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The study of collective beam instabilities has long been an important and active research topic in particle
accelerators. The collective effects are typically divided into two categories: the short-range single-bunch
instabilities and the long-range multibunch or multiturn instabilities. Robinson instability can be the mostly
encountered long-range multiturn instability. We recently explored a collective multiturn instability driven
by the short-range coherent undulator radiation in the laser cavity modulator of a steady-state micro-
bunching (SSMB) storage ring. In this paper, we formulate and compare such an instability with the
Robinson instability. Considering the radiation slippage effect and the finite duration, the functional form
of the radiation wakes is essentially different from that of the Robinson case. We also relate a special case of
the newly explored instability to the high-gain free-electron laser process and find that a similar cubic
dispersion equation can be obtained. The discussions and comparisons presented in this paper may shed
light on the underlying physical mechanisms of the collective beam dynamics in the laser cavity modulator

of an SSMB storage ring.
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I. INTRODUCTION

The study of collective beam instabilities has long been
an important and active research topic in particle accel-
erators, as the collective effects set important limitations on
the beam intensity, the stability of machine operations, and
the ultimate machine performances (see, for example,
Refs. [1,2]). According to the length scales of wakefields,
their effects may be typically divided into two categories:
the short-range wakefield induced single-bunch instabilities
and the long-range wakefield induced multibunch or multi-
turn instabilities. Typical examples of the former may
include the single-bunch beam breakup (BBU) instability
[3-5], the head-tail instability [6,7], the microbunching
instability (MBI) in single-pass linear accelerators [8—13],
in circular accelerators or storage rings [14—18], and in
recirculating accelerators [19,20]. The latter category for
the long-range instabilities is constituted by the subcases of
the single-pass multibunch, multiturn single-bunch, or
multiturn multibunch instabilities, e.g., the multibunch
BBU [21-24], Robinson instability [25,26] (for more
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detailed introduction, see Refs. [1,2] and references
therein). The concepts of the wakefield and impedance
have long been developed and later become a building
block of the standard collective instability analyses
[1,2,27,28]. It should be mentioned that the analyses of
the aforementioned collective effects usually neglect any
possible slippage between the wakefields and the test
particles during the beam-wake interaction. In addition
to the above two categories, the free-electron laser (FEL)
instability [29] may be classified as a separate, third one
because the essence involves the radiation slippage in the
beam-wake interaction.

As mentioned, the types of collective dynamics depend
on the characteristic wavelength of the wake function or the
characteristic frequency of the corresponding impedance
spectrum. In a radio-frequency (rf) cavity, those frequencies
largely satisfying the cavity resonance condition will be
trapped inside the cavity structure and more or less form a
discrete spectrum. The decay rate of the wakefield ampli-
tude can be determined by the quality factor Q. In contrast,
fields at frequencies higher than ¢/b, with b the beam pipe
radius, will leak out of the cavity and propagate in the beam
pipe, establishing a continuous spectrum. Since the typical
bunch length in an electron storage ring lies in the
millimeter (mm) range, the collective beam motions subject
to the rf cavity induced wakefields belong to the long-
ranged, multiturn dynamics. For a radiation field, e.g., the
coherent synchrotron radiation (CSR) generated by an
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electron traversing a bending magnet, it typically exhibits a
broadband impedance [30-34]. Such a beam-wake inter-
action would result in a self-modulation in the beam phase
space distribution, leading to the so-called microbunching
or microwave instability [8—20]. The CSR may also occur
in an undulator [35] and establishes both broadband and
narrowband impedance spectrum. The resonant peaks with
relatively high Q values locate around the undulator
resonant frequency and its integer multiples [36]. The
collective beam dynamics subject to the coherent radiation
effects can be referred to as single-bunch or multibunch,
depending on the bunch length, bunch spacing, and the
characteristic length of the beam-wake interaction.

A typical rf cavity in a conventional storage ring plays
two key roles: to boost or compensate for energy loss and to
provide longitudinal focusing for a circulating electron
bunch. A specialized cavity design, e.g., a harmonic rf
cavity, may aim to manipulate the bunch in order to
mitigate the coupled-bunch instabilities [37]. The recently
proposed steady-state microbunching (SSMB) concept
[38—43] may separate the aforementioned roles in two
independent devices. An induction linac may be used to
compensate for the energy loss due to synchrotron and
undulator radiation emissions, while a laser modulator can
be employed to provide the longitudinal focusing. An
enhancement cavity may be installed to further increase the
longitudinal focusing, called the laser cavity modulator.
Due to the replacement of an rf cavity by the laser
modulator in the SSMB storage ring, the distance between
the adjacent bunches can be very small, in fact 5 orders of
magnitude smaller, compared with that in a conventional rf-
based storage ring. These closely spaced electron bunches
form a microbunch train. In the situation when the
undulator configuration remains the same, the radiation
wake function generated by the traversing electron bunch
can now introduce a relatively long-range beam-wake
interaction, with the characteristic length compared with
the bunch spacing and the microbunch length. Such a long-
range radiation wake may bring about new instability
mechanisms, e.g., the recently explored single-pass multi-
bunch instability [44] or the single-bunch multiturn
instability [45].

The above mentioned single-pass multibunch instability
can be considered as a longitudinal BBU in the undulator of
a laser modulator. A laser modulator, being a single-pass
device, contains an external laser with an undulator, along
which the laser and the electron resonate and copropagate.
The external laser and the undulator magnetic field will
form a phase space bucket to provide longitudinal focusing
for an electron beam. Let us now consider the single-bunch
multiturn instability [45] in the laser cavity modulator of an
SSMB storage ring. A laser cavity modulator is now a
multipass device and is comprised of an external laser, an
undulator, and a set of cavity mirrors to store and
accumulate the laser fields. When an electron bunch

traverses the undulator, it emits coherent undulator radia-
tion. After the electron bunch leaves the undulator, it would
no longer emit radiation but the already generated radiation
fields will be trapped inside the cavity. Due to the resonance
condition, the undulator radiation wavelength is close to the
central wavelength of the external laser and can be as well
stored inside the cavity for a while. To ensure effective
interaction of the external laser with the circulating electron
bunch (in order to provide longitudinal focusing) requires
their phase to be locked. Such a phase lock guarantees that
the electron bunch would see the same phase space bucket
when completing a revolution and returning back to the
undulator entrance. Inside the undulator, the electron bunch
will receive energy kicks of radiation wake functions period
by period from the previous turns. As the radiation fields
would have been stored in the cavity for a long time, a
circulating electron beam perturbed by the radiation fields
turn by turn may eventually become unstable. Possible
differences between the radiation wake and the conven-
tional one lie in the former being a finite duration and
propagating inside the cavity. In contrast, the conventional
wake is localized in a cavity structure and the decay rate of
the field amplitude is determined by the cavity Q factor.
Moreover, the summation of the generated wake functions
is of convolution type for the case of the conventional rf
cavity wake, while of nonconvolution type for the case of
the coherent undulator radiations in the SSMB storage ring.

