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Low longitudinal emittance means small energy spread and short bunch length, which makes high-
power short-wavelength coherent radiation possible. In a storage ring, due to quantum excitation, the
equilibrium longitudinal emittance is mainly the overall contribution of all bend-related elements, such as
bends, undulators and laser modulators. By introducing longitudinal Twiss function and analyzing the
6D one-turn map in 3D Twiss form, the longitudinal emittance contribution of all these elements is
theoretically studied in this paper, and a general method for minimizing the storage ring equilibrium
longitudinal emittance is proposed. An integrated optimization of longitudinal beta function shows, the
longitudinal emittance scales as the third power of bending angle, and can be as low as subpicometer with a

beam energy of 400 MeV in an ultimate state.
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I. INTRODUCTION

Storage ring light sources have become a powerful and
irreplaceable tool for scientific researches. Owing to its
unique properties such as high brightness, good transverse
coherence, excellent polarization and theoretically predict-
able spectrum, synchrotron radiation widely serves in
bioscience, material physics, environmental science and
other fields. Until now, the storage ring has experienced
three generations, and decades of researches have been
carried out on transverse dynamics and emittance optimi-
zation. The state-of-the-art fourth-generation storage ring
targets at a transverse emittance comparable with that of the
produced radiation, or the diffraction limit in other words.
Hence these facilities are called diffraction-limited storage
ring (DLSR) [1-3]. In or near the soft x-ray range, the
corresponding beam transverse emittance is about tens
of picometers, and the spectral brightness may reach
10?* —10%* photons s~! mm~2mrad=2 (0.1% bandwidth)~!
[4]. Physically, such high brightness is actually a result of
strong transverse coherence, which is about to be pushed to
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an ultimate state. Further improvement should concentrate
on the longitudinal dimension, i.e., increasing the beam
longitudinal coherence.

Similar with the transverse, beam longitudinal coherence
depends on the longitudinal emittance, which is much
less investigated and optimized in a storage ring. Lower
longitudinal emittance means smaller energy spread and
shorter bunch; both are of great significance for storage ring
based light sources, such as storage ring free-electron laser
(SR-FEL) and coherent bend/undulator synchrotron radi-
ation. SR-FEL has long been attractive for the reliable,
stable and high-repetition electron beams in the ring [5,6],
but the relatively large energy spread suppresses and shifts
the microbunching in SASE [7]. A lower energy spread will
certainly help to mitigate this effect and reduce the
undulator length. In terms of the bunch length, it is well
known that the radiated power of a beam at wavelength 1
can be expressed as [8]

P =N, Po[l + N f(2)]. (1)

with N, being the electron number of this bunch and P,
being the radiated power of a single electron. For a Gaussian
beam with an rms length of o, f(1) = exp[—(%)z}. This
factor indicates exactly a strength of longitudinal coherence.
Only when the bunch length o, < A/(27), will the coherence
be significant. In storage rings, a typical relationship
between equilibrium bunch length and energy spread is

Published by the American Physical Society
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electron energy, radio frequency (1f) voltage, rf wave number
and electron synchrotron phase, respectively. Rsq is the
momentum compaction of the whole ring. To shorten the
bunch and produce coherent short-wave radiation, such as
terahertz (THz) wave, applying a higher frequency tf system
[10] or a lower momentum compaction factor (the “low-
alpha” mode) [11,12], helps. However, there exists an
ultimate bunch length limit caused by partial alpha effect
[13], or more accurately, considering the influence of energy
on partial longitudinal phase slippage from radiation emis-
sion point to observer, it can be called the partial eta (slip
factor) effect [14]. To achieve shorter bunch, apart from low
alpha, efforts on low partial eta are also needed, and the
lattice must be carefully designed for smaller longitudinal
emittance. For instance, in the ten THz range, the required
bunch length is on the order of micron, and the partial eta
effect will dominate.

On the other hand, steady-state microbunching (SSMB)
mechanism has been proposed [15] and actively studied
recently [4,14,16-19]. In the case of steady-state coherent
THz, as mentioned, low longitudinal emittance is an
inevitable requirement. For the future completely laser-
driven storage rings, work in Ref. [19] has shown the
capability of coherently boosting the radiation as a first
step. In the steady state, the diminishment of longitudinal
bucket, due to orders of magnitude shorter wavelength
when comparing laser and rf, requires a much smaller
equilibrium longitudinal emittance. To achieve such a small
emittance, however, there is much less experience for the
design and optimization of the longitudinal dimension
compared with the transverse. Here in this paper, the
longitudinal Twiss function is introduced. Thereafter,
the three-dimensional Twiss has been all gathered. Then
the storage ring one-turn map in 3D Twiss form is deduced,
according to which the dispersion, 3D Twiss functions
and tune can be directly obtained. We also show that the
equilibrium longitudinal emittance can be obtained through
an overall integration of longitudinal beta function along
the ring. By theoretically analyzing the bend-related
elements (bend, undulator, wiggler, laser modulator) and
typical arcs, a general method for the optimization of
longitudinal beta function is given, and the ultimate state of
equilibrium longitudinal emittance of a storage ring is also
analyzed in detail.

This paper is organized as the following. In Sec. II, the
longitudinal Twiss function is introduced, the full 6 x 6
one-turn map in 3D Twiss form is deduced, and the
calculation method of equilibrium longitudinal emittance
is given. Section III analyzes the longitudinal emittance
contribution of bend-related elements. Section IV presents
the design strategy for ultralow longitudinal emittance,
including typical longitudinal-emittance-minimized arcs
and the matching of longitudinal Twiss function. Finally,
a brief summary is given in Sec. V.

II. LONGITUDINAL BETA FUNCTION AND
EQUILIBRIUM EMITTANCE

In accelerator physics, it is convenient and common to
use the transfer matrix to describe the linear motion of
electrons. Define the horizontal direction being x, and y(z)
for the vertical (longitudinal), the linear state of an electron
can be expressed by coordinates X = (x,x,y,y,z,6)7.
Prime terms are a deviation of velocity angles in each
transverse plane, and ¢ is the relative energy deviation. All
six coordinates are relative to the designed standard
electron, and usually have small values. Electron motion
from position A to position B in a lattice can be written as
Xp = M,_pX,, with M,_ g the 6 x 6 symplectic transfer
matrix between these two positions. In particular, when the
electron circulates for one turn from A in a storage ring, the
map will be M 4_, 4, or M 4 for short. For a planar lattice, no
skew quadrupoles exist, and there is no coupling between
the horizontal and the vertical direction. The 6D symplectic
matrix can then be simplified. Since dipoles will naturally
introduce transverse and longitudinal coupling in the
bending plane, by supposing all dipoles bend electrons
horizontally, the transfer map can be reduced to 4 x 4 for
simplicity. Traditionally, to handle the coupling, coordinate
x is split into the transverse betatron motion x; and the
contribution of energy deviation x5 = 19, where # indicates
the dispersion. Then the transverse emittance of one
electron, defined as

€x = 1xXj + 20px) + fox', (2)

is a constant during movement if radiation is ignored. Here
a,, Py, 7, are the horizontal Twiss functions [20].

At a dispersion-free position, including rf, the one-turn
map of a ring has the form of

cos¢, +a,sing, psing, 0 o0

M —7,sing, cos¢p,—a,singg, 0 O
N 0 0 M35 Nsg '
0 0 Mgs Mgg

¢, =2nv, is the one-turn horizontal betatron phase
advance, and v, represents the horizontal tune. e®i?:
are the eigenvalues of top left horizontal 2 x 2 matrix.
Similar with the transverse, for the longitudinal phase
space, we can parametrize the bottom right 2 x 2 matrix
as [21]

Mss = coS ¢ + a sin ¢,
mss = sin ¢,

Mmes = —y sin ¢,

Mg = COS ¢ — a sin ¢, (3)
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with ¢ = 2zv being the one-turn longitudinal synchrotron
phase, and v being the longitudinal tune. a, 3, y = HT“Z here

stand for the longitudinal Twiss functions. They are of great
similarity with their transverse counterparts, except for the
magnitude. In most storage rings, the longitudinal focusing
is weak, ¢ and o have small values, hence the $ and y keep
almost constant, unlike their transverse counterparts.

