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We discuss the choice of the magnetic lattice and parameter optimization of the fourth-generation light
source SKIF (Russian acronym for Siberian Circular Photon Source) under construction in Novosibirsk.
The study compares several basic lattice cells to procure one with low emittance and large dynamic
aperture. The result is a developed lattice of SKIF with 72 pm natural emittance (at zero beam current and
absent betatron coupling) at 3 GeV beam energy and 476 m circumference. Only two families of sextupoles
provide horizontal and vertical dynamic apertures of 12 mm and 3.5 mm, respectively, and energy
acceptance more than 5%. To check the potential of the found solution, we used slightly modified SKIF
lattice to design 6 GeV light source and reached 33 pm natural emittance for 1075 m circumference with 40
straight sections. Again, only two sextupole families ensure sufficient dynamic aperture (7 mm horizontal
and 4 mm vertical) and energy acceptance more than 5% for simple efficient injection and sufficient beam
lifetime.
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I. INTRODUCTION

A circular storage ring of the intense electron beams is a
primary source of powerful electromagnetic radiation in the
wide wave length range (from infrared and ultraviolet to
hard X-ray), used in different scientific disciplines: chem-
istry, biology, solid-state physics, geology, etc. There are
more than 50 working synchrotron light sources in the
world [1].
The practical quantity describing the light source’s

efficiency is brightness defined at a particular photon
wavelength as the radiated flux per unit area of the source
and per unit solid angle of emission. The main way to
increase the brightness of the light source is to reduce the
phase volume (emittance) of the electron beam, which
results from the equilibrium between the radiation damping
and quantum excitation of the betatron oscillations.

Let the magnetic lattice of a storage ring be a sequence of
identical bending magnets, with the bending angle 2φ each,
then horizontal emittance is

εx ¼ F
Cqγ

2

Jx
ð2φÞ3; ð1Þ

where γ ≫ 1 is Lorentz factor, Jx ≈ 1 ÷ 2 is damping
number, and F is a factor depending on type of magnetic
lattice and its optimization,

Cq ¼
55

32
ffiffiffi
3

p ℏ
mc

¼ 3.84 × 10−13 m:

For the magnet with a uniform magnetic field, the factor F
is minimal when horizontal betatron function βx and
dispersion function η reach the certain values at the magnet
center, dependent on the magnet length 2L and bending
angle 2φ

βx;min ¼
Lffiffiffiffiffi
15

p and ηmin ¼
Lφ
6

: ð2Þ

This configuration received the name TME (theoretical
minimum emittance) [2–6] and the factor F is
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FTME ¼ 1

12
ffiffiffiffiffi
15

p : ð3Þ

The caveat is that it is practically impossible to achieve
conditions for the minimal emittance simultaneously with
an acceptable length of the cell (so that the whole ring is not
too long and expensive), feasible quadrupole and sextupole
strengths, and sufficient transverse and longitudinal
dynamic apertures. Therefore, the realistic lattice is just
an approximation of TME. The simplest optically periodi-
cal cell, built around the dipole in the center, requires two
quadrupole doublets on the sides of the magnet. Exactly
this type of cell is fundamental for all light sources of the
fourth generation.
Minimization of F unavoidably stiffens focusing,

increases natural chromaticity, correction of which requires
strong sextupoles. Aside from the technical difficulties of
this high-field magnets creation, there is a more funda-
mental problem—nonlinear motion limits the stability area
(dynamic aperture). The decrease of the dynamic aperture
is the main difficulty in the process of designing a storage
ring with small emittance.
Further, we show that the described cell, consisting of

dipole in the center and two doublets of quadrupoles,
allows, besides TME, other optical solutions with different
optical functions, emittances, chromaticities, sextupoles
strengths, and dynamical apertures. As the result of the
study, we choose one solution as the fundamental for
magnetic lattice of the fourth generation synchrotron
radiation (SR) light source SKIF, being constructed in
Novosibirsk. The initial requirements of the facility are
3 GeV beam energy, circumference Π < 500 m, and
horizontal emittance εx < 100 pm.

II. THE CHOICE OF THE BASIC CELL

Consider the simplified cell layout on Fig. 1. The dipole
in the center has a length of 2L and a bending angle
φc ¼ 2φ. On both sides of the dipole are thin quadrupoles
q1;2 with integrated strengths p1;2 ¼ p4;3 ¼ ðB0lÞ1;2=Bρ,
and sextupoles, superimposed with quadrupoles, with
strengths s1;2 ¼ s4;3 ¼ ðB00lÞ1;2=Bρ, where Bρ is magnetic
rigidity and d1 is the length of the drift between the
quadrupoles. The total length of the cell is Lc ¼ 2ðLþ d1Þ.