In this paper, we extend from the instability analyses
[44,45] to more systematic discussions and comparisons of
the aforementioned different situations. We will formulate
the two problems, the Robinson instability and the recently
explored multiturn instability in a laser cavity modulator,
by writing the macroparticle equations of motion (as the
difference equations) and solving for the asymptotic
behaviors of the instabilities. We will begin from
Robinson instability and obtain the existing results based
on the z-transform. Following a similar treatment, we
formulate the coherent radiation induced multiturn insta-
bility in an SSMB storage ring. Considering the radiation
slippage effect and the finite duration, the functional form
of the radiation wake is essentially different from the
Robinson case. As a special case of the radiation wake,
we relate the multiturn instability in an SSMB storage ring
to the FEL instability, finding that a similar cubic
dispersion or secular equation can be obtained.

It deserves here to summarize the contributions of this
paper. First, we formulate a new instability mechanism, the
coherent undulator radiation induced long-range single-
bunch instability in the cavity modulator of an SSMB
storage ring. Second, we compare the instability with the
classic Robinson instability, particularly the essence that
leads to the cubic and quadratic dispersion equations.
Finally, we apply our developed formulation to a special
case, which we relate to the FEL instability. It is hoped that
the discussions and comparisons presented in this paper
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may shed light on the underlying physical mechanisms of
collective beam dynamics in the laser cavity modulator.

This paper is organized as follows: In Sec. II, we review
the theoretical formulation of Robinson instability based on
the macroparticle model, solve for the dispersion or secular
equation, and illustrate a simple practical example. As a
recently explored collective effect, the coherent undulator
radiation induced single-bunch multiturn instability is then
introduced and analyzed in Sec. III with a set of preliminary
SSMB laser modulator design parameters as an example.
Section IV discusses and compares the Robinson instability
and the recently explored multiturn instability in the laser
cavity modulator, particularly the differences between the
wake function and the resultant dispersion equation. As a
special case, we relate the multiturn instability to the FEL
instability and obtain a similar cubic dispersion equation,
elaborated in Sec. V. Finally, we summarize the main
results in Sec. VL.

II. ROBINSON INSTABILITY DRIVEN BY
RF CAVITY WAKEFIELD

In this section, we outline a typical single-bunch multi-
turn instability mostly encountered in circular accelerators,
called Robinson instability [1,2,25,26]. There have been
developed many different approaches to analyze such an
instability; here the macroparticle model will be adopted.
By defining the relative energy deviation of the macro-
particle as 6 = % with y, the Lorentz relativistic factor of

the on-momentum reference energy, the physical mecha-
nism can be described as follows. Consider a storage ring
operating above transition with phase stability, if an
electron with § > 0 will lose less energy than that of an
electron with § < 0 due to the rf cavity induced wakefield
turn after turn, one expects that the beam will soon become
unstable. This undesired situation indeed occurs when the
frequency of the rf cavity wp is lower than the harmonics of
the revolution frequency hw, with i the harmonic number.
In the following subsection, we will reformulate the
Robinson instability.

A. Theoretical formulation

First, the rf cavity impedance can be well described by an
RLC-type impedance. For the single-mode case, the longi-
tudinal impedance can be written as [1,2]

_ Ry
RN

R

n Y0

Zn fin = Zn,ini
k%C Are, Nre 7 4me Nre
5n,ﬁn = 5n,ini + [ = — == EZ:O WH(kC - I’lC) Zn.ini +—=

where wy, is the natural resonant frequency of the rf cavity,
Rg is the shunt impedance, and Q is the quality factor. Here,
a fine-tuning of w; can be allowed. The corresponding
wake function can be derived by the following definition:

WH(Z) = zi/oo ZH(w)ei%'Zdw, (2)

T J_

where z < 0 refers to the tail of the source particle and ¢ is
the speed of light. There is no rf cavity wake ahead of
the source particle, ie., Wj(z>0)=0. Substituting
Eq. (1) into Eq. (2), the wake function can be analytically
obtained [1,2]

Wi(z<0)= 2aRge®/¢ <cosa;Z +gsinaéz), (3)

where the damping coefficient «a = wg/2Q and

@ = \/w% —a*>. When an electron traverses an tf cavity,
it leaves a wake function as Eq. (3). The wake function
starts to decay in time, while the electron circulates in the
storage ring. When the electron comes back to the rf cavity,
it would see the temporally decaying wake function.
A moment’s reflection will show that the electron bunch
on the nth turn will experience the wake function from the
kth turn W) (kC — nC + z,, — z;), with C being the storage
ring circumference and z,, z; being the longitudinal
displacement on the nth and kth turn, respectively. Due
to |(k — n)C| > |z, — z«|, we may Taylor expand the wake
function

WH (kC —nC+ in — Zk) ~ WH (kC - nC)
+ Wﬂ(kc - }’lC) (Zn - Zk)v (4)

where the first term on the right-hand side refers to the
static parasitic loss, the second term z,Wj(kC —nC)

characterizes the potential well distortion, and the third
term szﬁ (kC —nC) serves as a resonant driving mecha-

nism. It is the third term that leads to the Robinson
instability.

