PHYSICAL REVIEW ACCELERATORS AND BEAMS 24, 121303 (2021)

Six-dimensional phase space preservation in a terahertz-driven
multistage dielectric-lined rectangular waveguide accelerator
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Staged acceleration, driven by terahertz (THz) frequency radiation pulses in a lattice with alternating
orientation dielectric-lined waveguides and intervening matching optics, is shown to mitigate transverse
emittance and energy spread growth, opening a route to multistage THz linacs. Decomposition of the
longitudinal THz field into the multipolar components reveals a quadrupole field component with strong
radial dependence. As such, it induces a transverse energy correlation in the beam during acceleration due
to the large variation in the electric field with radius and azimuthal position of the electrons. An alternating
orientation of stages separated by a matching section provides a compensation of transverse energy spread
correlation induced in the beam during its interaction with the THz field. Furthermore, the monopolar
component of the accelerating LSM; mode was found to be constant with respect to transverse position,
entailing zero monopolar transverse voltage and preventing emittance growth, unlike conventional radio-
frequency structures. We demonstrate in a rectangular dielectric-lined waveguide structure that, when used
for the acceleration of relativistic electrons, the slice transverse emittance is conserved and the growth in the
slice energy spread is reduced by 70%—80% simultaneously over a system of two stages, each providing an
interaction length of 4 mm and an energy gain of up to 2 MeV.

DOI: 10.1103/PhysRevAccelBeams.24.121303

I. INTRODUCTION

The next generation of free electron lasers and particle
colliders will require injectors that can deliver high-quality
beams with bunch durations far shorter than what are
currently achievable with higher accelerating gradients than
currently available. To achieve this, high frequency accel-
eration systems are required but laser and plasma accel-
erators have so far failed to deliver the required beam
quality. While plasma based novel technologies have been
able to generate very high gradients, they have so far been
unable to generate beams with the quality, control-ability
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and stability required for most accelerator applications. A
common challenge for all novel acceleration methods is
preserving the beam quality while achieving high-energy
gain. Plasma acceleration faces emittance and energy
spread growth due to transverse fields almost as large as
longitudinal fields [1], scattering by plasma electrons and
ions [2], and field oscillations with much smaller periods
compared to conventional radio-frequency technologies.
Hence, other novel accelerator concepts are required to
meet the future demand for compact particle accelerators
with high-quality beams.

There are a number of promising candidates for compact
particle accelerators, including dielectric wakefield accel-
erators [3], mm-wave accelerating structures, [4,5] beam-
driven plasma wakefield accelerators, [6] and terahertz
(THz)-driven accelerators [7]. THz-driven accelerators
offer a potential solution due to their larger size compared
to optical accelerators and shorter wavelength compared to
conventional radio-frequency accelerators. The latter
allows the bunch length to be reduced below 100 fs without
the need for velocity bunching in cavities or magnetic
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compression commonly implemented alongside with radio-
frequency technology.

The realization of laser-driven high-field THz sources [8]
led to a number of concepts being proposed for the use of
THz radiation for the acceleration and manipulation of
electron beams, including interactions with two counter-
propagating THz pulses [9,10], in circular dielectric-lined
waveguides [11,12], using a subluminal traveling terahertz
source [13] and high-power narrow-band THz generation
[14]. A concept has also been proposed for using an
evanescent-wave scheme to accelerate protons [15]. THz
acceleration has been experimentally demonstrated at non-
relativistic [16—19] and, more recently, relativistic beam
energies, using either a laser-driven THz source [7] or a
coherent-transition-radiation-based THz source [20].
Frontier studies focus on the stability and scalability by
means of multistaging [21].

The first demonstration of laser-driven THz acceleration
of relativistic electrons was conducted in 2019 using the
Compact Linear Accelerator for Research and Applications
(CLARA) test facility at Daresbury Laboratory [7]. This
experiment used a dielectric-lined rectangular waveguide
structure driven by narrow-band, frequency-tunable, polari-
zation-tailored THz pulses and demonstrated up to 10 keV
acceleration of a 2 ps (subcycle) bunch with an initial
energy of 35 MeV. Consequently, it marked a key milestone
on the path to whole-bunch linear acceleration of subpico-
second electron beams with multistaged concepts capable
of preserving beam quality.

The control and preservation of beam quality is central to
the success of future THz-driven accelerators. But solutions
to implement them in a scheme that preserves beam
properties has yet to be studied in detail. The figure of
merit for beam quality is six-dimensional (6D) phase-space
brightness which includes both transverse emittance and
energy spread. For abeam with a finite longitudinal size, both
quantities can be defined for a thin longitudinal slice or for
the entire bunch of a beam as a projection of all slices. In
some cases, where nonlinear forces are exerted on the beam,
such as space charge defocusing or the time variation of an
accelerating field across a bunch, the projected quantities can
be large despite the fact that each slice has a high 6D
brightness. Consequently, it is relevant to distinguish both
definitions and characterize the 6D phase space for each,
especially for applications such as free electron lasers where
slice properties are more relevant due to the microbunching
process dominating the radiation emission characteristics.
Previously, synchronous acceleration of nonrelativistic elec-
trons in a tapered dielectric-lined waveguide structure [22],
the effect of the longitudinal focus position and phase
stability on the beam dynamics [23] and compensation of
nonlinear energy chirp due to radio-frequency field curvature
in corrugated structures [24] have been studied.

In this work, we present preservation of 6D phase space,
entailing both a low emittance and low-energy spread

simultaneously, for synchronous acceleration of relativistic
electrons in a rectangular dielectric lined waveguide struc-
ture. In a multistage arrangement, it is important to have all
stages synchronous with the electron beam and ideally at
the same frequency to simplify the THz sources. This
requires some degree of tunability in the accelerating
structure, which is easily achieved with rectangular dielectric
lined waveguides as the gap can be adjusted. In addition,
these structures offer flexibility after manufacturing for
frequency fine-tuning by means of spacers or trimming to
vary the gap. It is also possible to taper a rectangular
waveguide to match to a particular beam velocity, although
this is less important for fully relativistic cases, whereas in a
circular waveguide only dielectric thickness and metal radius
can be varied for a given dielectric material that renders
matching optimization impossible as aperture is normally
fixed, and the dielectric thickness is determined by the
quarter-wave variation in dielectric. However, a rectangular
waveguide enables precise synchronism via optimization of
width and height of the aperture and THz frequency.
However, rectangular structures also have complex field
variations which could increase emittance or energy spread.
In this paper, we demonstrate that this effect can be
completely canceled out opening the door to tunable
DLW that are capable of preserving emittance.