Generally, most of a ring has dispersion. To analyze the
one-turn map of a dispersive position, we focus at an
arbitrary place downstream of the above dispersion-free
one. The transfer map between is represented as

rn rn 0 7
r r 0 /
R— 21 22 n
rsi rsy 1 rse
0 0O 0 1

A symplectic condition implies only six matrix elements are
free, the others are correlated through ryryy — 11y =1,
rsp =nry =0Ty
— [here(s) _ 1y stands for the momentum compaction
0 ls) 72

between these two positions, where y,. is the Lorentz factor
of the standard electron. Then the longitudinal S-function
here is obtained by [22]

and rs, =nry —1'r;p. Here, 156 =

a=ay—7Yols6> (4a)
B = Po —2a9rse + Yorss; (4b)
Y = Yo (4c)

In a pure drift section, the y-function keeps constant, no
matter in the transverse or longitudinal dimension. It can
only be changed by the focusing elements: quadrupoles in
the transverse; rfs or other elements that introduce energy
chirp in the longitudinal. The S-function, however, depends
quadratically on the drift length: space length L in the
transverse and momentum compaction rsq in the longi-
tudinal. From this point, rss can be considered as the
longitudinal drift length. For physical space length, L cannot
be negative, while the longitudinal drift length can. This
brings many differences between these two dimensions. As
an example, according to Eqs. (4a) and (4b), the longitudinal
p and a have a relation of

1dp 1

2ds yoag—a

da { 1 n(s)}

v p(s)]
It is quite different from the transverse case by a dispersion
related factor % Because of this factor, the extremums of

locate at either @ = 0 or 2 = 1 In a bend-related element,

pls) = y¥

where 7(s) and p(s) are both nonzero, f can vary much
more violently.

In matrix, the one-turn map at this dispersive location
can be obtained by M, = RM R~'. Using x; ; for matrix
elements of M,, and combining Eqgs. (3) and (4), analysis
shows that at a dispersive location, the definition of Eq. (3)
is also valid, simply replacing m;; by x;; (j.i=35,6),
except the 56 term. It should be redefined as

X5 — H sin ¢, = f sin ¢, (5)

where H = y.n* + 2a.ni' + Bn'* is the chromatic invari-
ant. Thus all the matrix elements are

— — / :
Xg| = Xo5 = —N'y sin ¢,
Xgy = —X15 =y sin ¢,
Xes = —Y Sin ¢,

Xe6 = Mg — T'sgMgs = COS ¢p — @ sin ¢,

Xs5 = Ms5 + I'sghlgs = COS ¢ + @ sin ¢,

Xsg = Msg — (Mss — Meg ) I'sq — MesT3g

= f sin ¢ + H sin ¢,,

Xy = €08 ¢ + a, sin ¢, —nn'y sin ¢,

X12 = ﬂx sin ¢x + 7]2]/ sin ¢,

Xo1 = =7 Sin ¢, — 5%y sin ¢,

Xpy = COS ¢p, — &, Sin ¢, +ny'y sin ¢,

x16 = —n(cos ¢, + a, sin ¢,) — 1/, sin ¢,
+ n(cos ¢ — a sin ¢),

X6 = Yy Sin ¢, — 1/ (cos ¢, — a, sin ¢p,)
+ 1/ (cos ¢ — a sin ¢),

x5 = —n'(cos ¢, + a, sin ¢,) —ny, sin ¢,
+ 1/ (cos ¢ + a sin ¢),

x5y = =1 B, sin ¢, + n(cos ¢, — a, sin ¢,)
—1n(cos ¢ + a sin ¢).

This is the general transfer matrix in transverse and longi-
tudinal Twiss function form. Given a one-turn map, both
dispersion and Twiss parameters can be quickly deduced.
Take dispersion as an example, 7 = {2 and ' = 2.

With the definition of Egs. (3) and (5), the longitudinal
emittance can be defined in a similar way as Eq. (2),
with the transverse Twiss functions replaced by their
longitudinal counterparts. Just like the transverse, longi-
tudinal emittance e, of each electron keeps constant if
radiation is ignored. Practically, the circulating electrons
will give out radiation randomly. When the damping and
quantum excitation achieve balance, the beam reaches an
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equilibrium state, emittances in three dimensions will hold.
To evaluate the steady-state beam properties, Chao’s
formalism sLIM [23,24] gives the beam distribution second
moments at a certain location s as

(X X)) (s) =2 ) (JAP)Re[Egi(s)Ei(s)].  (6)
k=x,y,z
Here, X;(i = 1,2, ...,6) is the ith coordinate in X. Ey;(s) is

the ith element of the eigenvector in the kth dimension. The
equilibrium parameter is obtained through

) = & 22 10

__ 55 _r.h
_48\/§Zﬂmec’ me’

classical radius, respectively. i represents the Planck’s
constant, D, is the damping constant of dimension k
and p(§) stands for the bending radius at position .

Now, we handle Eq. (6) in the planar lattice case.
According to the above matrix elements, the eigenvectors
of M, are

)P
e ds,

r, are electron mass and

where C,

' B+(a,—i) Bt (ati)y
2H 2H
nyt(a+Hy' ny st (a =iy’
E = & V2H .
X - 9
Vi ¥
2 2
0 0

n/% n/%
/5 '7\/

EZ = —a+i ’ —a—i
V2r V2r

i 4

2 2

Substituting these eigenvectors in to Eq. (6), if we define
f‘ P ) d5 and [ = fl 5y @3, one can obtain

(zz)(s) = ngc [7-5)@ Is +,/}l()s) I], (7a)
__Gorials)

(20)(s) = ——=—7~1. (7b)
Cor2 r(s) .

(00)(s) = > CD—I (7c)

Z

At a dispersion-free location, H(s) = 0. The equilibrium
longitudinal emittance has a correlation of €2 = (zz)(56) —
(z8)? with the second moments. Hence, the equilibrium
longitudinal emittance is

Co)’g
€ 2D, (8)

This form naturally involves the partial eta effect. It applies
for a planar lattice and when all rfs are located at
dispersion-free locations. In the separated-function-lattice
case, the circular integral / can be written as a summation of
all elements with p # 0 (bend-related elements). Namely
the equilibrium longitudinal emittance can be considered as
the contribution of all bend-related elements.

From the expression of second moments [Eqgs. (7a)
and (7c¢)], it is clear that the bunch length and energy
spread have formulas as

2=V ep+eH, (9&)

05 = \/€,7. (9b)

o

Here, €, C‘”" I5 is the equilibrium horizontal emittance. It

has the same form as the longitudinal one, Eq. (8). For the
horizontal, it is the integration of chromatic invariant that
contributes to emittance, but it is the S-function for the
longitudinal. From Eq. (9), it is clear that when dispersion
is zero, the corresponding bunch length and energy spread

have a traditional expression, o, = \/7 05 = \/€;7-
But more generally, if dispersion shows up, transverse-
longitudinal coupling will contribute to bunch length
through the H-function [25]. The energy spread, since y
keeps constant until rf appears, is a fixed value between two
rfs. For a storage ring with only one rf, the bunch energy
spread does not vary along the whole ring.

