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Emittance is a key figure-of-merit for high brightness electron beams that enable the success of a broad
range of modern accelerator-based instruments. With the successful implementation of the emittance
compensation scheme and beam-shaping techniques to align each temporal beam slice in phase space, slice
emittance starts to play a more dominating role in determining the beam quality. In this paper, we develop
an approach, combining simulations and analytical calculations, to systematically study the evolution of the
slice emittance in a very high frequency gun photoinjector, which is under intense R&D worldwide for
driving the next generation continuous-wave accelerators. Our approach is capable of tracing various
sources that introduce curvature in the transverse phase space, corresponding to the growth of the slice
emittance. It is shown that nonlinear transverse space charge forces in the vicinity of cathodes and the
spherical aberration of the focusing solenoid are the main sources of nonlinear forces, while in a long drift
section space charge forces can actually compensate for nonlinear transverse position-momentum
correlations and hence recover the emittance. We further demonstrate that the sources of nonlinearities
can be controlled by tailoring the transverse beam density profile and the design of solenoid lenses.

DOI: 10.1103/PhysRevAccelBeams.24.124402

I. INTRODUCTION

Beam transverse emittance is a key figure of merit for
photoinjector-driven electron accelerators, such as free-
electron lasers (FELs) [1–6], inverse Compton scattering
sources [7,8], energy recovery linacs [9,10], and ultrafast
electron diffraction [11,12] and microscopy [13–15]. The
ultimate performance of these applications is essentially
determined by the lowest transverse emittance of the
electron beam achieved in the photoinjectors.
In the past decades, frontier scientific researches desire

electron beams with not only low emittance but also high-
repetition rates. For example, x-ray FEL and ultrafast
electron diffraction or microscopy facilities operating at
MHz-class repetition rates are proposed and rapidly devel-
oping to satisfy new science demands. To produce the
electron beams with MHz-class repetition rates, several
types of continuous-wave (CW) photocathode guns have
been developed, such as dc guns [16,17], superconducting
rf guns [18], and very high frequency (VHF) rf guns [19].
The VHF gun has been selected as the electron source in

several influential user facilities [20,21] because it can
achieve high-cathode gradient and has high-reliability
meanwhile.
The optimizations of the transverse emittance for rela-

tively low-repetition rate (100 Hz class) beams in S- or L-
band photoinjectors have been reported in numerous works
[22–24], and low-transverse emittance has been achieved in
these photoinjectors. However, the beam dynamics analysis
in VHF gun photoinjectors has not been studied suffi-
ciently, and some new features about the evolution of the
beam emittance require further exploration. Compared with
the S-band or L-band guns [25–27], the VHF gun is
operated with lower frequency, i.e., longer wavelength,
thus the initial laser duration can be long to suppress the
space charge (SC) force and the initial laser spot size can be
small to reduce the initial thermal emittance. Moreover, the
VHF gun has lower cathode gradient than the S-band or L-
band guns, thus the expansion of transverse beam size in
the beamline is large and the influence of solenoid spherical
aberration on the emittance growth is relatively severe.
This paper focuses on the beam transverse emittance

evolution in a VHF gun photoinjector. If an electron bunch
is divided into thin temporal slices which are not mutually
interacting, the emittance of each slice is called slice
emittance, and the emittance of the sum of all slices is
called projected emittance. Different slices experience
different focusing effects due to time-dependent acceler-
ation fields and SC forces, leading to different angles of
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inclination of the slices in the transverse phase space. The
misalignment of different temporal slices in the transverse
phase space results in a growth of the projected emittance.
The projected emittance can be orders of magnitude larger
than the slice emittance in photoinjectors. In the past
decades, numerous theoretical models have been estab-
lished and experiments have been performed to best align
the transverse phase space of the beam temporal slices, thus
minimizing the projected emittance of the entire beam.
Until now, simulations and experiments reveal that the
projected emittance after optimization is very close to the
slice emittance, and the slice emittance is becoming a
bottleneck limiting the further emittance reduction.
Besides, FEL’s performance greatly depends on the beam
slice emittance in a slippage length [28]. Therefore, it is
significant to understand and control the growth of the slice
emittance in photoinjectors. The slice emittance is the
quadrature sum of the thermal emittance and the emittance
growth due to various nonlinear radial forces. In this paper,
the evolution of the slice transverse emittance is analyzed in
a VHF gun photoinjector, and the sources of nonlinear
transverse forces leading to slice emittance growth are
studied with theoretical analysis and beam dynamics
simulations. Furthermore, we will demonstrate that the
nonlinear transverse forces can be reduced by tailoring the
transverse beam density profile and the dimensions of
the solenoids. We will also demonstrate that in a long drift
section the nonlinear SC forces can compensate for the
nonlinear transverse position-momentum correlations and
hence recover the emittance. The slice emittance compen-
sation will be explained by analyzing the evolution of the
beam charge transverse distribution. It should be noted that
the methodology employed in this paper to analyze the
slice emittance evolution in the VHF gun photoinjector is
also valuable to other conventional injectors, such as S- or
L-band photoinjectors.
The paper is organized as follows. Section II gives the