The layout of this paper is as follows. In Sec. II we
introduce the analysis of the multipole field components
decomposed from the longitudinal THz field at LSM
mode. In Sec. Il we present a multipole based tracking
code that was developed for global systematic parameter
scans that is validated against CST Studio Suite’s particle-in-
cell (PIC) solver (Appendix). In this section we also
introduce the orthogonal multistaging concept and the
optical matching of these stages. In Sec. IV, we exploit
the multipole based tracking algorithm and study the beam
dynamics of single and double structure chains towards a
global optimization study as a function of focusing and
particle amplitude as well as a range of energy gain per
stage. In this section we also compare the beam dynamics
under THz fields with single frequency with a finite
frequency band showing that effects due to the bandwidth
(radial variation of transverse voltages due to different
frequency components) are canceled and hence exert no
significant modification on beam emittance and energy
spread. Finally, in Sec. V we conclude that dielectric lined
rectangular waveguides can generate a longitudinal field
mode which lacks a monopolar transverse voltage compo-
nent for relativistic beams, preventing emittance growth
during the interaction unlike more conventional structures.
Furthermore, we demonstrate that by employing an
orthogonal multistaging scheme, the transversely correlated
slice energy spread introduced by the THz field can be
corrected up to 82%, alongside the transverse emittance,
conserving the six-dimensional phase space for the studied
regime of up to 0.5 GV/m accelerating fields.
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II. MULTIPOLE ANALYSIS OF THE THZ FIELD

A group of orthonormal modes identified as longitudinal
section modes (LSM) with no magnetic (H,) and electric
(Ey) components normal to the interface, are supported in a
rectangular waveguide by the introduction of two dielectric
slabs to the top and bottom face of the structure (see the
inset of Fig. 1). These modes are derived from Hertz
potentials using the vacuum-dielectric boundary conditions
as given in [25].

The most appropriate mode for interaction with a beam is
the LSM;; mode which provides a nonzero longitudinal
electric field (0 <y < a) corresponding to the odd mode
form = 1, and n = 1, where m and n are the number of half
wavelengths for the horizontal and vertical axis. In this
section, the LSM;; mode is decomposed to its multipole
components and the characteristics of each component,
alongside their effect on the beam dynamics, are discussed.
The form of the longitudinal component of LSM;;, which
is used for acceleration, is given by

E.(x,y,2, @) = A(=ik_)k{ sin F (x + %)] cos(k%y)
" .

x ekt (1)

where k_ is the propagation constant inside the waveguide, k§
is the wave number in the y direction in vacuum, which also
the axis where the dielectric-vacuum boundary is located, A
is the amplitude independent of the frequency and geometry
of the structure, @ and k are the angular frequency and the
total propagation constant of the THz field. The constant k§
can be derived from the dispersion relation

k¢ sin[k? (b — a)] sin(k¢a) = €,k cos(kéa) cos[kb (b — a)],

DLW,

FIG. 1. Schematic diagram of the rectangular dielectric-lined
waveguide (DLW) structure and the alternating orientation of two
waveguides used for staged acceleration with separation d. The
DLWs were designed for synchronism to relativistic electrons
therefore, operating at 0.465 THz with @ = 250 um, b = 300 um
and w = 1.2 mm. The permittivity of the vacuum and dielectric
slab are denoted by ¢, and ¢,, respectively.

and according to k5 ,,,, = /k§ — (“£)? — f8;,,. The solutions

of the dispersion relation are shown in Fig. 2 for a range of
longitudinal propagation constants f = k,. According to
this, a single frequency THz field (0.465 THz) synchronizes
to a relativistic electron beam (v, =~ ¢) when kg = f# = 9746
that results in an imaginary wave number in the y direction,
k§ = izx/w. Furthermore, assuming a single frequency and
v, ~ ¢, the phase relation (/%= = 1) is satisfied and
the longitudinal field can be written independent of longi-
tudinal position, z. The potential associated to the longi-
tudinal component of LSM;; can be rearranged in polar
coordinates to

V,(r,0) = —iABLKS cos <%rcos(6’)> cos[k§rsin(0)], (3)

where 6 is the azimuthal angle and r is the radial position.
Hence both the longitudinal field and potential have a strong
transverse dependence. Consequently, we perform a multi-
pole analysis up to the fourth order (higher orders were found
to be negligible) in order to identify the individual compo-
nents and the effects on phase space of the beam. We note that
the Fourier expansion of the longitudinal field is

1 [Se] [So]
V.(r,0) = a0+ Z a, cos(nf) + Z b, sin(nf). (4)
n=1 n=1

In this expansion, the monopole component is 1/2a, and
higher-order components are calculated up to the octupolar
component (n = 4). The Fourier coefficients a, a, and b,
are calculated using the integrals

ap = 1/_” V.(r.6)do, (5)

T J)-n

0 0.5 1 1.5 2
x10*

FIG. 2. Dispersion plot for LSM;; mode synchronous to a
relativistic electron beam (v, ~ ¢).
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a, — }T / "V.(r.0) cos(n6)do, (6)
b, = % / " V.(r.6) sin(n6)dé. (7)

We substitute V_(r,6) and Fourier components are
numerically calculated up to the fourth order through

ap = g/” cos (ﬁr cos 9) cos(k¢r sin 6)do, (8)

) s w

a,= —/”cos <£r cos 9) cos(k§rsin@) cos(nf)dd,  (9)
- w

T

b, _g/ﬂcos <£rcos 9) cos(k§rsin@)sin(nd)dd, (10)
_ w

T

where a = —iABLk] is the magnitude of the potential for
practicality.

The multipole components of E, are calculated by
normalizing each Fourier component of V, by the axial
monopole term, V,, for the frequency where the phase
velocity is synchronous with a fully relativistic beam as
seen in Fig. 3(a). We found that dipole and sextupole
components, as well as higher-order components, above
fourth order are negligible, leaving only a radially constant
monopole, quadrupole and a weak octupole component of
E, acting on the beam dynamics.

