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Exact numerical solutions for the single particle equations of motion have revealed conditions for highly
nonlinear rapid acceleration near cyclotron resonance for electrons injected into a TE111-rotating-mode
cylindrical microwave cavity immersed in a uniform axial magnetic field. We dub this the eCRA
interaction. Magnitudes of acceleration energy in eCRA are shown to exceed to a large degree the limits for
the related cyclotron autoresonance acceleration (CARA) interaction, wherein autoresonance acceleration
is sustained for traveling rotating TE11-mode waves in a cylindrical waveguide. As with CARA, all injected
electrons in an idealized eCRA enjoy equal energy gain without bunching. Injection of high currents that
involve heavy beam loading allow acceleration in eCRA to multi-MeV levels for beams with average
powers of hundreds of kW and rf-to-beam power efficiencies that exceed 80%. It is shown, to cite one
example, that an effective acceleration gradient of over 90 MV=m can be sustained with a maximum cavity
surface field of only 40 MV=m, when producing a 4.5 MeV, 300 kWaverage power electron beam, with an
rf-to-beam efficiency of about 86%. In that example, the cavity operates at 2.856 GHz, and the cavity’s
average surface heating rate is 100 W=cm2. Other examples are given for beams with over one MW levels
of average power and energies up to about 20 MeV. This paper’s goal is only to elucidate and give examples
of the basic mechanism for the strongly nonlinear acceleration that is predicted to occur in eCRA, rather
than to present a particular engineered design. Still, the predicted parameters for an idealized eCRA suggest
that practical realizations could emerge to satisfy a range of needs for efficient, compact accelerators for
industrial, commercial, and national security applications.
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I. INTRODUCTION

Investigations continue, aimed towards development of
compact, efficient, low-cost, high-power electron acceler-
ators for scientific, national security, industrial and com-
mercial applications. Typically, these accelerators are to
produce beams with average powers of up to hundreds of
kW and above, and particle energies of up to 10 MeV—a
limit that is often imposed to minimize activation, neutron
production and shielding mass. Applications for MW-level
beam powers exist for remediation of polluted wastewater
streams, flue gas and other effluents; neutralization of toxic
solid wastes; and numerous industrial processes [1,2].
Lower power applications are in bremsstrahlung sources
for sterilization of medical instruments and supplies, food-
stuffs, and photonuclear reactions to produce radioisotopes
[3], and for production of intense THz radiation [4].

A variety of industrial accelerators already exist that are
designed to meet these needs [5]. But it may be that a
practical realization of the electron cyclotron resonance
accelerator (eCRA) based on the theory presented in this
paper could be a competitive alternative to some of those
machines.
A candidate suggested over 25 years ago for some of

these applications is the cyclotron autoresonance acceler-
ator (CARA) [6]. In CARA, a laminar continuous electron
beam is injected along the axis of a TE11-mode cylindrical
waveguide that is immersed in an axial magnetic field. The
waveguide is driven by exciting the two degenerate TE11

traveling-wave modes in quadrature to comprise a rotating
traveling wave, with parameters tuned to satisfy the
resonance condition,

ω ¼ ωc þ kzvz; ð1Þ

where ω is the wave’s radian frequency; kz is the wave’s
axial wave number; vz is the axial velocity of the electrons,
ωc ¼ eB=mγ is the relativistic cyclotron frequency for
electrons with charge e and mass m in a static guide
magnetic field B; and the relativistic energy factor is
γ ¼ 1þ eV=mc2, with eV being the particle’s kinetic
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energy upon acceleration through a voltage V and mc2 its
rest energy. In addition to satisfaction of Eq. (1), the
waveguide dispersion relation ω2 ¼ ω2

o þ k2zc2 must also
be satisfied, where ωo is the cutoff frequency. Prominent
properties of a CARA beam include its absence of bunch-
ing, since—except for phase—it has been shown that all
electrons in an idealized beam enjoy equal energy gain and
no phase focusing. The absence of bunching mitigates
against space-charge issues—including instabilities—that
arise with dense bunches in high-current beams. Further, a
CARA beam is self-rastering, since the beam particles trace
helices as they exit along a diverging guide magnetic field
and thus will constitute a beam that automatically scans
upon impacting a target.
A serious limitation of the CARA mechanism is its

