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We show untenability of key points of the recent article of N. Biancacci, E. Metral, and M. Migliorati
[Phys. Rev. Accel. Beams 23, 124402 (2020)], hereafter the article and the authors. The main Eqs. (23) are
shown to be incorrect even as an approximation. The article claims the solution of this pair of equations to
be in “excellent agreement” with the pyHEADTAIL simulations for CERN PS, which is purportedly
demonstrated by Fig. 6. Were it so, it would be either a signal of a mistake in the code or a consequence of a
nonsmoothness of the simulations.
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The authors of Ref. [1] suggest a new type of transverse
collective instabilities of coasting beams, based on cou-
pling of modes with different longitudinal harmonics,
n1 ≠ n2. Their analysis is based on the smooth approxi-
mation, i.e., on the linear differential equation for the
transverse offset yðs; tÞ with time- and space-independent
coefficients. From a conventional smooth Eq. (22), the
authors derive a new Eq. (23) that has nonzero cross-terms,
or mode-coupling terms. This derivation is certainly incor-
rect: when the Fourier transformation over s is applied to
the smooth Eq. (22), all the cross-terms necessarily cancel.
This cancellation reflects the translational symmetry, pro-
vided by the smooth approximation.
To demonstrate this in the context of the article, let us

start from its Eq. (22), consistently written in the original
s-domain, as in its Eq. (3),

ÿðs; tÞ þ ω2
βyðs; tÞ ¼
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þ 2ωβΔΩdet yðs; tÞ; ð1Þ

where the driving force is conventionally defined by Eq (7),
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y ðvt0 − vtÞyðs; t0Þdt0: ð2Þ

Expanding the sought-for eigenfunction of our Eq. (1) into
a Fourier series,

yðs; tÞ ¼ expð−iΩtÞ
X
n

yn expðins=RÞ;

and applying the Fourier transform to the left and right parts
of the equation, we get,

−ðΩ − nω0Þ2yn þ ω2
β yn ¼ 2ωβðΔΩdriv

n þ ΔΩdetÞ yn; ð3Þ

with no cross-terms.
Another point of our comment relates to the claimed

excellent agreement between the theory of Eq. (23) and
pyHEADTAIL simulations. In light of incorrectness of the
former, this agreement may happen either due to a special
nonsmoothness of the simulations or through a correlated
mistake in the code. The authors should explain how the
lattice smoothness is implemented, what the phase advance
per cell is, how many cells per ring and how many
impedance kicks per turn there are, and how the claimed
agreement depends on these parameters. If the code is
correct, the smoother the lattice is and the denser the
impedance kicks are, the weaker the mode coupling must
be. The simulation results should be checked in this respect,
to make sure that the code works correctly. If it does, the
claimed agreement with Eq. (23) will disappear.
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