III. LONGITUDINAL EMITTANCE
CONTRIBUTION OF ELEMENTS

In the previous section, the equilibrium longitudinal
emittance is obtained by circular integration of the longi-
tudinal fS-function, and can be considered as the contribu-
tion of all bend-related elements, such as dipoles,
undulators (or wigglers) and laser modulators. For each
kind of element with length L, define

L e
Al = / ﬁ(f)a ds
o |p(3)]
= Caa() + Cﬂﬁ() + C;/VO (10)

as the longitudinal emittance contribution coefficient. Here,
(9. o 70) is the entrance longitudinal Twiss, and C,, Cj,
C, are the corresponding coefficients, all being indepen-
dent of Twiss functions. Considering the relation of y, with
ag and fy, Al has a minimum value of

Almin — \/4CﬂC}, - Cg
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when ay = _Ca/AImim ﬁo = 2Cy/AImin and Yo =
2Cp/ Al yiy. These three Twiss parameters are intrinsic
characteristics of the element, and hence called the intrinsic
Twiss (IT). For one bend-related element in a ring, if the
real entrance longitudinal Twiss matches its IT, the longi-
tudinal emittance contribution of this element is minimized.
In this section, we will analyze the longitudinal emittance
contribution of typical bend-related elements and the
behavior under the IT case.

A. Dipole

Dipole is one of the most common elements for a storage
ring. Electrons bend and radiate here, and this means the
dipole can also be thought of as a source of damping and
quantum excitation. In many rings, the equilibrium longi-
tudinal emittance from the dipole dominates. So we start
from the analysis of emittance contribution of a dipole.

According to Eq. (4), for an element, the entrance
longitudinal Twiss and the rsq(&) inside determine f
together. Assume 7, and #;, being the entrance dispersion
and dispersion angle of a dipole, and denote the standard
electron velocity by S, then at an arbitrary bending angle &
inside the dipole, the accumulated momentum compaction
from the entrance can be expressed as [26]

no sin @ nyp(l —cos &) p(f2a —sin &)

Pe Be Bz

’”56(&) =

The longitudinal #(&) function is obtained by substituting
this equation into Eq. (4b). Then, setting y = ﬁ”—?p - ﬁl—z and

K=0-+ 2—0 the three coefficients are

2 0>  2n,(6—sin@
C, = (1 —cosp) + & 1 200 =sin0)
p p Pep
0
Cp=—>,
P
! 2 _ 32,2
C},:%cos 29+%sin 20
/ ’o
+2ﬂc7<)(+’70(1 —cos 0) +2M(9—sin9)
Pe Pe
93 /62 2 22 /
+__’70 _ (Mo fc)( _M' (11)
3 b 2p; 2p.

Substituting these coefficients into Eq. (10), the longi-
tudinal emittance contribution of a dipole, Aly, will be
obtained. By adjusting the entrance longitudinal Twiss,
the motion and radiation property of the electron bunch
inside the dipole can be slightly changed, and hence also
the contribution to equilibrium longitudinal emittance.
Alternatively, it can be seen that the entrance dispersion
is also flexible for the minimization of Alp, which may be

FIG. 1. Three kinds of dipoles based on the entrance dispersion.
Each kind has a different contribution to ¢, and a different
optimization strategy. A: 5y =, = 0; B: achromatic dipole,
no = p(1 —cos @) /p., ny = —tan@/p.; C: general case.

more convenient and direct sometimes compared with the
adjustment of the longitudinal Twiss function.

To get a clear understanding of this, the dipoles in a
storage ring are classified into three categories based on
entrance dispersion, as Fig. 1 shows. The first one (kind A)
is usually the first dipole of a super cell. It introduces
dispersion downstream, but has an initial dispersion of
o =1y = 0. This property limits degrees of freedom of
emittance optimization. However, it is still very effective by
modifying the entrance longitudinal Twiss function, and if
IT is matched, the emittance contribution can be reduced
in orders. Figure 2 shows the theory limit of Alp. In the

condition of high energy and y.0 > /6, Alg z%.

Adopting a small dipole does help to minimize equilibrium
longitudinal emittance. The matched f, and o for Alp ;.
are given in the left part. As the bending angle grows,
matched f, increases fast, but a, varies little. In the small
dipole limit or the relative low energy case, f, and a also
behave similarly. However, when y.0 approaches V6,
violent change occurs because the momentum compaction
Rs¢ goes to zero. For the achromatic dipole (kind B), its
entrance dispersion is also fixed. The theory limit of Al is
exactly that in case A. But the IT f; and ¢ vary much since
the entrance dispersion is different from that of kind A, as
the dashed line shows in the left part of Fig. 2.

£
g .
@o - \‘ /' 1 e . x*
21 A 5 0008
E SN - p
2 --- B Ve 3 -
E100 - .
K f v I oa, 33:0,1mm

3 12 - Intrinsic Twiss

10 -4 10
10" 100 10 10% 10° 10! 10%
7.0 (rad) 7.0 (rad)

FIG. 2. To minimize the longitudinal emittance contribution of
the first two kinds of dipoles (A and B), entrances f, and a, need
to be matched with the IT (left). Both A and B have a same limit
of Al which is shown by the red dotted line in the right figure.
Compared with other four cases, in the IT-matched case, Al can
be orders of magnitude smaller. Here, the electron energy is set to
be 400 MeV, and the bending radius equals 1 m.
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The most general case is the third kind (C), where the
initial dispersion provides more space for longitudinal
emittance optimization. Concentrating still on the mini-
mum value of Aly, one can find that the initial condition
should satisfy

(1420 + p20cosO — (1 +2p2) sin 0

= 12
o p.(0 —sin 0) . (129)
, 1

ny = —ﬂ—tani, (12b)
92

w0~ _ﬁ<1 +3]5), (120)
P& 0?

Bo ~ 14+—. 12d

A (124

Here, throughout this paper, we make a deal that the symbol
~ is an approximation that is independent of y,., but ~ does
depend on the standard energy. The first two conditions of
these equations indicate that 7’ at the center of this dipole
equals zero, or 77 has a minimum value [Fig. 3 (left)], which
is the condition mentioned in Ref. [27]. The last two
indicate the central a = 0. However, compared with the
dispersion function, the longitudinal beta function inside
the dipole undergoes oscillations. The extremums of (&)
come not only from a = 0 but also ;)—7 = yiz In the optimized

case, a proper location of these extremums results in a
perfect distribution of £ inside, making the partial eta
minimized. Hence the longitudinal emittance contribution
can be orders of magnitude lower than the unoptimized
case, as the black star in Fig. 4 shows.

Applying the above initial condition in Eq. (10), it is safe
to conclude that

¢ 0*
AMge——(14+ 1
g 60\ﬁp< +90> 13)

when 6 <0.5. The longitudinal emittance contribution
is proportional to #*, as kind A and B dipoles. Figure 5

-3
00 0.02 0.04 0.06 0.08 0.1
& (rad)

-04 -0.05
0 0.02 0.04 0.06 0.08 0.1
& (rad)

FIG. 3. The matched dispersion (left) and longitudinal Twiss
function inside dipole C (right). This distribution minimizes the
partial eta effect.

‘- --ap=2%f =1mm  —IT @n/n unoptimized % IT @ n/r  optimized ‘

10°

107

pAI,

0.1 005 0 005 ();1
7, (M)

FIG. 4. Longitudinal emittance contribution of the third kind of
dipole (C) at various initial dispersions. There exists a minimum
in 77y and 1, both at a certain entrance Twiss and the IT case. By
co-changing 7y, 1), po and ap, the longitudinal emittance
contribution Al can be orders of magnitude lower (black star).
Here again, the electron energy is set to be 400 MeV, and the
bending radius equals 1 m.