All multipole components under consideration for the
longitudinal THz field have a strong radial dependence
except from the radially constant monopole component.
According to the Panofsky-Wenzel theorem,

V 1 = — E
o Jo

L

dzVE(z,2/c), (11)
the transverse gradient of the longitudinal multipole com-
ponents induce transverse voltages shown in Fig. 3(b).
These voltages are calculated across a longitudinal inter-
action distance L and for a field magnitude of 100 MV /m,
a typical target value for DLW work to reach the limit of
conventional accelerators [26].

One immediate result is that the lack of a transverse
voltage due to the monopole component on a beam traveling
synchronous to the THz field as VE_ jonopotle = 0. This is a
unique feature of dielectric waveguides and it limits the
transverse emittance growth, in contrast to most conventional
radio-frequency structures [27,28].

We have shown that for a rectangular geometry the THz
field is dominated by the quadrupole component. This is in
contrast to cylindrical waveguides, where only a monopole
component exists and higher order components cancel due
to symmetry. The characteristic transverse distribution of
E., including quadrupole and octupole components, is
presented in Fig. 4(a), where a saddle point occurs due

| ——
— Vz quadrupote (z)
- ‘_/.Lqu(ulrupulc(y) ,
° AN — Voctupole (%, ) L’
! N — V. sum (%) .
= S 7 e
\:\“ S e - Vz,.qmn (y) e
2
=
>;.;
Il
15N
1t AN
0.5 0 0.5
r/w
(@)

Vi (MV)

-0.25 1 1 1 1 1 1
-0.6 -0.4 -0.2 0 0.2 0.4 0.6

Radius (mm)

(b)

FIG. 3. Pure monopole, quadrupole and octupole components
of the longitudinal potential and their sum in (a) for 0.465 THz
and the geometry given in Fig. 1. (b) The corresponding trans-
verse voltage for quadrupole and octupole components according
to the Panofsky-Wenzel theorem for an amplitude of 100 MV /m.
The radially constant longitudinal monopole field component
yields a zero transverse monopolar voltage.

to the opposite sign of the quadrupole component on
horizontal and vertical axes. An electron beam incident
to a THz field with such a distribution with 100 ym radius
samples an rms field deviation of 7 MV /m for an on-axis
100 MV/m accelerating gradient. This introduces a corre-
lated energy spread on the beam proportional to the beam
radius and interaction length.

In order to reduce or completely remove the induced
slice energy spread during the THz interaction, we studied a
scheme employing a pair of structures orthogonal to each
other (as shown in Fig. 1) counteracting the quadrupolar
transverse distribution of the longitudinal field and com-
pensating against the correlated energy spread on the beam
[25]. Figure 4(b) presents the field distribution after a
second identical waveguide that is rotated by 90°. As can be
seen in the figure, the energy spread due to the quadrupole
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FIG. 4. (a) The rms beam energy as a function of transverse
coordinates in a rectangular waveguide correlated with the
transverse dependency of quadrupole component of E,. Results
are for a slice electron beam with 100 pm radius resulting in a
7 MV /m rms field deviation. (b) The energy distribution for the
same beam after propagating through the orthogonal multistage
arrangement. In the latter, the correlated rms spread in the field is
reduced down to 0.5 MV/m.

component is corrected and a weak octupole component is
the only source of correlated energy spread with a
0.5 MV/m deviation in the transverse plane.

This nonexistence of a monopolar component combined
with the use of an orthogonal multistage arrangement opens
up the ability to preserve both transverse emittance and
energy spread. A rectangular waveguide is therefore an
appealing candidate to fill the gap between high gradient
novel schemes where beam quality is compromised and
conventional schemes with high 6D brightness, albeit with
low accelerating gradients.

III. MULTIPOLE BASED PARTICLE TRACKING

Following the multipole analysis of the THz field, an
algorithm was developed to track the 6D phase space

coordinates of particles under the impact of these individual
components of E,. This approach improves the computing
efficiency by 2 orders of magnitude compared to particle-
in-cell solvers (such as PIC solver in CST Microwave Studio),
and provides a tool for extensive systematic beam dynam-
ics studies. According to the thin lens approach used,
particles are tracked through multiple slices in the direction
of movement where the longitudinal and transverse impact,
or kicks, are calculated on particle momenta during the
interaction with terahertz field. A linearly decreasing field
amplitude was considered across the subsequent kicks,
resembling a realistic amplitude profile during terahertz
propagation due to finite bandwidth. This profile, presented
in Fig. 5, is calculated using CST Particle Studio for a narrow-
band pulse with a central frequency of 0.465 THz and a
bandwidth of 100 GHz. This is done to accurately capture
the pulse walk-off and phase slippage in a real THz field for
the acceleration of a single on crest electron, and sufficient
for our studies as we consider the THz pulse spectrum fixed
and only wish to study the effect of the amplitude and
electron bunch distribution. The particles are defined in 6D
canonical phase space and matched to the optical functions
at the point of creation.

During each kick, a change in total momentum is applied
according to the Lorentz force as Ap = eE.(Lgic/c),
where L. is the length over which the kick is applied.
The time dependence of the longitudinal electric field is
given by

e = Atk [ (145

x cos(k§y) cos <a)vi + ¢>, (12)

4

where z and v, = f,c are longitudinal position and velocity
of each particle and ¢ is the arbitrary initial phase.

o Data from CST
Linear fit to data

Normalised Amplitude (arb. units)

0 1 2 5 1 5
Co — propagation distance (mm)
FIG. 5. The spatial profile of the THz field amplitude due to

finite bandwidth as it copropagates synchronously with relativ-
istic electrons.
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FIG. 6. (a) The flat initial energy surface around 45 MeV
without uncorrelated energy spread. (b) The transverse energy
distribution after interaction with the THz field correlated with
the dominant quadrupole component.

The particles also receive a transverse kick due to the
transverse voltage, V|, causing a change in the particle
angles according to Ax’ = eV | /E(z), where E(z) is the
initial mean energy of the particle beam at the start of each
slice. After each kick particles drift through the slice with
final positions according to xp, = x(z) + Lgice AX', where
x(z) is the particle position at the start of the slice and Ax’ is
the change in the particle angle. The total interaction length
is divided into multiple sections of kick-drift pairs to
provide accuracy.

