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In modern high-brightness electron accelerators, the goal of preserving the beam quality from the source
has long been pursued to ensure the fulfillment of their scientific missions. However, when delivering the
electron beam through a beam transfer line, which may consist of bending magnets, the performance of a
high-brightness electron beam may be degraded by the coherent synchrotron radiation (CSR) and the
residual longitudinal dispersion. It is of critical importance to preserve the transverse emittance and control
the bunch length variation as well as maintain the longitudinal phase space distribution in such a beam
transfer line. For a multipass beam transfer line, the achromatic cell designs with stable optics would bring
great convenience. In this study, for the periodic stable symmetric triple-bend achromat designs with
identical dipoles, it is discovered that the CSR-induced emittance growth and the longitudinal dispersion up
to high orders can be minimized simultaneously when a certain transfer matrix relation is satisfied; to be
specific, the matrix entries between the first two dipoles should follow ½m11; m21ðm−1Þ� ≈ ð−2; 0Þ.
Numerical optimizations demonstrate that the normalized transverse emittance, the bunch length, and
the longitudinal phase space distribution are well preserved. In addition, such a design strategy shows the
potential merit of effectively mitigating the microbunching instability.
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I. INTRODUCTION

The ever-increasing user demands for modern electron
accelerators require high-brightness beams for higher
luminosity of colliders [1–3], higher photon brightness
of synchrotron-radiation storage rings and free-electron
lasers (FELs) [4–10]. Typical parameters of the electron
beams include the sub-picosecond (sub-ps) bunch length, a
few hundreds to kilo-ampere (kA) peak current, and
micrometer ðμmÞ or sub-μm normalized transverse emit-
tances. Generation and transport of such high-brightness
beams with minimum phase space quality degradation is
fundamental for the design and operation of modern
accelerators, so as to avoid any possible decline of the
machine performance. The beam transfer line usually

consists of multiple bends for beam manipulations. For
instance, in FEL spreaders, dipole magnets are often used
to deflect the trajectory and deliver electron beams to
several undulators for multiuser beam line operation in a
FEL switchyard [4,9–11]. Preservation of transverse emit-
tance, bunch length, as well as uniformity of the bunch
current profile through a transfer line is highly desirable in
FEL applications [12].
However, when such a high-brightness bunch passes

through the dipole magnets of a transfer line, coherent
synchrotron radiation (CSR) and longitudinal dispersion
can have a significant impact on beam dynamics. These
effects require careful consideration or else they may spoil
the beam quality both transversely and longitudinally [13].
When relativistic beam traverses a bending magnet, CSR
can be emitted if the radiation wavelength is comparable to
the bunch length scale and the bunch charge density is
modulated at these wavelengths [14]. The energy deviation
caused by CSR brings about dilution of the transverse
emittance in the dispersive bending system [15].
In the longitudinal plane, the CSR effect can give rise to

the so-called microbunching instability (MBI) [16], as a
small initial density modulation can convert to an energy
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modulation due to CSR, and the energy modulation may in
turn be transformed back to the density modulation in the
dispersive region of the transfer line. When forming a
positive feedback, the density-energy conversion will lead
to enhancement of the phase space modulations, and in
some serious cases, induce the MBI, which has been known
as the CSR-induced MBI [17].
Besides, the longitudinal dispersion effect can also

influence the longitudinal dynamics, since in the dipole
magnet, the particle’s momentum deviation δ is correlated
to the longitudinal bunch coordinate z via R56, T566, U5666,
etc., which are often referred to as the longitudinal
dispersion functions [18]. The transfer map for the longi-
tudinal coordinate from the beam line entrance (denoted
with subscript i) to the exit (denoted with subscript f) can
be expressed as