107
Nm -
El\ 10 - 0* :

10 ANl = ——| 1+ —

TP = e0dT L Moo
107I5. L '
10° 10! 10° 10°
7.0 (rad)

FIG. 5. The theoretic limit of longitudinal emittance contribu-
tion of the third kind of dipole (C) at various bending angles. The
blue dots are the exact integral results, and the magenta dashed
line shows the approximation in the picture, which is valid in a
wide range of bending angle.

plots this theory limit. This scaling is very close to the
exact result.

B. Undulator or wiggler

In addition to dipoles, electrons also radiate in an
undulator or wiggler because of the transverse oscillation.
This radiation enhances the damping process, changes the
damping partition, and results in a smaller equilibrium
transverse emittance [28]. Owing to this property, damping
wigglers are widely used in the third-generation storage
rings, and are almost indispensable for DLSRs. Apart from
the transverse effect, the radiation will also affect the
longitudinal emittance.

Consider an ideal planar undulator or wiggler. The
magnetic field on the central plane can be written as

B(z) = By cos(k,z),

090701-6
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with B, representing the peak magnetic field and k, = i—”

Under such a field, a relativistic electron will oscillate
transversely when passing through. During this process, the
motion angle is

K
X = % = —sin(k,z).

z Ve

Here, K = -5
m,ck,

undulator. It can be proven that the derivative of the
dispersion function inside, #'(z), also has the same form,
hence the dispersion

is the dimensionless strength of the

(2) / (E)ds = o+
= S =
e 0 T o }/cku

[1—cos(k,2),  (14)
where the typical case y.> K is assumed, and the
infinitesimal ds = V1 +x?dZ ~ (1 +%)dZ is used. 7,
represents the entrance dispersion of this undulator. A
nonzero #, indicates that the undulator is placed at a
dispersive section.

The calculation of longitudinal emittance contribution
relies on the exact internal momentum compaction factor.

Considering the resonant condition A = ;7 (1+ K;) longi-
tudinal dispersive strength inside can be expressed as

=[5

24z _ K sin(k,z) {1 L rekao COS(kMZ)]

T v2k, K 2
(15)

At the exit, z = L,,, and sin(k,L, ) = 0. This means a total
undulator momentum compaction of

2ALu L K?
=TT IN A= 14+— ). 16
I “ 7%( +2> (16)

Here, N, represents the number of undulator periods. This
formula indicates that the rss of each period is just two
times of the fundamental resonant radiation wavelength, 4,
no matter if the undulator is placed dispersively or not.
Again, by assuming ay, fy and y, being the entrance
Twiss, the longitudinal beta inside $(z) can be obtained
through Egs. (4b) and (15). In the undulator, the sine term
of rs56(z) leads to an oscillation in S-function. In the low
longitudinal emittance case, this is a vital point for partial
eta effect, similar with that of the whole ring. Therefore, the
contributed longitudinal emittance by an undulator period

. 5
18 ASZi = CO 2];;7 Ali, and

M B2) ( X’z>
Al —A )] 1+ > dz
= C(aivﬂivyi)Tv (17)

where (a;, f;,7;)7 is the entrance longitudinal Twiss of this
period, C = (C,, Cy, C,), and for undulator or wiggler

16K3k24
Ca:—igu,
3y;
8K3k2
Cp=—"5;
3ye
K3 /160 3712K* 3112K*
C,=—— =+ +
y!\ 27 675 4725
nK? §+167K2+97K4
77\ 9 45 90
1072K3 K2\?2
1+—] . 18
* 3! (+ 2> (18)

The three parameters depend strongly on the energy of the
standard electron. But for a given undulator and beam
energy, they are all constants. Looking closely at the three
terms o;C,, p;Cy and y;C,, we have known that y; keeps
constant inside the undulator since no rf kick exists.
Therefore, for each undulator period, the variation of
emittance contribution, Al;, comes only from the first
two terms, @; and f; more specifically.

For each undulator period, (a;, $;,7;)T is connected with
each other by the longitudinal transfer map in between. We
have analyzed previously that each period has a momentum
compaction of 24, this corresponds to a Twiss function
transfer map:

1 0 -22
Tp=| —412 1 4x
0 0 1

Because the initial Twiss value at the entrance of the undulator
is (ag, Bo, 7o), at the entrance of the ith undulator period, by
iteration, (a;, B, 7:)" = TS5 (ag, Bo» 7o) - Inside the undu-
lator, a; depends linearly on z, while f; depends quadratically.
Applying this value to each period, the contribution coef-
ficient Al; is obtained. The total longitudinal emittance
contribution coefficient by the whole undulator is the sum-
mation of all periods, hence can be written into

N“_l Nu_l
Al, = Z Al = c(Z T‘D> (@0, Bos 70)"
i=0 i=0
! 0 (1-N,2 %
=N,C| 20 =n,)2 1 2WslONoD 2 | g,
0 0 1 Yo
(19)
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FIG. 6. The contribution coefficient AJ, to the longitudinal
emittance of an undulator or wiggler. To make it dimensionless, the
peak curvature radius of the undulator p, = Ky—k is multiplied.
The wiggler parameters are A;; = 5 cm, N, = 50, and K = 6.857.

The best value appears around («, fy) = (1.64, 112 pm).

It is clear that for an undulator or wiggler, its longitudinal
emittance contribution depends linearly on initial Twiss

parameters, «g, fy and y,. However, if the relationship
1+a2

70 =75,
Figure 6 shows the emittance contribution p,Al, under
various initial @y and f,. When the initial beta is small
while gradient (a) is large, this contribution is significant.
But if optimized, several orders of magnitude reduction can
be obtained. The best initial condition satisfies that the
central o equals zero, namely f at the undulator center
reaches a minimum value. Under such a circumstance, the
variation of equilibrium bunch length along the undulator is
minimized, so is the emittance contribution.

From Eq. (19), undulator period number N, or length
contributes much more linearly to emittance growth than
initial Twiss. When N, increases, the beam transit time
linearly enhances, which is the reason of the first linear N,
term. The N, in the 3 x 3 matrix comes from the fact
that the beam longitudinal state, or (z), varies along the
undulator, and this causes extra contribution. To get a
clearer understanding about the influence of N,, we set
(ag, fo) = (1.64,112 um), calculate and plot the longi-
tudinal emittance contribution coefficient as the blue solid
line in the left of Fig. 7. As undulator period number
increases, Al, grows fast, especially in the large N, range.
But this can be suppressed by optimizing a, and f, for each
case of period number [Fig. 7 (left, red dashed line)]. If this
is done, the contribution coefficient,

is considered, there will be an optimized value.

N
AL ="t \/=9CE +36C4C, + 12CH (NG - 1),

depends quadratically on N,. At the large N, case, the
emittance contribution can be greatly reduced.

‘—a0= 164, f,=0.112mm = Intrinsic Twiss ‘
4 4

6><10 5><10

5
N:4
<3
S

1

0() 20 4()N 60 80 100

u

FIG. 7. The contribution coefficient A/, to longitudinal emit-
tance of an undulator or wiggler vs N, (left) and K (right).
To make it dimensionless, the peak curvature radius of the
undulator p, is multiplied. The blue solid line is the result at
(g, fo) = (1.64,112 ym). For each N, and K, there exists an
optimized o and S, red dashed line gives the optimized result.
Here, Ay =5 cm, K = 6.857.

Practically, a more common situation is to adjust the
undulator gap to modify the K parameter. During this
operation, only undulator period length keeps unchanged,
while the other parameters will be modified. Compared
with the dependence on N,, the longitudinal emittance
contribution is much more sensitive to K. For the fixed-
initial-Twiss case, as given by the blue solid line in the right
of Fig. 7, at large K range, Al, is beyond the fifth order
of K. If optimized, Al, ~ 4.8369k,N%K>/y> when K >> 1,
and Al, ~9.6736k,N2K3/y? when K < 1, as presented
by the red dashed line in the right of Fig. 7.