For a beam interacting with the THz field dominated by
the quadrupole component, the total energy spread consists
of the initial uncorrelated energy spread, SE, and the
correlation with E, as a function of time and transverse
coordinates. For simplicity, a zero initial uncorrelated
energy spread was defined for the initial distributions used
for the studies presented here and time and radial corre-
lation are referred to as longitudinal and transverse corre-
lation. Figure 6(a) presents such a monoenergetic, Gaussian
beam slice at 45 MeV with o,y = 100 ym radius and
0,0 = 50 fs bunch length. These parameters reflect the
design goal for CLARA, but the beam dynamics results
will be valid for relativistic energies in general. After
interaction with the THz field, the transverse energy
distribution is modified by strong correlation to the quadru-
pole component of E, as shown in Fig. 6(b).

A. Orthogonal multistaging

The six-dimensional brightness is a key merit for beam
quality which is achieved for beams with a minimal
footprint in position-angle and energy-phase spaces as
well as carrying high charge per bunch. The slice properties
are particularly important for applications such as free
electron lasers (FELs) operating at self-amplified sponta-
neous radiation (SASE) mode where the radiation source

becomes slices within a bunch in the longitudinal axis
themselves through a process called microbunching [29].
Therefore, a high 6D brightness is crucial to produce a
narrow-band high brightness FEL light.

In Sec. II, we have demonstrated the strong dependence
of transverse energy distribution to the quadrupole com-
ponent of the THz accelerating field. This introduces a
transversely correlated energy spread which is stronger for
larger beam sizes, as the quadrupole component increases
with radius. We now show that orthogonal multistaging
counteracts the effects of transverse field distribution and
preserves the slice properties in the six-dimensional phase
space. In the following examples, we will demonstrate the
scheme using two rectangular structures, rotated 90°
relative to each other and separated with an arbitrary drift
length or a magnetic matching section.

After the THz interaction in the first structure, particles
continue diverging towards the second structure with
increasing beam radius due to nonzero rms beam angle.
In the second stage, this leads to overcompensation of
energy for particles located at larger radii due to the sum of
quadrupole and octupole electric field components increas-
ing nonlinearly with radius. This reduces the performance
of correlated energy spread correction. However, to
improve the correction efficiency a matching section can
be introduced in between the stages to return each particle
to their original transverse coordinates corresponding to
those at the entrance of the first structure. Consequently,
particles originally sampled the maxima of the quadrupole-
dominated transverse field distribution undergo the minima
at the second structure with right counteracting transverse
gradient and vice versa. This is the mechanism resulting in
the cancellation of the correlated slice energy spread
induced by the first stage. In this section, we will explore
a point-to-point transformation of the particle coordinates
by a pseudoinverse matching algorithm to achieve a
complete cancellation of correlated slice energy spread.
However, the transformation obtained from this initial
solution is not necessarily physical and so we propose a
hybrid method using the nonperiodic point-to-point transfer
matrix to identify physical solutions close to the trans-
formation (for x, x’) suggested by pseudoinverse matching.

1. Pseudo-inverse matching

The transformation of the initial beam positions
(x1, -+ -x1y) and angles (0, ---60,y) of each particle via
a transfer matrix, Rpyw, is shown in Eq. (13),

x21"'X2N> X110 XN
=Rprw < ) ) (13)
(921"'92N 0110y
where n = 1,2,3, ..., N is the index of each particle and N
is the total number of particles. The transfer matrix through

the first structure and the drift section separating the two
structures is denoted as Rppw that yields new particle
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positions (x,, - --xy) and angles (6, --6,y) at the
entrance of the second structure.

We use a Moore-Penrose pseudoinverse in order to
derive the matrix, Rp; w for known initial and final particle
positions and angles, representing the beam transformation
from the entrance of the first structure to the end of the drift
section. The transformation of position and angle of each
particle constitutes a system of N linear equations where
the initial beam coordinates matrix is given as X and the
final beam coordinates matrix, Y. These matrices are
related through the transfer matrix as in ¥ = Rp wX and
define a set of linear equations for positions and angles of
each particle. The pseudoinverse operation can be used to
find the least squares solution to a system of linear
equations, i.e., the elements of the transfer matrix, Rpyw-

For example, a 1 fs-long slice, focused at the entrance of
the first DLW with an rms beam waist of 24 ym and a rms
divergence of 4 mrad was tracked across the two DLW
structures, DLW and DLW,, separated by a short drift
section of 10 mm. The beam area expands by a factor of 6 at
the entrance of DLW, after drifting which causes a factor of
6 increase in the correlated energy spread sampled. This
transverse energy correlation after the first and second
DLWs are presented in Figs. 7(a) and 7(b), respectively. A
matching section can reduce the beam size after the first
DLW, ideally to its initial value at the entrance. Figure 7(c)
shows a 99% reduction in rms slice energy spread by
counteracting the transverse correlation with the quadru-
pole component of the longitudinal field when the pseu-
doinverse matching algorithm is implemented. After this
correction, a residual transverse coupling to the weak
octupole component becomes visible in the transverse
energy profile.

For the same example, the evolution of beam envelope
across the DLW structures is presented in Fig. 8(a)
comparing the matched and unmatched cases. The corre-
sponding slice energy spread evolution as a function of
distance traveled is shown in Fig. 8(b) demonstrating a
complete cancellation of the correlated slice energy spread
in the second DLW when the beam is matched, and an
increase, proportionate to the beam area, when the beam is
left unmatched between the two DLWs.

The recovery efficiency of the slice energy spread using
the orthogonal multistaging scheme depends on the beam
size hence the type and strength of the multipole compo-
nents sampled from the transverse field distribution. A
systematic scan of energy spread as a function of rms beam
radius through an orthogonal multistage is useful to under-
stand the transverse correlation of beam energy with the
longitudinal multipole components. The same beam in the
previous example was tracked through an orthogonal
multistage with no drift section in between the two stages

45.42

45.42 SE =1.678keV, AE =400 keV’ 45.415
45.41
45.41
. 45.405 _
[ 3
E 45.4 4 E
= 45.395
45.39
39
45.385
0.1
0.1 -0.05
y(mm) 0.1 z(mm)
(a)
SE =11.955 keV, AE =800 keV
45.9
45.9
45.85
45.8 =
s =
=
45.75
457
45.8004
45.8004 45.8003
3B =0.018 keV, AE =800 keV’
45.8003 45.8002
45.8002 s
S 45.8001 3
< 45.8001 2
= 45.8
g 458 :
45.7999 45.7999
45.7998
45.7998
0.1
©
FIG. 7. Slice energy spread strongly correlated to the quadru-

pole component of E for an initially 45 MeV beam. (a) Propa-
gated through a single DLW, (b) two DLW stages separated with
a 10 mm drift section without matching and (c) after the drift
length is removed and matching algorithm employed. Results are
for 400 keV energy gain per stage.
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FIG. 8. (a) Beam envelope evolution through an orthogonal

two-stage system with and without a pseudoinverse matching
between stages. (b) The energy spread profile across a multi-
staged system. Entrance and exit of DLWs are marked with
vertical dashed lines where the entrance of the first DLW is
located at zero.

to monitor the behavior purely under the multipole fields
free from additional increase in the beam radius in the drift
section. Figure 9 demonstrates that the energy spread
increases with radius as expected and that the slice energy
spread induced by the first DLW can be counteracted by the
second orthogonal DLW. The amount of correction
achieved slightly decreases (99% to 92% for a beam radius
of 30 to ~100 ym) with increasing radius as more of the
octupole component is sampled which cannot be corrected
with the orthogonal multistaging scheme.

