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Understanding and controlling of nonlinear beam dynamics are essential to the performance of storage
ring light sources. In order to measure and correct limitations due to nonlinear beam dynamics, an effective
method is needed to excite the beam oscillation to large amplitudes. Autoresonance is a method that enables
the control of the amplitude of a driven nonlinear oscillator by sweeping the frequency of the driver. In this
study, autoresonant excitation of beam transverse oscillations in storage rings is studied. The threshold of
the drive amplitude for autoresonance is theoretically obtained, for cases with or without damping. The
results are in good agreement with simulations for a simple storage ring model, as well as for models of
actual storage rings. Application of the theory to experimental data on the SPEAR3 storage ring also
validates the results.
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I. INTRODUCTION

Storage ring light sources continue to push for ultralow
emittance to provide more powerful research tools in many
physical science disciplines. Reduction of beam emittance
has required more complicated lattice configurations, so it
has become an increasingly bigger challenge to control the
nonlinear beam dynamics. Many factors can affect the
actual machine, impacting the ability to realize the design
performance without correction. Poor nonlinear beam
dynamics performance will generally result in a small
dynamic aperture and small local momentum aperture,
which in turn lead to low injection efficiency and short
beam lifetime, respectively. Linear [1] and nonlinear [2–4]
lattice errors need to be corrected with beam-based meth-
ods in order to reach the design performances.
Information about the nonlinear beam dynamics can be

extracted from turn-by-turn beam position monitor (BPM)
data, with large transverse oscillation amplitude preferred.
Therefore, it is desirable to find an effective method to
excite the transverse nonlinear beam motion for nonlinear
beam dynamics measurement and correction. A conven-
tional method is transversely kicking the beam with a
pulsed kicker or pinger magnet. However, it suffers
from fast decoherence of the kicked beam from linear
and high-order chromaticities and amplitude-dependent

tune shifts [5,6]. The usable number of beam revolutions
in the turn-by-turn BPM data is therefore often limited,
reducing measurement precision. An alternative approach
that has been widely employed in colliders [7–10] is the use
of an alternating-current (ac) dipole [11]. The drive
frequency of this resonant device is usually close to the
natural frequency of the beam, with the frequency differ-
ence determining the driven oscillation amplitude. The
application of the technique to a more nonlinear system
where the natural frequency quickly changes with the
oscillation amplitude is difficult as the drive frequency
needs to change accordingly.
An autoresonance technique can be used to drive a

nonlinear oscillator to large oscillation amplitude; this is
done by applying an external excitation with swept
frequency. With this technique, the beam decoherence
effect is minimal. After passing through the linear resonant
frequency, once the drive amplitude exceeds a certain
threshold, the phase of the nonlinear oscillator continues
to stay locked to the drive, and therefore the system will be
driven to large amplitudes. On the contrary, if the drive
amplitude is below the threshold, the phase locking does
not occur and the system remains in the small amplitude
state. Autoresonance has been used as an effective method
of manipulating various dynamical systems; for example,
atomic and molecular systems [12,13], plasma systems
[14–17], fluids [18] and magnetics [19,20]. The phenome-
non of autoresonance of transverse nonlinear motion was
empirically employed in a past study on the SPEAR3
storage ring [21]. However, the underlying autoresonance
theory was not understood and exploited. In this paper,
the first comprehensive study of autoresonant excitation of
storage ring beam dynamics is reported. This paper is
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organized as follows: Section II describes the derivation
of the autoresonance threshold theory of nonlinear beam
motion in storage rings and simulations that verify the
results. Section III discusses the validation of the theory
with experimental results. Section IV gives the conclusion.