If the undulator or wiggler locates at a dispersive
position, say 7y # 0 and 7, = 0, there will be an extra

contribution to longitudinal emittance. Substituting
Eg. (15) into Eq. (17), one can find that only C, is changed.
Two new terms that are related with 7, 81155];2;_"3 and

K*k,[307-+K?(32+157)]n9
3070

case. Hence the total longitudinal emittance contribution
becomes

, need to be added to the dispersionless

Alu = AIu,nodis + AIu,dis
8K ki
15y)
K*k,[307 + K*(32 + 157)]n
+ 6 70>
30y?

= AIu,nodis + Yo

(20)

which is quadratically dependent on initial dispersion.
Figure 8 presents the influence of #y. To minimize the
total emittance contribution, one can put the undulator or
wiggler at a position with a small negative dispersion. But
this does not help much compared with the dispersionless
case, and may introduce other transverse problems, such as
extra transverse emittance increment.
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1.4F '
——Fixed initial Twiss
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FIG. 8. The contribution coefficient A/, to longitudinal emit-
tance when the undulator or wiggler is located at a dispersive
position. The blue solid line is the result at (ag,p) =
(1.64, 114 pm). For each 5, there exists an optimized &, and
P, and the red dashed line gives the optimized result. 1; = 5 cm,
N, =50.

C. Laser modulator

As electrons passing through a planar wiggler or
undulator, if a laser, with wavelength matched at the
i
field will interact continuously with the electrons’ trans-
verse velocity, and energy exchange will occur between the
electron and laser. Depending on the initial phase of the
electron as entering the wiggler or undulator, the energy
gain can either be positive or negative. This effect has been
extensively studied in both FEL and inverse free-electron
laser [29,30]. When the wiggler or undulator is ideal and is
put in a dispersion-free section, the whole interaction
process makes no difference to beam transverse property,
and is hence a 1D dynamic problem. The beam dynamics
can be described by the famous FEL pendulum equation:

resonant condition 1 = 2% (1 +K72), joins in, its electric

s kaoKJ . -

- 2 in ¢, (21a)
i3
—d) = 2k,0. (21b)
dz

Here, k = 27” is the laser wave number, a, = nfi‘iz is the

dimensionless laser electric field strength, and J =

]0(4+K22Kz) -J (4+K22Kz) is a Bessel factor. ¢ = (k + k,)z —

ket + &50 is the ponderomotive phase. Figure 9 shows the
final longitudinal phase space of a line bunch after passing
through the combined fields.

Typically, it can be seen that for a standard electron
(initial phase ¢y = 0, also the zero-cross point of each
subfigure), its energy does not change after passing through
the laser modulator. Electrons at other phases are accel-
erated or decelerated. In other words, the whole bunch is

» Deviation ‘

\ —e— Modulated result —e— Tangent@Cross point

_4 -3 3
x 10
3 x 10 ‘ x10 02

0.5 -2 0.1
-2
@ | (b) o
500 0 500 -500 0 500
z (nm) z (nm)
-3 10 1072
10 x 10 To
5 5
w 5 5
0 0 < <
-5 5
C
-10 © = -10 2 2
-500 0 500 -500 0 500
z (nm) z (nm)

FIG. 9. Longitudinal phase space at the exit of the laser
modulator under various laser strength. The initial state is a line
bunch without energy deviation. As the modulation laser strength
grows, electrons rotate and form the FEL bucket, but the linear
region around the zero-cross point shrinks. The blue dotted line
is the tangent at the zero-cross point, the gray dotted line
represents the deviation between modulated result and the
linear tangent line. (a) ag = 3.9 x 107%; (b) ay = 5.8 x 1075;
(©) ay = 1.9 x 10™; (d) ag = 3.9 x 107*. The laser wavelength
used is A = 1 um, which is the fundamental resonant wavelength
of the undulator with 4, = 5 cm, and wiggler periods N, = 50.

modulated. When the laser is weak, the modulation
approaches a sinusoidal or cosinoidal form. But for a
strong laser, the modulation inside the wiggler will cause a
large energy change during every wiggler period. Then,
electrons with positive ¢ slip forward and negative back-
ward, resulting in a significant longitudinal phase space
rotation around 2(n + 1)z. If the laser is strong or the
wiggler period number is large, this period-by-period effect
will finally lead to a phase space rotation in an FEL bucket.
The linear region, which is around the standard electron and
the most frequently concerned, will shrink as the phase
space rotation angle increases.

Despite the complexity, the modulation property is very
suitable for the replacement of rfs in a storage ring, pushing
the modulation wavelength from tens of centimeters to
micron, and promoting bunches to microbunches [14].
However, before more detailed analyses, we should make it
clear that there are at least two issues that are very different
from a thin-lens rf. The first one is the longitudinal transfer
matrix; the second is that the laser modulator will contrib-
ute to equilibrium longitudinal emittance.

We have stated that if the laser modulator is located
somewhere dispersionless, the averaged longitudinal
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motion of the electron can be described by Eq. (21). To get
the symplectic transfer matrix, we consider those electrons

close to the standard one (q;ﬁ is small), and linearize
Eq. (21a) as

ds  kaoK J

dz 22

0S 455 ' &5

Here, for a more general case, we assume that the standard
electron has a phase of ¢,. Thus, the motion in the
combined fields can be written into

( z ) [ cos Ay, —ZSifmAkw'" < 20 ) (22)
) _ Unk si; Ay, coS Al//m 50 s

= \/%, Al//m = NMAWI = 2”Nul/m is

the equivalent longitudinal Twiss phase advance in N,
periods. This is the transfer map of the laser modulator in a
thick-lens model. Setting N, = 1, the single period map is

1 0\ /1 2idwiN 71
o= )G )G ) @
: h 1)\o 1 ho1

v,k tan(zv,,)
2

and v,

Here, h = —
2 sin Al[/l
mk

is a small energy kick strength and
is the equivalent longitudinal drift strength. When

27w < 1,28 ﬁ"" ~ 2. This exactly indicates an rsq of 24

per undulator penod and the single period modulation map
is the result of one longitudinal drift map sandwiched
by two energy kicks. It should be noted that for a laser
modulator, to get enough modulation, the wiggler usually
has a large K, hence the above approximation is valid
when a, < 0.01.

For the longitudinal emittance contribution of a laser
modulator, Eq. (23) has given a clear clue for the handling
method. The overriding difference between a laser modu-
lator and a pure wiggler or undulator (or laser is off) is that
the former has energy kicks inside. These energy kicks
change the longitudinal p-function from the laser-off case.
This variation in f affects the equilibrium longitudinal
emittance contribution. By putting two small energy kicks
at the head and tail of each wiggler period, and following
the method in the undulator case, the corresponding Twiss
transfer map of Eq. (23) is then

v, ksin(2Ay ) __sin(2Ayy)
cos(2Ay) 1 o
2sin(2Ay) 2 4sin® Ay
T = LG SV FSIAY;
M Dmk cos AWI IJ,,,/(Z
ksin(2A .
%(”") L2 k2sin” Ay, cos®Ayr,

However, this transfer map does not bring the Twiss
function to the real front of the next period dipole, since
there exists one more energy kick, and the corresponding
map is

30 45— 0

1.5 1.5
z (m) z (m)

FIG. 10. Longitudinal Twiss function inside a laser modulator
at different synchrotron phases. Left: ¢, = 7 and a, = 4 x 1074,
Twiss function oscillates. Right: ¢, =0 and a, = 4 x 107>,
Twiss function diverges.