2. Correction under nonperiodic transformation

In the previous section we showed that the compensation
of the transversely correlated energy spread significantly
improves by implementing a matching section in between
the two DLWs. As mentioned previously, Rj, represents a

30

—<— After DLW1
—»— Unmatched after DLW?2
—e— Matched after DLW 2

25+

120
Beamsize, o, (um)

FIG. 9. The transversely correlated energy spread as a function

of incoming rms beam size at the entrance of the first DLW.

Results are presented at the exit of DLW, and at the exit of DLW,

for a matched and an unmatched beam. No drift section is

introduced between the stages to monitor the pure response of
staging without the increase in beam size due to a drift section.

2 x 2 matrix allowing a point-to-point matching of particle
positions and angles at the entrance points of the first and
second DLW for complete compensation of the correlated
energy spread. A physical lattice that provides this trans-
formation can be explored by performing a least-square
fitting to the matrix elements of various quadrupole magnet
arrangements.

On the other hand, the feasibility of R, can also be tested
through the investigation into transformation characteristics
of Twiss parameters between the stages using the definition
of well-known nonperiodic transfer matrix, R; s giving the
transformation of the beam parameters between any two
arbitrary points, sy and s; in the lattice without requiring
the periodicity condition for Twiss parameters.

In order to construct the nonperiodic transfer matrix, the
Twiss parameters are extracted from the particle distribu-
tion at the exit of DLW, and entrance of DLW, using the
definition of the beam matrix, X, in Eq. (14),

Z-(GU 612>_<<x2> <xx’)>_<ﬂ —(1)6’ (14)
031 0 <x’x> <x’2> - Yy
ie, a=—(xx')/e and P = (x?)/e where quantities
between () denote rms values and y is a Twiss parameter.
Figure 10 presents the elements of the nonperiodic matrix
M as a function of phase advance. Each set of R;;
corresponding to a given phase advance represents a
physically allowed transformation. The transfer matrix
elements predicted by a pseudoinverse matching algorithm
are indicated with horizontal dashed lines in the figure.
According to Fig. 10, although there is a solution
including R;;, R; and R,, around a phase advance of
27, there is no single phase advance satisfying the values
given by pseudoinverse matching for all four matrix
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FIG. 10. Elements of nonperiodic transfer matrix over a range
of phase advances for a beam with an rms radius of 24 ym and an
rms angle of 4 mrad focused at the entrance of DLW, . Horizontal
dashed lines indicate the values predicted by the pseudoinverse
matching.

elements. We shall see that R, is the most critical matrix
element in terms of energy spread recovery (Fig. 12).
Therefore, we determined sets of R;; at phase advances
around the reference nominal R, suggested by the pseu-
doinverse algorithm.

These solutions from Fig. 10 are presented in Table I and
compared in terms of the resulting energy spread at the end
of DLW,. An optimum matrix, minimizing the resulting
energy spread, can be interpolated using these discrete
solutions. Figure 11 presents the interpolation between
these points to determine the R, value yielding the
maximum energy spread correction with a minimum final
energy spread of 0.31 keV (also included in Table I). The
beam envelopes and energy spread profile corresponding to
each solution specified in the table are presented in Fig. 12
in comparison to the perfectly matched (PME) solution
using a pseudoinverse algorithm. This figure also justifies
our interest in R, for energy spread reduction.

To sum up the results so far, the analysis of nonperiodic

matrix reveals that matrix elements R;; suggested by the

TABLE I. The solutions of nonperiodic transfer matrix for the
matching section at given phase advances and resulting final
energy spread values for each solution. The residual energy
spread is minimized for the solution at u = 1.816.

u () Ry Ri» Ry, Ry AE/E (keV)
1.98 1.001 -0.0004 —0.0001 0.98 1.7

1.883 0.898 —0.0022 50.25 0.99 0.75
1.834 0.81 —-0.003 74.83 0.96 0.35
1.816 0.77 —0.0033 83.3 0.94 0.31
1.803 0.75 —0.0035 89.19 0.92 0.33

1.77 0.672 —0.004 103.7 0.8711 0.5422

2
» Solutions from Table 1
— — Spline interpolation -7 -
1.5} < Optimisation point d
L
/
e
B ,
SHE s
< 7
}
7
s
0.5 AN e ’
~ e
~ . <- /X/
0 . . . ,
-4 -3 -2 -1 0
Rys x1073

FIG. 11. The energy spread as a function of the most sensitive
transfer matrix element Rj,. Data points from Table I are
interpolated to determine the R, value yielding the minimum
energy spread of 0.31 keV at the end of DLW,.

pseudoinverse matching might not always be satisfied
simultaneously. Instead, one should optimize a final match-
ing matrix finding a trade-off between R, and R,; which is
also consistent with the nonperiodic transverse matrix of
the lattice. A matching lattice performing point to point
transformation resulting in maximum compensation of the
induced correlated energy spread is highly sensitive to R,
value, hence, this quantity is the figure of merit of our
optimization. Nevertheless, with a matching section after
DLW, which focuses the beam into DLW,, all solutions
presented provide a final slice energy spread smaller than
the value observed (12 keV) under unmatched conditions.
Our studies indicate that a realistic matching lattice
satisfying the solutions suggested by pseudoinverse match-
ing refined by the nonperiodic matrix approach is possible
via strong focusing with a quadrupole triplet lattice <1 m.
These results are presented in next subsection.

