represents the waist location
of both electron and radiation beams. S is the undulator
entrance point, and P is the exit point. The FEL radiation
strikes the first optical element surface Q; it is succes-
sively guided by other cavity elements to the last optical
element R, which directs the radiation beam to interact
with a fresh electron beam in the undulator (SP) for
further amplification. The FEL gain continues until
saturation is reached in many turns.

XFELOs offer intense, stable, and coherent pulses with
unprecedented spectral resolution, thereby bringing atomic
laser properties to the x-ray regime [8,9]. XFELOs would
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benefit measurements of wide range of systems with
increased accuracy (extending down to the micro eV
range), improved signal counts, reduced sample damage,
and reduction of exposure time of samples under study.
This would enable efficient experimental studies in wide
range of fields, from physics to applications in medicine,
such as rare earth core materials, strongly correlated states
in high temperature superconductors, atomic dynamics
in disordered materials, hemoglobin mobility, and
mesoscopic and artificially structured materials, and bio-
molecules [10,11]. Nevertheless, we are still limited in
understanding the technical requirements of a realiz-
able XFELO.

Unlike x-ray regenerative amplifier FEL [12] and similar
high-gain systems, the stable operation of an XFELO relies
on the quality and precise spatial and temporal alignments
of both electron beams and optical cavity. Even though a
complete requirement of an operable XFELO is difficult to
ascertain in few numerical and/or simulation case studies,
one can always determine specifications for cases where
one or only a few phenomena dominate XFELO output and
stability. For example, in the ideal scenario of perfect
quality e-beams, an ideal undulator, and a cavity with ideal,
defect-free optical elements, the stable operation of the
XFELO depends on the misalignments in the cavity. In this
case, we can simply model the relevant x-ray FEL physics
and cavity (resonator) properties as well as the misalign-
ments to predict the effects of misalignments on XFELO
operation.

Although several FEL codes can model and simulate
FELs, most like GENESIS [13] are not written with
XFELO applications in mind. In addition, GENESIS
discretizes the transverse profile of the radiation field on
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FIG. 1. Schematic of an x-ray free electron laser oscillator. The
figure is not drawn to scale.

a Cartesian grid with uniform spacing resulting in the
simulation run times to vary based on the desired resolution
[13]. Since time-dependent FEL simulations are CPU
expensive, the extension of codes like GENESIS for
XFELO studies will be computationally expensive. While
some codes such as GINGER [14] can simulate ideal
XFELOs with Bragg crystals, conducting simulation stud-
ies of XFELOs with misalignments is outside their domain.
For instance, GINGER assumes cylindrical symmetry for the
transverse radiation profile [14]. This can be cumbersome
for simulating XFELOs with realistic misalignments that
do not respect azimuthal symmetry. To address these
limitations, we adopt the free-space cavity modes—based
model of the XFELO as presented in Ref. [15] to study the
effects of misalignments on XFELO stability and opera-
tion. We note that the resonator modes—based model has
been applied by several others before studying free electron
lasers and oscillators (see Ref. [16—19]).

The rest of this report is organized as follows: In Sec. II,
we introduce the cavity-based model of the XFELO, details
pertaining to paraxial resonator dynamics, misalignment
projections, and the impact of misalignments on single
pass FEL gain. Then, we discuss our strategy for handling
misalignments in simulations and present the input
parameters for XFELO simulations in Sec. III. We cover
the XFELO simulation results under static misalignments
in Sec. IV. We evaluate unsaturated power gain values
obtained from simulations and compare them to the values
calculated from the Gaussian beam theory and approxi-
mate models in Sec. IID. Section V covers periodic
misalignments in single and multifrequency domains.
In Sec. VI, we show that the first order moments of the
radiation beam behave like that of a simple harmonic
oscillator driven by an external source in both static and
periodic cases. After that, we investigate the instabilities
set by misalignments and/or their frequencies as con-
firmed by the driven simple harmonic oscillator models in
Sec. VII. We extend the instability analysis to calculate
frequency widths/ranges of the unstable regions and their
dependencies on misalignment amplitudes and quality
factors of the optical cavities. Finally, we summarize our
findings in Sec. VIIIL.

II. XFELO MODEL BASED ON CAVITY MODES

We model the XFELO using paraxial resonator
modes with FEL gain, wherein the transverse profile

of the circulating radiation field is represented by a
Gauss-Hermite expansion, and the transport of the x-ray
beam in the periodic optical cavity is computed using ray-
transfer matrices including the corresponding phase
advances and misalignment errors [15,20,21]. In this rep-
resentation, the transverse profile of a single frequency
component of the radiation beam is given by

E(x;2) =Y &M (x:2)M,(yiz),  (la)
I,m

where

2 (1—iz/zg)
eXp [_ —403(1-&-22/%)}
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M,(r:z) =

Hp |: r/ar :| e—i(p+%)atan(i) (lb)
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is the Gauss-Hermite mode shape of the pth order, defined in
terms of the spatial root mean square (rms) width o,, the
Rayleigh range zx = 6,/06, = 2k,02 for the paraxial field
of wave number k; = 27/, and rms divergence o,, and
the p-dependent Gouy phase shift; the mode shape functions
form a complete basis set for the paraxial radiation beam
and satisfy the orthonormal condition with its complex
conjugate counterpart given by fdrMp(r; )My (r;z) =
V275, , [20].

The Gauss-Hermite mode representation reduces the
field evolution to that of the mode coefficients &;,,.
These coefficients are constant under free-space propa-
gation of the field (see Appendix A), which makes
transport through the cavity relatively simple even in
the presence of errors. Furthermore, since low-gain (net
power gain <5) FELs preferentially amplify low-order
modes, the Gauss-Hermite representation is efficient in
that it typically only requires <7 modes in each transverse
plane for accurate simulations. For convenience, we
separate the radiation dynamics in the gain medium
(the FEL) from that in the circulation medium (the
resonator) as described in Secs. II A and II B, respectively.
We also derive the single pass FEL gain for misaligned
electron and radiation beams in II D.

A. FEL equations

First, we are concerned with the motion of relativistic
electrons in the undulator and radiation fields. For paraxial
electron beams with negligible space-charge and radiation
recoil effects, the motion of the jth electron in a planar
undulator field is governed by the following set of
equations (see [22,23], and references within):

d

k
d—zaj = 2k,n; —71(p2 + k3x?), (2a)
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d EKUJ] i0.
a2 " 272 me? (e E(x;z) +c.c.), (2b)
d
d
_dzpj = —k%,xj, (2d)

where an electron with arrival time 7; has the phase 6; =
(ky + k,)z = ck;t; in the pondermotive potential formed by
the electromagnetic wave of resonant wave number k; and
undulator with wave number k,; the other electron coor-
dinates are the scaled energy #; = (y; —7o)/7o and the
transverse position and momentum (x;,p;). In addition, kg
is the natural focusing in the undulator, while the energy
exchange between the electron and the radiation field
E(x,z) is given by the coupling in Eq. (2b), where e is
the electron charge, m its mass, K is the undulator
deflection parameter, and [JJ] is the Bessel function factor
defined by

K2 K?
M=Jy—— ) = [ —— ).
W] °<4+2K2) 1<4+2K2>

Now, we shift our attention to the radiation field and its
evolution. Without going into the details of this derivation
(see, e.g., [22,23]), we merely quote the final form of the
paraxial wave equation with FEL source current as

o 9 W
I I E(0,x:
L)ZJ“ ”66'+2ik1] (60.%;2)

Kk, 1 )
_ KWk L) Cemis(x - x)). (3)
8meoro Na ‘X

where € is the permittivity of free space, A represents the
delta-slice average over an integral number of radiation
wavelengths for which the field amplitude varies slowly,
and N, is the number of electrons in the A-slice. Inserting
the Gauss-Hermite mode expansion from Eq. (1) into
Eq. (3) and projecting onto one mode yields

d d
|:aZ + ku 69:| 51$m(z, 9)

eK[JJ]kl i0
= — S NS 00 (s )M (v 7). (4)
1677:2607/()NA]'§€; Y '

In the absence of the electron beam current, the mode
coefficients are constant and only slip ahead of the electron
beam by one wavelength per undulator period. Finally, for
ultrarelativistic electron beams used for x-ray generation,
the undulator focusing is weak with k3L, <1 over the

@) P Q R s O

FIG. 2. Unfolded representation of XFELO cavity of Fig. 1.
The optical axis is defined along the unperturbed ray path (red)
which overlaps with that of the electron beam (blue) in the
undulator.

undulator length L,; for simplicity, we neglect ks in what
follows.

B. Paraxial resonators

As shown in Fig. 1, the radiation beam exiting the
undulator at point P during the rth turn traverses through
free space and the cavity optical elements to become the
input field for the (7 4+ 1)th turn at the undulator entrance S.
This x-ray beam transport can be achieved using any one of
the several configurations of tunable or nontunable optical
cavities containing different numbers of crystals and
focusing elements, the simplest being a nontunable sym-
metric cavity that uses two focusing mirrors [24-26]. The
geometric stability and loss of the radiation beam in these
optical cavities can be studied using geometrical optics, in
which the radiation beam is treated using paraxial rays
whose passage through ideal and defect-free optical ele-
ments is described by the ray transfer matrices, often called
the ABCD matrices. The general form for the transverse
position (r,) and slope (r}) of a ray after traversing through
a paraxial optical element is given by

ry r A B rq
=l o)l e
5 r C DJ|n
where r; and r} are initial position and slope of the ray,
respectively, and A, B, C, and D are transport components
of the optical element [20,21] defined for one transverse
dimension.