Having obtained the proper argument of the wake
function, we can formulate the macroparticle equations
of motion. Since the entire bunch is represented as a
macroparticle, only the bunch centroid or the dipole motion
is revealed. The effects of the finite energy spread or the
internal phase space structure would be excluded. Inside the
rf cavity, we have

Z:() Wh (kC - nC)Zk’ini '

70
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where N is the number of electrons in the bunch, ¢, is
the vacuum permittivity, and r, is the classical electron
radius. The subscript 7 is used to denote the quantities on
the nth turn, the subscript ini refers to the location at the
rf cavity entrance, and fin to the rf cavity exit. The k,
reflects the longitudinal focusing provided by the rf
cavity. Outside the cavity in the remaining storage ring,
we have

{ Zn+1,ini — Znfin — ”Cén,ﬁn

= 5n,ﬁn

(6)

5n+1,ini

oo T
o n+1,ini 0 1 o n,fin

or in a compact form

Yn+1 _R<MnYn+ZWn—kYk>’ (8)

k=0

with ¥ = [z5]”. Neglecting the effect of the potential well
distortion, i.e., dropping the time dependence of M, we
have

1-k2,C? —nC n 0 0
Yo R Y, + < )Y
1 ( g 1 ) k; " (kC—nC) 0)°*

:Ayn+ZBn—kYk' (9)
k=0

Here we note that the 1 x 1 term of matrix B,_; in Eq. (9)
should be 0. The reason is that in the turn-by-turn analysis,
the wake effect is considered a first-order effect in one
revolution. The zeroth-order effect refers to the case of pure-
optics transport. In the first-order analysis, the first-order
wake effect shall correspond to the change of the particle’s
energy coordinate d. In the same order, the change of the
particle’s position coordinate z due to 6 should be accounted
for. If the nonzero 1 x 1 element were retained, it means that
within a single revolution the change of the particle’s position
coordinate z is not only from the first-order ¢ but also from
the second-order correction of ¢ explicitly due to the wake.
Since the analysis is assumed a first-order analysis, we
neglect this second-order contribution.

Equation (9) is a standard matrix equation, representing a
dynamical system with memory. The stability of Eq. (9) can
be solved by the z-transform [46]. The z-transform of Y,
can be defined as

in which 7 is the storage ring phase slip factor. By writing
down kfgc z, in Eq. (5), we have assumed that the bunch

length is much shorter than the rf wavelength and
the incoherent synchrotron radiation loss is compensated
by the rf cavity. The original form may be written as

% (sin kgz, — sin ¢, ), with ¢, the synchronous phase and
kg = wg/c. For the convenience of the following discus-
sion, let us define a shorthand notation W) (kC — nC)=

M W (kC — nC). The above Egs. (5) and (6) may be

cast into a matrix formalism

<é-ﬁc>{<%c-ﬁio;ﬁ%0—n® ?)[ﬂmm+k;< ﬂmg—n@ 8>{ﬂkm} @)

Z[Yn]:y(Z)EZYjZ_j:Y()-f—YlZ_I+YZZ_2+"'.
=0
(10)

Now let us take the z-transform on both sides of Eq. (9)

z¥(z) - zYy, = AY(2) + B(2)Y(2). (11)
where we have used the convolution theorem
2|5 Bn| - B@TE (12)
k=0
and the shifting property
k=1
Z[Y ] =2¥(2) = > v,z (13)
r=0
Solving Eq. (11) for ¥(z) gives
~ 4
Y(2z)=— Y, 14
R s e (14)

with I the identity matrix.
The system stability is determined by det(zI—
A-B(z))=0or

z-14+k2,C* nC
det| =0, (15)

k5, C ~
S-Wi(z) z-1

where the explicit expression of Wﬂ can be found in

Appendix A [Eq. (A3)]. Note that WTI is not exactly equal
to the impedance function Zj. Equation (15) can be
expanded as
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(z— 1)2+nc[kgzc+17v’(z)} =0. (16)

For the moment we have obtained the dispersion or
secular equation of the dynamical system. In the next
subsection, we will solve Eq. (16) for the system
(in)stability.

B. Solving secular equation

To solve the secular equation, Eq. (16), we let z = /7o
with T, the revolution period and € in general a complex
quantity and assume |QT7| < 1. Substituting into Eq. (16)
gives

—QT§ + k2,C + nCW(2) = 0. (17)

After replacing Wil with the explicit expression
Eq. (A3), Eq. (17) can be written in a familiar form

_ Q272 4 k2 C o TN
Y0
X Z (Q+ pwg)Z|(Q+ pwy) =0 (18)
p=—00
or
AregNr,n
Qz—a)fozziszz Z (Q+ pwy)Z|(Q+ pay)  (19)
0

p=—00

with ¢ = C/T,. Considering ReQ ~ w,,, we have the
imaginary part that represents the instability growth rate

X i (Q + pwg)ReZ(Q + pay),  (20)

p=—00

where a negative value indicates that the system is unstable.
There is a sign difference in Refs. [1,2] because of the
different notations adopted. Equation (20) is a well-known
result [1,2]. For the RLC-type narrowband impedance,
wg = hwy, we have the simplified expression

.1 2megNrnhw,

Tana,Z -

5 [ReZH(ha)0+a)s)—ReZH(ha)O—a)s)],
yOTOws

(21)

or, with substitution of Eq. (1) and assuming Aw =
wphwy < wp/20 [1,2]

4

10
- —
> [ —2,=0,6,=10"
N© —z,=10mm, 5, =107
0 —
10 ana,Z
-1
B 7'ana,FiLC
0 1 2 3
Time (ms)

FIG. 1. Longitudinal displacement as a function of time. The
red and blue lines are obtained by tracking simulations. The black
solid and dashed lines are from analytical predictions, i.e.,
Egs. (21) and (22), respectively.

1 N 4Nr nRsQ*Aw

Tana,RLC ™~ (22)

ﬂ]/oToh

Here we use 7.}, to denote Eq. (21) because the
respective impedances would be evaluated from Eq. (1).
The 7}, g ¢ stands for Eq. (22) based on the narrowband
approximation. Before ending this subsection, we remind
that at the beginning of this section, the described phy-
sical picture of Robinson instability can be confirmed
by Eq. (21).

C. Example

In this subsection, we take a simple numerical example
to illustrate the Robinson instability. Consider the beam and
the storage ring parameters with 7 = 0.03, N = 10'!, the
reference energy E =1 GeV, w, = 9.4 x 10° rad/ sec,
vy = 0.01, h =240, hwy/2z =360 MHz, Ry =1 MQ,
0 = 2000, and Aw/27 = 10 kHz. According to Eq. (22)
the predicted instability growth rate 7! ~ 1.2 ms. Given
these input parameters, Fig. 1 shows the turn-by-turn
tracking simulation results based on Eqgs. (5) and (6).
The theoretical predictions based on Egs. (21) and (22)
are also drawn in the figure, showing good agreement with
tracking simulations. Besides, we see that different initial
conditions only lead to a phase offset; the collective
dynamical behaviors remain the same. The frequency
detuning Aw/2z > 0 is such that the beam becomes
unstable for # > 0; a proper detuning Aw/27z < 0 would
stabilize the beam.