relation between the projected emittance and the slice
emittance based on simulations of a VHF gun photo-
injector. In Sec. III, we analyze the evolution of the slice
emittance in different sections of the photoinjector, includ-
ing the photo-gun, the solenoids, the drift, the buncher, and
the linac boosters. Finally in Sec. IV, we will demonstrate
that the evolution analysis exhibited in the VHF gun
photoinjector can also be employed in typical S-band
photoinjectors.

II. THE RELATION BETWEEN PROJECTED
EMITTANCE AND SLICE EMITTANCE

The projected emittance can be regarded as composed of
correlated emittance and slice emittance [29,30]. The corre-
lated emittance describes the degree of coincidence of the
phase space of the temporal slices, which can be caused by
the phase angle mismatch and the beam size mismatch [31].
The slice emittance includes the thermal emittance and the
emittance growth due to the nonlinearity of the transverse
position and momentum. Correlation between transverse
forces and longitudinal coordinate z results in the evolution
of the correlated emittance, and correspondingly correlation
between transverse forces and radial coordinate r results in
the evolution of the slice emittance.
Our analysis is based on a VHF gun photoinjector, as

depicted in Fig. 1. The photoinjector is a VHF gun test
beamline designed for the diagnosis and optimization of the
electron beam produced by a VHF gun. The VHF gun,
which is manufacturing at Tsinghua University, is a single-
cell copper rf cavity operating in CWmode at 216.67 MHz.
Following the VHF gun, there are two solenoids for the
emittance compensation and beam focusing. Between the
two solenoids, there is a room-temperature CW 1.3 GHz
buncher cavity for the ballistic compression of the electron
beam. After the solenoids and buncher, there are two
1.3 GHz accelerating tubes (ACC) to accelerate the beam
to 30 MeV.
A start-to-end beam dynamics simulation of the photo-

injector is performed in Astra [32]. The number of macro-
particles is 2 00 000. The bunch is divided into 40 slices
when calculating the slice emittance, and each slice
contains 5000 macroparticles. After beam optimizations
in the genetic algorithm, the final projected emittance at
the end of the injector is ϵx ¼ 0.173 mmmrad and
ϵr ¼ 0.261 mmmrad. The key parameters of the beamline
achieving the best beam quality are shown in Table I.
The radial normalized emittance is employed in the

following analysis considering that the photoinjector is
axisymmetric. As derived in the Appendix, ϵr ¼ 2ϵx if
thermal emittance is zero, and the thermal emittance
ϵthermal;r ¼

ffiffiffi
2

p
ϵthermal;x at the cathode. The projected emit-

tance can be written as

ϵprojected;r ¼ βγ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hr2ihr02i − hrr0i2

q
; ð1Þ

FIG. 1. Sketch of a VHF gun photoinjector designed by Tsinghua University.
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where r and r0 are, respectively, the radial position and
divergence angle of a particle relative to the longitudinal
axis z, and the average is performed over the whole bunch.
β and γ are Lorentz factors.
The slice emittance ϵslice;r is in the same form as ϵprojected;r

but the average is performed over only one slice.
The evolution curve of the projected emittance and

the emittances of several slices in the VHF gun photo-
injector are shown in Fig. 2. It can be found that the
emittance evolution curve of different slices is similar, but
quite different from the projected emittance, which is
because in the contributions of the projected emittance the
correlated emittance occupies a large proportion, and the
correlated emittance and the slice emittance evolute
independently.
The correlated emittance can be expressed as

ϵcorrelated;r ¼ βγ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hσ2rihσ0r2i − hσrσ0ri2

q
; ð2Þ

where σr ¼ hr2i is the radial rms beamsize of a slice and

σ0r ¼ hrr0iffiffiffiffiffiffi
hr2i

p is the derivative to longitudinal axis of σr. The

average is performed over all slices.
The evolution curves of the correlated emittance and the

projected emittance are shown in Fig. 3 as the yellow and
the red lines, respectively. Besides, the rms value of the
emittances of all slices, which is expressed as

ϵslices;rms ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

n
ðϵ2slice;1 þ ϵ2slice;2 þ � � � þ ϵ2slice;nÞ

r
; ð3Þ

are shown in the purple line in Fig. 3. The slice emittance
of a slice i can be written as ϵ2i ¼ βγðhr2iihr02ii −
hrr0i2i Þ ¼ βγðσ2i hr02ii − σ2i σ