We assume that the radiation comes to a waist at the
undulator center point O in Fig. 1, and we can trace a
paraxial ray that starts at O and passes through all the
optical elements to return to O, thus forming a closed loop
or a round-trip. It is easier to visualize the optical cavity of
Fig. 1 in the unfolded configuration as shown in Fig. 2. In
this unfolded configuration, free space and flat optical
surfaces constitute drift elements with their ABCD matrix
given by [}, where d is the perpendicular distance
between the ray’s initial position and the optical element
surface. Besides plane reflectors like Bragg crystals,
XFELO cavities also consist of lenses or focusing mirrors
which contribute to transverse mode matching and stability.
For lenses or mirrors with large focal length f, their ABCD
matrix is conveniently written as [ | ) 9. If the optical
cavity consists of N elements, the round-trip of the paraxial
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ray starting and ending at O of Fig. 2 results in the new
position and slope of the ray given by

{rf] :MNMN_I...MZMI{”] :ﬁM[:ﬂ (6)

/
) ry n=1

Likewise, if any optical element is misaligned, the
misalignment can be propagated using a cascade of
ABCD matrices from subsequent elements. Suppose the

nth optical element is misaligned by E, = [£], where E,

and F, refer to its respective displacement and slope errors.
Then, we can write the net misalignment of the cavity
representing one round-trip as [20]

Ey = [My...My]E| + [My...M3]E; + ... + MyEy_; +Ey,
()

and the coordinates of the paraxial ray passing through this
misaligned system are given by

ry A B E ry
rhl=|C D F||r]. (8)
1 0 0 1 1

Here A, B, C, and D represent the primary ABCD
components of the round-trip cavity, while £ and F
summarize the net cavity misalignment from the reference
optical axis. From this equation, it is fairly straightforward
to calculate the coordinates of the perturbed orbit and
movements required for overall system alignment.

The setup of Egs. (6) and (8) allows us to compute the
stability of the periodic resonator formed by this cavity
configuration as well as the effects of cavity misalignments
on the radiation. For example, using eigenvalue decom-
position on Eq. (6) assuming a periodic system, it is easy to
show that optical cavities with |(A 4+ D)/2| < 1 are stable
and unstable otherwise [20]. In addition, if the cavity
misalignments are static in time, we only need to calculate
E and F values from Eq. (7) once to determine their effect
on the paraxial rays using Eq. (8).

Now, we discuss how the ray-transfer matrix analysis can
be used to understand the propagation of Gauss-Hermite
modes in the optical cavity. We list the primary results here
and summarize Siegman [20] to provide detailed deriva-
tions for Gauss-Hermite mode propagation through an
ABCD system in Appendix B.

Stable ABCD transport through one period of length L
results in a radiation phase shift that sums the usual e’1”
phase due to the path length with a contribution associated
with the Gouy phase. The latter leads to a mode-dependent
phase shift per turn given by

gf’l+l j 1 2 31 B, J[A+D
v — e—l(VH— /2)sign[Blacos[~5=] (9)

for each transverse dimension (see Appendix B).

For turns starting and ending at the radiation waist
(which we labeled by O and assume to be at the undulator
midpoint), the first order moments of a Gaussian beam at
turn 2 are related to those at turn 1 by the ray-transfer
matrix as follows:

]l [A B][#

r c DAl
Here the bars over the terms indicate mean values with their
subscripts referring to the turn number. In accelerator
physics, this ray-transfer matrix and the phase advance

can be represented in Courant-Snyder notation by solving
Hill’s equation (see Ref. [27] for example). Using the fact

that ' = 0 at the waist location for periodic resonators, we
can express the first order moments using

7 cos ¢ Zg Sing

L’J [—Sin(p/z;e cos } {
where the Rayleigh range zi replaces the particle beta
function in accelerator physics, and the phase ¢ =
acos[(A + D)/2] is the phase advance per turn for the
fundamental transverse mode. The turn at which the first
order moments retrace their original or reference values for
the first time is the Betatron period. Let us assume the first
order moments recover their original values at 7'th turn,
such that 77 = 7 and 7, = 7|. This implies that concat-
enating 7T single turn transport matrices yields the identity,
namely, that

(10)

7
5 ], (11)
1°

cosp g sinqo]T_ [ cos(Ty)  zgsin(Ty)
—sing/zg  cosp | | —sin(Tg)/zz  cos(Ty)
10
= , 12
o) (12)

where the first equality follows from the generalized
De Moivre’s formula. Hence, the Betatron period 7' for a
stable optical resonator is the turn 7 for which cos(T¢) =1,
meaning that

2 2w

P S 13
P~ acos[A42] (13)

The properties of a perfectly aligned cavity are only
slightly changed under small perturbations so that the most
of the previous analysis remains relevant even in the
presence of misalignments. On the other hand, Eq. (8)
indicates that cavity errors will lead to the nominal optical
axis no longer closing upon itself, which will reduce the
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overlap between the electron beam and radiation, thereby
reducing FEL gain. While the nominal optical axis no
longer returns to itself, small perturbations result in a
closed, stable orbit that defines the cold-cavity modes in the
presence of misalignments [20,27]. This distorted optical
axis is defined by the conditions r; =r, =7 and
ri =r, = 7. Inserting this into (8) and solving for the
distorted optical axis results in

UELEH
D)E+BF]

= _ [(1 . (14)

2-A-D|CE+ (1-A)F
The distorted optical axis defines where the stable low-gain
resonator mode will be centered, while we assume that the
electron beam is aligned to the nominal optical axis (0,0).
Hence, the ray (7, 7') defines the overlap mismatch between
the two and will be a critical tool for analyzing stability
tolerances.

C. Misalignment projection

The tilt or displacement of any optical element in the
cavity, including the Bragg crystals and/or the focusing
lenses, acts to shift the optical axis as summarized in
Eq. (14). This shifted optical axis results in coupling
between cavity modes, which becomes apparent when
one projects the displaced field onto the stable resonator
modes at the next pass. To see how this works, let , and ¢,
be the position of the displaced optical axis at the waist
location; these displaced values are given by the matrix
elements £ and F in Eq. (8), and we consider only one
dimension for simplicity. Ignoring any phase advance
terms, the (new) projected one-dimensional field at the
waist for the next turn (¢ + 1) will be [15]

E"*V(r;L,/2) = M= El(r — 1,5 L, /2).  (15)
Here we chose to define the undulator center at z = L, /2,
with L, being the undulator length. The mode coefficients
associated with the displaced field at the turn (# + 1) can
now be related to those at turn ¢ by inserting the Gauss-
Hermite expansion and exploiting the orthonormal proper-
ties of the Gauss-Hermite modes. Multiplying both sides of
Eq. (15) with the mode M} (r;L,/2) and integrating over
the transverse dimension r, we obtain

dre’k’ r)p,
-7/
x Ze OM(r = r Ly /2)ME(r; L, /2)

= ZE"; Lu n.l rrv ¢r)
[

gt+ 1

(16)

The misalignment projection matrix P is defined in terms
of associated Laguerre polynomials (first reported in
Ref. [15]) as

Pn,l(rw ¢r)

— e_ikrr¢r/ze_[(rr/o-r)2+(¢r/gr’)2]/8

[0 (izgp, +r, " (174 2P

— (=) o (L ERE) 1<
n!( 20, ) ! 402 <]
n!(izgp, —r,\"=" 2+ 22 '
T (2R T ) pien (2P T ARTE ) <.
\/zz< 20, ) "\ 40 n<]

(17)

Hence, nonzero misalignment amplitudes act to
induce phase shifts and mode couplings. For a radiation
field that is initially comprised of one mode, the coupling
will serve as an effective loss from that mode to others.
The derivation leading to Eq. (17) is shown in
Appendix C.

D. FEL gain for misaligned beams

In the low-gain regime, the solution for evolving
radiation field in the FEL can be approximated and
expressed in terms of the incident radiation, the sponta-
neous (or undulator) radiation, and the first-order field
amplification, also known as gain, as derived in Ref. [22].
Upon ignoring the natural transverse focusing effect of the
undulator, the power gain reduces to a simpler form in
terms of the brightness functions of the undulator field
(By), radiation beam (B), and electron beam (F)

G =" [ dpdyindsdpBy(v.)
By(n.x =y.¢ —p) 5 F(n.x.p;%) (18)
[ dpdyB(¢.y) ’
where 7, =1/ec is the peak electron line density,
n = %, and y;, = 821; ;JC]" [22]. An explicit analytical

expression has been obtained for Gaussian radiation and
electron beams in Ref. [22]. To understand to what extent a
given misalignment might affect the single pass FEL gain,
we evaluate Eq. (18) assuming that the initial radiation and
electron beams are transversely Gaussian but displaced
from the optical axis in position and angle.

The brightness/distribution function of a Gaussian elec-
tron beam that is displaced at the waist in position and angle

by (r..¢.) is
— L e_(”_”0)2/26$ e_A2/26§ e_A2/26%7
F (n,x,p;—”) =
2

262

2
277;5}7 271'0'[,

090702-5



GANESH TIWARI and RYAN R. LINDBERG

PHYS. REV. ACCEL. BEAMS 25, 090702 (2022)

where we have introduced the new variables ¥ = x —r, and
p=p—¢,, and o, and o, are rms width and divergence,
respectively. Then,

0 - Lu nm—1o =z AALM
5 X, D~ - - X Ppyo—— |- 19
anf(nxp 2) " J-"(nxp 2) (19)

n

Similarly, the brightness function of a Gaussian
radiation beam with input power P;,, rms width o,, and
rms divergence o, when it is misaligned by (r,, ¢,) at the
waist is given by

o= —1.)/20% o~ (b=0,)/20,

Bi(y.¢) = P (20)

262 27103S

The usual undulator brightness function defined in Eq. (18)
is given by

BU _ /Tu dz /# ds e~ iQun=Av)k,(z—s) / df

% @ ik(x=y).& pik[(p—p—3) 2~ (h-p+36)*s]/2 (21)

With the new variables

)"\::x—re; A:p_¢e;
y=y- b=0b-9,;
or = rp—r,; 6¢:¢e_¢r;

the 3D FEL gain formulas of Eq. (18) become

N Ky A oo N
S [ dpasandsapB5.)