intrinsic upper energy limit, given by

γmax ¼ γo þ
�
γ2o − 1

1 − n2

�
1=2

; ð2Þ

where γo and γmax are the initial and maximum relativistic
energy factors. Here n ¼ ckz=ω ¼ vg=c, with vg the wave
group velocity. This limit applies when autoresonance,
which can be written γð1 − nβzÞ ¼ const: is satisfied
throughout the acceleration, where βz ¼ vz=c is the par-
ticle’s normalized axial velocity. Autoresonance can be
satisfied during acceleration by either tapering the guide
magnetic field, or by tapering the waveguide radius; the
upper energy limit is the same for either option. For
example, a 200 keV beam injected into a waveguide
operating at a frequency just above cutoff for the TE11

mode (ð0.293c=RÞ), and then tapered up in radius by about
30% to just below cutoff for the next higher mode (TM01),
could not be accelerated to beyond 0.968 MeV, according
to this formula. Here, R is the waveguide radius. As a
consequence, CARA acquired the notorious reputation as a
“gamma doubler,” so despite its other attributes it has not
found much acceptance in the accelerator community.
This paper describes an alternate concept for cyclotron

resonance acceleration of electrons that employs a cylin-
drical cavity operating under conditions that do not con-
form to autoresonance. We have carried out detailed
numerical solutions of the highly nonlinear equations that
govern motion for electrons injected into a TE111-mode
cavity immersed in a strong axial magnetic field. The rf
fields of the cavity are a superposition of two orthogonal
modes excited in quadrature to comprise a rotating

standing-wave mode. In general, we find much higher
upper energy limits than that given by Eq. (2). These limits
arise when slippage in phase between the particle’s
momentum and the rf electric field moves from accelerating
into decelerating ranges, or by particle interception on the
cavity wall. We choose the moniker “eCRA” to label this
interaction, dropping the A that signifies “auto,” in CARA;
and adding the prefix e to make clear that this interaction is
not appropriate for acceleration of ions. It bears emphasis
that this paper is only to elucidate the fundamental
eCRA accelerator mechanism, and not to present any
practical design for an actual accelerator, although some
practical issues are touched upon. What is presented in the
following sections should thus be viewed solely as an
idealization.
This paper is organized as follows. Section II presents

the governing equations and method used for numerical
solution to determine beam dynamics. Section III includes
graphical results that show the nature of particle orbits and
energy limits during acceleration. Section IV describes the
method for determining efficiency and gives some exam-
ples. Finally, Sec. V summarizes the results, points out their
limitations, describes future directions toward practical
realization of a demonstration eCRA, and suggests possible
applications.

II. GOVERNING EQUATIONS AND THE MEANS
FOR THEIR SOLUTION

In this section, we list the equations for the fields in the
idealized eCRA TE111-rotating-mode cylindrical cavity,
and the single-particle equations of motion for electrons
injected into the cavity. The cavity radius and height are R
and L. A uniform static magnetic field Bo aligned along the
cavity axis of symmetry (z axis) permeates the cavity and
the space beyond. From solutions of the equations of
motion, the power balance and rf-to-beam efficiency are
developed and illustrated in Sec. IV. Those considerations
assume—as will be shown—that there is no spatial bunch-
ing for the particles, so we have taken space charge forces
and space charge perturbations of the vacuum fields to be
negligible, even for high currents where, as in bunched-
beam accelerators such as cyclotrons and linacs, these
effects may be non-negligible.
The electric field components for the two (degenerate)

linearly polarized TE111 modes (also labeled in some texts
as H111 modes) are

Ezðr;φ; z; tÞ ¼ 0 ð3Þ

Erðr;φ; z; tÞ ¼
�

Ew;0

Ew;90

�
W

J1ðkcrÞ
kcr

�
sinðφÞ

− cosðφÞ

�
sinðβzÞ

�
cosðωtÞ
sinðωtÞ and ð4Þ
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Eφðr;φ; z; tÞ ¼
�

Ew;0

Ew;90

�
WJ01ðkcrÞ

�
cosðφÞ
sinðφÞ

�
sinðβzÞ

�
cosðωtÞ
sinðωtÞ ; ð5Þ

where J1ðxÞ is the Bessel function of the first kind of order one, x11 is the first zero of J01ðxÞ, kc ¼ x11=R; β ¼ π=L;
W ¼ x11=J1ðx11Þ ¼ 1.8411=0.58187 ¼ 3.1642 is a normalization factor; Ew is the maximum electric field amplitude on the
cavity walls, with subscripts 0 and 90 designating their relative phases. The corresponding magnetic field components are

Bzðr;φ; z; tÞ ¼ ðkc=ωÞ
�

Ew;0

Ew;90

�
WJ1ðkcrÞ

�
cosðφÞ
sinðφÞ

�
sinðβzÞ

�
sinðωtÞ

− cosðωtÞ ; ð6Þ

Brðr;φ; z; tÞ ¼ ðβ=ωÞ
�

Ew;0

Ew;90

�
WJ01ðkcrÞ

�
cosðφÞ
sinðφÞ

�
cosðβzÞ

�
sinðωtÞ

− cosðωtÞ ; and ð7Þ

Bφðr;φ; z; tÞ ¼ −ðβ=ωÞ
�

Ew;0

Ew;90

�
W½J1ðkcrÞ=kcr�

�
sinðφÞ
cosðφÞ

�
cosðβzÞ

�
sinðωtÞ
cosðωtÞ ; ð8Þ

where ω ¼ c
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2c þ β2

p
.

We write out these equations in full, since the forms for
rotating modes are not found in most literature sources, the
phase factors are critical, and our normalization differs
from convention. When Ew;0 ¼ Ew;90, the sum of both
components are such that Er, Bz, and Br vary as
sinðφ − ωtÞ, while Eφ and Bφ vary as cosðφ − ωtÞ: namely
circular clockwise rotating polarization; otherwise the
polarization is elliptical. Of course, these equations re-
present the fields in an idealized cylindrical cavity, free of
coupling irises for the applied rf and apertures for entry and
exit of the electron beam.
The single-particle equations of motion are

ds ¼ cdt ð9Þ

p ¼ γðêxβx þêyβy þêzβzÞ ð10Þ

γ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ p • p

p
ð11Þ

r ¼ ðêxxþêyyþêzzÞ ð12Þ

dr=ds ¼ p=γ ð13Þ

dp=ds ¼ −ðe=mc2ÞðEþ cp ×B=γÞ; ð14Þ

where dt is the time interval; ðx; y; zÞ are the particle’s
Cartesian coordinates, E is the total electric field at the
particle location, and B is the total magnetic field at the

particle location, including both the rf and static compo-
nents, the latter designated as Bo.
The equations of motion are solved for each electron in

PYTHON [7], using PYTHON modules NumPy [8] and SciPy
[9]. Graphs are plotted ether using PYTHON MATPLOTLIB

[10], or MS Excel [11]. A simple integration scheme is used,
in which the time-step size is varied to confirm conver-
gence. A tracking algorithm checks whether a particle has
hit a wall or other obstacle, and freezes it at that location.

III. PARTICLE ORBITS AND ENERGY LIMITS

In this section, selected results are shown of numerical
solutions to the above equations. Examples have been
picked that show eCRA performance for single particles or
finite-length uniform streams of particles injected along the
cavity axis. The TE111 cavities that are considered all
resonate at 2.856 GHz, and have radii beginning just above
the cutoff radius of 3.078 cm and up to 7.0 cm. Cavity
dimensions and surface areas are listed in Table I.
It was found, depending on the rf-field strength (as

characterized by Ew) and the magnitude of the guide
magnetic field Bo, that electrons are accelerated, but can
either reach and are transmitted through the end wall of the
cavity, or can be reflected back. (The walls of the idealized
cavity are taken to be transparent to electrons in our
idealization.) Figure 1 shows examples of nonreflecting
and reflecting orbits, for parameters listed in the caption.