02
i Þ. Take the average over all

slices hϵ2i i ¼ βγðhσ2i hr02iii − hσ2i σ02i iÞ. Then ϵ2projected ¼
βγðhr2ihr02i − hrr02iÞ ¼ βγðhσ2i ihr02i − hσiσ0ii2Þ ¼ hϵ2i iþ
βγðhσ2i σ02i i − hσiσ0ii2 þ hσ2i ihr02i − hσ2i hr02iiiÞ ¼ hϵ2i iþ
ϵ2correlated þ βγðhσ2i ihr02i − hσ2i hr02iiiÞ. When the square of
the slice rms beamsize is irrelevant to the square of the slice
rms divergence, we have

hσ2i ihr02i ¼ hσ2i hr02iii: ð4Þ

In this case, the projected emittance is composed of two
independent parts, correlated emittance and slice emittance,

i.e., ϵprojected ≅
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffihϵ2i iþ ϵ2correlated

p ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ϵslices;rms

2þ ϵcorrelated
2

q
(blue line in Fig. 3).
It can be found that the blue line is very close to the

projected emittance (red line), indicating that Eq. (4) is
approximately true in our simulation. At the end of the
photoinjector the thermal emittance, the slice emittance
excluding the thermal emittance and the correlated emit-
tance are 0.17, 0.128, 0.151 mm mrad, respectively,
revealing that the slice emittance (especially the thermal
emittance) accounts for a large proportion of the final
projected emittance. In the following section, an analysis of

FIG. 2. The evolution of slice emittance and projected emit-
tance in the VHF gun injector.

TABLE I. Key parameters of the VHF gun test beamline
designed by Tsinghua University.

Parameters Values Units

Charge 100 pC
Thermal emittance 1 umrad=mm
Laser duration (flattop) 48.5 ps
Laser diameter (uniform) 0.48 mm
Maximum gun field 30 MV=m
Center of SOL1 0.303 m
Maximum SOL1 strength 585.8 Gs
Center of the buncher 1 m
Bunch voltage 336 kV
Buncher phase −45 deg
Center of SOL2 2.14 m
Maximum SOL2 strength 440.4 Gs
Beginning of ACC 2.85 m

FIG. 3. The relation between slice emittance, correlated emit-
tance, and projected emittance.
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the slice emittance evolution in the photoinjector is
demonstrated by studying the contributions of different
radial forces to the beam momentum change.

III. ANALYSIS ON THE EVOLUTION OF THE
SLICE EMITTANCE

A. Photo-gun section

The photo-gun is a key component of a injector, which
boosts the beam velocity from almost rest to near the speed
of light in a short distance. In this process, SC force,
inversely proportional to the square of γ, has significant
influence on beam quality. It is well known that uniform
three-dimensional ellipsoidal distribution of electron beam
can cancel the nonlinearity due to SC forces [33]. However,
the three-dimensional ellipsoidal distribution is difficult to
produce, and the longitudinal uniform distribution, as a
compromise, is more commonly used in most of the
photoinjectors. For a longitudinal uniform distribution with
a transverse Gaussian-cut distribution, the charge density ρ
can be expressed

ρ ¼
Q expð− x2þy2

2σ2x
Þ

2πσ2xErfðR=ð
ffiffiffi
2

p
σxÞÞ2l

; x2 þ y2 < R2;−
l
2
< z <

l
2
;

ð5Þ

where Q is the bunch charge, R is the beam radius, and l is
the longitudinal length. R

σx
¼ 1 means 1σ Gaussian-cut.

Small R
σx

like 0.1 means nearly uniform distribution. The
transverse electric field Ex can be written as

Exðx;y;zÞ¼
1

4πε0

∂
∂x

Z
ρðx0;y0;z0Þdx0dy0dz0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðx−x0Þ2þðy−y0Þ2þðz− z0Þ2
p ;

x02þy02<R2;−
l
2
<z0 <

l
2
: ð6Þ

Based on the ratio of transverse and longitudinal
dimensions, the beam with longitudinal uniform distribu-
tion can be divided into three categories: pancake-like
bunch ( lR ≪ 1), normal bunch ( lR is close to 1), and cigar-
like bunch ( lR ≫ 1). Typically pancake-like bunch is more
commonly used in S- or shorter band rf guns. However, the
VHF gun prefers cigar-like bunch because the wavelength
of VHF band is much longer than the S-band, and the rf
emittance in the VHF gun is negligible even for longer
bunches.
Feng Zhou [25,34] has proven that transverse 1σ