Buln i =5+ or.p —p —6¢) 5 F(n.%.p)
[ dpdyBe(3. d)

Using integral formulas for Gaussian functions (in one
dimension) given by

dx e—ax2—2bx — febz/a’
a
b
dx xe—ax2—2bx — __ zebz/a
a a

and with careful calculation steps, we arrive at the follow-
ing expression for the modified gain in the presence of
misalignment

G =

(22)

G — JCh X/ dz/ ds(z — 5)e2m=Bv/2)kuLy(z=5) =2k, L (2= —s)o,]?

22)%

82 =6r. 6L, (z-+s)+zs(L,6¢h)>—ikL (z—s)ZZZZ [(6r/%,)?

exp {—
232 |:1+7s
X

1232

—i(z—s) (kL,,Z2 4k22) }

+(60/2,)? 1}

232
L4255t —i(z—s) [kLMZ; + }

The modified gain at harmonic 4 is expressed in terms of
the Colson parameter j., = Ahykunk, L3 and the con-
volved spatial and angular rms widths given by

X2 =02 + 0% ¥ =0, + o0}
This gain expression reduces to the ideal gain
in Ref. [22] in the absence of misalignment, namely, for
(0r,6¢p) = (0,0).

Figure 3(a) depicts the density plot of the normalized
gain for a given set of parameters listed in Table I for
XFELO-A with respect to the normalized displacement and
tilt errors between the radiation beam and the electron beam
at the waist location in one dimension. The FEL gain stays
within 80% of its ideal value provided the misalignment
amplitudes are less than the rms widths, while it drops to
60% of the ideal value when the misalignments become

approximately twice the rms widths of the radiation beam.
Since low-gain devices like XFELO strictly depend on the

(23)

k2

FEL gain (G) and cavity losses (1 — R) to satisfy the lasing
condition

R(1+G)>1, (24)

the prior knowledge of FEL gain dependence on misalign-
ments is useful for identifying design tolerances for the
optical cavity.

While the gain formulas [Eq. (23)] provide an analytic
expression that can be numerically calculated, it may be
somewhat unwieldy for simple estimates or parameter
scans. To determine a simplified but approximate expres-
sion, we observe that the gain dependence on misalignment
amplitude in Fig. 3(a) is reasonably Gaussian in nature and
therefore propose to approximate the gain function for each
dimension by

Gy = Goe[(0r/aZ)* +(5¢/b%y)")/2 (25)
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(a) Density plot of (a) normalized 3D gain calculated for mismatch between radiation and electron beams at the waist location

in one dimension, with error values normalized to rms widths of radiation beam, and (b) difference in normalized gain calculated from
theory [Eq. (23)] and the Gaussian approximation [Eq. (25)] for a range of error values used in Fig. 3(a).

where the subscript SM indicates static misalignment, G, is
the ideal gain value, X, and X, are the convolved rms
widths, and a and b are fit parameters to be determined.
For XFELO-A, we determine the fit parameters to be

a=br m For misalignment amplitudes within twice
the rms size and/or divergence of the radiation beam, the
approximate gain expression (25) is accurate to within 5%
error of the theoretical expression in Eq. (23), as shown in
Fig. 3(b). For XFELO-B, a = 1.03 and b = 0.99, whereas
for XFELO-C, we estimate a = 1.07 and b = 1.25.

The approximate gains estimated from these values are
also found to be within 6% and 2% error of the original gain
expression for misalignment amplitudes within twice the
rms widths of the radiation beams for XFELO-B and
XFELO-C, respectively. Later, we will apply this approxi-
mate gain model of Eq. (25) to understand features of
power evolution and estimate regions of nonlasing and
instabilities.

Order of magnitude tolerances can be found by setting
a = 1.09 and b = 1.14, which were obtained by averaging

TABLE I. XFELO parameters for simulations.

Parameter Symbol (unit) [12 keV] B [14.4 keV] C [9.83 keV]
Electron beam

Energy yome? (GeV) 7 7.982 10.3
Energy spread o, (MeV) 1.4 1.5 4.35
Energy shift OE (MeV) 2.3 32 7.8
Normalized emittance &, (mm mrad) 0.2 0.35 0.5
Peak current 1 (A) 10 100 200
Pulse length o, (ps) 1 0.24 0.12
rms width o, (um) 12.67 15.054 15.73
Undulator/radiation

Undulator periods N, 3000 1500 1000
Undulator length L, (m) 52.8 30 26
Radiation wavelength A, (A) 1.0298 0.861 1.261
Optical cavity

Rayleigh range Zg (m) 10 10 10
Cavity length L, (m) 200 300 300
Stability parameter |A+ D|/2 0.704 0.076 0.076
Ideal FEL gain Gy 0.44 1.48 1.03
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the fit parameters for all three XFELOs. Using this
simplification, the Gaussian gain model has errors that
are typically <10% but may be as large as 20% when the
misalignment amplitude approaches (26,,206,) the radia-
tion beam. While this may be sufficient for initial estimates
of the tolerances, the predictions were not accurate enough
for our subsequent analysis, and we, therefore, resort to
using fit parameter values in what follows.

III. SIMULATION SETUP

A. Approach

We extended the FEL oscillator code [15] for the cavity-
based model of XFELO of Sec. II. The FEL interaction in
the undulator is numerically solved with Eqgs. (2a)—(2d) and
(4) using the leap-frog method for symplectic integration;
this ensures total (electron + radiation) energy conserva-
tion to machine precision for each pass. The misalignment
of the optical elements is cascaded through the ABCD
transport matrices of Eq. (7) to calculate the mean dis-
placement and tilt of the optical axis at the waist location.
Then, the mode coefficients for the start of the next pass are
determined by multiplying the misalignment matrix of
Eq. (17), after applying the phase advance of Eq. (9),
and accounting for total cavity losses by reducing each
mode coefficient value by the amount v/1 — R, where R is
the total power reflectivity of the cavity. The XFELO
simulations reported here focus on the transverse stability
of the field, and are conducted using a single frequency
component that effectively ignores the longitudinal effects
of slippage and frequency filtering due to the Bragg
crystals, and also neglects the finite angular bandwidth
of the crystals. All these effects will be included in future
studies. Nevertheless, we expect that the conclusions
presented here will remain largely unchanged since the
misalignment angles under consideration are typically
<10% of the crystals’ Darwin width.

In an experimental setup, misalignments occur mainly
due to external sources, which also determine their nature.
A displaced/tilted optic because of the alignment errors or
disturbance by an experimenter is an example of static
misalignment whereas a vibrating optic under the influence
of motorized stages or vacuum pumps is considered
periodic in nature. The effects of vibrational noises result-
ing from cultural-technical noise and ground motion in
accelerators have been studied in detail through measure-
ments and modeling [28-31]. Since XFELOs are expected
to operate at frequencies between a few hundred kHz and a
few MHz and reach saturation within a few hundred to
thousand turns, the effects of cultural-technical and ground
vibrations up to few hundred Hz with associated rms
displacements between 0.1 gm and 1 nm are not of major
concern for XFELO stability and operation [32,33].
Nevertheless, our interest lies in identifying scenarios that
would hinder XFELO saturation for a better understanding

and predictability of the misalignment effects. Following
[15], we separate the misalignments cases into three cat-
egories: (a) static—the cavity optics are misaligned at a fixed
value for all passes/turns, (b) periodic—misalignments
are pass-dependent, but sinusoidal or periodic in time,
and (c) random—pass-dependent and realistic like scenario
but neither fixed nor periodic.

B. Input parameters

We consider three XFELOs listed in Table I. XFELO-A
employs a relatively long bunch with low peak current that
would minimize deleterious wakefields and whose param-
eters could be achieved in an energy recovery linac. The
electron beams for XFELO-B and XFELO-C have higher
peak currents and shorter bunch lengths and target different
x-ray wavelengths; the remaining parameters are chosen to
provide an FEL gain between 0.4 and 1.5 while being
consistent with what high-brightness injectors and perma-
nent magnet undulators can achieve.