Periodic solutions were found with the computer algebra
system WOLFRAM MATHEMATICA [7] and verified with
MAD-X [8]. Analytical calculations agree with numerical.
Figure 2 shows the optical functions of the four solutions.
The graphs demonstrate that solution 2 dispersion function
at the center of the dipole is too large; therefore, it will not
provide low emittance.
Since our goal is to find a basic cell for light source

SKIF, besides the emittance we are interested in the
quadrupoles and sextupoles strengths, which should be
small for the magnet fabrication and for obtaining a large
dynamic aperture.
For estimations, let us use the value of SKIF’s horizontal

emittance εx ¼ 75 pm. At the beam energy E ¼ 3 GeV
and Jx ¼ 1, according to Eqs. (3) and (1), the bending
angle of the cell is φc ¼ 2φ ¼ 0.0641 ¼ 2π=98. From the
circumference of the light source (≈500 m), we designate
30% for the straight and matching sections (≈150 m), then
the total length occupied by basic cells is ≈350 m, and the
length of one cell is Lc ≈ 3.5 m. In the cell, we choose
d1 ≈ 1 m, then the dipole half-length is L ≈ 0.75 m. We
will investigate the influence of these lengths on emittance
and other accelerator parameters later.
Calculating stability area of the cell from Fig. 1, we

found dependance of the cell tune (Fig. 3 left) and the first
quadrupole strength (Fig. 3 right) on the integrated strength
p2 of the second quadrupole (right). One can clearly
distinguish the four stability areas corresponding to the
four optical solutions. Moreover, the first three solutions
have 0 ≤ νx ≤ 0.5, and the fourth, the TME, has
0.5 ≤ νx ≤ 1. Curiously, solutions 3 and 4 (TME) possess
equally strong quadrupoles strengths, only of opposite
signs, jp2j > 2 m−1, jp1j ≈ 1.5 m−1, regardless of theFIG. 1. Low emittance cell layout.

FIG. 2. Four periodic optical solutions for the cell from Fig. 1. F
and D stand for focusing and defocusing quadrupole, respec-
tively. Solution 4 provides minimum emittance (TME).
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fourth-solution tune (the measure of the lattice rigidity)
being greater than the third’s. Given the quadrupole length
l ¼ 0.2 m and beam energy E ¼ 3 GeV, then p2 ¼ 2 m−1

corresponds to B0 ¼ 100 T=m gradient, which is rather
large value even for small apertures of ∅25 ÷ 30 mm,
common for the fourth generation light sources. For
solutions 1 and 2, jp2j < 1 m−1 and jp1j < 1.5 m−1 and
the gradients are moderate.
Figure 4 presents the natural chromaticity of all sol-

utions. Solutions 1 and 2 possess jξx;yj < 1, while solutions
3 and 4 have either horizontal or vertical chromaticity’s
absolute value exceeding 2, which results in strong sextu-
poles compensating this chromaticity. It is confirmed on
Fig. 5 showing the integrated sextupole strengths s1;2 as a
function of (p2). The fourth solution sextupoles are
significantly greater than of the first and the second
solutions. For typical value s1;2 ¼ 100 m−2 of the fourth
solution with sextupole length l ¼ 0.2 m, the second
gradient is B00 ¼ 5000 T=m2, which is a large and not
feasible value.

Finally, Fig. 6 shows emittance of the four solutions as a
function of the second quadrupole strength and the tune.
Solution 2 indeed possesses too large emittance with
respect to solution 4 (TME) and, therefore, unfit for the
magnetic lattice of SKIF. At the same time, the slightly
different solutions 1 and 3, having two times larger
emittance than TME, offer an advantage in lower sextupole
and quadrupole strengths (solution 1), and therefore, in
expected dynamic aperture. It is possible to lower their
emittance by slightly reducing the bending angle (resulting
in the perimeter increase). These changes are not significant
due to the strong emittance dependance on φ3. Thus,
emittance reduction by factor two requires reduction of
the bending angle less than 30% (

ffiffiffi
23

p
≈ 1.26).

Table I summarizes the main parameters of the four
solutions. We chose the horizontal betatron tune in the
vicinity of the emittance minimum (Fig. 6). The vertical

FIG. 3. Stability area of the cell in the form of tune νx (left) and
integrated strength p1 of the first quadrupole (right) on integrated
strengths p2 of the second quadrupole.

FIG. 4. Horizontal and vertical chromaticity vs second quadru-
pole strength.

FIG. 5. The sextupole strengths of the four solutions vs the
second quadrupole strength.

FIG. 6. Horizontal emittance as a function of the second
quadrupole’s strength (left) and as a function of tune (right).

TABLE I. Main parameters of the four solutions.

Solution 1 2 3 4

Energy, E [GeV] 3
d1 [m] 1.0974
L [m] 0.65
Lc ¼ 2ðLþ d1Þ [m] 3.4948
Circumference, Π [m] 342.49
Number of cells, Nc 98
Cell’s bending angle, φc π=49
Dipole field, B [T] 0.493
εTME [pm] 75
νx=νy 0.4=0.4 0.4=0.4 0.4=0.6 0.74=0.26
εx [pm] 305.5 1470.5 305.6 163.5
Momentum compaction
factor, α × 10−4 3.3 11.39 3.16 1.95
Natural chromaticity, ξx −1.36 −0.61 −3.43 −1.36
Natural chromaticity, ξy −0.61 −1.36 −1.46 −2.04
Beta functions at the
dipole center, βx0 [m] 0.39 4.69 0.32 0.11
Dispersion function at the
dipole center, ηx0 [m]