II. THEORY AND SIMULATION

A. Autoresonance threshold theory

The transverse beam motion in a storage ring is mainly
controlled by the lattice linear optics, where bending
magnets (dipoles) are used to provide a closed orbit and
the arrangement of quadrupole magnets determines the
transverse betatron oscillations around the closed orbit. The
systematic chromatic aberration arising from quadrupole
gradient errors for off-momentum particles is usually
corrected with the use of sextupoles to ensure good
performance of the storage ring. Consequently, the non-
linear magnetic fields of sextupoles introduce nonlinearity
to the storage ring dynamics, and the equivalent octupole
potential generated by the interaction of sextupoles has a
larger effect on the beam motion when the system is not on
a sextupole driven resonance [22]. Therefore, the actual
storage ring nonlinear system can be simplified to a system
as shown in Fig. 1, which consists of the linear optics and
an octupole. To be specific, the horizontal beam motion is
studied below, although the results are applicable to both
transverse planes.
A linear oscillator can be easily driven to large oscil-

lation amplitudes by moving the drive frequency close to
the resonant frequency. For a nonlinear oscillator, as the
resonant frequency varies with the amplitude, it becomes
complicated. The resulting oscillation amplitude of a given
drive frequency and drive amplitude depends on the state,
and consequently, the history, of the oscillator. In the
autoresonant excitation scheme, the beam is driven to large
amplitudes by sweeping the drive tune. Depending on the
sign of the detuning coefficient, the drive tune can be swept
from below or above the linear betatron tune.
The autoresonant excitation of nonlinear beam dynamics

in a storage ring can be studied with particle tracking
simulations for the simple model shown in Fig. 1; damping

effects initially are not included. In this simple model,
the horizontal linear betatron tune (betatron oscillation

frequency divided by the revolution frequency) is νð0Þx ¼
0.1075. The driver and the octupole are both placed at
locations where the horizontal betatron amplitude function
βx ¼ 1 m and αx ≡ − 1

2
dβx
ds ¼ 0. The normalized octupole

strength is set to K3ðsÞ ¼ 4000 m−3, which results in a
positive detuning coefficient, dνx

dJx
¼ 470 m−1, where Jx ¼

1
2π

H
x0dx ¼ ½x2 þ ðβxx0 þ αxxÞ2�=ð2βxÞ is the horizontal

action variable, and (x, x0) are the position and angle
coordinates. In the simulation, a particle is tracked through
the elements of the ring model for many revolutions, while
the drive frequency is swept upward from a starting tune of

νð0Þd ¼ 0.1065 and with a sweep rate of dνd
dn ¼ 1.69 × 10−7

(tune change per turn). The tracked turn-by-turn beam
position oscillation data are divided into windows of equal
lengths (e.g., 256 turns) to find the amplitudes and tunes
with a high-precision technique [23]. The simulation results
with three different drive amplitudes are shown in Fig. 2.
For the drive amplitude of ϵ ¼ 0.6 μrad, the drive phase
and the particle oscillation phase are mismatched after
the drive tune sweeps past the linear betatron tune, and
hence autoresonance fails to occur. However, for the drive
amplitudes of 0.8 and 1.0 μrad, the beam frequency
gradually follows the drive frequency, resulting in large
beam oscillation amplitudes, and the particle oscillation
phase stays locked to the drive phase. Phase locking stops
only when the nonlinear natural tune hits a resonance line
when the beam oscillation amplitude reaches a maximum.
A closer examination reveals that the bifurcation of
successful or failed autoresonance, which represents the
drive amplitude threshold, occurs between ϵ ¼ 0.71
and 0.72 μrad.

FIG. 1. Schematic of a simple nonlinear storage ring model.
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FIG. 2. (a) The difference of beam oscillation phase relative to
the drive phase (phase mismatch, Φx), (b) beam oscillation
amplitude, both as functions of the number of turns. The drive
amplitudes are ϵ ¼ 0.6, 0.8, and 1.0 μrad, respectively.
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In the presence of an octupole field and a resonant driver,
the horizontal equation of beam motion is [24]:

x00 þKxðsÞxþ
1

6
K3ðsÞx3¼ ϵ

X
n

δðs−sd−nCÞcosϕd; ð1Þ

where the derivative is with respect to longitudinal coor-
dinate s, KxðsÞ is the horizontal focusing function, sd is the
longitudinal location of the driver, n is the number of turns,
and C is the circumference of the ring. The drive phase
varies with the number of turns as the drive frequency is
swept, ϕdðnÞ ¼ ϕdð0Þ þ 2π½ðν0 þ 1