zf ¼ zi þ R56δi þ T566δ
2
i þU5666δ

3
i þOðδ4i Þ: ð1Þ

This kind of correlation causes deviation of the final
longitudinal position from the center of the bunch. For
the FEL beams with an energy chirp [i.e., dE=ðEdzÞ], this
correlation may result in undesirable bunch length varia-
tion, e.g., generating a longer bunch which may cause
reduction of the temporal coherence and an increase in the
FEL bandwidth [19] or further compressing the bunch
which may have the risk of enhancing collective effects like
the CSR effect, etc. This kind of z − δ correlation may
become rather severe for bunches with large δ. One can see
that, in the beam transfer line design, it is of vital
importance to mitigate the CSR effect and the longitudinal
dispersion effect simultaneously in order to maintain high
beam quality. Although the additional energy deviation
caused by CSR is unavoidable, the CSR-induced emittance
growth and the longitudinal dispersion functions, i.e., R56,
T566, U5666, etc., could be minimized.
It has been shown that the CSR effect and the longi-

tudinal dispersion effect can be minimized through manipu-
lation of beam optics. In the aspect of mitigating the
CSR-induced emittance growth, the cell-to-cell phase
matching method was proposed by Douglas and Di Mitri
to compensate for the CSR kicks with optics symmetry [20–
23]. Besides, the beam envelope matching method was
proposed by Hajima [24] to minimize the projected emit-
tance growth by adjusting the Twiss functions, thereby
making the unperturbed beam ellipse at the exit of the beam
line align with the direction of the CSR kick. The CSR kick
model proposed by Jiao [25] provides a way to analyze the
net CSR-induced coordinate deviations exerted by one
dipole (see the Appendix B for the details), and the generic
conditions for suppressing the CSR-induced emittance
growth were identified for a double-bend achromat and
triple-bend achromat (TBA) cell [25,26]. In view of the
longitudinal dispersion effect, isochronicity is a sufficient
condition for an achromatic system, but not a necessary

condition [12]. Canceling R56 is achievable by incorpora-
ting dipoles and quadrupoles. In our study, necessary
adjustments are made (e.g., adjusting the position of
dipoles and quadrupoles and the strengths of quadrupoles)
to ensure that the transverse dispersion function at the
center of the lattice is negative for the convenience of
meeting the isochronous condition. The correction of
T566 is commonly carried out using the sextupoles
[12,18,27,28], which may also generate geometrical aber-
rations. Besides, T566 is also affected by dipoles and
quadrupoles in the lattice [18]. As for U5666, octupoles
may help to reduce the U5666 term [29,30]. In regard to
mitigation of CSR-induced MBI, schemes have been
intensely studied [31–35], and the sufficient conditions
for effective suppression of CSR-inducedMBI in recirculat-
ing accelerators and single-pass facilities whichmay consist
of multidipole transport lines were concluded [14] as:
(i) small beta functions within the dipoles; (ii) the phase
advance between two dipoles in a two-dipole system is close
to integer times of π.
The TBA structure is regarded as one of the basic

configurations to make an isochronous cell and a relatively
simple structure (one can also use multibend lattice
design to realize an isochronous cell, however, this is
beyond the scope of this article). TBA has been widely used
to transport an ultrashort, high-brightness electron beam
[29,30,36]. In one of the previous relevant works of the
TBA designs, Huang et al. [26] derived the cancellation
condition of the CSR-induced emittance growth using
the CSR kick model. Such a cancellation condition
requires that a certain form of the transverse transfer matrix
between the center of two dipoles should be satisfied.
Besides, using the method similar to Ref. [25], it has been
demonstrated [37–39] that a kind of TBA design could
yield both the first-order isochronicity, i.e., R56 ¼ 0 and the
steady-state-CSR-induced emittance growth canceled by
requiring, however, somewhat extreme constrains of the
transfer matrix such that the trace of the total transverse
transfer matrix exceeds 2 in such TBA design, which means
it fails to satisfy the stability for a cell with periodic stable
optics. As a result, such a design may be suitable for a
single-pass situation instead of a multipass situation. It
would bring great convenience for the beam transfer line
design targeted for multipass facilities if the TBA cell has
periodic stable optics, and simultaneously be capable of
maintaining the beam distribution as much as possible in
6D space.
We may deserve to summarize the main contributions of