1 —h 0
Te=| 0 1 0
—2n B 1

Therefore, the entrance Twiss of the ith laser modulator
period will be (ai,ﬂi, ]/i)T = TKTEI ((lo,ﬂo, ]/0)T. Figure 10
presents the longitudinal Twiss function inside a laser
modulator under different synchronous phases. When ¢,
is around z, both a and f oscillate sinusoidally or

cosinoidally, and the oscillation wavelength i

reduces as the laser strength increases. The central

and peak—to—peak values of f are f., = &—l- k22;/% and

Aﬂpp kzyﬁl/im
contribute significantly. A large f.,, means a large equi-
librium longitudinal emittance contribution. In another
case, if the synchrotron phase is around zero, which
indicates v,, is an imaginary number, the Twiss inside
modulator diverges, as the right of Fig. 10 shows. This
would result in vast increasing of f#, and hence a much
larger longitudinal emittance contribution.

It should be stated that the above discussion of longi-
tudinal beta is only the averaged performance; a more

At small a, the second term of S, may

5 ‘ —0,=164, 5,=0112mm Intrinsic Twiss ‘
16 o -4 ‘
14 10
12
10
=8 _s107
<6 <
& 5
4 106
107
2 0 2 4 6 8 Io, 0 20 40 60 80 100
a, x 10 N
u
FIG. 11. Longitudinal emittance contribution of a laser modu-

lator under various laser strength (left) and undulator period
numbers (right). In the left part, modulator period number is fixed
at 50, 4, = 5 cm. Negative ay means a zero synchrotron phase,
and a, > 0 for ¢, = z. In the right part, q; is tuned at 4 x 1074,
P is the peak bending radius of the laser modulator.
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sophisticated evolution exists in every period because of a constantly changing bending radius and energy kick. To embrace
these effects, analytically, eigenvectors and eigenvalues of TxT%;! can be used to obtain the total longitudinal emittance
contribution coefficient by the laser modulator, which finally can be written as

No—1
Al, =CT T (o, )T
m K M 052070
i=0
cos % sin(Ay,,) Vk(N, sinAg1 sin Ay, +sin% sin Ay,,) N, sin% sin Ay —sin % sin Ay,
cos 241 B 4 cos2L Uk cos2L
2 2 m 2 (ZO
= — ¢ __cos Ay, —cos A (142N,) sin Ay, +sin A _(1-2N,) Si;l %x//]Jrsin A Bo (24)
sin Ay vk 4 2k
v, ksin® Ay, v2,k*(2N,, sin Ay, —sin2 Ay,,) 2N, sin Ay +sin 2Ay,, 70
2 cosz% 16 cosz# 4cosz#

Here, A = (2N, — 1)2zv,,. According to this expression,
the dependence on laser strength is analyzed, shown in the
left part of Fig. 11. Generally, when the entrance /3, deviates
far from the optimized value, Al,, has a small oscillation as
the laser strength improves. This indicates a series of ag
which make the emittance contribution minimum. However,
when f, approaches the optimization, the oscillation van-
ishes gradually. Finally, at the best initial state, Af,, drops
monotonously with the growth of a; and can be greatly
reduced by increasing laser strength. Besides, the influence
of modulator period number is also analyzed as the right
of Fig. 11 presents. The stepwise growth is a typical
case, which originates from the sinusoidal nature of the
p-function. At the best state, like the dependence on laser, the
stepwise property vanishes again.

IV. ULTRALOW LONGITUDINAL EMITTANCE
STORAGE RINGS

In the previous section, several typical bend-related
elements are analyzed on their equilibrium longitudinal
emittance contribution and longitudinal Twiss functions
evolution. In this section, the matching of longitudinal
Twiss functions, like the transverse ones, is discussed.
Based on the above results, the limit state of longitudinal
emittance of some typical arcs and a storage ring is
analyzed. Two samples of storage ring targeting at ultralow
longitudinal emittance are presented. Of course, to keep the
flexibility in the transverse, only the longitudinal profile
is given.

A. Longitudinal drift section

In the transverse direction, one drift section is a real empty
space. But for the longitudinal, one drift is an achromatic
section, namely a beam line that has only the momentum
compaction effect (r5¢). Figure 12 shows three kinds of
typical longitudinal drift sections. The simplest one is of
course a real empty space. By changing the space length L,
the rsq alters. But for high energy particles, a significant
value of rsq means a huge length. A clever design is the

magnetic chicane, where the longitudinal drift can be tuned
without increasing or decreasing the real space length,
adjusting the dipole bending angle instead. This greatly
reduces the beam line length, especially for relativistic
particles. The third kind is an arc, where the entrance and
exit direction of beam can be different. Double-bend
achromat (DBA), triple-bend achromat (TBA) and multi-
bend achromat (MBA) are all typical longitudinal drift
sections. In these cases, achromatic condition requires that
the first and last dipoles must have a fixed boundary, hence
the r5¢ from the two bends cannot be changed. Thus, for
DBA, the rs4 can only be modified by varying space length
in between or changing the bending angle. To adjust rsg
more conveniently, one (TBA) or more (MBA) dipoles can
be added in between. Unlike the chicane, the adjustment of
longitudinal drift depends on tuning of quadrupole strength
which causes a modification of dispersion inside the added
dipoles. Although the introduction of dipoles breaks the
space limitation for a significant rs¢, they may bring large
high order momentum compaction if not carefully con-
trolled. Besides, as previously introduced, these dipoles will
contribute to the longitudinal emittance due to radiation, and
this needs to be minimized when low energy spread or
ultrashort bunch is needed.

B. Ultimate-longitudinal-emittance arcs

It is clear that in an arc, the longitudinal emittance
limitation appears when and only when every dipole has a

M ‘ ‘ DBA
LN four bend
(a) (b) (©)

FIG. 12. Three kinds of typical longitudinal drift section.
(a) Pure empty space, rsg = /32#72 (b) Four-bend and triple-bend
chicane. (c) A series arcs: DBA, TBA, MBA.
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theoretic minimum emittance contribution. This indicates a
same IT y for all three kinds of dipoles A, B and C.
Because dipoles in kind A and kind B are usually used to
match the dispersion, from now on, we take 6,, and p,, as
their bending angle and bending radius, respectively. The
subscript m here represents matching. For these two kinds
of dipoles, from Eq. (11), if they have the same bending
angle and radius, the IT y for both are consistent naturally.
In a common case, when y.6,, > 1, it is safe to write it as

_8VIp?
" G

In a DBA, the separation between two dipoles can be
optimized to make them both work at the emittance-
minimized state. This separation is

L ,2—2cos0, + 205 —20,,sin6,,
S_pm},(,' 9

_YePuOy

4 (25)

Figure 13(a) shows an example of matched longitudinal
Twiss in DBA. The longitudinal p-function varies quad-
ratically in separated space, and matches the optimized
longitudinal Twiss of two dipoles.

The dipole in kind C is a general case, and is widely used
in a storage ring supercell. We call it the main dipole.

“(a)

),

PR—— ! =
2.5 cm‘ 2.2 m‘ 6cm 2.2m 6 cm 22m2.5cm

N

FIG. 13. Matched longitudinal Twiss of three typical arcs. The
Twiss functions inside every dipole are their IT. (a) DBA; (b) TBA;
(c) MBA. The x-axis represents the longitudinal position along this
section. To show the details inside the dipole (with gray back-
ground), the location of the dipole is zoomed in and adopts a unit
of centimeter. For the separation between dipoles (without back-
ground), where f changes quadratically, the x-axis unit is meter. In
each element, the scale of the x-axis is linear.