TABLE I. Cavity dimensions and surface areas for TE111 cavities that resonate at 2.856 GHz.

Radius R (cm) 3.50 4.00 4.50 5.00 5.50 6.00 6.50 7.00
Length L (cm) 11.00 8.21 7.19 6.66 6.33 6.11 5.96 5.84
Surface area (cm2) 318.9 306.9 330.5 366.2 408.9 456.6 508.8 564.9
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Energy gain for a range of cavity fields Ew are shown in
Fig. 2, as functions of axial distance along the cavity.
These examples are for a cavity with R ¼ 6.0 cm and
L ¼ 6.113 cm, with injected particles having energies of
100 keV. Other parameters are listed in Table II.
For the 100 MV=m case, for example, a 10.13 MeV gain

in 6.113 cm corresponds to an acceleration gradient of
166 MeV=m. For typical linacs, the maximum E-field at
the wall usually exceeds the acceleration gradient, whereas
here the opposite is the case.
Electrons of identical energies and zero transverse

momenta that enter the cavity on axis (x ¼ y ¼ 0) but at
different times within an rf cycle will evolve identically in
their energy gains, but will emerge from the cavity at
different radii and different azimuthal angles. An example

of this is shown in Fig. 3(a), which is a projection on a
transverse plane of the helical motion of a single accel-
erated particle orbiting on a circle whose center is offset
from the cavity axis. This offset is caused by a small
transverse v × B kick encountered as particles enter the
cavity. This kick arises from the strong rf B-field on the
inner cavity surface, so the azimuthal angle of this kick
varies cyclically with the rf phase. This variation is
illustrated another way in Fig. 3(b), which depicts the
radial coordinate for a particle as a function of its distance z
from the cavity entrance. The periodic variation of about
0.35 cm comes from the eccentric nature of the circular
orbit, while the drop in radial coordinate near z ¼ 0 is
because the particle is still within the cavity and has thus
received only partial acceleration. All particles exhibit the
same behavior, except for their variation in azimuth angle.
The imprint of such a beam on a fixed target normal to the
axis is shown in Fig. 3(c). It is an accumulation of loci
where particles in a continuous stream moving on offset
helical orbits intersect the target. This superposition is
centered on the axis. It shows the particles to be uniformly
distributed in aximuth, and to lie on a circle at other target
locations, so long as the axial field Bo remains constant.
The uniform distribution of points in Fig. 3(c) confirms the
absence of azimuthal bunching in the eCRA interaction; it
should be understood to be fundamental, since the system

FIG. 1. Particle orbits within an eCRA cavity. Example (a) is for a cavity with radius R ¼ 6.0 cm and length L ¼ 6.113 cm, showing a
nonreflecting orbit; while for (b), R ¼ 7.0 cm and L ¼ 5.84 cm, showing an orbit that reflects within the cavity. Both are for injected
particle energies of 100 keV, and for Ew ¼ 100 MV=m. In (a) the guide magnetic field Bo ¼ 0.914 T, while in (b) Bo ¼ 0.650 T. The
electron trajectories are in green (before the cavity), red (in the cavity) and violet (after the cavity). Note that the orbit shown in
(a) achieves full acceleration to 10.13 MeV in only about one turn.

FIG. 2. Increase in relativistic energy factor γ of nonreflected
electrons in an eCRA cavity with R ¼ 6.0 cm, and
L ¼ 6.113 cm, for the indicated values of maximum rf electric
field at the wall Ew. The electrons enter at x ¼ y ¼ z ¼ 0, with
initial kinetic energy 100 keV. Energy gain is seen to be mainly in
the ∼3-cm central region of the cavity where the E-fields are
strongest; but the nominal acceleration gradient values we cite are
equal to the energy gain divided by the full cavity length. See
Table II for other parameters.