III. MULTITURN INSTABILITY DRIVEN BY
COHERENT RADIATION

In this section, we consider a recently explored insta-
bility mechanism, motivated by the recent proposal of
the SSMB scheme in a storage ring [38]. A laser cavity
modulator consists of an external laser, a set of cavity
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FIG. 2. Schematic layout of the SSMB storage ring with a laser
cavity modulator. The laser fields, together with the undulator
magnetic field, in the cavity provide longitudinal focusing to the
circulating electron bunch. A N, -period undulator will produce
radiation wakefields, each with the finite duration N, A, with A,
the undulator resonant wavelength. The propagating radiation
fields bounce back and forth among the mirrors in the cavity
modulator.

mirrors to accumulate a sufficient laser intensity, and an
undulator. The external laser and the undulator magnetic
field will form a series of phase space buckets, similar to the
role of an rf cavity in a conventional storage ring. When
the bunch traverses the undulator, it emits radiation. After
the electron leaves the undulator, the generated radiation
fields are confined in the laser cavity, for example, in the
four-mirror ring cavity shown in Fig. 2. The phase-lock
condition ensures that the electron bunch would meet the
same phase space bucket when returning to the undulator
entrance.

The finite duration of the radiation wake is N, 4,, with
N,, the number of undulator periods and 4, the undulator
resonant wavelength. Different from the long-range wake
induced in an rf cavity, the radiation wake in an undulator is
relatively short-ranged. However, the radiation wakes
propagate, bounce back and forth among the cavity mirrors,
and meet/overlap the electron bunch completing one
revolution in the remaining storage ring. Moreover, an
electron traverses along the undulator at a certain passage at
the speed of f,c, while both the emitted radiation and the
external laser propagate at the speed of light ¢. The speed
difference results in the fact that the radiation fields slip
over one resonant wavelength with respect to the electron
per undulator period. The resulting beam dynamics may
exhibit a long-range, multiturn behavior.

A. Theoretical formulation

The radiation wake function W, emitted by an electron
moving in an undulator, can be obtained by inverse Fourier
transformation of the radiation impedance [1,2]

2c¢ [
Wi(e> 0) == A ReZ) (k) coskzdk,  (23)

where k is the wavenumber and Re takes the real part
of the radiation impedance Z. Here z > 0 refers to the head
of the source particle. In this expression, we require
W|(z <0) = 0. The undulator radiation impedance per
unit length per unit undulator wavenumber at a specific
harmonic can be written as [47-49]

Ri%};@ = 7,G(6,) (1 +K72) (a%)_l, (24)

where Z, ~ 377 Q is the free space impedance, k,, = 27/4,,
with 4,, the undulator period, L,, = N,,4,, the undulator length
with N, the number of undulator periods. The frequency-
dependent polar angle is 0, = % \/ (1+ KTZ) (H% — 1), where
the positive integer H is the harmonic number, K is dimen-
sionless undulator parameter, and the resonant fre-
quency ®, = ck, = 2xc/A, with the undulator resonant

wavelength A, satisfying A, = 2/1y2 (1+ KTZ) The azimuthal
0

angle ¢-averaged function

G(6) = - /0 G0, ), (25)

:271'

with G(0, §) = G, (6, ¢) + G, (6. )

_ L [H(KD, + y6D; cos qb)} 2
G,(0. ) 2[ LK e (26)
and
_ 1 [ HyfD,sing \?
a0 = () @)
where
1 o0
Di==5 2 Jnsan(HOU(HO) + T (HE)] - (28)
and
Dy= Y Jyiom(Ha)l, (HE), (29)

where J,, is the mth order Bessel function of the first kind,
_ 2Kyfcos¢ C _ K?/4
14824202 14+ 420"

When multiple harmonics are concerned, the overall
radiation impedance function ReZ| can be obtained by
summing the individual harmonic H in Eq. (24), i.e.,
ReZ|(w) = > yReZ| y(w). The corresponding radiation
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wake function can be calculated via Eq. (23). For simplicity
we consider only the fundamental harmonic H = 1 and
assume the cavity mirrors are perfect. As for the choice of
the maximum harmonic number and the possible effects of
the cavity mirrors, the interested readers are referred to
Refs. [44,45,50]. The proper argument of the radiation
wake function can be inferred by the beam-wake inter-
action in the laser cavity modulator and the remaining
storage ring, as we have outlined in the Introduction and the
beginning of this section. A moments reflection reveals that
a circulating electron at the nth undulator period on the mth
turn will suffer the radiation wake of the following form:

3

n—

WV = p)A 42 =27 (30)

=~
i
o
Il
o

P

Notice that the phase-lock condition is reflected in z,(co).
We also remind that the radiation wake functions are with
finite duration, i.e., Wj(z < 0) = 0,W(z > N,,4,) = 0.

Now we are ready to formulate the macroparticle
equations of motion for the longitudinal dynamics in an
SSMB storage ring. Inside the undulator, we denote the
period-by-period mapping of the longitudinal phase space
coordinate from the undulator entrance (zf,?),éfn)) to the
exit (Z%VW), 5%\’ “')), with the subscripts m being the revolu-
tion index and the superscript indicating the location of the
undulator in terms of the undulator period. The superscript
(0) refers to the undulator entrance and (N,,) corresponds to
the undulator exit. On the mth turn, the equation of motion
for the longitudinal displacement at the (n + 1)th undulator
period can be expressed as [45]

m =

Z(nJrl) . ( ”[w’l 5n+1)

(31)

with the undulator slippage factor 7,, = —(1 + KTZ) /73 The
relative energy deviation 6 = (y — y¢)/7o can be perturbed
by the radiation wake

Kohw _(n
5O ZEH)

w

o =o +

m—1

_ZWII

n)a, + 2 — z,(( .