2
αÞnþ 1

2
αn2�, where ν0

is the starting tune and α is the frequency sweep rate. Note
that the Dirac delta function, δð•Þ, is used since the beam
experiences a discrete kick once per revolution.
The beam motion in Eq. (1) is governed by the following

Hamiltonian when expressed in the action-angle coordi-
nates, (ϕx, Jx), and with the free variable θ ¼ 2πs

C [22]:

HðJx;ϕx;θÞ¼νð0Þx Jxþ
1

2
αxxJ2xþ

ffiffiffi
2

p

4π

ffiffiffiffiffi
βdx

q
ϵJ

1
2
x cosðϕx−ϕdÞ;

ð2Þ

where the discrete drive is smoothed by expanding the drive
potential in a Fourier series and dropping the fast varying
terms. While the first term represents the linear motion, the
second term, 1

2
αxxJ2x, denotes the first order nonlinear

betatron detuning caused by the octupole in the simple
model, where αxx ≡ dνx

dJx
is the nonlinear detuning of νx with

respect to the action Jx. A similar term arises for beam
motion in an actual storage ring due to the cascading effects
of sextupole fields. The third term comes from the periodic
drive, where βdx is the horizontal beta function at the driver
location.
With the use of a canonical transformation to new

coordinates (Φx, Jx), where Φx ¼ ϕx − ϕd is the phase
mismatch, the corresponding equations of motion become

dJx
dθ

¼ 2ϵ̃J
1
2
x sinΦx; ð3Þ

dΦx

dθ
¼ νð0Þx þ αxxJx − ðνð0Þd þ α̃θÞ þ ϵ̃J

−1
2

x cos Φx; ð4Þ

where we have defined the new drive amplitude and sweep

rate as ϵ̃ ¼
ffiffi
2

p
8π

ffiffiffiffiffi
βdx

p
ϵ and α̃ ¼ α

2π, respectively. When the
variations of the natural tune and the drive tune are
slow, action variable Jx can be expanded to
Jx ¼ Jx0 þ Δ, with a slowly varying equilibrium action
Jx0 and a small oscillatory term Δ. With the further
assumption Φx ¼ π þ Φ̃x, with Φ̃x small [15], Jx0 can

be found with νð0Þx þ αxxJx0 − ðνð0Þd þ α̃θÞ − ϵ̃J
−1
2

x0 ¼ 0, from
which we obtain _Jx0 ≡ dJx0

dθ and in turn, _Δ ¼ _Jx − _Jx0.

For the new canonical coordinates (Φ̃x,Δ), the Hamiltonian

is given by H̃ ¼ 1
2
MΔ2 − 2ϵ̃J

1
2

x0 cos Φ̃x þ α̃Φ̃x
M , where

M ¼ αxx þ ϵ̃=ð2J3=2x0 Þ and the last two terms constitute a
pseudopotential [14–16]. According to the new
Hamiltonian, the driven nonlinear oscillation reduces to
a pseudoparticle moving in a series of tilted pseudopoten-
tial wells. Phase locking is achieved when the pseudopar-
ticle is trapped in the pseudopotential well. From the
condition for the pseudopotential well to exist,

2ϵ̃J
1
2

x0 > α̃=M, the minimum required action for phase
locking is found to be Jx0;min ¼ ðϵ̃=αxxÞ2=3. Substituting
the minimum action back into the pseudopotential well
condition yields the threshold of drive amplitude for
autoresonance in storage ring betatron motion,