The cavity configurations of the XFELOs are shown in
Fig. 4. XFELO-A uses a two crystal and two focusing
mirror configuration [Fig. 4(a)], where the undulator is
positioned directly between the flat crystal mirrors that are
separated by 98 m. The focusing mirrors, each with 26.0 m
focal length, are placed 1.0 m after the crystals and are
separated from each other by 100 m. Hence, the total
cavity length is 200 m which, together with the focusing
mirrors, defines a stable mode whose waist is at the center
of the undulator and whose Rayleigh range is 10 m. For
this cavity, A = D = 0.704, so that the Betatron period
Ty = 2r/acos[(A + D)/2] ~7.96 turns. XFELO-B and

(a) 22.6 m 52.8 m 226 m
:: Tm 1:}1\:\59
D) 4
100 m
(b) 92m 1425 m

B: 88.57 m, 6 = 30.56°
C: 7343 m, 6 = 23.28°

2.85m

FIG. 4. XFELO cavity configurations based on (a) two focus-
ing mirrors (green) and two flat crystals (purple) for XFELO-A,
and (b) two compound refractive lenses (green) and four crystals
(purple) forming a bow-tie pattern for XFELO-B (with 6 =
30.56° for C444 crystal) and XFELO-C (with 8 = 23.275° for
C333 crystal). Figures are not drawn to scale. For (a), the
geometrical shape is only approximate and determined by the
choice of crystals and focusing mirrors.
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XFELO-C use a tunable, bow-tie cavity configuration with
four crystals and two focusing lenses as shown in Fig. 4(b).
The focal length of each lens is 36.73 m and are separated
from each other by 92 m to define a Rayleigh range of
10.0 m at the undulator center in the cavity. The total cavity
length is 300 m and a second waist with a Rayleigh range of
72.58 m exists at the center of two crystals separated by
2.85 m. For both XFELO-B and XFELO-C, A =D~
—0.0759 defining a Betatron period of ~3.82 turns.
XFELO-B uses C444 crystals with an incident angle of
30.56°, whereas XFELO-C utilizes C333 crystals at an
incident angle of 23.275°. We note that alternate crystal
choices with a slight change in cavity parameters may
allow better angular acceptance. For example, using C444
results in full width at half maximum (FWHM) angular
acceptance of only 2.4 urad, whereas using C337 at an
incident angle of 9.17° offers FWHM Darwin width of
4.0 prad. Similarly, the tuning range for an XFELO using
the C333 reflection was found to be only 6% in a previous
study [32].

We assume that the nominal power loss per turn is 20%
and define the cold-cavity efficiency in terms of the ratio
of stored power to power loss per turn viag = R/(1 — R),
where ¢ is related to the standard Q factor of the
optical resonator as Q = 2zg/R. For all simulations
and calculations presented in this report, we ignore the
natural transverse focusing from the undulator and con-
sider misalignments only in one transverse direction,
generated by tilting and/or displacing the first crystal as
shown in Fig. 4. The seeding pulse is a weak signal
fundamental transverse mode and the electron shot
noise (spontaneous radiation emission) is turned off.
We choose XFELO-A for detailed analysis and compar-
isons in Secs. IV=VI to demonstrate the response char-
acteristic of low-gain FEL oscillators under various
misalignments.

IV. STATIC MISALIGNMENTS

We simulate static misalignment by tilting and/or
displacing the first crystal in the cavity and propagate
the effect of the misalignment to the center of the undulator
using ray-matrix transfer analysis. This then serves as the
input displacement in position and angle for the misalign-
ment projection formula derived in Sec. IIC. As an
example, for the cavity in Fig. 4(a) crystal tilt of
—45 nrad results in the radiation beam being shifted from
the waist transversely by 0.413 of its rms size and in angle
by 0.276 of its rms divergence. We obtain a similar position
offset at the waist from tilting the second crystal by roughly
40 nrad.

Equation (14) tells us that tilting the first crystal by
—45 nrad results in a closed optical axis that is displaced by
the coordinates (—0.1240,,0.6345,) from the nominal
axis. In the absence of gain or loss, the radiation freely
oscillates about the closed optical axis at the Betatron

frequency. Including FEL gain and cavity loss drives the
radiation beam toward a steady state, and this steady state
is located between the cold-cavity equilibrium (i.e., the
distorted closed orbit) and the nominal optical axis where
the gain is maximized. For our low-gain system, we find
that the steady state is closely approximated by the
distorted closed orbit. Figure 5(a) shows the evolution
of radiation beam centroid phase space for four cases of
constant crystal tilts representing the approach to steady
state through power saturation in XFELO-A. The FEL
simulations indicate radiation beam settling close to
coordinates predicted by Eq. (14). For instance, a crystal
tilt of —45 nrad led to a steady-state orbit with coordinates
(=0.0695,,0.6390,), not far from the theoretical value of
(=0.1246,,0.6340,) obtained from Eq. (14). While we
found the major perturbation (slope error in this case)
affecting FEL gain is close to the value predicted by
ABCD analysis for all cases considered in Fig. 5, our
simulations indicate the mean positions of the radiation
beam settled at values half of that predicted by ABCD
analysis. We assume this effect stems from FEL dynamics
and gain compensation.

Figure 5(b) shows the evolution of the total intracavity
power for constant crystal tilts up to 0.125 prad. The
outcoupled power for this case would be about 6% of what
is shown, meaning that a perfectly aligned cavity results in
~0.8 MW for users. Increasing the crystal tilt leads to
larger offsets between the radiation beam and the electron
beam and thus, less transverse area for FEL interaction
and reduced gain per pass. This results in longer buildup
times for saturation as well as lower saturated powers.
Additionally, the buildup time and saturation power can
be further impacted by angular filtering of the crystals,
and this deleterious effect becomes more significant for
reflection angles different from near normal where the
crystal angular acceptance decreases.

While misalignments affecting XFELO performance are
not desired in general, small residual misalignments inevi-
tably occur in experimental setups. We have shown that
such nonideal cavity conditions lead to suboptimal perfor-
mance and are now in the position to use this information to
set tolerances on the alignment errors. For instance, since
the XFELO of Fig. 5(b) showed little change in gain or
saturation power for crystal tilts less than 20 nrad, we
conclude that achieving an angular alignment tolerance less
than this will result in high-quality output. If we allow
ourselves ~10% reduction in output power, then the
tolerance grows to 45 nrad. Generalizing this last result
to the entire cavity, we find that a combination of static
misalignments that result in steady-state radiation beam
offsets at the waist by less than (=0.07¢,, 0.645,) will have
negligible effects on gain and <12% effect on satu-
rated power.

A static misalignment can cripple an XFELO if gain is
reduced below its threshold value
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FIG. 5. Evolution of (a) transverse centroid phase space of the
radiation beam at the waist along the misalignment dimension,
(b) total radiation power, and (c) radiation power gain per pass for
constant crystal tilts from O to 125 nrad in the first crystal of
XFELO-A defined by Table I and Fig. 4(a).

We expect that this threshold will be reached when the
misalignment leads to a steady-state radiation beam offset
exceeding the rms width of the radiation or electron beam
(whichever is smaller). For the case in Fig. 5(b), the gain
becomes zero when the crystal tilt approaches 125 nrad,
which from Fig. 5(a) corresponds to a steady-state dis-
placement of the stable optical mode by approximately
(=0.1876,,1.7210,4). At this stage, the single pass FEL
gain is predicted by the theory to drop by more than 35%
according to Eq. (23) [Fig. 3(a)].

For misalignments that lead to displacements between
the two extremes of ideal and zero gain, we plot the FEL

1.00
M@@ Q ¢ Theory
0.95 Q #«  Simulation
% +  Approximation
0.90 ¢
*
o 0.85 4
O
2
O 080 b
0.75 * 6 6
0.70 *®
0.65 * $
0 20 40 60 80 100 120

Absolute Crystal Tilt (nrad)

FIG. 6. Comparison of normalized gain values obtained from
simulations, calculated gain formulas of Eq. (23), and approxi-
mate gain formulas of Eq. (25) for steady-state coordinates of the
radiation beam obtained from simulations.

gain per pass obtained from the simulation in Fig. 5(c).
Initially, the gain appears to oscillate, which is an artifact of
the initial seed field not being matched to the steady-state
mode along the distorted closed orbit. After the initial
oscillating transient, the FEL gain settles to a nearly
constant value during which the field grows exponentially.
We observe that this unsaturated FEL gain, by which we
mean the gain during the exponential growth region,
decreases as the misalignment amplitude increases. We
compare the simulation results to analytical gain calcu-
lations in Fig. 6, where the theory computes the gain from
the simulated steady-state position and angular displace-
ments. The simulated and analytical FEL gain follows a
similar downward trend with increasing misalignment
amplitude, with very good agreement for crystal tilts up
to 45 nrad, and increasing deviations that still stay within
10% up to the crystal tilt of 110 nrad. The simplified
theory based upon the Gaussian approximation converges
with the theory for all misalignment amplitudes that do
not sabotage lasing and XFELO saturation as we indicated
earlier in Sec. IID. The approximate Gaussian model
starts to diverge from the theory at 125 nrad crystal tilt
amplitude, the region where the XFELO cannot sustain
lasing anymore.

In addition to the exponential growth, Fig. 5(c) also
shows how the FEL gain saturates due to nonlinear
interactions with the beam. A convenient model for the
XFELO power/intensity buildup to saturation can be
formulated in the form of (see Ref. [20] and references
within for more details)

dP 26
== (5, -5 )P-m
dn (m C) Psm

P2, (26)
where §,, =1In(1 + G) corresponds to the unsaturated
growth rate, . = In(1/R) is the rate of power loss, and
P, is the power at saturation. The above equation has an
exact analytical solution given by
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PyP,, PUICHER
P(n) - P P n((sm_‘sc> — 1 ’
s + 0[6 }
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Py=(1-25)= 27
o= (1-3)5 7)

For the ideal case, the saturated power is approximated

as Py = Seban — 10" [99) For the low-gain XFELO

under study with a high-quality cavity, we can use
approximations J,, % G and 6, =% 1 — R. From simulations
shown in Fig. 5(b), the power at steady state in the
ideal case is P™ = R x 14.4934 = 11.595 MW. Since
the ideal gain calculated from Eq. (23) for Gaussian
beams is Gy = 0.378, we estimate the power at the
steady state to be PW~13.74 MW, which is a good
approximation. We note that analytical models repre-
sented by Eqgs. (23)-(27) can be useful for quick pre-
liminary analysis of XFELOs considered under static
misalignment.