[zmﬂ _ (1 —nﬂngcﬁng){< !
St 0 1 Robe _

Q

where the scaled wake function is similarly defined
as W” 47reONr Ay W”
longitudinal focusing provided by the external laser in
the cavity modulator [44,45]. When the electron bunch
leaves the undulator, let us define (2, 0. 6,6m) =

. Here k,, is characteristic of the

(zg,iv “'), 5,(nN“’>). The phase space mapping from the undulator

exit to the entrance of the next turn (z,fin, 6, .fin) —

(Zimt Linis O+ Lini) = (251%1751(311) can be formulated using

the linear matrix
|:Zm+1,ini :| _ < 1 _nring(Ctot - Lw) > |:Zm.fin :| ’ (33)
5m+1.ini 0 1 5m,ﬁn

where 1, refers to the storage ring phase slippage factor,
the total circumference C,, involves the modulator and the
remaining storage ring, Cio = L,, + Cipg-

To further simplify Eqs. (31)—(33) on the turn-by-turn
basis, we define the undulator-averaged phase space
coordinates as [45]

R . <
Zm_N_Z: s 6m:N_WnZ:5)(n)v

then Egs. (31)—(33) can be combined into one set of
difference equations

(34)

dz,, _
E = _(ﬂwLw + nringcring)émv (35)
with Cring = Cit — Ly,
ds kzoL U
Om _ % —wWS (5, -z, 36
o Lol S - 06)

in which the longitudinal synchrotron oscillation tune for the

K2 L2 Ly +7ine Cii
_ 50 n whw ring - ring
entire ring Vso e v N

sions of W with detailed derivations can be found in
Appendix B. Here, we note that W' has no m-dependence
after the sum over p; the information of the radiation fields
generated by a turn-by-turn circulating electron was con-
tained in Z;. Equations (35) and (36) are coupled linear
equations and can be cast into a matrix equation

. The explicit expres-

"] (37)
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or in a more compact form

m—1

Ym+1:AmYm+BZYk- (38)
k=0

The matrix A will not have time dependence if the
potential well distortion effect is neglected. Similar to
Sec. IT A, we will solve Eq. (38) for the system (in)stability
in the next subsection.

B. Obtaining secular equation

Similar to the Robinson instability case, we can perform
the z-transform on Eq. (38) to obtain the secular equation.
Using Eqgs. (10) and (13), we have

z¥(z) - zY, = AY(2) + B:(—Z) (39)

where we have used
m—1 <
Y(2)
Z Y| =——~. 40
{;;4 " (40)
Solving Eq. (39) for ¥ gives

~ z

Y(z) = —=Y,. 41
@)= g=a=s Yo (@1)

The system stability is determined by det(zl— A —
B_) = 0. That is

z-1

z—1

”wLw + nringcring
det< R w > =0 (42)
ar = S
or
KL, W
(Z - ])2 + (ﬂwLw + ”ringCring) ( S;; + Z—1> =0. (43)

Similarly, we let z = ™", with Q in general a complex
quantity. Then Eq. (43) can be written as

3 2 A —
@ — w3 (o Q2+ IW =0, (44)
272
: 2 _ kl\-()Lw ’7wLw+’7ringCring N o W
with D50 1ot — T(Z) L, and W= T_S (I/IWLW +

Nring Cring). Here the explicit expression of W’ can be found

in Eq. (B4). Note that W is a real quantity. Here we remind
that the longitudinal single-particle optics stability
requires 7,,L,, + 7sing Cring < 0.

For the moment we have obtained the secular equa-
tion [Eq. (44)] for the coherent undulator radiation
induced multiturn instability in a laser cavity modulator.

Equation (44) can be solved analytically or numerically,
given the w o and W. The analytical expressions of the
three roots can be involved [45]; we will not present them
here. In the next subsection, we will demonstrate the above
analysis with the turn-by-turn tracking simulations by
taking a preliminary design example based on an SSMB
storage ring.

C. Example: SSMB

In this section, we illustrate a preliminary SSMB
design example as a practical application of the developed
theoretical formulation. The SSMB storage ring aims to
produce continuous wave, high average power, coherent
radiations with the targeted radiation wavelength at
13.5 nm. The relevant beam and undulator parameters,
for example, are largely based on Ref. [43] with slight
modifications. To be specific, the reference electron energy
is 400 MeV, the microbunch charge 6.4 fC (~0.4 x 10°
electrons), the undulator parameter K = 4.2, the correspon-
ding undulator slippage factor about —(1 + K?/2)/y3~
—1.6 x 1072, the undulator period 2 cm, the total number of
undulator periods N, = 100, and the total storage
ring circumference C,, =50 m. For simplicity, we
assume 7, = 0. Moreover, the laser modulator voltage
V.. = 0.51 kV is much smaller than the targeted value of
0.51 MV. The corresponding ky, ~ 0.017 ~ 27/367 rad/m
[45]. The smaller synchrotron oscillation in the undulator
makes the theoretical prediction close and accurate to the
turn-by-turn tracking simulations [see also Eq. (34)]. Both
the numerical turn-by-turn tracking simulation and the
theoretical predictions are shown in Fig. 3, where we have
assumed the linearized wake function and neglected the
potential well distortion effect. Figures 3(a) and 3(b)

— 105F : r r r -
g (a) M
T2 100F et * tracking
g . A
c 5 * Tana
ST . . . . ]
0 10 20 30 40 50
0 : . : . ]
_ 10 (b) .””,.....
o . .
ERRT SRR .
0 10 20 30 40 50

Turn

FIG. 3. Turn-by-turn evolution of the undulator-averaged
phase space coordinates. In the tracking simulation, the radiation
wake is linearized [Eq. (36)] and the laser modulator voltage
V,, = 0.51 kV. The analytical prediction 7., is obtained by

solving Eq. (44).
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illustrate the undulator-averaged longitudinal phase space
coordinates z, and &, for the first 50 turns. The macro-
particle tracking simulations are performed by numerically
iterating Eqs. (31) and (32) period by period inside
the undulator and Eq. (33) turn by turn in the remaining
storage ring. The theoretical prediction is also plotted in
Fig. 3(a) as a comparison. Here we explain how the
theoretical prediction (the blue curve) may be obtained.
From Eq. (44), we first find the three instability growth
rates ImQ (ImQ < 0 for the exponential growth and
ImQ > 0 for the exponential damping). The asymptotic
behavior of the longitudinal displacement Z, can be
approximately written as the sum of the three roots in
the form [z,| o< Y77 €™ To S22 o e Im%iTo To better
compare with the tracking simulations, an initial value on
the 10th turn is used as the starting value of the theoretical
prediction. When evaluating the radiation impedance
[Eq. (B4)], both using the continuous integration and the
discrete sum give consistent and comparable predictions,
and show reasonable agreement to the tracking simulation
results.