this work here. First, for a periodic stable symmetric TBA
with identical bending magnets, we find a condition that
can theoretically cancel R56 and CSR-induced emittance
growth, which is different from Ref. [39]. The condition we
find has an extra potential merit of mitigating the MBI.
Second, such TBA cell designs are obtained through the
multiobjective particle swarm optimization (MOPSO)
method, the characters of which verify the theoretical
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analysis. Third, using the MOPSO method, the high-order
longitudinal dispersion effects are further suppressed so
that such TBA cell designs are isochronous up to high
orders, thus better maintaining the beam quality. These
designs can be useful for a beam with large energy spread,
e.g., the beam from the laser-plasma accelerators (LPAs).
The paper is organized as follows. In Sec. II, the

theoretical analysis of minimizing R56 and the CSR-
induced emittance growth for a periodic stable TBA and
the derivation of the condition are presented. Then practical
TBA designs are obtained using the MOPSO method, the
characters of which verify the analysis. Section III is
dedicated to the optimization of high-order longitudinal
dispersion functions and simulations of multiunit cells with
practical considerations. The TBA designs being approxi-
mately CSR-immune, isochronous up to high orders and
free from MBI are found. The conclusion and discussion
are presented in Sec. IV.

II. THEORETICAL ANALYSIS AND
NUMERICAL VERIFICATION

A. Theoretical analysis

Here we consider a midpoint symmetric TBA struc-
ture that consists of three identical dipole magnets. The
schematic and denotation of the transfer matrices are
shown in Fig. 1. In the hard-edge model of dipole
magnets, the small bend-angle approximation is adopted
and the lowest order of the Taylor expansion with
respect to θ is used in the expression of the dipole trans-
fer matrix, similar to the treatment of Ref. [39]. For
simplicity, here we only consider the transverse motion in
the horizontal plane and the longitudinal motion of the
particle. The transfer matrix for the phase-space coordi-
nate vector ðx; x0; z; δÞ is used, which is part of the typical
6 × 6 transfer matrix that describes the motion of
ðx; x0; y; y0; z; δÞ, though we still adopt the subscripts 5
and 6 for the longitudinal dispersion functions R56, T566

and U5666. The transfer matrix of a small-angle sector
dipole can be expressed by

RB ¼

0
BBB@

1 LB 0 LBθ=2

0 1 0 θ

θ LBθ=2 1 LBθ
2=6

0 0 0 1

1
CCCA; ð2Þ

where in the following discussion LB and θ are given
quantities. Without loss of generality, the transfer matrix
from the first dipole’s exit to the second dipole’s entrance
can be expressed by

M ¼

0
BBB@

m11 m12 0 0

m21 m22 0 0

0 0 1 0

0 0 0 1

1
CCCA: ð3Þ

The length of the drift space at the entrance of the TBA is
d, which is the only free parameter in Rd.
Here we focus on the relation between the four entries

m11,m12,m21 andm22. The total transfer matrix of the TBA
cell is

Mtot ¼ RdRBM̂RBMRBRd; ð4Þ

where M̂ has the same entries as M, except that m11 and
m22 are exchanged.
First, the symplecticity and the achromatic condition are

used, thus eliminating two entries amongm11,m12,m21 and
m22 (see Appendix A for the details). Then only two
elements, say m11 and m21, are independent. The other two
dependent elements, i.e., m12 and m22 can be expressed as

m12 ¼
−2 −m11 − LBm11m21

2m21

;

m22 ¼
1

2
ð−1 − LBm21Þ: ð5Þ

Then, the stability criterion for periodic stable optics in the
x plane, jðMtotÞ11 þ ðMtotÞ22j ≤ 2, will occupy an area in

FIG. 1. Schematic of the TBA structure with three identical dipole magnets of length LB and bending angle θ. Rd and RB represent the
transfer matrix of the drift space and the dipole, respectively. The elements in the section between the adjacent dipoles are assumed as
nondipole elements, e.g., quadrupoles, sextupoles and drifts, the transfer matrices of which are expressed asM and M̂. The total transfer
matrix is denoted as Mtot and βx0, αx0 are the horizontal Twiss functions at the entrance of the TBA.
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the m11 and m21 space, which will be referred to as the
stable area in what follows.
To study the requirements of canceling R56 and the CSR-