V. PERIODIC MISALIGNMENTS

Misalignments in an operational XFELO will vary over
time due to a variety of causes from slow drifts to
vibrations from noise sources across the frequency
spectrum. Small variations with frequencies less than
100 Hz, which is typical of both ground motion and
cultural-technical noise, can easily be eliminated with
active feedback (see, e.g., [34]). Vibrations that lead to
misalignments over time scales of 0.1 to 10 kHz can also
in principle be controlled with advanced feedback tech-
niques, while any misalignment occurring at the 10 to
~500 kHz will probably have to be limited to levels
such that XFELO performance is not adversely affected.
Noise in the latter two frequency ranges can come
from many sources, including e-beam jitter, cavity detun-
ing effects, piezo-actuators malfunctions, mechanically
undamped turbo pumps, and sudden movements of
experimental setup due to ground motions, construction
works, and so on. In general, all sources of noise
contribute, with the total effect typically described by
the power spectral density of fluctuations. Nevertheless,
we can learn about how much time-varying misalign-
ments affect XFELO output by investigating the response
to oscillations that have one or two frequency compo-
nents. To this end, we model periodic crystal tilt error at
pass t using

N

30(1) =y (80); cos(w;t), (28)

i=1

where (60); is the misalignment amplitude imparted by
the source associated with frequency ;. For now, we
limit our studies to misalignments with frequencies less
than the Betatron frequency, w; < wg.
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FIG. 7. Evolution of total radiation power per pass for periodic
misalignment with the crystal tilt modeled as a sinusoid given by
50(t) = 60 cos(wt) for six different frequencies in XFELO-A.

The label T indicates the period in turns associated with each
frequency.

A. Single frequency

Single frequency simulations allow us to investigate how
the output power fluctuations depend upon the time scale
over which the misalignment varies. Figure 7 shows the
power evolution in XFELO-A for a wide range of single-
frequency misalignment. The period of these misalign-
ments ranges from 20 to 400 turns with the misalignment
amplitude corresponding to —75 nrad crystal tilt. The
power buildup at the steady state shows two-fold behavior
in sampling frequency. This two-fold frequency feature
of power evolution can be understood using the approxi-
mate Gaussian gain of Eq. (25). For periodic misalign-
ments of a single frequency defined by expression (28),
the mean position of the radiation beam at steady state is
directly proportional to the driving amplitude, i. e.,
7(t) « 6rcos(wt), where &r is the steady-state displace-
ment value. Upon substituting 7(¢) = c,6rcos(wt) and
¢(1) = c46r cos(wt), the approximate gain for this sinus-
oidal misalignment at tth pass takes the following form

Gp(l) _ Goe—cosz(mt)[(c,.ﬁr/Ex)2+(c,/,§(/)/2,/,)2]/2\/§
— me—p cos(2a)t)/2’

where we used the trigonometric identity for cosine
function, Gg); is the gain for the static misalignment
case, and we introduced

p = [(c,8r/Z,)* + (cyb/Zy)?) /2V2,

¢, and ¢, are constants of proportionality. In Sec. VI,
we will show that these constants represent frequency-
dependent responses. The exponential part -carries
cos(2wt) indicating that the misalignment frequency
gets doubled for gain and power. Since Nyquist frequency
is 750 kHz for XFELO-A, misalignment occurring at
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frequencies above 375 kHz will be aliased to smaller
frequencies in power evolution.

In addition, we observed suppression of power fluctua-
tions after saturation with increasing frequency (decreas-
ing period) in Fig. 7. The periodic variations that occur on
the timescale much longer than the cavity round-time
imprint themselves upon the output, whereas the fluctua-
tions with smaller timescales are averaged over the full
amplitude oscillations for a given misalignment ampli-
tude. While the general periodic behavior seen in Fig. 7
mirrors that previously published in Ref. [15], the satu-
rated power values are somewhat different. This difference
is due to the effect of the turn-by-turn mode-dependent
Guoy phase shift of Eq. (9) that was not properly
accounted for in Ref. [15].

Returning to Fig. 7, we see that the oscillation amplitude
decreased by half for the misalignment period of 80 turns
when compared to that of 400 turns. The further increase in
the misalignment frequency (to a period of 20 turns) led to a
further reduction in the power fluctuations. At this fre-
quency, we observe a further decrease in unsaturated FEL
gain during the exponential growth regime (100-200
turns), and hence, the reduction in average power output
by > 10% compared to lower frequency cases. We will
cover the cases with frequencies close to the Betatron
frequency that lead to excitations, poor performance, and
even instabilities in Sec. VI and beyond.

B. Multiple frequencies

In real systems, misalignments originate from various
sources that contribute over a wide range of frequencies,
whose total effect can be taken into account via Eq. (28).
While such modeling will be needed for any particular
facility once the noise sources are known, we think that an
exhaustive study of the many scenarios would be both
challenging to complete and difficult to interpret. Rather,
we study the response to periodic misalignments that have
only two or three frequency components. We find that the
resulting power evolution is essentially a superposition
of the single frequency responses, and therefore conclude
that the single frequency response gives important
information regarding generic, time-varying errors.
While this observation may seem reasonable, it is perhaps
not obvious due to the nonlinear nature of the FEL at
saturation.

For simplicity, we consider a case where both frequen-
cies occur with the same misalignment amplitude. In
this case, the centroid of the misaligned radiation beam
evolves as

F(r) = c,%[cos(a)lt) + cos(w,1)]

at the steady state, and the approximate gain at the ¢th turn
becomes

G (l‘) _ Goe—p[2+cos(2w|t)+c0s(2w2t)]/8

p
x e—pcos[(a)]+w2)t]/4e—pcos[(w1—wz)t]/4. (29)

In addition to the responses at 2w; and 2w,, we find that the
gain also contains the beat frequencies w; + w,. The
exponential containing the individual responses at twice
the frequencies in the first line indicates that the gain will
fluctuate between G, and Gye /2. Since the contribution
from the exponential containing the sum of frequencies is
e*/* (maximum/minimum) at constructive interference,
this results in the shift of gain fluctuation between Gye /4
and Gye?/*. However, further truncation from the expo-
nential containing the difference of frequencies reduces the
maximal achievable gain to G because it also contributes a
factor of e¥”/% at minimum/maximum when constructive
interference occurs. In other words, Eq. (29) indicates that
the gain fluctuates between G, and Gye™ in the presence of
two frequencies. These beat frequencies will also be present
in the saturated power, but the high frequency oscillation
(w; + w,) will be less prominent since it will be more
strongly averaged (damped) by the cavity Q resulting in
reduced power fluctuations as we observed earlier in Fig. 7.

The difference frequency has a period of 2z/|w; — @]
turns, and we will observe features of constructive inter-
ference in the steady-state power fluctuations at intervals
given by

T o T1T2
wl—w2_2|T2—T1 '

T - (30)

and destructive interference occurring at the same interval
but shifted by ~T' /2 passes. In other words, each period in
the difference frequency contains two constructive inter-
ference and four destructive interference patterns. One
constructive interference leads to amplification of gain
(at destructive interference) by e”/* whereas the other one
leads to attenuation by the same factor. Figure 8(a) shows
the power evolution per pass for crystal oscillations with
two frequencies of oscillation, where the second period is
fixed at 80 turns and the crystal tilt amplitude is —37.5 nrad
for both frequency components. For the most rapid oscil-
lation with 7'y = 20, the period T¢ ~ 13.3 ~ T is difficult
to clearly identify, and furthermore the gain and cavity Q
more effectively average over the relatively high frequency
oscillations, which leads to less variation in the power.
When T; =50, 64, and 100, however, the respective
periods of constructive interference 7T~ 67, 160, and
200 are clearly visible in the power. For 7| = 50, we
observe three peaks due to gain amplification at 200, 333,
and 467 turns followed by dips due to gain attenuation
halfway between them. The peaks for 7'y = 64 occur at 160
and 480 turns with a power dip following at 320 turn.
Similar trends are found for 7; = 100 at 200, 400, and 600
turns. The maximum intracavity power in these regions of
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FIG. 8. Evolution of total radiation power per pass for scans
conducted (a) for two frequencies with the second frequency
component kept fixed with its period at 80 turns, and (b) for three
frequencies with two frequencies kept fixed close to each other
with their periods corresponding to 20 and 25 turns.

constructive interference approaches the ideal, steady-state
value ~14.5 MW, while the power in between is close to
that when both frequencies are equal as depicted by the
green line of Fig. 8(a). Hence, the average power at steady
state is larger when 7| # T,. In fact, for disparate frequen-
cies, we expect the average power to be dictated by the rms
average over the two misalignment amplitudes, which in
this case, is reduced by a factor of /2.

We observe similar features for the particular case
of three frequencies provided the gap between two of
the frequencies is much smaller than their difference
from the third frequency, namely, either (o, w, <K @)
or (w,w, > w3). In this case, the dominating beat fre-
quency occurs with the periodicity

T - T - T1T2T3
C o +wy—2wy |T3(Ty+Ty)—2T,Ty|

(31)

Again, the periodic “constructive interference” leads to
times when the FEL gain and output power that is close to
the unperturbed state, while there are other times within the
difference period for which the gain and power will be
somewhat attenuated. Furthermore, we expect that the

phenomenology of the three frequency cases just described
will become almost indistinguishable from the two fre-
quency cases in the limit that the misalignment amplitudes
associated with the first two frequencies are equal and half
that associated with ws.