Gaussian-cut distribution is better than transverse uniform
distribution for a pancake-like bunch. In this section, we
will demonstrate that the transverse uniform distribution is
better than the transverse Gaussian-cut distribution for a
cigar-like bunch. The transverse SC field Ex [Eq. (6) with y,
z ¼ 0] as a function of x=R is calculated for different beam

shapes, as shown in Fig. 4. Three typical dimension ratios
of electron bunch are demonstrated: (a) cigar-like bunch
( lR ¼ 10), (b) normal bunch ( lR ¼ 1), and (c) pancake-like
bunch ( lR ¼ 0.2). In each dimension ratio, Ex of three
different Gaussian-cut distributions, i.e., R=σx ¼ 0.1, 1,
and 2, respectively, are illustrated in Fig. 4. It can be found
that the transverse SC force (Ex) with transverse 1σ
Gaussian-cut distribution is more linear than the uniform
distribution for pancake-like bunch and normal bunch.
However, Ex with uniform distribution is more linear than
the Gaussian-cut distribution for a cigar-like bunch,
based on our calculations illustrated in Fig. 4(a). For the
VHF gun photoinjector shown in Sec. II, a cigar-like
bunch is produced on the cathode. A simple calculation
indicates that l

R ¼ 16 when all particles just leave the
cathode. Therefore, initial beam with transverse uniform
distribution is better than Gaussian distribution in VHF gun

FIG. 4. Nonlinearity of transverse SC fields with different
transverse Gaussian-cut distributions. R=σx ¼ 0.1 indicates an
approximately uniform distribution, R=σx ¼ 1 or 2 indicates a
Gaussian distribution. (a) cigar-like bunch, l

R ¼ 10. (b) normal
bunch, l

R ¼ 1. (c) pancake-like bunch, l
R ¼ 0.2.
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photoinjector to suppress the emittance growth due to the
nonlinear SC effects.
Furthermore, we provide the emittance evolution curves

in the gun with two different initial transverse distributions,
one is uniform distribution and the other is 1σ Gaussian-cut
distribution. The center (21st) slice of the bunch is
employed as an example, as shown in Fig. 5. The yellow
line indicates the Ez field on the axis of the VHF gun. In the
inset, we plot the transverse phase space of the slice at
position 3.1 mm, where all particles in the bunch just leave
the cathode. It can be found that the phase space for the
uniform distribution is more linear than the 1σ Gaussian-
cut distribution. Moreover, the slice emittance increases
rapidly from the cathode to 3.1 mm for the 1σ Gaussian-cut
distribution, but remains basically unchanged for the uni-
form distribution. The evolutions of the phase space and
slice emittance reveal that the uniform distribution is better
than the Gaussian-cut distribution, which is consistent with
the conclusion based on the SC field analysis.
The integral momentum of each particle in the 21st slice

from the rf force can be calculated by tracing the electro-
magnetic field in the gun along the particle trajectory
exported from ASTRA simulation. The calculated integral
momentum as a function of the radial position of each
particle at the gun exit is shown as the blue dots in Fig. 6.
The integral momentum contribution of the rf force is

computed from the position where all particles are just
emitted to the gun exit. The linear term is subtracted. It can
be found that the high-order integral momentum is very
small, indicating that the emittance growth due to the rf
force is negligible. Moreover, the integral momentum
contribution of the SC force can be calculated by sub-
tracting the initial momentum on the cathode and the
integral momentum contribution of the rf force from the
final momentum at the gun exit. The integral momentum
contribution of the SC force as a function of the radial
position of each particle at the gun exit is shown as the red
dots in Fig. 6. The linear term is also subtracted. The
curvature of the high-order integral momentum indicates an
emittance growth due to the SC force.

(a)

(b)

FIG. 5. Emittance evolution curves of the 21st slice in the gun
with (a) initial transverse uniform distribution and (b) initial
transverse 1σ Gaussian-cut distribution. The yellow line indicates
the Ez field on the axis of the VHF gun. The inset displays the
transverse phase space of the slice at position 3.1 mm, where all
particles in the bunch just leave the cathode.

FIG. 6. The integral momentum of the particles as a function of
the radial position at the gun exit. The integral momentum is
calculated from the position where all particles are just emitted to
the gun exit based on two independent forces: (1) gun rf force
(blue) and (2) SC force (red). The linear terms of the integral
momentum are subtracted.