Previously we have analyzed the best initial longitudinal
Twiss for minimum emittance contribution, which is

N 120v/7

=5

When main dipoles and match dipoles both exist in a
beam line, like TBA and MBA, the minimum longitudinal
emittance state requires y = y,,. This means a bending
angle relation between the main dipole and match dipole of
B2p6 = 15p,,63,. Another condition is the matching of the
longitudinal g-function. Similar with the DBA bends, a
separation with length

2 93
Ly TP2ER (26)

will be the perfect choice for the matching of the main and
achromatic dipoles. Figure 13(b) presents a matched TBA
case. The longitudinal p-function varies violently inside
the dipole, but can be perfectly transformed between them
through an empty space. Actually, more dipoles can be
added and form MBA structure, with each dipole working
in an emittance-minimized state. Assuming all main
dipoles are the same, then the matching of the f-function
between main dipoles can also be accomplished by a
separation. From Eqs. (12¢) and (12d), the space equals

I B2r2p(6° + 0 sin @ — 4 + 4 cos 0)
¢ 0 —sin 0
Biript”
60

~

(27)

Just like L,,., L, is also proportional to #°. Put arbitrary
numbers of main dipoles in DBA, and separate each other
by this length, with L,,. between match and main dipoles,
one longitudinal-emittance-minimized MBA can be
formed. Figure 13(c) is an example of a Twiss function
of a four-bend achromat.

C. Ultimate-longitudinal-emittance storage ring

In a storage ring, to achieve an ultimate-longitudinal-
emittance state, the arcs introduced previously can be used.
However, to form a ring, one more constraint about the
bending angle exists. Assuming the ring consists of N
arcs. Each arc has two match bends and N, main dipoles.
The constraint reads N, (26,, + N.0) = 2z. Besides, to
make the beam stable, the matching of the longitudinal
Twiss function between theses arcs is needed. Typically,
this matching can be accomplished in two ways.

The first one, similar with the transformation of a
longitudinal Twiss inside arcs, depends on a pure empty
space. It can be seen that when the separation is
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-2 +2cos0,, + 202,

LdZY%pm 0
0 @ 6>
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npm< y%+12 36()) (28)

the longitudinal p-function of two arcs will be perfectly
connected. In other words, the combination of this sepa-
ration and an arc forms a completely isochronous longi-
tudinal supercell.

The other way takes advantage of the longitudinal
focusing property of an rf or laser modulator to match
the longitudinal f. If only one rf or laser modulator is used
for matching, it must be set at the separation center. In thin
lens approximation, its modulation strength must satisfy

. eVO -

h— 2(ag = 708)

E. =2+ Po+ro&’

where & = Ly/ L, s is the separation between the rf or

modulator and the nearby matching dipole, and (ag, Sy, 7o)
represents the boundary longitudinal Twiss of the emit-
tance-minimized state. When this matching is completed,
the longitudinal stability is naturally fulfilled. Figure 14(a)
shows an example of this circumstance. If 2L,,,; < Ly, rse
of the whole ring is negative, and & > 0; vice versa. The
further 2L,,,; deviates from L, the stronger the required
modulation strength will be. In the case that L, > Ly,
both a and g at the position of rf or laser modulator will
have a large value [as Fig. 14(a) shows], which means a
rather long bunch, and a serious nonlinear effect from rf or
laser modulator. An alternative choice is to apply two rfs or
laser modulators which are set symmetrically, as shown by
Fig. 14(b). There is little requirement on the modulation
strength in this case. From the point of longitudinal Twiss
matching, only physical separations and dipoles can form
periodic Twiss structures, and it seems that the electrons
will be stable in such a ring. But from the point of energy
conservation, rfs or laser modulators are necessary to
compensate the radiation loss. Obviously, there should
be at least one rf or laser modulator in a ring.

G (um)

6 8 070 0102 03 04 05 06 !

4
s (m) s (m)

0() 2

FIG. 14. Longitudinal Twiss matching of two arcs. (a) One rf or
laser modulator at the cente.; (b) Two rfs or laser modulators set
symmetrically.

Suppose all dipoles in the ring have the same
bending radius, namely p,, = p, the radiated synchrotron
radiation energy per turn can be written as

2,4

Uo = 55 G T + X
radiation in all damping wigglers and all laser modulators
is considered. Note that since the electron radiates much
smaller energy when accelerated in rfs compared with the
bending process in dipoles, rf elements are thought to have
no contribution to the longitudinal emittance. Then the
longitudinal damping constant is a, = Uy/E.. We can
obtain the equilibrium longitudinal emittance as Eq. (8),
with 7 the summation of all dipoles, undulators, damping
wigglers and laser modulators. If only rfs (no laser
modulators) appear in a ring, the ultimate equilibrium
longitudinal emittance will be

Here, the synchrotron

1 2
€, = —
© 482132z

vepzo°. (29)

Here, 1, denotes electron Compton wavelength. From
this expression, €, is independent of bending radius, but
strongly depends on bending angle. Reducing the bending
angle of the main dipole can effectively lower the equi-
librium longitudinal emittance. It should be noted that this
emittance can be very small compared with the longitudinal
rf bucket. In the ultimate state, the ring is actually also a
weak-focusing one, and such small equilibrium longi-
tudinal emittance contributes to a very long quantum
lifetime, even if when the rf is replaced by a laser
modulator. However, the circumference of the ring

202
7:0-p 2 1
ine = 27Tp + NO|=— +
Cring p 30 {S <3 W) 7[] (30)

may be huge, especially for a high energy ring. But if the
designed electron beam energy is hundreds of MeV, this
value can be reasonable.

If the separation of Eq. (28) is taken to match two arcs, it
can be obtained that the minimum longitudinal S-function
B2pt?
b

between the two arcs is Py, & This means an

equilibrium energy spread of

2
o VLR )
oring A8 Am p

It is only related with the bending radius. The scaling is
Oping & p~°, not that sensitive. Meanwhile, the bunch
length at this point is proportional to y,.526°,/p. Reducing
the dipole angle can quickly shorten the bunch length.
Table I shows a sample ring working at 400 MeV. The
dipoles are relatively small, and maybe more reliable to
adopt permanent magnets. With such small bends, the
equilibrium longitudinal emittance can be 0.17 pm in the
two-rf case. The bunch length will be as short as 0.40 nm.
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TABLE 1. Parameters of a sample ultimate-longitudinal-
emittance ring.
Match strategy 2 rfs
E, 400 MeV
P 1.5 m
0 61.3 mrad
0, 25.0 mrad
L, 353 m
L,y 353 m
U, 1.51 keV
N, 12
Ny 8
Cing 385.54 m
Total rsq —3.15 ym
rf voltage V 5 MV
Frequency f 500 MHz
h 1.31 x 107" m™!
¢ 179.991 deg
€, 0.17 pm
Energy spread 421 x 107
Bucket height 55.00

Such beam is sufficient to produce high-power coherent
near-soft-x-ray synchrotron radiation in dipoles or undu-
lators. Besides, under such a small total rsq, which is
of great challenge to control systems, the ultimate-
longitudinal-emittance ring is weak focusing as stated,
and the bucket height can be extremely huge. This leads to
a very stable microbunch. However, apart from the pressure
on the control system, in the ultimate state, there exist some
intrinsic issues. The first one is located at the ultralow beam
duty cycle due to rf (one single nanometer bunch in every
tens of centimeters), whose wavelength is on the order of
centimeters. But this situation will be greatly relieved by
replacing rfs with laser modulators. The second intrinsic
issue originates from the matching of longitudinal Twiss. It
is not easy to push electron energy to GeV range, where
either the separation between two dipoles will be too large,
or the bending angle of dipoles will be too small. To
overcome this bottleneck, the ultimate state has to be
sacrificed. Namely each dipole has to work at a state that
deviates from its IT, and the equilibrium longitudinal
emittance or bunch length will hence have an increment.