induced emittance growth, Δεn, the two conditions will be
imposed separately, i.e., the first-order isochronous con-
dition (R56 ¼ 0) and the cancellation condition of the CSR-
induced emittance growth (Δεn ¼ 0). The former can be
analyzed directly by matrix multiplication. The latter will
be investigated using the CSR kick model [25,26] (see
Appendix B). With either constraint imposed, one of m11

and m21 can be eliminated, and the three dependent
variables can now be expressed by the remaining one free
variable. We choose m11 as the free variable, and focus on
the relation between m11 and m21. The condition R56 ¼ 0
requires (see Appendix A)

m21 ¼
2ð2þm11Þ

LB
: ð6Þ

Cancellation of the CSR-induced emittance growth calls for
(see Appendix B)

m21 ¼
5 − 2m11 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
121þ 28m11 þ 4m11

2
p

2LB
: ð7Þ

The expressions in Eqs. (6) and (7) determine two sets of
requirements of m21 as a function of m11. The cross points
of the two requirements suggest complete removal of both
R56 the CSR-induced emittance growth. The two cross
points are located at

m11 ¼
7

4
; m21 ¼

15

2LB
; ½Cross point A� ð8Þ

m11 ¼ −2; m21 ¼ 0. ½Cross point B� ð9Þ

The two points, together with the optics stable region, are
shown in Fig. 2, where we take LB ¼ 0.4 m, θ ¼ 4° and
d ¼ 0.6 m as an example. The cross point A is the result
derived in Ref. [39]. Here we find the other cross point B,
which is exactly on the edge of the stable area and is
independent of LB, θ and d. Combing Eqs. (5)–(7), we
find that the cross point B is a singular point. Despite
the fact that the point B satisfies the optics stability, i.e.,
jðMtotÞ11 þ ðMtotÞ22j ¼ 2, the periodic solution of the
horizontal beta function at the entrance of a TBA design,
βx0, will diverge [see Fig. 3(a)]. The explicit expressions for
the periodic Twiss functions are given in Appendix C.
From the above discussion, we are forced to strike a

compromise between reaching the isochronous condition
and cancellation of CSR-induced emittance growth. It thus
becomes finding a minimized R56 at the exit of the beam
line and Δεn in the vicinity of the cross point B, knowing
that the two requirements cannot be completely satisfied in
the stable area. Our observation indicates that both the

minimized R56 and Δεn can be found in the vicinity of the
singular point, as shown in Figs. 3(b) and 3(c). Although
the point B cannot be chosen as a suitable solution for the
setting of TBA design, it allows us to find satisfactory
solutions near the singular point. Moreover, we find the
phase advance between the adjacent dipoles of the sym-
metric structure, Δψ , is close to π, which satisfies one
of the sufficient conditions [14] for effective suppression of
CSR-induced MBI. It suggests an extra possible merit of
mitigating the MBI.

B. Numerical verification

To verify the analysis, a simple TBA cell is designed
with practical considerations (e.g., quadrupoles and
sextupoles are added for dispersion matching and chroma-
ticity correction, respectively), as shown in Fig. 4. The
MOPSO [40] method is adopted in our optimization. This
algorithm provides a robust way to optimize a physical
problem by iteratively improving the candidate solutions
based on the quality of the “fitness value,” which is also
referred to as the “objective function.” Each candidate
solution possesses a position in n-dimensional space
defined by n variables. By adjusting the variables within
a certain range, the candidate solutions are updated
iteratively in searching for optima [41–44]. MOPSO
method is suitable to handle multiobjective optimization
problems and has been widely used in accelerator opti-
mization problems (see, e.g., [45–48]).
In the construction of the TBA cell, for the dipole magnet

we set LB ¼ 0.4 m, θ ¼ 4°, which corresponds to the
values in the theoretical analysis. The drift length d is
fixed at 0.6 m for the convenience of comparison. The
center-symmetric structure with three identical dipoles
provides a 12-degree horizontal bending. The quadrupoles
are grouped into three different families, one family of