ϵth ¼ 4
ffiffiffi
2

p
π

�
βdx

���� dνxdJx

����
�

−1
2

�jαj
6π

�3
4

: ð5Þ

B. Simulation of autoresonance driving

Single particle tracking with the simple storage ring
model was used to test the theoretical threshold. For a series
of sweep rates, the threshold drive amplitude is determined
using the condition that the autoresonant fraction (i.e., the
ratio of seeds that go to large oscillation amplitude) at the
threshold is 0.5 [14]. Figure 3 shows a comparison of
the threshold in simulation to the theoretical prediction,
while the inset depicts a typical example of the determi-
nation of the drive amplitude threshold.
It is worth noting that Eq. (5) is derived for a system

without damping. When damping is included, the threshold
for autoresonance to occur is modified to
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FIG. 3. Comparison of the drive amplitude threshold depend-
ence on the sweep rate in simulation and in theory for the
undamped simple model. Inset plot: autoresonant fractions versus
drive amplitudes near the threshold.
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ϵth¼4
ffiffiffi
2

p
π

�
βdx

����dνxdJx

����
�

−1
2

�jαj
6π

�3
4ð1þ1.06γþ0.67γ2Þ; ð6Þ

where γ is defined as γ ¼ λxjαj−1=2, with damping decre-
ment λx, and the correction factor is as found in Ref. [25].
In an actual storage ring, radiation damping is the main
damping effect, for which λx ¼ J x

U0

2E with J x the hori-
zontal damping partition number, U0 the radiation energy
loss per turn, and E the beam energy.
Simulation is also done with lattice models of two

existing storage rings, the 3-GeV SPEAR3 storage ring
at SLAC National Accelerator Laboratory and the 7-GeV
Advanced Photon Source (APS) storage ring at Argonne
National Laboratory (ANL). In the model, the SPEAR3
horizontal tune is νx ¼ 0.1075, the detuning coefficient is
dνx
dJx

¼ 3678 m−1, and the driver device is at a location with

βxd ¼ 5.1 m. For the APS model, νx ¼ 0.1729, dνx
dJx

¼
−33535 m−1, and βxd ¼ 19.5 m. The horizontal radiation
damping decrements λx are 1.924 × 10−4 and 3.827 × 10−4

for the SPEAR3 and APS models, respectively. Figure 4
presents a comparison of the simulated threshold of the
drive amplitude to the theory, with or without damping
effects. There is a good agreement between the simulation
and the theory in both storage rings.
A typical pattern of the beam oscillation amplitude under

autoresonant excitation in the SPEAR3 nonlinear beam
optics system as a function of the drive amplitude and the
drive tune is shown in Fig. 5, where the sweep rate is fixed
at 8.47 × 10−7. It can be divided into three regions
according to the drive amplitude. In region I, the beam
oscillates with low amplitudes as the drive amplitudes are
below the threshold. In region II, the drive amplitude is
above the threshold and the beam oscillation stays in
autoresonance. However, since damping is present, the
maximum beam oscillation amplitude increases almost
linearly with respect to the drive amplitude as the drive
and damping effects reach equilibrium before the natural
tune hits a resonance. In region III, the maximum oscillation

amplitude is independent of the drive amplitude since the
natural tune has reached a resonance inherent to the ring
lattice. When the phase is locked, the drive tune and the
natural tune are equal. Considering the beam motion as a
linear damped oscillator, it is easy to show that the maximum
beam oscillation amplitude is given by [26]:

xmax ¼
ϵ

2λx

ffiffiffiffiffiffiffiffiffiffi
βdxβ

m
x

q
; ð7Þ

where βmx is the beta function at the BPM. The maximum
oscillation amplitude calculated by the equation is shown in
the Fig. 5 inset plot and compared to simulations.

C. Comparison with free oscillation

In general, for an oscillator, driven oscillation differs
from free oscillation in terms of frequency and amplitude.
For example, in ac dipole application to hadron rings, a
correction is needed for the beta function and phase
advance measurements [7]. However, for autoresonance
driving, the beam motion is phase locked to the drive and is
thus always on resonance. Orbit data taken during the
driven oscillation may be directly used for beam dynamics
studies if the measured beam motion has the same
characteristics as the free oscillation. For this purpose,
we conducted simulation studies to compare beam motion
under autoresonace driving and free oscillation.
In the simulation, the turn-by-turn orbit data during the

ramping process in the autoresonant excitation are used to
measure the tune and amplitude of the driven motion and
are compared to the same measurement for free oscillation.
Figure 6 shows the comparison of horizontal tune shift with
amplitude between free oscillation and driven oscillation
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FIG. 4. Comparison of the simulated drive amplitude threshold
dependence on the sweep rate to the theory for the (a) SPEAR3
and (b) APS storage rings.