Here we refer the interested reader to Ref. [45] for further
discussions regarding this newly explored instability. In this
section, we have formulated the single-bunch multiturn
instability in the laser cavity modulator of an SSMB storage
ring. In the following section, we will discuss and compare
such an instability with the Robinson instability introduced
in Sec. II and later the FEL instability in Sec. V.

IV. DISCUSSION

We have introduced in the previous two sections the
single-bunch multiturn instabilities driven by the long-
range rf cavity wake in a conventional storage ring (Sec. II)
and the coherent undulator radiation in the laser cavity
modulator of an SSMB storage ring (Sec. III). In this
section, we will compare and discuss the two instabilities
on the respective wake functions and the underlying
mechanisms. Figure 4 illustrates the wake functions a
circulating bunch on the fourth turn (k = 3) may experi-
ence in the rf cavity [Fig. 4(a)] and in the laser cavity
modulator [Fig. 4(b)]. The wake functions produced on the
previous three turns k = 0, 1, 2 are marked as red, orange,
and green, respectively. In Fig. 4(a), the wake functions
exhibit a translational or shift pattern with the ring circum-
ference (plus small correction due to synchrotron oscil-
lation of the circulating bunch). The localized rf cavity
wakes behave like the standing waves (the finite Q value
leads to field decay) and the beam bunch samples the
successive parts of the wakes on each turn. Typically the rf
cavity is considered a lumped element with zero length and
a vanishing phase slippage factor. The situation becomes
different in Fig. 4(b). Now the finite-duration radiation
wakes are not localized but propagate along the undulator,
although confined in the cavity modulator. The phase-lock

T e 0
(b) \\ @

FIG. 4. Tllustration of (a) the conventional long-range wake
functions generated in an RF cavity; (b) the radiation wake
functions produced by the circulating electrons in a laser cavity
modulator. In (a) the wake function is localized and the negative
longitudinal bunch coordinate z is to the right, referring to the
bunch tail. In (b) the radiation wake is propagating to the right
with the positive longitudinal bunch coordinate z. A small black
box enclosing an electron bunch indicates a relative position, at
which the passing bunch receives the energy kick from the wake
functions. The gray microbunches in (b) correspond to different
locations in the undulator due to the radiation slippage effect. See
context for more explanation.

condition, as a result of the effective interaction between
the external laser and the circulating bunch, assures that the
bunch always meets the same phase space bucket at the
undulator entrance. On each turn at the undulator entrance,
the beam bunch can only sample the radiation wakes within
the bucket width. See the rightmost gray microbunch in
Fig. 4(b). When the bunch traverses along the undulator,
the radiation field slips ahead for 4, per undulator period.
Then the beam bunch receives the varying parts of the
wakes period by period from the undulator entrance to the
exit. The small black box enclosing an electron bunch in
Fig. 4(b) illustrates the bunch at the third undulator period.
Here we note that Figs. 4(a) and 4(b) represent distinct
physical length scales, though the two plots are drawn on a
visually comparable scale.

The distinctive features of the respective wake functions
lead to the different summation forms of the wake functions
in the macroparticle equations of motion in the time domain
[see Egs. (9) and (38)]. When transforming to the frequency
domain, such a distinction results in different secular
equations. For the case of Robinson instability, it is the
convolution-type sum Eq. (9) that leads to the quadratic
secular equation [Eq. (16)]. The two roots represent the
exponential growth and damping rate. For the case of the
coherent undulator radiation induced multiturn instability,
the wake sum of nonconvolution type Eq. (38) makes
the cubic equation [Eq. (43)]. The three solutions, after a
proper transformation, would represent exponential
growth, exponential damping, and purely sinusoidal oscil-
lation. Moreover, it is the real part of the impedance that
contributes to the instability growth rate for the Robinson
case [see Eq. (20)], while for our case, the instability
growth is determined by the imaginary part of the imped-
ance [see Egs. (44) and (B4)]. Here we provide another
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TABLEI. Comparison of the rf cavity wake induced Robinson instability and the single-bunch multiturn (SBMT)
instability in the laser cavity modulator.
Robinson SBMT
Mechanism Long-range wake in an rf cavity Short-range radiation wake in a cavity modulator
-1 w1 i
Wake sum 2 W)(nC — KC)z, (35" W (N = p)2)(0 20)
(Time domain)
Impedance term Wi (2)Y(2) W ¥(z)

(frequency domain)
Growth rate

Type Absolute

T_l & Z(Pwo + ws)ReZH (pa)O + 605)

T Z(”wl‘w + ”ringcnng)nlmzu (n)

aspect to draw an analogy between the two instabilities
from plasma physics [51]. As the rf cavity wakes are
localized, the Robinson instability can be considered as a
type of absolute instability, where the unstable motion
grows in time (turn after turn). In contrast, the coherent
radiation wakes propagate inside the cavity modulator, and
the unstable motion of the circulating bunch may exhibit
growth both in time (turn after turn) and in space, i.e.,
travelling along the region of the perturbing source of finite
duration inside the undulator. This belongs to the con-
vective instability in plasma physics.

Before ending this section, we summarize the compari-
son of the two instability mechanisms in Table I. In the next
section, we shall consider a special case of the multiturn
instability in the laser cavity modulator in order to relate to
the FEL instability.

V. FEL INSTABILITY

In formulating the multiturn instability in a laser cavity
modulator, we have obtained the cubic dispersion or secular
equation. Since the dispersion relation of the FEL insta-
bility is also a cubic equation [50,52], we might be tempted
to relate the multiturn instability to the FEL instability in
some special situation.

A. A special case of multiturn instability

When an electron bunch circulates in an SSMB storage
ring, it would not suffer the radiation fields generated in the
laser cavity modulator until the electron bunch would
complete one revolution and come back to the undulator.
If we try to draw an analogy between the multiturn situation
and the FEL process, we may treat the electron bunch that
would arrive after completing one revolution as the test
bunch. The test bunch will experience the radiation wakes
generated by the source bunches. Notice that it is still a
single bunch that plays the two roles. Moreover, we require
that the undulator to be a single-period undulator, i.e.,

w = 1, L, = 1,. The storage ring also must not introduce
any additional longitudinal slippage, i.e., #7,j,, = 0. Based
on the aforementioned special case, we have the macro-
particle equations of motion [see also Egs. (35) and (36)]

Convective
dz
=y, A0 45
and
dé k20
=8 Z, AL - 46
dm m ) E Zk)- (46)