FIG. 2. The stable area (shaded) and the requirements of m21 as
a function of m11 derived from the imposed constraint of R56 ¼ 0
(green line) and Δεn ¼ 0 (red line). The cross points are marked
(blue square).
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which is used for dispersion matching. Moreover, two
families of sextupoles are used to correct the chromaticity.
There is a total of eight free variables, among which six

are the drift lengths and the remaining two variables are the
strengths of the quadrupoles. They can be adjusted within
the preset ranges, e.g., the drift length ranges from 0.1 to
2 m and the maximum strength of the quadrupoles is
30 m−2. Two objective functions are set to be the weighted
first order longitudinal dispersion α1 and the weighted
normalized CSR-induced emittance growth Δεn obtained
from the simulation result of ELEGANT [49]. Here we point
out that, typically in the literature of storage ring lattice
design, the momentum compaction factor of high orders is
used to describe the relative increase in closed-orbit length
C for a particle with the momentum deviation δ, specifi-
cally ΔC=C0 ¼

P∞
i¼1 αiδ

i, where C0 is the on-momentum
closed-orbit length [50]. In the beam transfer line, however,
the transfer map for the longitudinal coordinate from the
linac entrance to the exit is usually described by the
longitudinal dispersion functions [see Eq. (1)]. The two

conventions can be related by R56 ¼ α1z0, T566 ¼ α2z0, and
U5666 ¼ α3z0, where z0 is the trajectory length of reference
particle which is a constant for a certain lattice. The matrix
elements (R56, T566 and U5666) and momentum compaction
factors (α1, α2 and α3) are considered to be equivalent. In
the ELEGANT simulation, the conventional rf beam param-
eters listed in Table I are used as the initial beam
parameters. The simulation of CSR-induced emittance
growth considers the transient CSR at the entrance of a

FIG. 3. (a) The horizontal beta function at the start point of the TBA, βx0. (b) The value of R56 (the solid line shows R56 ¼ 0). (c) The
value of CSR-induced emittance growth (the chain-dotted line showsΔεn ¼ 0). (d) The value of the phase advance between the adjacent
dipoles (the dotted line shows Δψ ¼ π).

FIG. 4. The lattice structure of TBA design and the magnet layout. The green cuboids represent dipoles, the red ones and the blue ones
represent focusing quadrupoles and defocusing quadrupoles, respectively, while the indigo blue ones represent sextupoles.

TABLE I. Parameters of the ELEGANT simulation for conven-
tional rf beams.

Parameters Value Unit

Bunch length 30 μm
Beam energy 1000 MeV
Normalized emittance 2 μm rad
Bunch charge 500 pC
Relative rms energy spread 0.5 %
Momentum chirp 16.5 m−1
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bending dipole and the CSR in the drift spaces following
the dipoles.
To construct an isochronous, CSR-immune and stable

TBA lattice, a set of initial seeds with periodic stable optics
are generated and ensuring that they are fairly distributed in
the stable area, as can be seen in Fig. 6(a). One family of
quadrupoles is tuned to realize the achromatic condition
and two families of sextupoles are used to correct chro-
maticity before evaluation of the two objective functions
for each ensemble of variables. The optimization is con-
ducted with practical considerations by imposing con-
straints. For example, the horizontal and vertical beta
functions are controlled to an acceptable range of 0.1 to
1000 m. If any one of the constraints is violated during the
optimization process, the objective functions are multiplied
by a factor larger than 1, which is referred to as the “weight
factor.” These weight factors serve as extra criteria to
measure the quality of the objective functions to meet our
optimization constraints.
After evolving 2000 generations, the results have

become convergent. The last 500 generations are presented
in Fig. 5. The distribution of ½m11; m21ðm−1Þ� of the 2000th
generation is shown in comparison with the distribution of

the initial seeds in Fig. 6(a). As can be seen in the figure,
the solutions mainly distribute in the neighborhood of the
singular point. Especially for the value of m11, the
maximum difference between the optimized results and
the theoretical prediction value,m11 ¼ −2, is less than 0.07
[see Fig. 6(b)]. It shows that the solutions with both of
the minimized objective functions are found in the area
between the two curves of R56 ¼ 0 and Δεn ¼ 0, which is
in accordance with our theoretical analysis.