TABLE II. Parameters for Fig. 2.

Ew (MV=m) 20 50 100 150 200
Bo (T) 0.331 0.535 0.914 1.297 1.656
Final electron
energy (MeV)

2.68 5.31 10.13 14.59 19.25

Nominal acceleration
gradient (MV=m)

43.8 86.9 165.7 238.7 314.9
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we consider here has full azimuthal symmetry. But the
radius of this uniform distribution will vary slightly with z
as depicted in Fig. 3(b), since the proration of azimuthal
and radial momenta varies slightly with z, even as all
electrons have identical energies. That latter fact, plus the
identical angular momenta of all electrons with respect to

their own axes, also shows that all electrons have equal
longitudinal momentum; ergo no longitudinal bunching.
The variation in beam radius with z in this idealized

model of eCRA may be of minor significance in applica-
tions where the precise beam location on a target is not of
consequence. Still, it could pose a problem where

FIG. 3. (a) Projection on a plane transverse to the cavity axis over one or more rf periods of the eccentric helical orbit of an accelerated
particle. Note the 0.35 cm offset of this helix’s axis from (0,0). (b) Plot of the radial coordinate of a particle along z showing the
undulation from its initial radial kick that causes the offset of eccentric helical orbits. (c) Superposition over a full cycle of the loci of
orbit intersections where particles intersect a target beyond the cavity. This shows how an eCRA beam is centered on (0,0), how it would
scan and deposit its energy uniformly around a circle on a target, and how it remains unbunched.

FIG. 4. Behavior of final values of γ vs Bo as electrons exit cavities of various radii, with curves labeled according to the cavity radius
R in cm. (a) Ew ¼ 20MV=m (b) Ew ¼ 50MV=m (c) Ew ¼ 100MV=m (d) Ew ¼ 200 MV=m. Eneries of accelerated electrons in these
examples are between about 2 and 20 MeV.
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interaction of the beam with a circuit is intended, as in a
THz source. But in reality the magnitude of the transverse
kick may be minimized by design of the cavity’s entrance
aperture for the beam, since this can effect a reduction of
the rf B-field near the entrance.
For each cavity radius and at given values of Ew, a range

of values of Bo can be found where an electron will not be
reflected as it is accelerated. This behavior was explored for
values of Ew between 20 and 200 MV=m, with a step size
of 10 MV=m. We also scanned for values of Bo with a step
size of 10−3 T. A few examples are shown in Fig. 4, where
we plot the final values of γ at the cavity exit versus Bo for
the four indicated values of Ew. These considerations show
that eCRA can evolve into an accelerator of widely varying
beam energy, as can be achieved by adjustment of the rf
power level and associated values of magnetic field Bo.
There is a value of Bo for which the gamma factor is

maximized. If we plot these maxima, we obtain the family
of curves shown in Fig. 5(a). The corresponding values of
Bo are shown in Fig. 5(b).
Finally, we investigated the effect that nonuniformity in

the Bo profile would have, and found that a relatively high
nonuniformity can be tolerated without diminution in the
acceleration. For example, a linear slope as high as 20%
along the axis of a 6.113-cm long cavity showed only a
minor change in energy gain. This can be understood, for
although cyclotron resonance is indeed a factor in the
acceleration mechanism, evidence that energy gain occurs
in only a very few orbit turns suggests that the resonance
is broad—and thus not sensitive to moderate Bo-field
variations.