Here the bar has been removed because of the single-
period undulator. Similarly, the radiation wake does not
participate to the sum over the revolution turns. Here
AL =~ A,. The two coupled difference equations can be
combined into one second-order difference equation,
neglecting the parasitic loss

d2 m—1

5+ ki, & A, W) (AL) sz, (47)

where the potential well distortion effect can be absorbed
by redefining the synchrotron oscillation wavenumber

My
G =Ky = PWBD Y o (48)

In what follows, we will drop the potential well dis-
tortion term for simplicity. Now we solve Eq. (47) for the
corresponding secular equation. In Eq. (47), the second-
order term can be written as the central difference form

m—1

—MA W) (AL) > e

k=0

(49)

Ttz = 2Zme1 + (KA + 1)z, =

Taking the z-transform on both sides and using the
shifting property [Eq. (13)], we have

222(2) -
+ (kA5 +

(202* + 212)] - 2[22(2) — 207

V2(2) = -naw L) 22 (s0)
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with z ; the initial conditions. The initial conditions are not
of our interest; we only care about the system (in)stability.
Solving Eq. (50) for Z, we obtain

Z{Z()Z +21— 220}

(2) = s
(2-1)2 + K2p2, + AT

I
z—-1

Again, the system stability is determined by requiring
that the determinant of the denominator be zero, i.e.,

z—1)2+ kA2
( )+30w+ 71

=0. (52

Now we let z = ¢ with |QT,| < 1, thus

@~ Qi =0, (53)

To further simplify the expression, we introduce the
shorthand notations

A= 2

>0 and u=i (54)

A3

with A being a real quantity and g, in general, a complex
quantity. When @,y — 0, Eq. (53) can be simplified as

w=1, (55)

which gives the solutions y = 1,_1%@,_1%@. These
three roots lie on the unit circle with |¢| = 1. Due to the
slightly different notations adopted in our analysis, the
most unstable root refers to 4 = 1, which corresponds to
the instability growth rate Q = —iA'/3. A more explicit
expression of the dominant instability growth rate can be
written as

eny W) (AL)S
3 UWW”( )} . (56)

‘L'_l:ImQ:—AI/3:—[ 5
Ay

B. Using collective variables

The most elegant description that captures the essence of
the 1D high-gain FEL model can be based on the collective
variable approach [50,52]. Here we will not derive but only
quote the three dynamical equations

dA

ds -5

B .

E = —17)

dp

= A, (57)

where A is the scaled complex electric field, P is the energy
modulation, and B is the bunching factor, which reflects
the microbunching due to the longitudinal slippage in the
undulator. In Eq. (57), the scaled dimensionless path
length § is defined as § = 2k, ps, with the Pierce parameter
[50,52]

11, (K[JJ]\? y22 ]z
§=2kyps,p=|— , (58
g PP |:87'L'IA <1 _|_K72> 2762 (58)

where

VI = Jolr) =11 (r), (59)
with y = £
The three first-order differential equations can be com-
bined as a third-order differential equation

¢A

The dispersion or secular relation can be obtained by
letting A(3) o e~**, with k being a complex quantity [50].
Substituting into Eq. (60) leads to

3 =1. (61)

Although Eq. (61) has the same form as Eq. (55), the

most unstable root corresponds to x = -1%@ This does
not affect the physical essence. The long-term behavior can
be obtained by substituting the imaginary part of k to e =%,

C. Example

Let us now demonstrate the analyses in Sec. VA and
Sec. VB by a numerical, artificial example. Assume the
electron reference energy is 400 MeV, the bunch charge
10 fC (=0.625 x 10° electrons), the undulator parameter
K = 4.2, the undulator slippage factor still —1.6 x 107,
the undulator period 2 cm, and 7,5,, = 0. When considering
the dynamical system as a single-pass system (Sec. V B),
the number of undulator periods is set N, = 100. When
treating the system as the modified single-bunch multiturn
(SBMT) case (Sec. VA), we require N,, = 1,L,, = 4,,, and
the number of revolutions m = 100. Based on the numeri-
cal setup, Fig. 5 shows the longitudinal displacement as a
function of s by comparing the results from the modified
SBMT model and the 1D FEL high-gain model. The black
solid line, based on the modified single-bunch multiturn
formulation (Sec. VA), is obtained by iterating Eqs. (45)
and (46) turn after turn and exhibits an exponentially
growing behavior at a larger 5. The blue dotted line is
evaluated by solving the secular equation [Eq. (56)] for the
instability growth rate, also based on Sec. VA. The
theoretical prediction of the red dashed line is based on
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10°

—modified SBMT
- FEL cubic root
4| ~SBMT cubic root
10 'f —wmBST

z (s) (hm)

s (m)

FIG.5. Longitudinal displacement as a function of s. The black
solid line is obtained by the modified single-bunch multiturn
(SBMT) model; the red dashed line obtained by the FEL cubic
equation [Eq. (60)]; the blue dotted line from the cubic root of
the modified SBMT [Eq. (56)]. The gray solid line refers to
the multibunch single-turn (MBST) case. In the calculations,
we assume N = 0.625 x 10° (10 fC), V,, = 0, H,,,, = 1, and the
initial conditions are set z, = 3 x 1073 nm and &, = 0. Here the
analytical predictions are fitted at s = 1.2 m.

the collective variable approach in the 1D high-gain
FEL model, very close to that predicted by the modi-
fied SBMT model. When using the collective variable
approach, we further assume ¢, %5 um, o,~4,, I, ~
Nec/2.350, =~ 800A, thus the corresponding Pierce param-
eter p~0.0285. Here we remind that this example is
somewhat artificial; some of the parameters may not be
practical. For example, the Pierce parameter is about 1
order of magnitude larger than the typical one (x1073),
resulting in a much reduced FEL gain length. However, it
may have been sufficient to demonstrate the physical
essence emphasized here.

In addition to the modified SBMT model, belonging to
the single-bunch multiturn case, i.e., N,, = 1, m = 100, we
further illustrate another similar situation based on the
coherent undulator radiation induced multibunch single-
turn (MBST) BBU model [44]. Here we shall consider
N,, =100, N, =100, with N, being the number of
microbunches. In Ref. [44], we have the macroparticle
equations of motion for the nth microbunch with the bunch
spacing equal to the resonant radiation wavelength

d*z, 4zegNr,n,, No] .
T ke Y (2= )W l(n = )]
S y =
O(p+j—n), (62)

where p is defined such that pA,, < s < (p + 1)4,,, and ©
is the Heaviside step function, reflecting the radiation
slippage effect in the single-pass beam transport. The
function ® assures that the radiation wake in Eq. (62)

can only take a value when the radiation field generated
from the trailing microbunch takes over the test bunch.