D. Longitudinal-emittance-minimized storage ring

In the previous subsection, the ultimate longitudinal
emittance of a storage ring is presented. For high energy
storage ring, this ultimate state means a huge circum-
ference, which is practically impossible. Generally, if any
one of the following conditions breaks, the ultimate-
longitudinal-emittance state will disappear:

(i) All dipoles between two rfs or laser modulators in

the ring have a same IT y.

N, main dipoles

6, 6 [ 0 0 9,
pt p ) E— p N [, BN
&, 4 5 4 4 &
FIG. 15. Layout of a typical longitudinal supercell. Two

achromatic dipoles are located at the head and tail, each one
has a bending angle of 0,,, radius of p,, and rs¢ of £,,. N. main
dipoles with separations of L. are inserted in between. Their
bending angle, radius and rs¢ are 6, p and ¢ respectively. L, is the
space for longitudinal Twiss matching. The total rsq of this
supercell is &,.

(i) Separations between dipoles match the IT « and .
(iii) The setting of rfs or laser modulators does not
disturb the longitudinal Twiss in the ring. They
are only used for Twiss matching like quadrupoles in
the transverse Twiss matching process.
To minimize the equilibrium longitudinal emittance, the
optimization of a larger unit, such as one supercell or even
the whole ring, should be focused on. Here, we show a
method that targets at a super-cell.

Suppose the supercell has a layout shown as Fig. 15,
following the analysis of undulator and laser modulator, the
3 x 3 matrix concatenating method is used to find the
entrance longitudinal Twiss of each dipole. Using symbols
(CaAvC/iAvcyA)’ (CaB?CﬁB7CyB) and (CaC’CﬂC’CyC) for
the coefficients of dipole A, B and C respectively, the total
coefficients of the supercell will be

Co=Coa+Cop+N.Cyc
= N&iCpe — 28 Cpp

Cp = Cpa + Cpp + N.Cye

C, = Coa+ Cpp+ N.Cye

1
- ENcétcCaC + thmCﬂB - gthaB

2Nc -1
6 —1) 26m ~ 6| G

_Nc é:%nL _glcgmL _6(N _

Here’ ftc :ét_f_%’ gtm :ét_ém_% and émL :gm—FL’"”

e’
The longitudinal Twiss matching using a separation
requires that & = 0. With these definitions, parameters
can be chosen to satisfy the IT of this supercell, and once
done, the longitudinal emittance contribution will be
minimized. It is obvious that this IT is not consistent with
that of each dipole, which means the dipole’s ultimate-
longitudinal-emittance state, or Eq. (12), is broken. But
usually, for the lattice symmetry, the property #' = 0 at the
center of each main dipole should be kept, which is much
easier for operation. It should be pointed out that though the
ultimate state is sacrificed, the equilibrium longitudinal
emittance can also be orders of magnitude smaller than
present electron storage rings, reaching pm to nm range.

090701-14



ULTRALOW LONGITUDINAL EMITTANCE ...

PHYS. REV. ACCEL. BEAMS 24, 090701 (2021)

TABLE II. Parameters of a sample longitudinal-emittance-
minimized ring.

Match strategy 2 laser modulators

E, 400 MeV
p 1.0 m

0 106.70 mrad
0,, 43.45 mrad
L, 3.50 m
L. 350 m
Ly 13.15 m
N, 9

Ny 6

U 2.32 keV
Cing 272.88 m
Total rsq —39.97 ym
Laser strength aj 1.0 x 1073
Laser wavelength 1 1.0 ym
Modulator periods N, 10

€, 1.38 pm
Bunch length 3.10 nm
Bucket height 424 x 1072

Again, for such a small longitudinal emittance, if rfs are
taken to match the longitudinal Twiss and compensate
energy loss, the relative large rf wavelength will lead to a
small duty cycle. Thus, it is preferred to use a device with
much smaller modulation wavelength—the laser modula-
tor. Here, we show a sample ring targeting at ultrashort
bunch length and taking advantage of laser modulators
in Table II. Compared with the ultimate-longitudinal-
emittance case in Table I, the dipoles can be larger, and
the circumference can also be much shorter. The energy
spread is about 4.48 x 10~%, hence the beam can stay happy
in the bucket with a height of 4.24 x 1072, Figure 16
presents the longitudinal Twiss functions of this sample
ring. As previously stated, the S-function inside dipoles
varies a lot. The laser modulator is located around
s =45 m. It is originally a drift section, but to keep the
longitudinal Twiss matched, when the laser modulator is

25 T . . | : 2
—0
—a
20 1
g 15 0 3
Q.
10 1
M v
5 L 1 L L L
0 20 40 60 80 100 120
s (m)

FIG. 16. Longitudinal Twiss functions of the half ring in
Table II.

set, the separation must be adjusted. Around the position of
s = 87 mand s = 136 m, straight sections are prepared for
undulators, through which coherent EUV can be produced.

V. CONCLUSION

Decades of studies have focused on the storage ring
transverse dynamics, but recently, with the development of
storage ring FEL, laser-driven storage ring, SSMB, etc.,
there is an increasing demand for low or ultralow equilib-
rium longitudinal emittance. In this paper, the longitudinal
Twiss functions are used to analyze the longitudinal
dynamics and emittance, imitating the transverse counter-
parts. The storage ring one-turn map in 3D Twiss form is
deduced. According to this form, it is not necessary to
remove tf kicks first when analyzing a planar lattice. The
dispersion, three-dimensional Twiss and tune can be
directly obtained from the one-turn map. This simplifies
the analyzing process and may lead to a new and completed
way to look into beam dynamics. Making use of this
form and based on the longitudinal Twiss function, the
equilibrium longitudinal emittance contribution of dipoles,
undulators or wigglers, and laser modulators are also
theoretically analyzed in a systematic way. For each kind
of bend-related element, there exists an emittance-
minimized state when a working Twiss matches its intrinsic
Twiss. For undulators, wigglers and laser modulators, such
state occurs if the central longitudinal beta inside reaches a
minimum value. But for dipoles, the dispersion property
makes the situation more complicated. Dipoles are clarified
into three kinds, with each one being carefully analyzed.
By applying these results, the ultimate-emittance state of
typical arcs, such as DBA, TBA and MBA, are given.
Further more, after the matching of longitudinal IT of these
arcs, a storage ring that reaches an ultimate state of
longitudinal emittance is formed. In this state, final
equilibrium longitudinal emittance will be proportional
to y> and #°. By reducing 6 to tens of milliradians, the
equilibrium longitudinal emittance can be orders of mag-
nitude smaller than the current existing worldwide facili-
ties. However, this ultimate-longitudinal-emittance storage
ring is not easy to be applied to GeV range since the
required dipoles will be too small and the desired circum-
ference will be huge. Compromise has to be made to solve
this issue, that is minimizing the longitudinal emittance
of a longitudinal supercell. At last, two groups of sample
parameters are given to show these longitudinal-emittance-
minimized storage rings. Both in the ultimate and
longitudinal-emittance-minimized case, to keep the low
longitudinal emittance property, a variation of one-turn rsg
below one micron is required, which is of great challenge
for the current control system, but may be available in the
next decades.

The design of ultralow longitudinal emittance rings has
actually at least two directions, ultralow energy spread and
ultrashort bunch length. The former, once combined with
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storage ring FEL, can greatly improve the radiation quality
and shorten the undulator length. The latter will be of great
benefit to the improvement of short wavelength radiation
power. Meanwhile, this low longitudinal emittance design
is inevitable in the future completely laser-driven storage
rings, such as SSMB.
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