III. OPTIMIZATION OF HIGH-ORDER
LONGITUDINAL DISPERSION FUNCTIONS
AND SIMULATIONS WITH PRACTICAL

CONSIDERATIONS

A. Optimization results

It is desirable for the isochronous TBA cell design if the
residual high-order longitudinal dispersion functions, such
as α2, α3 (or T566, U5666) and even higher orders, can be
suppressed. A fully isochronous beam transport can be in
demand, especially for the FEL injection line, which may
need to accommodate a large beam energy spread [12]. In
this situation, theoretical formulation of the nth order
isochronous condition and the associated explicit cancel-
lation method with respect to the nth order longitudinal
dispersion functions would become much more involved
than that presented in this paper. However, these high order
terms of longitudinal dispersion function can be inves-
tigated conveniently via numerical optimizations and there-
fore it enables a possibility to minimize the high-order
longitudinal dispersion functions and the CSR-induced
emittance growth simultaneously by further optimizing
currently proposed TBA design.
With similar settings of the optimization, the additional

modification here is that the contribution of the residual
high-order part of the longitudinal dispersion functions
aside from R56δ is now optimized as a whole by adding a

FIG. 5. Objective functions of the last 500 generations.

FIG. 6. (a) Distribution of initial seeds (the gray circles), the results of the 2000th generation (dots with color) and the theoretical
analysis. (b) Magnified picture of the distribution of the results of the 2000th generation and theoretical analysis. The colors from blue to
red represent the distribution of the seeds from sparse to dense.
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new weight factor with the range of δ being ½−10−2; 10−2�.
This high-order part is referred to as Oðδ2Þ, which
represents the terms of second order and above in the
variable of δ, i.e., Oðδ2Þ ¼ Δz=z − α1δ, where Δz is the
variation of the longitudinal path length. The optimized
solutions are set to satisfy jα1δj > 2jOðδ2Þj and we assume
that the linear term α1 is dominant if this constraint is met.
For simplicity, we refer to the optimization case with only
α1 considered as Case 1st order isochronous. The opti-
mization case with Oðδ2Þ suppressed is referred to as Case
high-order isochronous.
As a demonstration, we illustrate two lattice solutions.

The Solution I, selected in Case 1st order isochronous, is
obtained by minimizing R56 and the CSR-induced emit-
tance growth. The Solution II, selected in Case high-order
isochronous, aims to minimize not only the CSR-induced
emittance growth but also the longitudinal dispersion
coefficients of the linear and higher orders. The relevant
beam and lattice parameters are presented in Table II.

For Solutions I and II, the linear term α1δ and the residual
higher-order part Δz=z − α1δ are shown as a function of δ
in Fig. 7(a). As a representative of the solutions in Case
high-order isochronous, the result of Solution II shows that
the contributions from high-order longitudinal dispersion
functions are flattened compared with the linear term.
Now let us further examine the second and third order

longitudinal dispersion functions of the overall solutions
we have from the two cases. A fair comparison of the high-
order dispersion functions shall be made by keeping
smallness of the first order dispersion within a certain
level. For this, we randomly select a set of 200 solutions
with jα1j < 1 × 10−5 in the two cases. The α2 and α3 term
of the selected solutions are presented in Fig. 7(b), showing
a significant difference between the results. The α1 terms
of these solutions are not shown here as they are similar,
but the α2 and α3 terms are remarkably suppressed when
taking the high-order longitudinal dispersion effect into
consideration, as shown in Case high-order isochronous.

TABLE II. The relevant beam and lattice parameters of the two selected solutions.

Parameters
Solution I selected in Case

1st order isochronous
Solution II selected in Case
high-order isochronous

m11 −1.996 −1.904
m21ðm−1Þ −6.410 × 10−3 0.462
α1 −9.081 × 10−10 8.952 × 10−7

α2 3.397 × 10−3 −4.615 × 10−5

α3 −0.022 −3.869 × 10−3

Oðδ2Þ½δ ¼ 10−3� 3.419 × 10−9 8.489 × 10−12

Oðδ2Þ½δ ¼ 10−2� 3.620 × 10−7 4.128 × 10−9

Δεn=εn (%) 7.740 5.898
Δσz=σz (%) 0.054 0.014
Δψ (rad) 3.162 3.157
Total cell length (m) 10 10

FIG. 7. (a) α1δ (blue) and Δz=z − α1δ (yellow) of Solution I (solid line) and Solution II (dashed line). (b) The α2 and α3 term of the
selected solutions with jα1j < 1 × 10−5.
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This suggests the effectiveness of optimizing the high-order
longitudinal dispersion functions as a whole.