0.014 0.059 0.014 0.07

p1 [m−1] 1.27 −1.27 1.43 −1.38
p2 [m−1] −0.84 0.84 −2.01 2.22
s1 [m−2] 15.35 −31.39 12.71 −138.74
s2 [m−2] −33.59 12.14 −83.04 126.26
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tune was calculated from the linear map with the condition
of cosð2πνxÞ ¼ cosð2πνyÞ.
Table I shows that solution 2 emittance is about 10 times

larger than solution 4, but emittances of solutions 1 and 3
are larger only by factor 2. Solution 4 has the lowest
emittance, but sextupoles are too strong and are expected to
provide a small dynamical aperture. The negative sextupole
of solution 3 is significantly larger than of solution 1.
The magnetic lattice of the cell providing minimum

emittance has been extensively studied [2–6,9,10], includ-
ing solution 1. In Ref. [9] solution 1 was named modified
TME (mTME), moreover, it was mentioned that betatron
tune for mTME is νx < 0.5, while for the true TME
νx > 0.5. However, none of the studies scrutinized the
solution 1 in regard of feasible quadrupoles’ and sextu-
poles’ strengths, and dynamic aperture.
Hence, we will abandon solutions 2 and 3 and will

examine solution 1 (according to Ref. [9] to be called
mTME) as a candidate for the basic cell of SKIF, and
solution 4 for comparison (to be called TME).

III. SCRUTINY OF mTME AND TME

Derivation of factor F (3) does not use any assumptions
about the magnetic cell. However, for the examined lattice
(Fig. 1) factor F depends on not only the betatron tune but
also on lengths L and d1. Introducing the ratio of the dipole
length to the cell length

u ¼ 2L
2ðLþ d1Þ

; ð4Þ

we derived the function FmTMEðνx; uÞ with the help of the
computer algebra system WOLFRAM MATHEMATICA [7].
Obtained expression agrees with computer simulation,
however, it is cumbersome for analysis. The series expan-
sion in μx ¼ 2πνx with assumption u < 1 is

F ¼ 8

uμ3x
þ f−2ðuÞ

μ2x
þ f−1ðuÞ

μx
þ f0ðuÞ

þ μxf1ðuÞ þ μ2xf2ðuÞ þ μ3xf3ðuÞ þ � � � ; ð5Þ

where fnðuÞ are polynomials of u. This expression is also
inconvenient for analysis because with the small number of
terms, it poorly describes the exact solution, and with the
large number of terms, it becomes cumbersome. The left
graph of Fig. 7 shows an example of exact and approximate
[up to μ3x as in Eq. (5)] description of mTME emittance with
u ≈ 0.372 as a function of horizontal tune. Note that with
μx → 0 mTME emittance grows as μ−3x . The right plot on
Fig. 7 presents emittance of mTME cell for different ratios
of the magnet and cell lengths; it also displays the emittance
curve for FODO cell with identical cell length and bending
angle. It is evident that for realistic values of u, emittance of
mTME cell is significantly lower than one of FODO.

We did not find an analytical expression for optimum ratio
of the dipole and drift lengths providing the minimum
emittance of mTME cell and minimum value of FmTME
similar toEq. (3). It is safe to assume fromFig. 7 thatminimal
emittance is reached for u → 0 and νx → 0.5.
However, the price of emittance minimization is the

growth of quadrupoles’ (Fig. 8) and sextupoles’ strengths
(Fig. 9).
For TME exists an analytical expression describing

emittance dependance on νx and u for the cell from
Fig. 1, which also turns out to be cumbersome. However,
the behavior of FTMEðuÞ (Fig. 10) differs from mTME. The
minimal value of emittance falls with the increase of u (ratio
of the dipole to cell lengths), whereas the position of the
minimum invariable νx does not change. Numerical solution
of the equation for minimum emittance gives expression (1)
at νx ¼ 1 − arctanð ffiffiffiffiffiffiffiffi

3=5
p Þ ≈ 0.79 and u ≈ 0.52678. In other

words, to achieve the TME emittance the dipole length must
be approximately half the cell’s length. Computer simulation
of the cell with different ratios confirms the result.

FIG. 7. Exact and approximate mTME emittance (left) as a
function of tune. The mTME emittance for different ratios of the
magnet and cell lengths (right). The red curve is FODO
emittance.

FIG. 8. Quadrupoles’ strengths of mTME cell as a function of
horizontal tune.