IV. EFFICIENCY

While rf-to-beam power efficiency may not be the
primary consideration for some accelerators, it is clearly
a dominant consideration for any accelerator that produces
high average power beams; that is clearly the intended
regime for the eCRA’s that we consider in this paper. This
section describes the method for determining eCRA

efficiency, even as we emphasize it to be an idealization.
One assumption, as mentioned in Sec. II, is that space-
charge fields and space-charge forces associated with a
finite-current beam neither perturb the imposed rf fields nor
the single-particle orbits as found in Sec. III. The plau-
sibility of these assumptions arises from the fact that
particles are not bunched in this interaction, thereby
avoiding the strong localized fields associated with high-
current bunched beams. Further, as also stated above, the
cavity geometry used here is that of a perfect unpenetrated
cylinder, free of beam and coupler apertures. Accordingly,
it is to be expected that any practical realization of an eCRA
is bound to have lower efficiency than found here. Still, it is
important to show that—in principle—efficiency for the
eCRA mechanism can be high; for otherwise there would
be little justification for developing practical realizations if
low efficiency were to have been predicted in advance.
The approach taken here begins by specifying the

maximum local surface electric field Ew on the TE111

cavity wall, since this parameter is linked directly to the
maximum acceleration itself, and since extensive rf break-
down studies offer guidance for determining field limits
that ensure reliable operation [12]. When numerical results
are cited here, they are for operation at 2.856 GHz, since at
this frequency well-developed high-power rf sources, rf
components and rf pulse compressors exist for near-term
demonstrations of eCRA. Still, future studies could show
that a lower frequency, for example 915 or 650 MHz, might
be preferable, since Ohmic wall losses would be lower,
orbit paths in the cavities would be longer and—especially
for cw operation—where available low-cost high-power
efficient magnetrons are available.
Efficiency η is defined here as

η ¼ P̄b

P̄b þ P̄w
; ð15Þ

where the bars indicate that the electron beam and cavity
wall powers are time-averaged values. The time-averaged
beam power is given by P̄b ¼ IpeakVpeakΔ where the

FIG. 5. (a) Final maximum gamma factors vs Ew for various cavity radii; (b) corresponding values of Bo.
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subscripts denote peak values of beam current I and beam
voltage V, to characterize parameters for pulsed beams. The
duty factor, or fraction of time the beam is on, is denoted by
Δ. The time-averaged cavity wall power is determined from
the relationship P̄w ¼ ωŪ=Q, where Ū ¼ UΔ is the time-
averaged stored energy in the cavity and Q is the cavity
quality factor. There is a limit plim to the areal average
power dissipation that the cavity can in practice sustain; this
in turn sets P̄w ≤ Aplim, where A is the effective cavity
surface area. As a given value of Ew (and thus Pw) is
required to effect acceleration to a desired level, this in turn
sets the duty factor to be Δ ¼ Aplim=Pw.
It is from Ew that we shall determine U, as given in a

standing-wave cavity by

U ¼ Ue þ Uh ¼
ε

2

ZZZ
E2dV þ μ

2

ZZZ
H2dV

¼ ½cosðωtÞ�2 ε
2

Z
V
E2dV þ ½sinðωtÞ�2 μ

2

Z
V
H2 dV: ð16Þ

However, when only one mode (or the two degenerate
modes) is excited in a cavity, one has

μ

2

Z
V
H2 dV ¼ ε

2

Z
V
E2 dV: ð17Þ

So stored energy, in the absence of losses, does not change
with time:

U ¼ ½cos2ðωtÞ þ sin2ðωtÞ� ε
2

Z
V
E2dV ¼ ε

2

Z
V
E2dV: ð18Þ

Thus,

Z
V
E2 dV ¼

� E2
w;0

E2
w;90

�
W2

Z
L

0

sin2 ðβzÞdz
Z

2π

0

dφ

�
sin2ðφÞ
cos2ðφÞ

�Z
a

0

rdr

�
J1ðkcrÞ
kcr

�
2

þ
� E2

w;0

E2
w;90

�
W2

Z
L

0

sin2ðβzÞdz
Z

2π

0

dφ

�
cos2ðφÞ
sin2ðφÞ

�Z
a

0

rdr ½J01ðkcrÞ�2: ð19Þ

This leads to the stored energy in each of the linearly polarized modes to be

�
U0

U90

�
¼

� E2
w;0

E2
w;90

�
πa2 L

ε

4

R χ11
0 xdx½ðJ1ðxÞx Þ2 þ ½J01ðxÞ�2�

J21ðχ11Þ
: ð20Þ

Numerical computation finds that

ϵ

4

R χ11
0 xdx½ðJ1ðxÞx Þ2 þ ½J01ðxÞ�2�

J21ðχ11Þ
¼ 2.645 × 10−12 Farads=m:

ð21Þ

So the stored energy for each linear polarization becomes

�
U0

U90

�
¼ 2.645 × 10−12 πa2L

� E2
w;0

E2
w;90

�
Joules: ð22Þ

For calculations that follow, the sum of both values given
by Eq. (22) are used, since eCRA requires two TE111 modes
excited in quadrature, each with the same amplitude.
The quality factor Q for the TE111 mode is calculated

from the formula given in Ref. [13]

Q
δ

λ
¼

½1 − ð 1
x11
Þ2�½x211 þ ðπD=2LÞ2�3=2

2π½x211 þ ðπ=2Þ2ðD=LÞ3 þ ð1 − D
LÞð πD

2Lx11
Þ2� ; ð23Þ

where δ is the skin depth, λ ¼ 0.105 m is the wavelength,
and D ¼ 2R. Figure 6 shows a curve of Q versus cavity

FIG. 6. Quality factor vs radius for TE111 copper cavities
resonant at 2.856 GHz. Realistic cavities, with beam and
coupling apertures, will have lower values.
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radius for TE111 cavities whose lengths are chosen for
resonance at 2.856 GHz, and for copper walls with a
conductivity of 5.87 × 107 S=m. These Q values could be
increased by a factor of 2 or more by employing cryogenic
cooling to 77 °K [12].

These Q values, together with values of peak stored
energy U as determined from Eq. (22) allow calculation of
the peak rf power Pwall needed to sustain given values of
Ew, for a range of cavity radii. Results are in Fig. 7. Two
curves stop short where particle reflections occurred.
Finally, as described above, the duty factor Δ is

determined approximately by dividing the peak wall power
Pw by the surface area of the cavity 2πRðRþ LÞ to find the

FIG. 7. Values of peak rf power Pw needed to sustain the given
values of Ew, for a range of cavity radii.

FIG. 8. Maximum average power that can be dissipated on
TE111 cavity walls versus radius of a 2.856 GHz cavity, when the
average areal power is 100 W=cm2.

FIG. 9. Maximum duty factors Δ that are consistent with the
wall heat load values in Fig. 8.

FIG. 10. (a) Average beam power, (b) average beam current,
and (c) rf-to-beam efficiency; for eCRA’s at 2.856 GHz operating
with peak wall fields of 40 MV=m, for three cavity radii. For
these cavities, accelerations up to 4.03, 4.36, and 4.58 MeV,
respectively, are predicted.
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surface-averaged peak areal power pav that must be
dissipated on the wall. For an acceptable value of pav,
which we denote as pok, it then follows that Δ ¼ pok=pav.
In the numerical evaluations that follow, we have taken
pok ¼ 100 W=cm2. Figure 8 shows the maximum total
wall power P̄w that can be dissipated for this value of pok,
while Fig. 9 shows the resulting duty factors.
It is important to stress that, while the discussion so far

does not take into account beam loading, values of the duty

factor need not change when a beam is introduced. That is
because the rf power dissipated on the cavity walls is
determined directly by Ew, and its value can be held
constant when a beam is introduced by adding additional
rf drive power just sufficient to supply the beam, on
top of the power lost to the walls. Use of this common
procedure is illustrated here for the specific example of
Ewall ¼ 40 MV=m. Beam dynamics calculations described
in Sec. III show for cavities with radii of 5.0, 6.0 and 7.0 cm
that beams can be accelerated to final energies up to 4.03,
4.36, and 4.58 MeV, respectively. Figures 10(a)–10(c)
show maximum values of average beam power, average
beam current, and rf-to-beam efficiency for these three
cavity radii. These plots illustrate the theoretical capabil-
ities of eCRA for highly efficient production of MW-level
beams, while limiting cavity wall heating to 100 W=cm2.
Further examples for beam energies above 10 MeV are
shown in Fig. 11, where Ewall ¼ 100 MV=m.
Figures 10 and 11 show examples where MW- and multi-

MW beams at energies between 4.03 and 10.7 MeV could
be produced efficiently in highly compact cavities operat-
ing at 2856 MHz. The rf field levels taken for the cavities,
with wall fields and average areal powers that do not exceed
100 MV=m and 100 W=cm2 are well within ranges that are
reliably sustained [12].