FIG. 7. The blue dots: the integral momentum contribution of
the high-order terms of the rf field as a function of the radial
position of each particle at the gun exit. The red dots: the integral
momentum contribution of the high-order terms of the SOL1 field
as a function of the particles’ radial position at the end of the
SOL1 field. Note that the momentum contribution of the rf field is
magnified by 10 times in order to compare with the momentum
contribution of the SOL1 field.
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The integral momentum contributions of the high-order
terms of the rf field and SOL1 field are calculated by
ignoring the linear part of the above fields, as shown in
Fig. 7. It can be found that the nonlinearity of the slice
phase space contributed by the gun field is very small
compared with the high-order terms of the solenoid field. A
start-to-end simulation illustrates that the projected emit-
tance increases only 5.8% when the high-order terms of all
rf fields (gun, buncher, and ACCs), instead of the field first-
order approximation, are considered in the simulation. The
high-order terms of the solenoid field are an important
source of the slice emittance growth, which will be
demonstrated in Sec. III B.

B. Solenoid section

Solenoid is a key component in a photoinjector for the
beam focusing and the compensation of the correlated
emittance. Due to the high-order terms of the solenoid field,
nonlinearity will be introduced into the slice phase space,
resulting in an increase of the slice emittance, and this
phenomenon is called spherical aberration. Longitudinal
magnetic field of an axisymmetric solenoid can be
described as BzðrÞ ¼ Bz;0 − r2

4
B00
z;0 þ � � �, where Bz;0 is

the longitudinal on axis magnetic field and higher order
terms above third order are omitted. According to Busch’s
theorem [35] γmr2 _θ ¼ −πr2qBz;0=2π and equation of
motion γm̈r ¼ γmr_θ2 þ qr_θBz;0, we have

̈r ¼ −
q2B2

z;0

4γ2m2

�
r −

B00
z;0

2Bz;0
r3
�
; ð7Þ

with higher order terms neglected. Under the thin-lens
approximation (r remains unchanged in the solenoid), the
change of velocity and momentum in r direction can be
expressed as [36]

Δr0 ¼ −
1

f0
ðrþ C1r3Þ and ð8Þ

ΔPr ¼ −
βγmc
f0

ðrþ C1r3Þ; ð9Þ

where 1
f0
¼ ð q

2βγmcÞ2
Rþ∞
−∞ B2

z;0dz and r0 ¼ dr=dz. C1 ¼
1
2

R þ∞
−∞

B0
z;0

2dzR þ∞
−∞

Bz;0
2dz

is the spherical aberration coefficient, which

is only determined by the geometry of the solenoid.
Hence, the emittance growth can be written as

ϵΔ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hr2ihΔP2

ri − hrΔPri2
q

¼
ffiffiffi
2

p
βγmcC1σ

4
r

4f0
; ð10Þ

by assuming that the beam is transversely uniform with rms
spot size of σr. Based on Eq. (10), it can be found that the

emittance growth due to the solenoid spherical aberration is
proportional to the fourth power of the radius.
The emittance growth due to the solenoid spherical

aberration is simulated in Astra. Two solenoids in the
VHF gun photoinjector (SOL1 and SOL2 in Sec. II) are
involved in the simulation. First, the emittance growth in
SOL1 and SOL2 is evaluated independently with a sim-
plified model. We assume that the initial beam before the
solenoid has zero emittance, uniform transverse distribu-
tion, and perfectly parallel rays. The particles in the beam
have identical momentum, which is the same as the beam
momentum in SOL1 or SOL2 in the VHF gun photo-
injector in Sec. II. The solenoid parameters used here are
also the same as the optimized parameters listed in Table I.
The initial beam spot size before the solenoid changes and
the emittance growth after the beam passes through the
solenoid are evaluated. The emittance growth varying with
the rms beam size at the center of SOL1 and SOL2 is shown
in Fig. 8. The simulated points are fitted using the function
of ϵr ¼ k � σ4r , and the fitting curve is in good agreement
with the data points, which is consistent with the theoretical
description in Eq. (10).
Furthermore, the evolutions of the slice emittance and

the rms beam size in SOL1 and SOL2 of the VHF gun
photoinjector are illustrated using the 21st slice as an
example, as shown in Fig. 9. The slice emittance evolutions
with and without the solenoid are shown as the blue solid
and purple dotted lines, respectively. The rms beam size in
the center of SOL1 is 6 mm and there is a steep slice
emittance growth in SOL1 due to the solenoid spherical
aberration. Moreover, the rms beam size in the center of
SOL2 is 3.1 mm and the emittance growth in SOL2 due to
the spherical aberration is negligible. Therefore, the emit-
tance growth due to the spherical aberration mainly occurs
in SOL1.