FIG. 5. Beam oscillation amplitudes (x=x0, with x0 ¼ 10 mm)
for the SPEAR3 model as a function of drive amplitude, ϵ, and
drive tune, νd. The dashed line labeled by ϵth indicates the drive
amplitude threshold. Inset plot: Comparison of the maximum
beam oscillation amplitudes between simulation and theory in
region II.
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for the SPEAR3 and APS storage rings. Clearly, when the
beam is phased locked to the drive during autoresoance,
the amplitude and tune measured from the driven oscil-
lation agree with that of the free oscillation. The excellent
agreement between the two types of oscillations indicates
the ramping data can be used to measure the features
relevant to the nonlinear beam dynamics. Compared to the
traditional method of using a single kick, the main
advantage of autoresonant excitation is that a clean,
sustained signal can be obtained with up to a large
oscillation amplitude. This allows us to quickly and
accurately measure the amplitude detuning coefficients
and the resonance driving terms.

III. EXPERIMENTAL RESULTS

Autoresonant excitation has been experimentally dem-
onstrated at SPEAR3 [21]. In the experiments, excitation
was done with a stripline kicker using a signal generated by
a waveform generator and amplified by an rf amplifier. The
sweep time was 90 ms. By varying the starting driving
frequency, the frequency span, and the output voltage,
autoresonant excitation to large amplitude was realized in
both the horizontal and vertical planes. In one experiment,
the output voltage was scanned in ranges that covered the
autoresonant thresholds for two different frequency sweep
rates. The data were analyzed here to test the theoretical
prediction for the drive amplitude threshold. The stripline
location had βx ¼ 10 m and the measured detuning coef-
ficient was 3180 m−1. The frequency spans for the two
cases were 60 and 80 kHz, respectively. The radiation
damping decrement includes the contribution of the inser-
tion devices. The inset plot in Fig. 7 shows the maximum
beam oscillation amplitude versus the waveform generator
output voltage (“Vpp”) for the case with a frequency span
of 60 kHz. A pattern similar to the simulation results is
observed (compare to the inset plot of Fig. 5). The xmax
value near the threshold is obtained by fitting the linear
region and is used to estimate the drive amplitude based on
Eq. (7). The driving amplitude obtained from the autore-
sonant threshold cases is compared to the theory in Fig. 7.

The prediction by the theory with damping included closely
matches the experimental results.

IV. CONCLUSIONS

In this study, we have studied for the first time the
application of autoresonant excitation to the transverse
beam motion in storage rings. Autoresonant conditions
were first realized experimentally in the SPEAR3 storage
ring. The beam can be driven to large oscillation amplitudes
with a weak drive amplitude under suitable conditions.
Simulation with a simple storage ring model that consists of
linear optics, a stripline driver, and an octupole element was
able to reproduce the behavior observed in experiments.
Simulations were also done with realistic SPEAR3 and
APS storage ring lattice models. A systematic analysis
using Hamiltonian dynamics was conducted from which
the autoresonant threshold condition was obtained. The
analytic result was found to be in good agreement with
simulations using both the simple model and the realistic
lattice models. By deriving the driving amplitude from
the measured turn-by-turn beam position data, we also
verified the threshold formula with experimental data from
SPEAR3. Autoresonant excitation of beam motion could
have important applications to the study of storage ring
nonlinear beam dynamics as it can generate sustained large
amplitude oscillations. This provides pronounced signals
that sample the nonlinear fields in the machine, despite
strong decoherence effects from large amplitude detuning
or large chromaticities. Another important application of
autoresonant excitation in storage rings is bunch cleaning
by selectively kicking out the unwanted bunches. The
results presented in this work can be used to specify the
kick amplitude and tune sweep rate.
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