FIG. 9. Sextupoles’ strengths of mTME cell as a function of
horizontal tune.
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The above conclusions are valid only for the thin-lens
cell layout in Fig. 1, if one introduces a drift between
quadrupole q2 and dipole, or if one considers the realistic
length of quadrupoles then numerical values will change.
In order to have a fair comparison of dynamic apertures

of mTME and TME cells, we made two rings with
approximately the same emittances and circumferences.
In order to achieve that we lowered emittance of mTME
(the first column of Table I) to reach the value of TME (the
fourth column of Table I) by changing the bending angle
from φc ¼ π=49 to φc ¼ π=58. Consequently, the number
of cells increased from 98 to 116, and, with unchanged
cell’s length, it resulted in the total cells’ length enlarge-
ment from 342.5 to 405.4 m. Since we allowed circum-
ference to enlarge for mTME cell, we treated TME cell in
the same way, however, for emittance preservation, we

decreased TME cell’s phase advance, expecting that less
rigid focusingwould have relaxed sextupoles. At the end, we
compared the dynamic apertures of both rings by tracking.
The optical functions of the MAD-X models of described

cells are shown on Fig. 11. Table II presents main parameters
of the cells, where energy, magnet, and cell lengths are taken
from Table I. Now, energy, emittance, and circumference of
the two cells are identical; horizontal tune of TME cell is
reduced, but sextupole strength is still several times larger
than for mTME. Dynamic aperture is found by usual
definition as a set of initial conditions fx0; x00 ¼ 0; y0; y00 ¼
0g for particle surviving 1024 turns. Since dynamic aperture
depends on the values of the beta functions, we normalized
both apertures to βx ¼ 15 m and βy ¼ 5 m (Fig. 12).
Noticing an unambiguous advantage of mTME cell in
dynamic aperture, we chose it as a unit cell of SR light
source SKIF.

IV. MAGNETIC LATTICE OF
THE LIGHT SOURCE SKIF

The basic cell of the light source SKIF is mTME cell, but
with some changes (left on Fig. 13):
(i) To minimize the cell’s length, we transferred the

gradient of the two quadrupoles q2 into the bending magnet
BD, which also changed damping number Jx; (ii) To
improve matching of the dispersion, we shifted the focus-
ing quadrupoles horizontally, creating a combined function
reverse bend QB [11], which allowed to adjust damping
number Jx; and (iii) We optimized strengths and relative
position of the magnets to increase dynamic aperture, to

FIG. 10. TME cell emittance for different u. The red line
indicates minimum emittance equal to 75 pm with parameters
from Table I.

FIG. 11. Optical functions for model cells mTME (left) and
TME (right).

TABLE II. Main parameters of the model cells mTME and
TME.

Solution mTME TME

Circumference, Π [m] 405.4
Cell’s number, Nc 116
Cell’s bending angle, φc π=58 ≈ 3.1°
νx=νy 0.43=0.43 0.64=0.36
εx [pm] 165 161
Natural chromaticity, ξx=ξy −2.0= − 0.84 −1.27= − 2.63
p1=p2 [m−1] 1.3= − 0.87 −1.42=2.06
S1=S2 [m−2] 19.33= − 45.45 −155.14=126.62

FIG. 12. Normalized to βx ¼ 15 m, βy ¼ 5 m dynamic aper-
tures of mTME (left) and TME (right).

FIG. 13. Optical functions of SKIF base cell (left) and cell with
high field dipole (right).
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minimize emittance and chromaticity, and adjust the
horizontal damping number Jx ≈ 2.
The cell possesses mirror symmetry relative to the center

of BD dipole, which has a small negative gradient provid-
ing vertical focusing. Two quadrupoles QB focus the beam
horizontally and being shifted in the horizontal plane, bend
the beam in the opposite to the main dipole direction
(reverse bend). The reverse bending helps with matching of
the dispersion functions and emittance minimization. Two
sextupoles SYand one sextupole SX (the cells start and end
with SX) correct the chromaticity.
The small bending angle, necessary for emittance min-

imization, implies a weak magnetic field of the central
dipole (0.55 T), disadvantageous for hard X-ray generation.
To improve the situation, in the center cell of each super
period, we replaced the weak BD dipole with the section of
three dipoles consisting of two weak BD1 with small
negative gradient and uniform BS dipole between them
with the field of 2 T (right on Fig. 13). The remaining
elements have slight differences from their counterparts of
the regular cell. The length of the modified cell (HF—high
field) is identical to the regular one (≈3.5 m, LF—low
field). The distance between the elements in both cells is
sufficient for the installation of vacuum, diagnostic, and
other equipment.
Now, we can compare the estimated earlier parameters of

mTME (Table II) with obtained parameters of the real cell
(Table III). To satisfy requirements on the number and
length of straight sections, and the size of the facility, we
increased the cell’s bending angle up to φc ≈ 3.6°.
Nevertheless, horizontal damping number Jx ≈ 2 and
reverse bends allowed achieving of εx ≈ 70 pm. To relax
vertical focusing and chromaticity, we decreased the
vertical tune to νy ≈ 0.12. Accordingly, the new chroma-
ticity of SKIF cell became ξx;y ≈ −1.3= − 0.4. The integral
normalized gradient in the LF cell is ðK1LÞy ≈ −1.3 m−1

(instead of 2p2 ¼ −1.74 m−1) and ðK1LÞx ≈ 0.8 m−1

(instead of p1 ≈ 1.3 m−1). The distinction is explained
by different placement and realistic length of the quadru-
poles. Estimation of sextupole integrated strengths
s1;2 ≈ 20= − 45 m−2 also differs from obtained ðK2LÞx;y≈
70= − 59 m−2. This difference is because the model cell