FIG. 8. Emittance growth as a function of the rms beam size at
the solenoid center for SOL1 (red) and SOL2 (green). The points
are the simulated data in ASTRA. The lines are the fitting curves
of ϵr ¼ k � σ4r .
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Figure 10 demonstrates the integral momentum contri-
bution of the magnetic field of SOL1 and SOL2. The linear
term of integral momentum is subtracted. It can be found
that the nonlinear momentum contribution of SOL1 is
much larger than SOL2, which is consistent with the
emittance evolutions in Fig. 9. The integral momentum
of SOL1 with the linear term subtracted is fitted using the
function of ΔPr ¼ br3, and the fitting curve is in good
agreement with the data points, which is consistent with the
theoretical description in Eq. (9).
Based on Eq. (10), the emittance growth is proportional

to the solenoid spherical aberration coefficient C1, and C1

is only determined by the solenoid field profile. Here, we
demonstrate that the emittance growth due to spherical
aberration can be suppressed by optimizing the solenoid
field profile. The full width at half maximum (FWHM) of
the SOL1 on axis Bz field is scanned in ASTRA simulation.
The strengths of the two solenoids and the position of
SOL2 are optimized to obtain the optimal projected
emittance at the end of the photoinjector. The emittance
growth due to Bz on the cathode and the optimal projected
emittance are shown in Fig. 11. It can be found that the
emittance growth due to Bz on the cathode increases when
the field width increases. Even so, the optimal projected
emittance decreases with increasing field width, indicating
that the spherical aberration decreases as the field width
increases.

C. Slice emittance self-reducing effects in drift section

In Sec. III A, we have illustrated that the emittance
growth near the cathode is mainly due to the nonlinear SC
forces. In this section, however, we will demonstrate that
the nonlinear SC forces do not necessarily lead to a growth
of the slice emittance for an electron beam moving in a drift

(a)

(b)

FIG. 9. The evolution curves of the 21st slice in (a) SOL1 and
(b) SOL2. The black dashed lines are the on axis solenoid field.
The blue and red solid lines indicate the evolution curves of the
emittance and the rms beam size in the solenoids, respectively. As
a comparison, the purple dotted lines indicate the emittance
evolution curves without the solenoids.

(a)

(b)

FIG. 10. The integral momentum contribution of the magnetic
field of (a) SOL1 and (b) SOL2 as a function of the radial position
of each particle at the end of the solenoid field. The linear term of
the integral momentum is subtracted. The red line is a fitting
curve of ΔPr ¼ br3.

FIG. 11. The emittance growth due to Bz on the cathode and the
optimal projected emittance as a function of the FWHM of the
SOL1 field.
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section. Under certain conditions, the slice emittance will
decrease under the effects of the nonlinear SC force, and
this phenomenon is called self-linearization of the phase
space or self-reducing of the slice emittance. This effect has
been mentioned in some works [31,37,38] and explained in
Ref. [38] based on simple physical model. In our work, we
study the self-reducing effect from the perspective of the
transverse distribution evolution of the electron beam based
on our VHF gun photoinjector.
The slice emittance evolution from the cathode to the

position of 4 m (in the first ACC) is shown in Fig. 12 using
the 21st slice as an example. We choose a section of our
VHF gun photoinjector to study the self-reducing effect of
the nonlinear SC forces. This section is from the end of the
SOL1 field (0.7 m) to the entrance of the first ACC
(2.85 m). In this section, there is a SOL2 and a buncher
besides the drift. However, we already know from Sec. III B
that the emittance growth due to the SOL2 is negligible. In
addition, we will also explain in Sec. III D that the buncher
has a very small effect on the slice emittance. Therefore,
this section can be viewed as a simple drift section only
under the effect of the SC forces.
The transverse SC force inside the slice can be

described as

r00 ¼
e nðrÞ

n0
q
l

2πε0rβ2γ3mc2
; ð11Þ

where q
l is the charge per unit length, e and m are the

electron charge and rest mass, respectively. nðrÞ
n0

is the
proportion of electrons within radius r.
The information of the particles’ position and momen-

tum at 0.7 m is exported from ASTRA simulation. Using
this information as the initial condition, we can calculate

the slice emittance evolution with only the SC forces
based on Eq. (11), and the calculated emittance evolution
is shown as the red line in Fig. 12. It can be found that the
numerical calculation of the slice emittance evolution with
only the SC forces is very close to the real evolution in
ASTRA simulation, proving that the SC force dominates
the emittance evolution and the effects of the SOL2 and
the buncher are negligible. Moreover, the slice emittance
is oscillating under the effect of the nonlinear SC
force. We choose six positions in the photoinjector
(marked in Fig. 12) to explain this oscillation phenome-
non. The evolution of the slice phase space of the six
positions is displayed in Fig. 13(a). The evolution of
the transverse charge distribution is also displayed in
Fig. 13(b). Here, the transverse charge distribution is
described as the average charge density per unit volume
within the radius r:

ρ ¼
nðrÞ
n0

q

πr2l
: ð12Þ

FIG. 12. The blue line indicates the emittance evolution of the
21st slice simulated in Astra. The red line is the slice emittance
evolution calculated based on Eq. (11) using the particle
information at 0.7 m exported from Astra as initial conditions.