Figure 8(b) shows the power evolution profile in the
presence of three frequencies under the previous con-
straints. The misalignment amplitude for 75 is set at
—37.5 nrad crystal tilt while that of 7; and T, are at
—18.75 nrad tilt. From the expression (30), we expect the
gain amplification/attenuation by constructive interference
to occur at every 50 turns between 7| = 20 and 7, = 25.
For T; = 100, we expect constructive interference to occur
at every 14.29 turns from Eq. (31). We only observe the
maxima/minima in power fluctuations at turns when integer
multiple of 14.29 turns (every 100 turns) equals the integer
multiple of the period of constructive beats between two
frequencies occur. In this case, such occurrence is observed
every 100 turns as shown in Fig. 8(b). Similar patterns
emerge for 753 = 200, 300, and 400. Moreover, the damp-
ing of higher frequency components is also evident.

VI. HARMONIC OSCILLATIONS

So far, we have focused on a few cases of static and
periodic misalignments, concentrating on the gain, the
power buildup, and the final saturated power. Now, we
shift our attention to the evolution of the first order
moments, how they can be modeled using a simple
harmonic oscillator model, and this model’s application
to assessing potential instabilities.

The solid lines in Figs. 9(a) and 9(b) show the mean
position and divergence of the radiation beam minus their
steady-state values at the waist location plotted against the
pass for the static misalignment cases of Fig. 5; the
centroids execute damped oscillations with a frequency
close to Betatron frequency before approaching the steady
state. This makes physical sense since we have already
established that a misaligned cavity has an equilibrium
about the distorted closed orbit, a natural frequency wp, and
loss due to the reflectivity R < 1. Hence, we model the
radiation centroid using the following damped harmonic
oscillator equation:

2 d
- 5 25 2

oY T2V @y = wpoy. (32)
where the natural frequency is the Betatron frequency wyg,
the damping factor is f, and the steady-state amplitude is
the driving amplitude 8y which corresponds to the closed
orbit at the cavity center. The solution for the centroid is
then

—5v)e Pt
y(t) =6y + %cos (t\ /a)/,2 -+ l//) (33)
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FIG.9. Plot of (a) mean position and (b) mean divergence of the
radiation beam minus their steady-state values versus pass for
static misalignment cases of Fig. 5 obtained from the simulations
(solid lines) and harmonic oscillator model of Eq. (32) (dashed
lines). The x-axis scale is logg.

where the phase 1// is determined by the initial condition,

with tany = [éy—yo —pl/\Jwy = p* for §(0) =y, and
3'(0) = y;. The displacement at the steady state is given
by the first term &y, while the second term describes the

transient evolution wherein the centroid makes damped

oscillations with the frequency y/w;? — B° like those seen

in Figs. 9(a) and 9(b) [35]. We expect the damping factor j
to scale with radiation amplitude loss in the cavity,
ie., fox (1 —R). We verified this by conducting scans
using cavities with Betatron periods between 4 and 20
turns and also for different FEL gains (<2) and power loss
per turn. We concluded that f~ (1 —R)/2 based upon
these scans.

We show the harmonic oscillator solutions of Eq. (33) for
mean position and divergence minus their steady-state
values over pass with the dashed lines in Figs. 9(a) and
9(b), respectively. The initial displacement values used for
the dashed lines were obtained using ABCD matrix
analysis [Eq. (8)], whereas we used the steady-state values
from the simulations for consistency. The overlap between
the simulations and the harmonic oscillator model results
are obtained for the damping factor # = (1 — R)/2 and also
by shifting the dashed lines right by 2.7 turns for mean

position and 7 turns for mean divergence. Since the
simulation is conducted with a weak seeding pulse of
fundamental transverse mode in which the evolving radi-
ation beam after each turn suffers constant misalignment,
the coordinates of the radiation beam after the first pass or
even first few passes do not necessarily converge immedi-
ately to the values predicted by ray-transfer matrix analysis,
thereby justifying the applied shift correction. The overall
phenomena of transient damped oscillations of the first
order moments on the approach to steady state is effectively
captured by the simple harmonic oscillator model as
observed in Fig. 9. In addition, the early excitation
amplitudes for mean position are found to occur at

z:%, where n=0,1,2,3,... based on Eq. (33).

The first excitation occurs for n = 0, and t = ~ 4,

- ﬁ2

j

and the factor of this excitation is

a, =1 —l—me_”/v G-,

oy

0, a, = 1.67. It is easy to show that the factor of
mean divergence is exactly

For y, =
first excitation for

DB o

a,=1+e -1/ Gy 1.67, a value independent of
initial offset.

Similarly, we model the first order moments in single
frequency—based periodic misalignment case by replacing
the constant driving term with §y cos(wt) in Eq. (32). The
complete solution of this periodically driven harmonic

oscillator is given by

X {cos(wt +9)

cos e
_ t St — g2
cosy cos< w; — P +l//>]
40 e‘ﬂ’cos(tw/wlzj—ﬁ—l—y/), (34)
cos

where

sign ( ﬂ[f) Sy sin 19>

A(wy. o, B) = |6y| - . (35)
2 2
wy— 2pw 2
\/ (— ) + (%)
2
tany = 20 (35b)
w —a)/}

A(wp, o, p)[fcosd — wsin 9] — y, — vy
yo — A(wg, o, f) cos 9 :

and tany =

(35¢)
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FIG. 10. Plots of normalized amplitude |A(ws,w,f)| with
rms size versus misalignment periods in XFELO-A with
p =0.1,§ =4, and crystal tilt amplitude of —45 nrad obtained
from simulations (diamonds for position and circles for angle)
and harmonic oscillator model (solid lines, blue for position, and
red for angle) of Eq.(35).

Again, the value of phase y is determined from the initial
conditions for y(0) = y, and y'(0) = y;. The first term is
the steady-state solution, whereas the second and third
terms are associated with the transient evolution of the first
order moment that depends on the driving frequency and
initial conditions, respectively. At steady state, the har-
monic oscillator oscillates with the frequency of the driving
source unlike the transient solutions. The appearance of
frequency-dependent amplitude A(wy, w, f) represents the
frequency response of the oscillator to the driving fre-
quency and the excitation of the amplitude occurs close to
the Betatron frequency. Moreover, the steady state itself
represents oscillation about the driving amplitude (dy) in
contrast to the static misalignment where a fixed orbit is
achieved. As observed in the first two terms in Eq. (34), the
transient excitation amplifies the driving amplitude, which
may further enhance the frequency excitation leading to
instabilities. Figure 10 depicts normalized frequency ampli-
tudes of first order moments for various misalignment
frequencies obtained from simulations (diamonds for
position and circles for divergence) and harmonic oscillator
model (sold lines) for XFELO-A with f = 0.1, g = 4, and
crystal tilt amplitude of —45 nrad after saturation. At steady
state, the driving amplitude is manifested in the distorted
orbit coordinates, (—0.124c,,0.6345,) for this case as
found earlier in Sec. IV. The excitation of the amplitude
near the Betatron period is clearly indicated by both
simulations and the oscillator model of Eq. (35a). For
the mean divergence, we find the harmonic oscillator model
to reproduce the simulation results over the range of
misalignment frequency/period. There is disagreement
between the harmonic oscillator model and the simulations
for the mean position when the misalignment frequency
approaches Betatron frequency from either side. We note
that the harmonic oscillator model is devoid of FEL
dynamics and gain compensation. Moreover, the transient

excitation of the misalignment amplitude may lead to
slightly different driving amplitudes than predicted from
the ray-transfer matrix analysis at these frequencies. In the
next section, we will extend this frequency response
analysis to estimate width of instabilities.

VII. INSTABILITIES

The intricacies involved in the modeling of XFELO
make us rely on simulations to identify ranges of static or
periodic misalignments that render XFELO performance
unstable. Often, these studies would be on a case-by-case
basis for individual XFELOs under consideration. These
studies would not only be cumbersome, time consuming,
and repetitive but also be rather limited in assessing overall
performance and stability. In such studies, identifying
patterns and limits often prove useful. For example, the
upper threshold on misalignment frequency was easily
determined using the sampling theorem (the Nyquist
frequency limit), and two-fold frequency of power buildup
was simply understood using the approximate gain model.
Therefore, we apply the approximate Gaussian gain model,
the lasing condition, and the harmonic analysis of the first
order moments presented earlier to serve as the tools for
exploring XFELO instability in the presence of static and
single frequency driven periodic misalignments.

In the presence of time-dependent misalignments, the
approximate Gaussian gain [Eq. (25)] takes the form

G(t) = Goe—[(?(t)/uzx>2+(43(t)/bz¢>2]/2.

Since the FEL lasing is disturbed when R(1 + G) < 1, we

substitute the gain from the above expression and g = %
to obtain
HN\?, (¢()\°
— — | >21 q
(aZX) + <b2¢ > 21n[Goq] (36)

This is the required analytical expression that indicates
when lasing becomes unachievable in the presence of
misalignment. For static misalignment and when approach-
ing steady state to the driving amplitude, this condition
reduces to

|6r] > aX,\/2In[Gyg], for 6¢p = 0. (37a)
64| > bZ41/21n[Gog]. for 6r=0.  (37b)

For nonzero or and d¢, and % = ¢, we get

abcx, ¥,

|6r| >
\/ (aZ)* + (bcZ,)?

2In[Gyg].  (38)

In other words, FEL lasing disturbance in the presence of
the static misalignment is determined by the misalignment
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FIG. 11. Density plot of threshold value /2 1n[Gg] for static
misalignment for various ¢ and G, values. Both x axis and y axis
are on a log,, scale.

amplitudes whose threshold depends on the convolved
spatial and angular rms values as well as the ideal gain and
cold cavity quality parameter (since g = Qc /wg). We note
that the early excitation (as observed in Fig. 9) of the first
order moments may exceed the threshold values for static
misalignments right after the XFELO is turned on, which
may render lasing difficult or even impossible. For
XFELO-A, lasing is ensured for static misalignments if
and only if the first order moments of the radiation beam do
not approach and exceed half of the threshold values
determined by conditions (37) and (38); Fig. 11 shows
the density plot of the threshold values for a range of ¢ and
ideal gain values. High quality cavities (with higher ¢
values > 10) are found to have higher threshold even for an
ideal FEL system with G, < 1. Similarly, higher gain FEL
permits adopting cavities with low ¢ values for higher
outcoupling.