3. A realistic matching lattice

We explored the feasibility of realistic focusing lattices
consisting of quadrupole magnet arrangements for their
performance of providing the desired matching quality. The
doublet arrangements proved insufficient to generate the
negative R, element, therefore we focused our studies on
quadrupole triplet arrangements. This is done by simulta-
neous least square minimization of matrix elements
resulted from pseudoinverse operation with corrections
from the nonperiodic matrix and a quadrupole triplet with
variable quadrupole strengths for given quadrupole and
drift lengths between the quadrupoles.

Table II presents examples of triplets including a design
with no drift sections in between, and subsequent variations
labeled as Q# for quadrupoles; D#, D,# and Ds# for the
drift sections in between the quadrupoles and after the
triplet, respectively, where # gives the length of that
particular element in millimeters. The table also presents
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FIG. 12. (a) The beam envelope focused at the entrance of

DLW, and across DLW, after the matching section resulting
from each solution presented in Table I. (b) The increase of
energy spread due to the correlation with the longitudinal
quadrupole component of the THz field in DLW, and recovery
of this correlated energy spread in DLW, corresponding to a
different solution for the matching section.

TABLE III. The elements of the transfer matrices correspond-
ing to different triplet designs.

Design Rl 1 R12 R21 R22
No drift 0.6897 —0.0033 13.1928 0.9039
Q100D510 0.7845 —-0.0033 51.5138 0.9738
Q50D510 0.7629 —-0.0033  97.2900 0.9003
Q100D 150D,150 0.8118 —0.0035 129.0208 0.9870
Q100D;200D,200 0.9157 —-0.0037 139.9490 1.1135

Q100D,200D,200D3200 0.7461 —0.0033 46.8733 0.9202

the total length required by each matching section design,
as well as the quadrupole strengths given by g (T/m). The
quadrupole tip radius required to provide each strength is
given as r (mm) and presented in the table for each
quadrupole in the triplet. During the least square minimi-
zation, all quadrupoles were set to the same length while
their strengths were varied. For the calculation of g, we
considered that the flux density in the steel will increase as
one goes further out from the pole tip, and if it gets towards
~2 T, the pole can get highly saturated [30]. That is often
taken as a sign that the fields are at the high end of feasibly
achievable. Therefore, the magnetic flux density at the pole
tip was kept fixed and equal to 1 T during these calcu-
lations. Furthermore, the current required to power a
quadrupole goes as NI = gr? /2u,, where N is the number
of turns per coil, I is the current and p, is the magnetic
permeability of free space. Therefore, the size of the
aperture is a compromise between the current value and
the clearance required for the beam pipe.

The transfer matrices for each matching section design
are included in Table III. Different designs were integrated
into the tracking code by means of their transfer matrices
and final energy spread values were evaluated from these
tracking results (Table II). According to this, Q50D510
design produces a transfer matrix closest to the one
concluded in Table I which also achieves the lowest energy
spread as well as the shortest lattice 16 cm in length.
However, the matching section design requires some small
apertures of only a few millimeters which would have
practical drawbacks. On the other side, Q100D5;10 design

TABLEII. The specifications of quadrupole triplet arrangements with different lattice lengths and resulting energy
spread of the multistage.

Design Matching section length (cm) g (T/m) r (mm) AE (keV)
No drift 30 20.4/111.5/7.3 50/9/138 0.92
Q100D510 31 75.3/0.5/66.2 13.3/201/15.1 0.54
Q50D510 16 310.2/-0.18/219.2  3.2/567/4.6 0.46
Q100D 150D,150 40 48.8/—1.8/50.2 20/55.8/20 0.49
Q100D,200D,200 50 46.5/-3.7/47.9 21.5/268/21 0.86
Q100D,200D,200D3200 65 61/1.2/10.5 16.4/807/95.4 0.5
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provides an energy spread of <1%o of 800 keV total energy
gain. This design calls for a 31 cm long matching section.

Moreover, the performance of a realizable matching
section also depends on the level of space charge forces
acting upon the beam. The beam envelope under the space
charge forces, ignoring the external focusing and accel-
eration, can be given as

€2

" _ L R L——
O'ﬂ3]/3 U3ﬁ272 ’

(15)

where o is the rms beam size, k, is the beam perveance, /3
and y are normalized beam velocity and energy and ¢, is the
normalized beam emittance. In this equation, the last two
terms represent the defocusing due to the space charge
force and outward pressure due to beam emittance, respec-
tively. Therefore the ratio of these two terms, €2fy/c°k,, is
an indicator of balance between the space charge and
emittance for a given beam. The initial experiments in
CLARA [7] were performed using a 2 ps bunch with a
charge of 60 pC at 35 MeV. According to this the ratio
between normalized emittance and space charge defocus-
ing is ~12 for a typical 1 mmmrad emittance and
100 ym rms beam size. This result deems any of the
matching performance degradation due to space charge
effect negligible for our future tests and for this paper.
Moreover, the results reported here regarding short bunches
such as 1 and 50 fs represent the slice properties rather than
projected characteristics of a longer bunch.

Finally, when focused at the structure entrance, a
CLARA-like beam with rms transverse size of 100 ym
and an rms divergence of 4.1 mrad, within the aperture
limitations given in Fig. 1, can propagate 80 mm before it
has contact with the vertical boundary of the structure. This,
in principle, allows an active acceleration length of 80 mm,
if synchronization could be achieved over that length. We
could hence cascade a series of acceleration sections each
80 mm long separated by matching sections of 31 cm, i.e.,
over a total propagation length of <0.4 m, with 20% of the
linac length providing acceleration.

IV. GLOBAL BEAM CHARACTERISTICS FOR
SINGLE AND MULTISTAGE DLW

Due to the constant monopolar component of longi-
tudinal THz field, both slice and projected (when beam is
focused at the entrance of DLW,) transverse beam emit-
tances are preserved. We shall now investigate the impact of
beam envelope characteristics on the transverse beam
emittance and energy spread for a single DLW structure
and a system of two structures located on orthogonal axes.
This is done by using beam distributions at constant
geometric emittance but with varying a and f to represent
a single electron source equipped with quadrupoles con-
trolling the final focusing. Moreover, the investigation is
done for varying bunch lengths of 1 fs representing the

behavior of a single slice and 50 and 500 fs to observe the
projected properties at an energy gain of 400 keV per stage.