(on Fig. 1) has the sextupoles installed in the optimum
places (where the corresponding beta reaches the maxi-
mum). In the real cell, sextupoles’ position is a result of the
dynamic aperture (transverse and longitudinal) optimiza-
tion, where the phase advance between the sextupoles was
varied, and, therefore, differs from the model’s.
SKIF’s magnetic lattice consists of 16 super periods of

7BA type with five regular cells, described above, and two
at the ends to cancel dispersion in the 6 m long straight
section. Two doublets of quadrupoles provide sufficiently
large βx (for horizontal injection optimization) and low βy
(to minimize the influence of the vertical field insertion
devices (IDs) on beam dynamics). Figure 14 shows the
whole lattice of the super period starting and ending in the
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FIG. 14. Optical functions of SKIF super period (1=16th of the
ring), beginning and ending at the center of the straight section.

TABLE IV. Main parameters of SKIF lattice from Fig. 14.

Beam energy [GeV] 3
Symmetry 16
Circumference [m] 476.14
Revolution period [μs] 1.59
Horizontal emittance [pm] 72
Energy spread 1 × 10−3

Energy loss per turn [keV] 531
Betatron tunes (x=y) 50.806=18.84
Momentum compaction factor 7.6 × 10−5

Chromaticity (x=y) −149= − 55
rf harmonic 567
rf frequency [MHz] 357
rf voltage [MV] 0.845
Energy acceptance 3%
Synchrotron tune 1.23 × 10−3

Bunch length [mm] 4.9
Damping numbers (x=y) 1.94=1.06
Damping time (x=y=s) [ms] 9.2=17.9=17

TABLE III. Parameters of SKIF LF and HF cells.

LF HF

Length, Lc [m] 3.4948
Cells’s bending angle, φc [°] 3.682 3.642
νx=νy 0.440=0.143 0.442=0.122
Momentum compaction factor, α 1.4 × 10−4 1.2 × 10−5

εx [pm] 70 81
Energy spread, σE=E 8.73 × 10−4 1.3 × 10−3

Energy loss per turn, U0 [keV] 4.72 9.83
Damping numbers, Jx=Jy 2.26=0.74 1.7=1.3
Natural chromaticity, ξx=ξy −1.32= − 0.36 −1.27= − 0.34
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middle of the straight section. Magnetic lattice is rather
simple and symmetrical, therefore, possesses a minimal
number of structural resonances. Optical functions in the
straight section (zero dispersion, high horizontal beta and
low vertical) ensure traditional injection in the horizontal
plane and are suitable for rf cavities and IDs—undulators
with a relatively low field. Table IV covers the main
parameters of the storage ring.
Two families of sextupoles in the regular cells compen-

sate linear chromaticity of SKIF lattice (Fig. 15).
Since the cell begins and ends with horizontal sextupole,

the five cell lattice has half-length sextupole at the ends.
Table V registers sextupole parameters.
The size of the stable nonlinear motion (dynamic

aperture) depends on the strength of betatron resonances
and their position relative to the chosen tune point. Since it
is impossible to evaluate theoretically the resonances’
strengths (especially of the high orders) produced by
sextupoles, the main way of dynamic aperture optimization
is the numerical simulation of particle motion (tracking).
Figure 16 presents the transverse dynamic aperture of the

whole ring. Each point corresponds to initial conditions
fx0; x00 ¼ 0; y0; y00 ¼ 0g of a particle stable during 4096
turns. The left and right plots show the results of the
tracking without and with synchrotron oscillations, respec-
tively. In the latter, dynamic aperture is slightly smaller due
to betatron oscillations trajectory lengthening which gave
rise to the small synchrotron oscillations even with the
zero initial energy deviation. Horizontal and vertical phase
trajectories up to the aperture borders are shown in Fig. 17
(rf is OFF).
Frequency map analysis (Fig. 18) confirms absence of

strong resonances within dynamic aperture. For given
initial conditions each particle was tracked for 2048 turns,
then we calculated the tunes for the first half (1024 turns)
and the second half of turns, and the difference of the found
tunes vs initial conditions is shown on Fig. 18. Tune
dependance on initial amplitudes shows several isolated
resonances within the stable area Fig. 19. Since the
resonances are isolated they do not destroy the stable area.

For the light source with small bunch length and trans-
verse dimensions and high current, it is important to have
large energy acceptance, which defines beam lifetime
through Touschek effect [12,13]. Figure 20 shows energy
acceptance (left) and tunes vs momentum deviation (right).
Betatron tunes cross the integer or half integer value when
jΔE=E0j > 3%, which is sufficient for good lifetime due to
Touschek effect.
Local energy aperture of the ring, presented on Fig. 21,

was calculated with ELEGANT [14,15] and limited by the
size of rf bucket only. With coupling ratio of 10% and
number of particles per bunch Np ¼ 7.77 × 109

(510 bunches results in 400 mA beam current) the lattice
provides 2.7 h of Touschek lifetime and 1.2 h with coupling
ratio of 1%.