In addition to depending on misalignment amplitudes and
their excitations, instabilities under periodic misalignments
also depend on the driving frequency as observed from the
frequency excitations in Fig. 10. Figure 12(a) shows the
power evolution in XFELO-A, with R = 0.8(§ = 4), sub-
ject to periodic misalignments with frequencies between
0.7w4 and 1.47wy for a crystal tilt amplitude of —45 nrad.
We observe the instabilities to occur with a frequency width
of dw/wy = 0.345 4 0.035 between 0.81wy and 1.19w.
This range is calculated by subtracting the upper and lower
frequencies at which instability is observed (assuming
power did not reach 0.1 MW by 600 turns). This difference
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-;—3510—16 ------- 139 — 1.0 — 0.787%
T Lol 132 — 096 —— 0.76
e 107 125 — 0.92 0.74
?0510—24 ------- 119 — 0.89 0.72
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2 -5l
: 10-°
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s
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FIG. 12. Power evolution in XFELO-A with R = 0.8 (§ = 4)
subject to periodic misalignments with frequencies between 0.67
and 1.46 times the Betatron frequency with the crystal tilt
amplitude of (a) 45 nrad, (b) 67.5 nrad, and (c) 78.75 nrad.
The y-axis scale is log.

is then centralized to account for the scan gaps with an
adjusted error by half of the scan gaps. The resonance width
increased to éw/wp ~0.49 £0.04 between 0.72w; and
1.25wy upon increasing the crystal tilt to —67.5 nrad as
shown in Fig. 12(b). When the crystal was tilted by
—78.75 nrad (1.75 amplification), the resonance width
became Jw/wy = 0.605 £0.045 between 0.67w; and
1.32wy [see Fig. 12(c)].

Similarly, we conducted single frequency scans for
XFELO-A with different reflectivity (R) to observe the
effect on resonance widths. Upon changing the reflectivity
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FIG. 13. Power evolution in XFELO-A with (a) R = 0.8333

(g =15), and (b) R = 0.75 (§ = 3) subject to periodic misalign-
ments with single frequency between 0.77 and 1.46 times the
Betatron frequency with an amplitude of crystal tilt of —45 nrad.
The y axis is on a log;, scale.

of the XFELO cavity to R = 0.8333 so that g =5, we
observed the instability width reduced to dw/wy = 0.27 &
0.04 between 0.83wy and 1.14wy as shown in Fig. 13(a).
Then, we lowered the cold cavity parameter to g = 3 by
setting R = 0.75. As shown in Fig. 13(b), the instability
width widened to éw/wy = 0.47 £ 0.04 between 0.74wy
and 1.25wy

In the above case studies, a more accurate estimation of
the frequency range for XFELO instability would require
performing simulations of more frequency scans with
smaller gaps. Alternatively, we can extend the expression
of Eq. (36) to periodic misalignments to estimate the
frequency range (resonance width) of instability. Using
the amplitude part and ignoring the oscillating component
from Eq. (34), we get

(Mo}, (hloy.p

2
>21 q|.
4 2B > 2miGedl. (39

Substituting [A, (wg.0.,8)|=|8y|wj[(@f—w*)*+(2pw)?] 71/
into the above expression, we obtain the frequency range or
width of the instability given by

8 287 1 287 1
0w _ l—ﬁer—F— 1—%——19, (40a)
wp wj 2 wj 2

o \/ <2ﬂ>4_ ) (2,B)Z+2(5r/a2x)2+(5¢/b2¢)2

(40b)

The textbook approach to approximate the resonance width
relies on solving for full-width at half maximum (FWHM)
of |A,(wp, w, f)|* and is equal to 2 to first order in § for
optical cavities with f < wy [35]. We follow Jose and

Saletan [35] to define a new parameter Q, which represents
the effective quality of XFELO cavities for these damped
oscillations and the sharpness of the resonance peak, where

0= ;)—;; = % to first order in /. The equivalent cold cavity

quality parameter in the absence of FEL gain would be
0.,=RQ = wpq. Then, we can effectively write the
FWHM width of the resonance for a cold cavity by

oy 2L L )

The FWHM formulas for resonance width are useful to
identify the extent of unstable regions based only on the
information of Betatron frequency and reflectivity or the
cold cavity quality parameter of XFELOs under study.
From Eq. (41), we find FWHM widths in XFELO-A to be
(bw/wp). = 0.32 for g = 4, ~0.25 for § = 5, and ~0.42 for
g = 3. While these estimates are not far from the resonance
widths we obtained from simulations in Figs. 12 and 13 for
the crystal tilt amplitude of 45 nrad, formulae (41) does not
indicate any truncation or expansion of the resonance width
when the misalignment amplitude is altered. This short-
coming is addressed by formulas (40), which includes the
misalignment amplitudes in the expression for resonance
width. Figure 14 shows the excitation curves obtained from
this calculation for case studies of Figs. 12 and 13 with
p=(1—-R)/2 from Eq. (40). The instability is set for
normalized amplitude equal to 1 and resonance widths
obtained from this calculation are slightly smaller than the
values recovered from the simulation studies earlier for
various ¢ values and applied misalignment amplitudes.
This discrepancy could be the result of observed differences
in frequency response between simulations and the har-
monic oscillator model we discussed earlier (see Fig. 10).
Nevertheless, the trend of decreasing/increasing resonance
widths with increasing ¢/misalignment amplitudes is
clearly observed.

Table II summarizes resonance widths obtained from
simulations and theoretical approximations of Eqgs. (40) and
(41) for all XFELOs of Table I. The trend of decreasing and
increasing resonance widths with a respective increase in g
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FIG. 14. Normalized excitation amplitude plotted against
normalized frequency for the periodic misalignment of case
studies of (a) Fig. 13 for cavities with g=3, § =4, and g =5
and (b) Fig. 12 in which crystal tilt of amplitude 45 nrad is
amplified by a factor of 1.5 and 1.75. The resonance frequency
widths are obtained when normalized excitation equals 1 based
on Eq. (40), beyond which instability kicks in.

and misalignment amplitudes are effectively observed from
both theory and simulations. In simulation studies of
XFELO-A, the resonance widths estimated from theory
are found to be slightly smaller than simulation values. For
XFELO-C, the estimated resonance widths from the
simulation are found to be slightly larger compared to
the theoretically calculated values from Eq. (40). On the
other hand, the FWHM width formulas predict similar
widths obtained from simulations for various ¢ with driving
misalignment amplitude corresponding to displacement
error of —15 pum of the first crystal. This crystal displace-
ment results in the radiation beam offset at the waist by
approximately (0.76¢,,0.825,) from the original optical
axis with the driving amplitude of (-0.00001¢,,0.7585,)
at the steady state. Although XFELO-B has higher FEL
gain than XFELO-C, the FWHM resonance widths from
formulas (41) are the same for cavities with same ¢ values
because they have same Betatron frequency. The predicted
FWHM widths are also found to be similar for XFELO-B
when the first crystal is displaced by —20 um and tilted
by 40 nrad, resulting in the radiation beam offset of
approximately (1.160,,0.876,) at the waist from the
optical axis with the corresponding driving amplitude of

TABLE II. Comparison of resonance widths obtained from
simulations and analytical formula of Egs. (40) and (41).

Crystal Offset ~ Simulations Theory FWHM
g=1% (6x um, 60 prad)  (bw/wp)  (bw/wp) (bw/wp),
XFELO-A wp = 0.79 Gy =044
4 (0, —0.045)  0.345+0.035 0.194 0.32
4 (0, —0.0675)  049+£0.04 0416 e
4 (0, —0.07875) 0.605 +0.045 0.517 e
5 (0, —0.045) 0.27+£0.04 0.167 0.25
3 (0, —0.045) 047 £0.04 0.336 0.42
XFELO-C:  wy=1.65 Gy =1.03
4 (=15, 0) 0.17£0.04 0.152 0.15
4 (=225, 0) 0.36 £0.04  0.267 e
4 (—26.25, 0) 0.39+0.04 032 e
5 (=15, 0) 0.085+£0.045 0.15 0.12
25 (=15, 0) 027 +0.04 0.164 0.24
XFELO-B: wp ~ 1.65 Gy=148
4 (20, 0.04) 0.17+£0.04 0.223 0.15
4 (=30, 0.06) 042+0.04 0374 e
4 (=35, —0.07) 0.495£0.045 0.446 e
5 (=20, 0.04)  0.085+0.045 0.222 0.12
2.5 (=20, 0.04) 03+0.04 0.248 0.24

(0.1780,, 0.9720¢). Again, we find the resonance widths
estimated from Eq. (40) to be slightly different than that
obtained from simulations for XFELO-B as well. We note
that we used the same damping factor f = % in all of
these calculations of the theoretical estimates. Since
XFELO-B and XFELO-C have the same Betatron fre-
quency but different ideal FEL gains, it is feasible that
higher FEL gain resulted in a lower damping factor. The
accurate quantitative prediction of such a shift would
require a large parameter scan studies and is beyond the
scope of this article. Nevertheless, it is understood that the
excitation of the misalignment amplitude and resonance
width of instability can be reduced to a certain extent by
choosing a cavity with a larger Betatron frequency and
switching to a slightly higher FEL gain.