FIG. 13. (a): The r − r0 phase space, (b): The average charge
density per unit volumewithin the radius r, (c): rρ as a function of
r. The number 1 to 6 in the figure correspond to the positions
marked in Fig. 12.
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It should be noted that

r00 ∝ rρ; ð13Þ

thus rρ can be used to describe the change of the slice phase
space in a short distance and also the strength of SC force.
The evolution of rρ of the six positions is displayed in
Fig. 13(c).
Point 1 is at the end of the SOL1 field (0.7 m). The

charge distribution of point 1 is very uniform [see Fig. 13
(b)]. The slice phase space of point 1 indicates that the
electron beam is being focused, and the phase space has a
curvature, which is mainly caused by the spherical aberra-
tion of the SOL1. The curvature results in the electrons on
the outer side moving to the inner side. Therefore, the
evolutions of the charge distribution from point 1 to 5
exhibit that the charge density on the outer side becomes
higher than the inner side, as shown in Fig. 13(b). The
increasing curvature of the charge density from point 1 to 5
corresponds to an increasing curvature of rρ, as shown in
Fig. 13(c). From point 1 to 5rρ on the outer side is larger
than the inner side, i.e., Δr0 on the outer side is larger than
the inner side based on Eq. (13). Therefore, the slice phase
space becomes more and more straight, as shown in Fig. 13
(a). In summary, the curvature of the slice phase space
causes the unevenness of the transverse charge distribution,
and the nonlinear SC force due to the unevenness of the
charge distribution in turn counteracts the curvature of the
phase space. In this process, the nonlinear SC forces can
actually compensate for the nonlinear transverse position-
momentum correlations and hence recover the emittance.
The phase space of point 5 becomes very straight and the

slice emittance has reached the minimum point. However,
the charge density ρ remains uneven and the charge density
on the outer side is higher than the inner side. This causes
nonlinear SC forces as the curvature of rρ of point 5 in
Fig. 13(c). Therefore, we can see that the phase space of
point 6 becomes curved again, and then the slice emittance
increases accordingly. After point 6, the evolution of the
slice emittance undergoes a second compensation. Due to
the focusing of SOL2, the beam spot size during the second
compensation is smaller, and the SC force is stronger, thus
the slice emittance decreases faster than the first compen-
sation. After the second compensation, the SC force
decreases rapidly with the acceleration of the ACC. The
phase space is frozen and the slice emittance is maintained
near the second minimum point.

D. Buncher and linac boosters

The role of the buncher is to compress the beam length in
the VHF gun photoinjector. Similar to the gun section in
Sec. III A, the high-order integral momentum contribution
of the buncher RF force is shown in Fig. 14(a), which is
very small, indicating that the slice emittance growth due to
the buncher RF force is negligible. The slice emittance

evolutions with and without the buncher are shown in
Fig. 14(b). Compared with the case without the buncher,
the slice emittance is slightly increased in the case with the
buncher. This emittance growth is partly due to the non-
linear rf force of the buncher, and partly due to the larger
SC force because of the beam longitudinal compression in
the buncher.
The slice emittance evolutions with and without the linac

boosters are shown in Fig. 15. The linac booster plays a role
in freezing the emittance by increasing the Lorentz gamma
factor of the electron beam. The final frozen best slice
emittance is very close to the second minimum emittance
without the linac boosters.

(a)

(b)

FIG. 14. (a) The high-order integral momentum contributions
of the buncher rf force. (b) Slice emittance evolution with and
without the buncher.

FIG. 15. The slice emittance evolutions with and without the
linac boosters.

ANALYSIS OF SLICE TRANSVERSE EMITTANCE … PHYS. REV. ACCEL. BEAMS 24, 124402 (2021)

124402-9



IV. DISCUSSION

We have provided a detailed analysis of the slice
emittance evolution in a VHF gun photoinjector. Note
that the analysis is based on an axisymmetric photo-
injector beamline and nonideal factors are not taken into
account. In fact, nonuniform emission due to cathode
roughness [39] or transverse coupling due to skewed
magnetic and radiofrequency quadrupole fields [40,41]
will also result in the increase in slice emittance while it’s
beyond the scope of this paper. In this section, we will
briefly demonstrate that similar analysis can be per-
formed in other types of photoinjectors. Taking an
S-band gun photoinjector as an example, the evolutions
of the slice emittance and the projected emittance are
shown in Fig. 16. The drive laser has a temporal plateau
distribution with 5 ps FWHM and spatial uniform dis-
tribution with 0.6 mm radius. The bunch charge is
250 pC. The ratio of the bunch longitudinal length to
the radius l