A. Optimization of Courant-Snyder parameters

A beam with parameters given in Table IV is injected
into the DLW stages with zero initial uncorrelated energy
spread as the scheme is designed to correct only correlated
energy spread induced by the THz field. In order to ensure
the statistical significance of rms calculations 10° particles
are used in tracking and space charge defocusing is not
taken into account in the simulations. The behavior of a
single slice is investigated as a function of a, representing
different focusing conditions resulting in different rms
beam sizes at the entrance of the DLWs. Figure 13(a)
demonstrates that the amount of correlated slice energy
spread gained by the beam after the interaction within
DLW, (6F) is minimized down to 1.7 keV when the beam
is focused at the entrance of the first structure which
corresponds to @ = 40. Furthermore, in the same figure, the
correlated spread acquired in a single stage can then be
reduced by 82% after the interaction with a subsequent
orthogonal stage DLW,.

As bunch length increases, the longitudinal correlation
due to the time varying nature of the THz field becomes
prominent. For example, the 50 fs case in 13(b) demon-
strates that, for optimal focusing, the energy spread doubles
from 6 to 12 keV after the second structure. This is due to
longitudinal correlation taking over the transverse correlation
with increasing bunch length which cannot be removed with
the orthogonal staging scheme. For the 50 fs case, for larger
beam sizes in under- and overfocused regions, energy spread
can still be recovered up to 70% due to dominant transverse
coupling with the quadrupole component. As for the 500 fs
case the beam already spans through one fourth of a THz
wavelength where the total energy spread is dominated by the
longitudinal correlation in the case of a negligible uncorre-
lated energy spread. Consequently, the energy spread dou-
bles due to longitudinal correlation for a significantly
longer bunch.

In Sec. 11, we showed that, for a rectangular waveguide,
there is no transverse voltage acting on the beam due to the
monopole component, contrary to symmetric structures
where it exists and causes emittance growth. Furthermore,
the transverse voltage induced by the quadrupole compo-
nent has a linear radial dependence hence no slice emit-
tance growth is induced as a result of the interaction with

TABLE 1IV. The characteristics of the electron beam used in
tracking studies.

Geometric emittance, €, , (mm mrad) 0.01
Initial beam energy, E (MeV) 45
Number of tracked particles 10°
rms beam radius, ¢, (um) 100
rms beam angle, o, (mrad) 4
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respectively (reading left to right for the bunch lengths). The results are generated under the optimized physical matching matrix

described in Sec. IIT A.

the THz field. This is shown in 14(a) where an initial slice
geometric emittance is constant across the stages, within
statistical errors (0.3%) for the same initial injection
emittance and at a range of a values. However, each slice
in a significantly longer bunch is impacted by a different
amount of transverse kick due to the time dependency of the
THz transverse voltage increasing the projected rms diver-
gence, and hence projected emittance. This can be compen-
sated by appropriate focusing as shown in Fig. 14(b) for a
500 fs bunch. To sum up, both slice emittance and energy
spread are preserved when an incident beam is focused at the
entrance of an orthogonal double stage.

The correlated energy spread increases linearly with
for a monotonically increasing beam size and constant
geometric emittance. The behavior as a function of f is
presented in Figs. 13(c) and 13(d). The slice energy spread
increases with the f function hence the beam size as a larger
section of the quadrupole field is covered by the beam. The
cancellation of correlated energy spread via orthogonal

staging reduced with increasing beam size. This is due to
the inclusion of the nonlinear octupole component for
larger radii. From 13(d) one can deduce that the recovery is
limited to the amount of longitudinally correlated energy
spread which is about 12 keV for a 50 fs bunch for the
optimum focusing. Similarly, for longer bunches of 500 fs,
the total energy spread is completely dominated by the
longitudinal correlation and it continues to increase across
stages.

B. Energy scaling

The feasibility of using DLWs at higher energies is
essential for the realization of the scheme for compact
applications. Consequently, we investigated the perfor-
mance of single and orthogonal-double stage up to an
experimentally viable maximum energy gain of 2 MeV per
stage. Figure 15 shows this for a range of energy gains from
400 keV to 2 MeV per stage for slice (a) and projected
(b) properties.
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FIG. 14. Evolution of transverse beam emittance for (a) a slice
(1 fs) and (b) a 50 fs long bunch as a function of focusing
conditions imposed while the beam is incident at the first
structure entrance.

For a single DLW stage, the initial energy spread, SE,,
increases linearly with the energy gained after DLW while
initial emittance at injection, €, stays constant provided
that the beam is focused at the structure entrance.
Figures 15(a) and 15(b) demonstrate the emittance preser-
vation within the given range of energy gain for 1 and 50 fs
long bunches representing slice and projected character-
istics, respectively. For the same focusing conditions, the
increase in slice energy spread in a single structure can be
corrected using orthogonal multistaging by about 82%,
whereas, the correction in the projected energy spread in
(b) is shown to be limited by the longitudinal correlation for
each energy level.

C. The effect of bandwidth on beam quality

The effect of the bandwidth of the THz field used for
multipole-based tracking is taken into account by the
variation in accelerating field with distance across the
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FIG. 15. Scaling of single-stage and multistage performance
with energy gain per stage. (a) Slice energy spread and emittance,
(b) projected energy spread and emittance for a 50 fs beam
(¢ = 40). 0E and ¢ are initial energy spread and emittance at
injection.

interaction length. However, we do not include the fact
that the multipole components will vary with frequency and
considered a single frequency THz field that is synchronous
to a relativistic electron beam at 45 MeV initial total energy.
In reality, for different frequencies within a bandwidth, the
monopole component will regain a radial dependency with
opposite signs above and below the synchronous frequency
where the total effect will mostly cancel which otherwise
might cause emittance growth. Therefore, in order to
explore the residual effects, we investigated the interaction
of the beam with a broadband field where the central
frequency 0.465 THz is accompanied by two sidebands
providing a finite bandwidth of +£25 GHz (standard
deviation) each carrying 20% of the total amplitude.
Figure 16(a) presents the transverse voltage associated
with the monopole component of the longitudinal THz
field, for synchronous frequency only, either of the side-
bands and for the total group that is a sum of all three
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FIG. 16. (a) Transverse voltage regarding the longitudinal

monopole component of the THz field for synchronous fre-
quency, sidebands and their sum. (b) Effect of the total transverse
voltage due to bandwidth on energy spread and emittance in a
single structure. A beam with a geometric emittance of 0.2 mm
mrad was tracked for both single frequency and broadband cases
for an energy gain of 400 keV.

frequencies. As expected, the sum of the voltages from all
contributing frequencies cancel out at the region of interest
between £0.6 mm, leaving a fractional transverse voltage.
The impact of this residual voltage is shown in 16(b) where
there is a 0.2% emittance growth for the broadband case in
comparison to the single frequency, while no difference in
energy spread is observed.