VIII. CONCLUSION

To sum up, we have presented a complete model
for XFELO modeling within the paradigm of paraxial
approximation for optical cavities with broadband optical
elements, whose angular acceptance >>urad. We have
incorporated methods and tools that allow us to simulate
transverse misalignments and their effects in XFELOs with
sufficient accuracy. We have studied the effects of trans-
verse misalignment in XFELOs and the emergence of
various phenomena due to the XFELO response. Static
misalignment results in the reduction of single pass FEL
gain and may result in nonlasing through early excitations.
XFELOs can be made resilient to static misalignment and
their excitations by either reducing outcoupling and loss in
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the cavity or switching to higher FEL gain without affecting
outcoupling. The highest frequency of the oscillatory
misalignment is limited by the Betatron frequency of the
XFELO cavity due to folding. Power fluctuations due to
higher frequencies are effectively damped, albeit resulting
in a reduced overall power output. Large frequencies,
greater than twice the Betatron frequencies, and their
excitations are not worrisome. Although smaller frequen-
cies do not lead to instabilities, the power output fluctua-
tions are imprinted from the misalignment effects. In other
words, larger misalignment amplitudes at lower frequencies
will affect XFELO output badly. Such effects should be
mitigated through precise alignment and active feedback
control. Finally, the regions of instability for static and
single frequency oscillatory misalignment can be predicted
by exploiting Gaussian gain model and driven harmonic
oscillator models. The resonance widths can be adjusted by
tuning Betatron frequency, cold cavity parameter QC, and
ideal FEL gain in the XFELO.
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APPENDIX A: FREE-SPACE PROPAGATION

Free-space propagation of the Gauss-Hermite mode
coefficients comes into play when we implement misalign-
ment projection, time dependency, or slippage in FEL
simulations. For single frequency component in one dimen-
sion, we can solve for the free-space propagation in angular
space by

E(¢h:) = e M0 E(gh ),
where z is the starting position and z is the position of
interest at which we want to compute the field. We have
dropped the constant phase k(z — zg) for convenience. The
tilde denotes the field expansion in angular space, defined by
the Fourier transform of the field in the coordinate space, i.e.,

(A1)

r2(1—iz/zg)

(A2)

_ / dre‘”“ﬁrzl:&(z)

Exp [_403(1“2/4)} H { r/c,
\/21“%(1 +22/z3)'? A

:|e—i(l+1/2)atan(z/zR),
1+7%/7%)

where we substituted E(x; z) from Eq. (1) and kept only the modes in one transverse direction. We can solve the above
expression using integral properties of Hermite polynomial generating function to obtain the one-dimensional field in

angular space

2) =Y _E(x)M ()

e

(=) '/‘4)(1+z§) [ b ] a3)

[ 5
. //1%211' V20,

where 6, = 04 and { = z/zg. Now, we can apply field expression from Eq. (A3) in Eq. (A1) and use mode projection to

obtain the expression for outgoing mode coefficients. Using projection, integration, ¢ = % and zz =
[4

'3l+n

A/ 2l+”l'n

'il+n

,/ 21+nlyn

=2 &)

31+n

=) &/
Z l ZO /77,'2[+nl'n'

3l+n

=2 )

"1/, =

1
ko2 we get
)

dpe™ ") o= 1HE-D | (9)H,, ()
dgpe'?" ©=02e=r 1+16-02H (p)H,, ()

(pe_(pz HI (gD)Hn ((ﬂ)

En(20)- (A4)

This shows that the Gauss-Hermite field mode coefficients remain constant under free-space propagation besides

accumulating the constant phase.
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APPENDIX B: ABCD PROPAGATION

We follow Siegman [20] to derive the effect of ABCD
matrix on the propagation of Gauss-Hermite modes of
Eq. (1b). Let us define the complex beam parameter g as

1 Lo, 2
q(z) R(z) kw?(z)’

where R(z) = z[1 +
w(z) = 20,1/1 + (z/z)* is the waist size at any position
z. Then, the field amplitude of the unnormalized nth
transverse mode reduces to

n(r:2) = v @B Lo (%j) B1)

(zg/z)?] is the radius of curvature, and

The output of this Gauss-Hermite mode after passing
through an ABCD system is solved using Huygen’s integral
for wave propagation and is given by

n(r2) = et / drK(r r)u(r).  (B2)

where the ABCD kernel of propagation is

K(ry,ry) = —2ryr; + Dr%)] ,

1 k
——EXx Ar?

and L is the length of the ABCD system [20]. Since kL is
fixed in the context of this report and presented analysis, we
ignore the phase prefactor of L and solve Eq. (B2) to get

(rs) = B [, (202,

where the new mode coefficient, new waist size, and the
new complex beam parameter take the following form:

nJr%)
anal2) = "(Z><A+qi>>( . (B3)

wi(z) = {WZ(Z) (A + %) - 4%} (A + %), (B3b)

and

1 1
= (D - ﬂ) . (B3c)
¢:(z) B Aq(z) + B
Since AD — BC = 1, in general, the expression for the

outgoing complex beam factor ¢, reduces to the well-
known expression

Aq(z) + B

Cq(z)+ D’ (B4)

0(2) =

In the fourth paragraph of Sec. II B, we mentioned that
for periodic cavities, the required criterion for stability of
periodic cavities is |432| < 1, the result which one could
easily arrive at by solving for eigenvalues in periodic
resonators. There was no indication of additional con-
straints or requirements. For a Gaussian mode beam to
propagate in such a stable periodic cavity, Eq. (B4)
indicates that the complex beam parameter g be self-
consistent from one turn to the next (i.e., ¢, = q;).
Once we solve for the self-consistent complex beam
parameter from Eq. (B4), which gives

I D-A i A+ D\2
e L —(%) (B5)

q + /_ ZB B
we perturb the incoming beam parameter by a tiny quantity
0q to observe its effects on the outgoing parameter.
Keeping the terms upto first order in 6¢q after expansions,
the outgoing parameter becomes

Agq, +B oq
Cq,+D (Cq, +D)*

q> =

When we substitute the self-consistent property (i.e.,
g» = ¢,) in the perturbation term, we obtain

oq

(A+B/q,)* (BS)

G =qr+6q; =q, +

Based on the above expression, the stability of the beam
parameter depends on the growth rate of second term, (A +
B/q) in particular. For the self-consistent parameter of
Eq. (BS), this expression takes the form

el mgn[B]ga’

A+ (B7)

q+/-
where ¢ = acos[232]. We replaced the signs of stable
eigenvalue by the sign of B component because a real
spot size (and therefore the stable eigenvalue) in Eq. (B5) is
decided by the sign of B. The definition of the beam
parameter suggests that for [(432)| <1, the optical
cavity will have a confined and stable mode with a real
waist size; in such cavity systems, the perturbations
oscillate about a fixed orbit and hence, are perturbations
stable as well as geometrically stable [as discussed in
geometric optics of Sec. II B] Such systems define a radius

of curvature given by R = 5=; and Rayleigh range zz =

|B|/\/1 = (A + D)*/4 fora self—con31stent Gauss-Hermite

mode. If |(#)| > 1, the system is rendered unstable as
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A+ ﬁ = ¢*? grows/decays exponentially for unstable

eigenvalues with @ = acosh[4£2].

For stable and periodic ABCD transport system with the
self-consistent beam parameter defined for Gauss-Hermite
modes, each field mode accumulates modal phase upon
passing through it. The phase accumulated by a one-
dimensional field with mode number 7 per turn is given by

Una _ <A n B >—("+5>
Ay q+/-

_ e—i(n+l/2)sign[B]acos[%].

(B8)

An alternate derivation of the accumulated phase shift for
Gaussian beams has been derived in Ref. [36] and
discussed thoroughly by Arai [37].

APPENDIX C: MISALIGNMENT PROJECTION
From Eq. (16), we have

Pn,l(rr’ ¢r)
l .
" Van / dre™ =My (r = 1,3 L, /2)M(r L,./2)
e~ ikrg, ixy ,—[y?+(y—Y,)%)/2
— [y -1, )

e—(ixY,+Y%/2)e(n<+Y,)2/4

= 2 = 'l' /dye_[.yz_(ik+yr)/2]2
2" nll!

X Hl(y - Yr)Hn(y)’

(C1)
where we have substituted

r yr,
= , and Y, =—.
y 0',\/5 r p

Let p =y — (ik+Y,)/2, then dp = dy. Similarly, for & =
(Y, +ix)/2 and p = (ik—Y,)/2, we get y = p + a and
y—Y, = p -+ . Substituting these values in (Cl), the
integral takes the well-known form for Hermite polyno-
mials (tabulated in Ref. [38])

K= \/Ekar(prv

/ dye=b=Gx+YD 2P H (v — Y Y (y)

= /dpe_szl(p +ﬁ)Hn(p+a)

2 al(a)y Ly (<2ap). (1<)
B { 2\ /En (B L (~2ap), [ <),

Since —2af = (K2 + Y%)/Z and e—(iKY,+y§/2)e(¥)2 _
e~ iKY /2 p=(K+Y7) /4

(€2)

the misalignment projection matrix
becomes

,Pn,l(rr’qﬁr)

— e—iKY,/Ze—(K2+Y$)/4

L (ik+Y,\"! 24 Y2
l_ ik+7Y, L?" K-+ Y5 li<n]
n'\ 2 2

n!(ik—=Y,\ " K>+Y?
— L)L 4 <lI.
() e () e

When we rewrite the above expression in terms of 7, and ¢,
by substituting Y,=r,/(6,v2), k=ko,p,\2=2zp,/
(6,7/2), and zx = 6,/6, = 2ko?, we arrive at Eq. (17).
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