A. Alignment errors

Elements of each super period are installed on seven
girders. Table VI lists the rms of girder alignment errors and
elements alignment errors with respect to the girder in three
linear dimensions fx; y; sg and roll angle ψ . Errors are
distributed according to truncated at 2σ normal distribution.
Each super period has 14 beam position monitors (224 in

FIG. 15. Positioning of chromatic sextupoles.

TABLE V. Main parameters of chromatic sextupoles.

l, m B00,T=m2 ðK2LÞ, m−2

SY 0.25 −2370 −59.25
SX 0.30 2358 70.74

FIG. 16. Transverse dynamic aperture without (left) and with
(right) synchrotron oscillations.

FIG. 17. Horizontal (left) and vertical (right) phase trajectories
up to the last stable particle from Fig. 16 (rf is OFF).
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total), providing not less than 4 per betatron wave length.
Each sextupole has additional coils creating horizontal and
vertical dipole fields, normal quadrupole and skew quadru-
pole gradients used for optics correction. The number of
sextupoles is 256. The number of orbit correctors is
256þ 32 ¼ 288, where two individual correctors are
added in each of the 16 superperiods. The goals of the
correction procedure are to restore the closed orbit, beta
functions, to cancel vertical dispersion and to compensate
the coupling between horizontal and vertical motion. After
correction dynamic aperture is about 20%–30% smaller
than the ideal aperture (Fig. 22) with only two sextupole
families.

B. Brightness and alternative optics

In the Gaussian approximation, the peak brightness of
radiation from the undulator is [16]

Br ∝
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

σ2x þ σ2rx
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

σ2x0 þ σ2rx0
q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

σ2y þ σ2ry

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2y0 þ σ2ry0

q ; ð6Þ

where σx;y ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
εx;yβx;y

p
and σx0;y0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
εx;y=βx;y

p
are electron

beam size and divergence in horizontal or vertical planes at

FIG. 18. Frequency map analysis for δ ¼ −3% (top), δ ¼ 0%
(middle), and δ ¼ 3% (bottom). The color represents the differ-
ence of the tunes calculated on the first (1024 turns) and the
second halves of the tracking time (2048 turns). The blue
corresponds to identical tunes, which means regular motion,
the red corresponds to large tunes difference and means chaotic
motion.

FIG. 19. Tune dependance on initial amplitudes: the tune νxðνyÞ
is plotted along the vertical axis, one of the initial coordinate xðyÞ
is plotted along the horizontal axis, while the colors represent the
other coordinate yðxÞ.

FIG. 20. Energy acceptance with Y0 ¼ σy ¼ 4.243 μm (left)
and bandwidth (right) of SKIF with RF OFF.

FIG. 21. Elements (top) and local energy aperture (bottom)
over the super period with parameters from Table IV.

TABLE VI. rms alignment errors.

σx, μm σy, μm σs, μm σψ , μrad

Girder 80 80 150 200
Element 30 30 150 200
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the radiation point, σrx;ry and σrx0;ry0 are radiation beam size
and divergence in horizontal or vertical planes. For consid-
ered undulator (Table VII) and radiation wave length

6.015 Å (2.061 keV), the properties of the radiation are
σrx ¼ 7.83 μm, σrx0 ¼ 32.32 μrad, σry ¼ 1.8 μm, and
σry0 ¼ 9.9 μrad. In the base lattice (Fig. 14), the beta functions
at the middle of the straight sections are βx ¼ 15.63 m and
βy ¼ 2.4 m, and with 1% coupling we obtained normalized
brightness Br=Brmax ¼ 0.24 (Fig. 23 denoted as DD).
In order to increase brightness, we considered modifi-

cation of SKIF optics where in every other straight section
horizontal beta function was decreased to βx ¼ 0.7 m
and vertical beta function was increased βy ¼ 3.98 m.
This change required installation of two additional quadru-
poles and the straight section now is surrounded by

FIG. 22. Transverse dynamic aperture (rf ON) with corrected
alignment errors (24 samples) for δ ¼ −3% (top), δ ¼ 0%
(middle), and δ ¼ þ3% (bottom).

TABLE VII. rms alignment errors.

Period [mm] 15.6
Vertical field amplitude, T 1.25
K 1.821
Effective length [m] 1.997
Number of periods 128
Gap [mm] 7
Total radiation power [kW] 6.99
Power density on the axis [kW=mrad2] 53.96

FIG. 23. Normalized brightness versus horizontal and vertical
beta functions. Lighter color means higher brightness.

FIG. 24. Optical functions of SKIF super period (1=8th of the
ring), beginning and ending at the center of the straight section.
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quadrupole triplets. The new super period is shown on
Fig. 24. The obtained normalized brightness of the alter-
native lattice is Br=Brmax ¼ 0.69 (Fig. 23 denoted as DT).
Figure 25 shows transverse dynamic aperture and energy
acceptance of the alternative lattice with just two sextupole
families, which were adjusted to compensate chromaticity.
Energy acceptance is equal to the size of rf bucket, however
it is smaller than the one of the base lattice (Fig. 20).