V. DISCUSSION

Exact numerical solutions for the single particle equa-
tions of motion have revealed conditions for strong accel-
eration near cyclotron resonance for electrons injected into
a TE111-rotating-mode cylindrical cavity immersed in a
strong axial magnetic field. The moniker eCRA is des-
ignated for this compact accelerator. Acceleration levels
without bunching are shown to exceed to a large degree the
limits for the CARA interaction, wherein autoresonance
acceleration is sustained for traveling rotating TE11-mode
waves in a cylindrical waveguide. High current beams with
accompanying heavy beam loading are shown to experi-
ence acceleration in eCRA to multi-MeV levels for beams
with average powers of hundreds of kW and efficiencies
that exceed 80%. It is shown, to cite one example (see
Figs. 10), that an effective acceleration gradient of over
90 MV=m (4.5 MeV gain over 5.0 cm) can be sustained
with a maximum cavity surface field of only 40 MV=m,
when producing a 4.5 MeV, 300 kW average power
electron beam, with an rf-to-beam efficiency of about
86%. In this example, the cavity operates at 2.856 GHz,
the peak rf power level is 30 MW, and the average cavity
surface heating rate is 100 W=cm2. This accelerating cavity
is remarkably compact, with a radius and length of each
only about 6 cm. Other examples are shown for beams with
over one MW level of average power and energies up to
about 20 MeV. A given eCRA cavity is shown to allow
wide variation in the accelerated beam energy by changing
the rf power level and external magnetic field.

FIG. 11. Similar to Fig. 10, except for peak wall fields of
100 MV=m. For these cavities, accelerations up to 9.7, 10.2, and
10.7 MeV, respectively, are predicted.
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Calculations of beam dynamics in eCRA presented here
are based on the single-particle equations of motion in the
vacuum fields of an idealized TE111 cylindrical microwave
cavity. We believe that these results are realistic in theory
for validating the acceleration mechanism itself. That belief
assumes that space-charge fields and forces will alter the
results to but a small degree, since the beams are not
bunched. Thus, one avoids strong field distortions of the
cavity fields and beam stability issues that can be associated
with tight bunching. Obviously, this assumption needs to be
tested using simulation codes that take space charge effects
into account. Another feature that must be refined is to
analyze beam dynamics in a realistic cavity that includes
apertures for beam entry and exit, and for rf couplers.
Further, the realistic cavity design must include provision
for a beam output window. However, in cases where the
maximum radial beam excursion is less than the TE11-
mode cutoff radius (3.078 cm at 2.856 GHz), a beyond-
cutoff pipe can be used to define the cavity field boundary,
and thus an actual cavity window might not be required to
contain the rf fields.
It should be stressed that the objective of this paper is not

to present a conceptual design for an actual accelerator
structure, but rather to elucidate the basic eCRA accel-
eration mechanism; namely rapid acceleration in a cavity
near cyclotron resonance of high current electron beams to
multi-MeV levels with high efficiency. Once the validity of
this mechanism is confirmed with design codes that take
space charge and realistic cavity geometry into account,
specific applications for eCRA can be addressed. Such
applications could be to supply the MW-level powers
needed to generate electron or x-ray beams for remediation
of wastewater streams, flue gases, and other effluents; and
neutralization of toxic solid wastes. Lower power applica-
tions could be for beams to generate bremsstrahlung for
photonuclear reactions to produce radioisotopes, for steri-
lization of medical instruments and supplies, and for
production of intense THz radiation.
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