The gray solid line in Fig. 5, based on the numerical
results of Eq. (62), shows the longitudinal displacement of
the most leading microbunch. We note that the instability
growth rate of the most leading microbunch by such
longitudinal multibunch BBU is slower than those of the
modified SBMT and the FEL models. This is because the
intervals between the trailing microbunches and the test
bunch (the most leading one) are no longer A, for all
microbunches but (n — j)A,. The radiation wakes from
those farther microbunches have a relatively minor effect
on the test bunch. For the modified SBMT model, in
contrast, the driving sources always come from the follow-
ing source bunches with AL = 4,. This can be traced back
to the phase-lock condition. For the FEL case, the phase-
lock condition is reduced to the undulator resonance
condition. It is indeed such an internal phase lock that
leads to the high-gain FEL instability. While the radiation
field slips over the electron bunch, it coherently interacts
with the electron beam, e.g., continuously extracting the
energy from the electrons, when the system satisfies the
resonance condition.

VI. SUMMARY

In this paper, we have outlined the theoretical formu-
lation of the Robinson instability, a single-bunch multiturn
instability driven by the rf cavity wake. We then introduced
a recently explored multiturn collective effect driven by
coherent undulator radiation in the laser cavity modulator
of an SSMB storage ring. In both cases, the macroparticle
equations of motion are solved by the z-transform to obtain
the secular equation. A closer examination of the respective
physical mechanisms reveals that the different forms of the
secular equations can be traced back to the sum of the wake
functions. The summation of convolution type leads to the
quadratic secular equation, while that of nonconvolution
type may result in the cubic equation, as the recently
explored multiturn instability. Table I summarizes the key
differences between the two types of instabilities.

The obtained cubic dispersion equation can be related to
the FEL instability as a special case of the single-period
undulator with vanishing storage ring slippage factor,
N, =1 and n;,, = 0. Using a numerical example, this
special case is compared with a 1D high-gain FEL model
based on the collective variable approach and is found that
the reduced secular equation can capture the 1D FEL
essence. The phase-lock condition plays an essential role in
the multiturn instability and, when reduced to a special case
this condition is connected to the resonance condition on
the FEL process. Throughout the comparative studies, we
shall gain a deeper understanding of this newly explored
instability mechanism.

All the above discussions are made from a view of the
theoretical formulation. From a practical aspect, a more
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detailed, in-depth study on the coherent radiation induced
single-bunch multiturn instability in the laser cavity modu-
lator has been recently submitted [45], with an extension of
the analysis on the multibunch multiturn collective dynam-
ics is ongoing.
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APPENDIX A: DERIVATION OF Wﬁ IN EQ. (15)

This appendix is to evaluate VV]‘ in Egs. (15)—(17).
According to the definition of the z-transform and
z = ™7, we have

~ 4regNr
12 =——2W,
70

CdregNry N
= . jgo W||(_JC)Z !

(2)]

i

4regNr,
70

I~ [
_} :/ 0Z | (w)e 1T Hi%Tod g
2mc 0 /oo

0

_ 4megNr, ia)_o/“’ 0Z) () {Z e—iijoe+ijQTo:|

70 2rc —00 =0

w
xd—,
@

(A1)

where the sum in the square bracket of the last equality can
be easily obtained

—i(w—-Q)T,

(o]
} :e—iijOe+ijQTo __¢ (A2)
Jj=0

e—i(w—Q)To -1

Because Eq. (A2) as a function of @ behaves like a -
function train, we may further simplify Eq. (A1)

N dzeNF. i . ~i(w-Q)T,
(7)< 7N i / wz(w)[ei}dﬂ

Yo 2rc o e—i(w—Q)TQ -1 @
4neyNr, iwg / o =
O %0 [ S(w—Q—
Vo 2 _ma’\Kaﬂ ;Z;; (@ pwy)
X dg
2
_AzegNr, i &

Z (Q+ pa)o)ZH (Q+ pay).
70 CTop:_oo

(A3)

After substituting Eq.
obtain Eq. (18).

(A3) in Eq. (17), we

APPENDIX B: DERIVATION OF W IN EQ. (36)

Here we complete the derivation of Eq. (36) by deter-
mining the explicit expression of W. First, we linearize

Eq. (30) by assuming (N,, — p)4, > (Z,(qf)zfzo))
N,-1 .

SN W, = p)a + 2 =2

p=0

3 N, = )] + () = 2PV, = p)A ).

(B1)

The first term on the right-hand side corresponds to the

parasitic loss of the entire bunch. The second term propor-

(p)

tional to 7,/ can be related to the effect of the potential well

distortion. The last term proportional to z,((o) , of our most

interest, participates in the collective dynamics. Note that

the z,(co) reflects the concept of the phase lock between the
circulating electron bunch and the external laser. Now W/
involves the sum of Wil over the undulator period p.
According to the definition of the wake function in terms of
the impedance, we have

w1
W = pz:; Wh[(Nw - p)/lr]

4regNr, A, Nl
B > WYIN, = p),]
p=0
4 N )l ] © Nw_l -
_ TTEYINT, WL/ a)ZH(a)) Z el (Nw=p)2, do,
Yo @ 27¢)-w —
p=0

(B2)

in which the sum in the square bracket of the last equality
can be expressed as

-1 . ® . 7
) oNoy sin—=2%24 2Nty SINN, Tk

2 : el Nw=p)iy — (5 22 T piak(My) 27 TwE

= LA sinck

(B3)

where we have introduced the normalized wavenumber
k = k/k,. When N,, > 1, the ratio of sine functions in
Eq. (B3) behaves like a o-function train. Based on this
observation, Eq. (B3) can be further simplified as
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W/

_ AnegNr, A, ik2cN,, [ -

kz,(k
70 2 —0 H( )
X |:ei2ﬂ]~€(%) Sin]\.lwﬂlf] d/;
N,, sin k

z4ﬂ€0Nre/1w ik2cN,, i (—I)NW"nZ“(n),

n—=——0oo

v e (B4)

in which use of [(...)dk =32 __(...)8(k — n) has been

made to convert the continuous integration to the discrete
sum. We will use Eq. (B4) to evaluate W in Eq. (36).
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