V. OPTIMIZATION OF mTME
CELL FOR 6 GeV LIGHT SOURCE

Having notable performance of mTME cell for light
source SKIF with energy 3 GeV we reckoned its potential.
All contemporary fourth generation light sources with
6 GeV energy—ESRF-EBS (operating) [17], APS-U
[18], Spring-8 II [19], HEPS [20], PETRA IV [21]—make
use of HTME (Hybrid TME) magnetic structure, proposed
by Pantaleo Raimondi for Italian SuperB factory [22]. The
logic of designing HTME is the following. When one
decreases the bending angle of TME cell to achieve
extremely small emittance, dispersion function in the
sextupoles drops (if the cell length is preserved), forcing
one to increase sextupoles’ strengths, resulting in smaller
dynamic aperture. Raimondi decided to install sextupoles
in the two DBA cells with enlarged dispersion (dispersion
bump), attached to the ends of the TME sequence, rather
than in the TME cells (which makes them more compact)
Since DBA enlarges emittance, one is forced to use
magnets with longitudinal field gradient [23]. Adjusting
optical functions and betatron phase advances, the designer
creates a -I transformation, which is not ideal because of
other nonlinear sources inside the pair of sextupoles.
Chromaticity and nonlinear dynamics (dynamic aperture
and energy acceptance) are optimized by three sextupoles’
families and one octupole family (e.g., the flagship of
HMBA—ESRF-EBS), resulting in horizontal dynamic
aperture Ax ≈�13 mm with βx ¼ 22 m [17].
Our interest is the question of the existence of funda-

mental limitations in “classical” TME structure (more
accurate in mTME) for high energy or the exclusive use
of HMBA in 6 GeV light sources is, to some degree, a
tradition. To answer the question, we design mTME lattice

of 6 GeV light source with small natural emittance
εx ≈ 30 pm, circumference Π ≈ 1100 m, having 40 straight
sections for installation of IDs and dynamic aperture
sufficient for traditional injection. Assuming that straight
and matching sections will occupy 30% of accelerator
circumference, the total length of mTME cells is 780 m.
Scaling the SKIF lattice to achieve desired parameters, we
obtained lattice presented on the left plot of Fig. 26 with
details in the first column of Table VIII. The length of the
cell remained almost the same (compared with Fig. 13), the
cell’s bending angle is decreased to φc ≈ 27 mrad to
achieve εx ≈ 30 pm at 6 GeV. Decrease of bending angle
and related diminution of dispersion resulted in stronger
sextupoles’ strengths ðB00lÞD ¼ −1824 T=m and ðB00lÞF ¼
1235 T=m (for SKIF ðB00lÞD ¼ −592 T=m and ðB00lÞF ¼
707 T=m). Hence, the drop in dynamic aperture by a factor
of two. To increase dispersion in sextupoles, to lower their
strengths, and to enlarge dynamic aperture, one needs to
elongate the cell. If the number of cells is unchanged, then
facility circumference grows, which is undesirable because
of financial or other reasons. To satisfy the requirements,
one has to decrease the number of cells, increasing the
bending angle and emittance. The problem is resolved by

FIG. 25. Transverse dynamic aperture with synchrotron oscil-
lations (left) and energy acceptance (Y0 ¼ σy ¼ 4.243 μm and rf
is OFF) (right) for alternative optics.

FIG. 26. Optical functions of scaled mTME SKIF cell on the
left (E ¼ 6 GeV, εx ¼ 30 pm, Lc ¼ 3.27 m) and cell with
longitudinal field gradient dipole on the right (E ¼ 6 GeV,
εx ¼ 30 pm, Lc ¼ 4.78 m).

TABLE VIII. Comparison of parameters of the two cells for
6 GeV light source with emittance εx ≈ 30 pm. The column titled
“SKIF-scaled” is shown on the left of Fig. 26, “LGdipole”—on
the right.

SKIF-scaled LGdipole

Length, Lc [m] 3.27 4.78
Cells’s bending angle, φc [mrad] 26.8 39.3
εx [pm] 33 30.1
Momentum compaction factor, α 2.8 × 10−5 −2.4 × 10−5

Natural chromaticity, ξx=ξy −1= − 0.35 −1= − 0.35
Energy spread, σE=E 1.1 × 10−3 2.1 × 10−3

Energy loss per turn, U0 [keV] 15.2 42.1
Hor. damping time [ms] 5.1 2.1
Long. damping time [ms] 6.6 5.2
ðB00lÞD [T/m] −1824 −547
ðB00lÞF [T/m] 1235 647
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introducing a longitudinal gradient in the bending magnet,
a now-common design practice. The right plot of Fig. 26
shows an example of such a cell with details in the second
column of Table VIII. Usage of longitudinal gradient dipole
enlarges the cell length to 4.78 m, bending angle to
39.3 mrad, dispersion, at the end of the cell, from ηc ≈
2.45 to ηc ≈ 4.75 cm. Hence, the sextupoles’ strengths
dropped to ðB00lÞD ¼ −547 T=m and ðB00lÞF ¼ 647 T=m,
approximately SKIF’s values. Therefore, we expect a
similar dynamic aperture.
Since it is difficult to superimpose longitudinal and

transverse gradients in the same dipole, the latter is trans-
ferred from the dipole into two individual defocusing
quadrupoles on both sides of the dipole. Figure 27 shows
the dipole field and the gradient distributions on the left,
sextupole gradient—on the right in the cell with longi-
tudinal gradient dipole. The magnetic field reaches the
maximum of 2.24 T in the center of the magnet and
gradually decreases in four steps to 0.25 T at the magnet
ends. Similar to SKIF, the focusing quadrupoles are shifted
in the transverse direction making the reverse bends and
helping to reduce emittance.
The regular TME cell has theminimum emittance εTME ¼