V. CONCLUSIONS AND DISCUSSIONS

The six-dimensional brightness of the particle beam is a
key figure of merit for many applications of accelerators
from light sources to particle colliders. However, minimiz-
ing both transverse and longitudinal phase space of a beam
still remains challenging for emerging novel techniques.

In this paper, we demonstrated that a dielectric lined
rectangular waveguide can preserve both emittance and
energy spread, simultaneously, using an orthogonal multi-
staging scheme with implementation of appropriate multi-
staging coupling. We have demonstrated the concept of
correlated energy spread correction via an orthogonal
multistaging of dielectric lined rectangular waveguide
structures.

In this study, the longitudinal multipole component of a
THz field induced in a single structure was decomposed
and the resulting transverse voltages were studied. It was
shown that, for a THz field synchronous with electrons, a
rectangular DLW, unlike conventional rf structures, lacks a
monopole component of the transverse voltage, which is
commonly a large contribution to the emittance growth of
the beam during acceleration. Therefore, we have achieved
the preservation of slice properties in the six-dimensional
phase space both correcting for the induced correlated
energy spread up to 82% while preserving the injected
transverse emittance.

In order to study the interaction of a relativistic beam
with the decomposed multipole components of the THz
field and associated transverse voltages, a multipole based
tracking code was developed and benchmarked against cST
Studio Suites’s PIC solver. This improved the computing
speed significantly allowing global characterization of
beam dynamics under THz fields.

Finally, we have studied the effect of a finite bandwidth
THz field similar to that expected from real THz sources by
demonstrating that the transverse voltage due to two side-
bands around the central frequency mostly cancel, leaving a
residual emittance growth of only 0.2% (within the statistical
error of 0.3%). The energy spread correlated to THz field also
remains identical to the single frequency case.
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APPENDIX: VALIDATION OF THE TRACKING
CODE WITH SINGLE-STAGE

CST Studio Suite includes a particle-in-cell solver allowing
particles to be tracked through the fields generated in a
defined waveguide structure excited by an initial THz pulse.
A dielectric structure with a coupling section is modeled for
these studies as shown in Fig. 17(a). The distribution of the
LSM;; mode in the y-z plane is presented in 17(b).

In the figure, the accelerating LSM;; mode occurs with
the accelerating (blue) and decelerating (yellow) polarity as
the field enters the waveguide followed by a transient mode
excited in the coupler. The LSM;; mode is excited by a
0.465 THz pulse with a bandwidth of 100 GHz as shown in
Fig. 18. The structure is excited by both real and imaginary
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FIG. 17. (a) The 30 mm long rectangular structure with the
23 mm coupler section used in a CST benchmarking study.
(b) Longitudinal electric field excited in the structure. The beam
travels from right to left.

parts of the excitation field via two ports in CST to match the
field profile of a Gaussian mode launched in free space via
a short gap from the horn of the THz structure. A transverse
cross section of the accelerating region regarding this
induced LSM;; is presented in Fig. 19.

For benchmarking, a six-dimensional elliptical, 25 fs
long beam slice at an energy of 45 MeV with a radius of
10 um was externally generated with zero initial uncorre-
lated energy spread. This reference distribution was
imported into cST and tracked through a 30 mm rectangular
dielectric lined waveguide structure following a 23 mm
coupling section using cST PIC solver. In this scenario, the
incident beam drifts through the coupler and forms a waist
at the entrance of the structure (focused at that location)
until it intersects the THz field downstream the waveguide.
We synchronized the electrons and the THz field by
optimizing the emission timing of the two independently
before they copropagate across the interaction length. In
multipole based tracking, this was implemented as a
25.2 mm drift section identical to the csT PIC model.
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FIG. 18. Temporal profile of 0.465 THz excitation signal with a

bandwidth of 100 GHz.
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FIG. 19. A transverse central cross section of an accelerating
phase of E, in csT that is dominated by the quadrupole
component. The saddle point is denoted with intercepting axial
lines.

After this drift section, the reference particle distribution
was tracked under the fields introduced in Sec. II.

As previously mentioned, a THz field is synchronized to
the electron beam providing that the phase velocity at the
operating frequency f, is equal to the electron velocity, v,.
An electron beam will copropagate indefinitely with a
monochromatic THz field. However, in reality the field has
a finite bandwidth, A f, and electrons will fall out of phase
with frequencies other than f(, as v, # v,. An inferacting
bandwidth is defined ensuring positive interaction between
the electron and the field under the condition that within A f
the phase slippage is less than +x/2. The interacting
bandwidth is given as in Eq. (A1) [31],

af =g (plo -plon+ ) (A

where f(w, ) and (w,) are the wave numbers regarding the
frequencies, @ and w,, corresponding to bandwidth limits
at +7/2. Accordingly, the structure under study is designed
at a length L;, for a narrow-band THz pulse (100 THz)
[31]. In addition, at 45 MeV, electrons are ultrarelativistic
and travel with the 99.99% of the speed of light whereas the
group velocity for the THz pulse is about 60% of the speed
of light. After including this group velocity walk-off, a final
interaction length of about 4 mm is achieved.

The transverse energy distribution and phase space
distribution from multipole-based tracking are compared
to results from csT PIC solver in Figs. 20(a) and 20(b),
respectively, for the identical initial beam distribution. The
typical transverse energy distribution with a saddle point
can be observed from both approaches with similar energy
gain and energy spread values within 1%—2%. The phase of
the field in the tracking model was shifted by ¢ = 7/20 to
match the exact phase captured between the electrons and
the THz field in the cST model. The benchmarking studies
are performed for a 25 fs bunch in order to span over a few
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time steps in CST that is defined by the stability criterion,
whereas, our multipole based tracking studies on beam
characterization after interaction with THz will focus on the
slice properties hence are performed for a slice of 1 fs
electron bunch. The emittance values from tracking and
PIC simulations agree well within 3%—-8% including 3%
statistical error induced by the sample size (10° particles)
practically achievable by the csT PIC solver. The multipole
based tracking code runs less than 6% of the computing
time required by the csT PIC solver opening avenues for
wide range parameter scans which will be reported
in Sec. IV.
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