R is 0.55 when all particles just leave the
cathode. Therefore, the bunch is pancake-like and there is
a strong nonlinear SC force when the bunch is just
emitted from the cathode. From Fig. 16, we can see that
at the vicinity of the cathode the slice emittance increases
rapidly from the thermal emittance of 0.385 to 0.861 mm
mrad in a short distance due to the nonlinear SC force.
The center of the solenoid near the gun is at about 0.21 m
from the cathode. Different from the VHF gun photo-
injector, the S-band gun boosts the beam to a higher
energy and the beam size in the solenoid is also smaller,
thus the emittance growth due to the solenoid spherical
aberration is small. ASTRA simulation shows that the
emittance growth ϵr due to the solenoid is only 0.07 mm
mrad. Similar to the VHF gun photoinjector, in the
drift section downstream of the S-band gun the slice
emittance reduces to the thermal emittance due to the self-
linearizing effect of the nonlinear SC force, then the
emittance oscillates until the emittance is frozen by the
linacs. The frozen emittance is close to the second
compensation point.

V. CONCLUSION

The evolution of the slice transverse emittance in a VHF
gun photoinjector has been systematically studied in this
paper. First, the contributions of the slice emittance and the
correlated emittance in the projected emittance are inves-
tigated individually based on theoretical analysis and beam
dynamics simulations. We found that the slice emittance
accounts for a large proportion of the final projected
emittance. Second, the slice emittance evolution in different
sections is studied one by one. The nonlinear SC force will
lead to emittance growth near the cathode in the gun
section. Based on SC force calculations, we found that the
1σ Gaussian-cut distribution is better than the uniform
distribution for a pacake-like or normal bunch. However,
the uniform distribution is better than the Gaussian-cut
distribution for a cigar-like bunch. Therefore, uniform
distribution should be used in VHF gun photoinjectors
because cigar-like bunch is usually adopted in this kind of
photoinjector. The solenoid spherical aberration will result
in significant slice emittance growth, especially in the
solenoid close to the gun, because the beam size in this
solenoid is large. By optimizing the solenoid field profile
and reducing the solenoid spherical aberration, the optimal
projected emittance can be reduced in the photoinjector. In
the drift section, we found that the emittance oscillates
under the effects of the nonlinear SC force. The nonlinear
SC forces can actually compensate for the emittance growth
due to the solenoid spherical aberration and recover the
emittance. The slice emittance compensation was explained
by analyzing the evolution of the phase space and the
charge transverse distribution. The buncher has no signifi-
cant effect on the slice emittance and the linac booster plays
a role in freezing the slice emittance. We also demonstrate
that the methodology and results reported here are also
useful for other types of modern photoinjectors.

APPENDIX: DERIVATION OF THE RELATION
BETWEEN RADIAL EMITTANCE AND

HORIZONTAL EMITTANCE

If the thermal emittance is zero, i.e., the initial transverse
momentum is zero, the particle momentum is always
collinear with r because the entire beam line is axisym-
metric and no rotary motion is considered. r0, which is the
projection of particle momentum in r direction, equalsffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x02 þ y02

p
. Then

ϵr ¼ βγ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hr2ihr02i− hrr0i2

q

¼ βγ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hx2 þ y2ihx02 þ y02i−

D ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx2 þ y2Þðx02 þ y02Þ

q E2
r

:

ðA1ÞFIG. 16. The evolution of the slice emittance and the projected
emittance in a typical S-band gun photoinjector. The green line
indicates the thermal emittance.
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Because x and y are equivalent, we have hx2 þ y2i ¼
2hx2i and hx02 þ y02i ¼ 2hx02i. Because the particle
momentum is always collinear with r, we have
y
x ¼ y0

x0 ¼ k, where k varies with different particles. Then

h
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx2þy2Þðx02þy02Þ

p
i¼hð1þk2Þxx0i¼hxx0þyy0i¼2hxx0i.

We get ϵr ¼ 2ϵx.
For the thermal emittance, ϵx ¼ βγ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hx2ihx02i

p
and

ϵr ¼ βγ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hr2ihr02i

p
. Here the particle momentum is not

collinear with r and r0 ¼ xx0þyy0ffiffiffiffiffiffiffiffiffi
x2þy2

p . It is easy to get that

hr2i ¼ 2hx2i. Because x; x0; y, and y0 are irrelevant to each

other, hr02i¼ hðxx0þyy0Þ2
x2þy2 i¼ hx2x02þy2y02

x2þy2 i¼ hðx2þy2Þx02
x2þy2 i¼ hx02i,

so ϵthermal;r ¼
ffiffiffi
2

p
ϵthermal;x.
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