69 pm with the 39.3 mrad bending angle, whereas longi-
tudinal gradient and transverse bends reduce emittance
to 30 pm.
Using the cell with longitudinal gradient dipole (right on

Fig. 26), we designed the lattice of the whole ring consisting
of 40 superperiods (Fig. 28). Thequadrupoles and sextupoles
have feasible lengths and strengths (B0

max ≈ 80 T=m,
B00
max ≈ 4000 T=m2), which are possiblewith small apertures

common for fourth generation light sources.
The parameters of the ring are in Table IX. The super

period is 5BA, the length of the straight sections is 4 m, the
circumference is less than 1100 m, and the horizontal
emittance is 33.5 pm. Dipoles with strong field ensure large
SR energy loss (6.74 MeV per turn), the expected outcome
for low emittance in a compact ring.
Table IX presents lattice with negative momentum

compaction factor α ¼ −1.84 × 10−5; however, we also
obtained variants with positive momentum compaction

factors. Lattices with negative momentum compaction
factors have been studied theoretically and experimentally
[24–26] mainly relating to the topic of collective effects.
We chose this negative momentum compaction factor
lattice expecting dynamic aperture enhancement with
under-compensated chromaticity (e.g., ξx;y ≈ −5 ÷ −10).
Negative chromaticity is needed for head-tail instability
control in case of negative momentum compaction lattice,
thus allowing sextupoles diminution.
Figure 29 shows dynamic aperture for three values of

chromaticity ξx;y ¼ 0;−5;−10 at the observation point
corresponding to coordinate frame origin in Fig. 26.
Energy acceptance and bandwidth are shown in Fig. 30.
Dynamic aperture enhancement due to under-compensated
chromaticity is insignificant, probably because chromatic-
ity variations are small. The same is true for energy
acceptance and bandwidth. Nevertheless, dynamic aperture
is feasible for the usual injection in horizontal phase space.
Energy acceptance of�10% and bandwidth of�4% ensure
sufficient lifetime with intrabeam scattering.

FIG. 27. Distribution of the dipole field (left, black), the
gradient (left, red) and the sextupole gradient (right) in the cell
with the longitudinal gradient dipole.
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FIG. 28. Superperiod of the light source with 6 GeV beam
energy and 33.5 pm emittance.

TABLE IX. Main parameters of 6 GeV light source based on
mTME cell.

Beam energy [GeV] 6
Symmetry 40
Circumference [m] 1074.6
Horizontal emittance [pm] 33.46
Energy spread 2.12 × 10−3

Energy loss per turn [MeV] 6.74
Betatron tunes (x=y) 88.39=27.16
Momentum compaction factor −1.84 × 10−5

Chromaticity (x=y) −212= − 79
Damping numbers (x=y) 2.13=0.87
Damping time (x=y=z) [ms] 3.0=6.4=7.3
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VI. CONCLUSION

We studied magnetic lattice cells ensuring low emittance.
The study showed that the simplest cell consisting of a
central dipole and two symmetrical quadrupole doublets
has four solutions. The solution providing minimal emit-
tance (TME) has unacceptably strong sextupoles and a
small dynamic aperture. Therefore, for fourth generation
light source SKIF, we chose an alternative solution (modi-
fied TME, mTME), which allowed sufficient dynamic
aperture with feasible sextupole and quadrupole strengths.
Based on this cell, the whole ring lattice provides 72 pm
horizontal emittance at beam energy 3 GeV, with circum-
ference of 476 m and 16 long (6 m) straight sections for
IDs, rf cavities, injection equipment, etc. Only two families
of sextupoles provide horizontal and vertical dynamic
apertures of 12 mm and 3.5 mm, respectively, and energy
acceptance (band width) more than 3%. After correction of
alignment errors, the dynamic aperture is only 20%–30%
smaller than the ideal. The base lattice brightness is
Br=Brmax ¼ 0.24 and Br=Brmax ¼ 0.69 in the alternative
lattice with decreased horizontal beta function. Dynamic
aperture of the latter is 25% smaller but still feasible, energy
acceptance is smaller but comparable with rf bucket size.
We also applied mTME cell with longitudinal gradient

dipole to design a 6 GeV machine with 33 pm emittance
and showed the validity of the cell for the high-energy light

sources. The obtained dynamic aperture (Ax ≈ 7 mm) and
energy acceptance (ΔE=E0 >) are feasible for regular
injection and could be further optimized.
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