B. Simulation results

1. Simulation results using conventional rf beam and
LPA beam parameters

The optimizations in Sec. III A are conducted using the
conventional rf beam parameters (see Table I). It is worth
noticing that in our TBA design, high-order longitudinal
dispersion functions are also minimized, which is helpful
for transporting beams with large energy spread, e.g., the
beam from LPAs. The LPA beams have the characteristics
such as large energy spread, e.g., 1%, ultrashort bunch
length on the femtosecond scale, ultralow normalized
transverse emittance, and high bunch charge with its energy
ranging from a few hundred MeV to several GeV [51–55].
To simulate an LPA-like beam, we assume a Gaussian

beam in ELEGANT and use the numerical settings presented
in Table III. Here we comment that a more realistic LPA
beam is not Gaussian and the initial transverse beam
properties, i.e., the initial beam size and its divergence,
may not directly match the periodic solution of our TBA
design. However, it is always possible to manipulate the
LPA beam, e.g., by special-purpose high gradient quadru-
poles [19] installed upstream of the beam transfer line.
Figure 8 illustrates the results using conventional rf beam

and LPA beam parameters of Solutions I and II. The
simulation results of rf beams are also summarized in
Table II. For the LPA beams, simulation results show that
the relative normalized emittance variation, i.e., Δεn=εn
drops from 172.02% in Solution I to 58.40% in Solution II.
The relative bunch length variation i.e., Δσz=σz in Solution
II is about one seventh of that in Solution I, which is
76.75% and 11.21%, respectively. Although the selected
solutions in Table II may not be an optimal design for
transporting the LPA beams, the simulation results of
Solution II have reported considerable mitigation in both
CSR-induced emittance growth and bunch length variation.
Moreover, the maintenance of longitudinal phase space

is satisfactory. As presented in Figs. 8 and 9, the longi-
tudinal phase space distribution and the current profile are
well preserved in both Case 1st order isochronous and Case
high-order isochronous for the conventional rf beam trans-
port. However, when using the LPA beam parameters, the
longitudinal phase space distribution shown in Fig. 8(e)
exhibits severe distortion in Case 1st order isochronous.

TABLE III. Parameters of the ELEGANT simulation for LPA
beams.

Parameters Value Unit

Bunch length 3 μm
Beam energy 1500 MeV
Normalized emittance 1 μm rad
Bunch charge 20 pC
Relative rms energy spread 1 %

FIG. 8. Longitudinal phase space distribution of the bunch at the entrance of the TBA (left), the exit of Case 1st order isochronous
(middle), and Case high-order isochronous (right), using conventional rf beam parameters [top row, (a), (b) and (c)] and LPA beam
parameters [bottom row, (d), (e) and (f)]. The colorbar shows the particle density.
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The current profile in this case deviates from the Gaussian
distribution obviously. In contrast, the distortion of the
longitudinal phase space distribution is significantly miti-
gated in Case high-order isochronous.

2. Simulation results of multiunit cells

Having studied the beam phase space dynamics in
single-cell TBA designs, in this subsection we perform
ELEGANT simulations with CSR for a beam transport line
by simply concatenating a few of such TBA unit cells. The
simulations of our design are based on Solution II (see
Table II) and the specific lattice parameters are listed in
Table IV. We also use our developed semianalytical tool
VOLTERRA [56,57] to evaluate MBI. The results of the
semianalytical calculation have been well benchmarked
against particle tracking simulations [58,59]. It solves the
linearized Vlasov equation for the evolution of the beam
microbunching in terms of the phase space microbunching
gain. The microbunching gain is characteristic of how the
phase space modulation amplifies along a beam transport

line in the presence of collective effects. Of our particular
interest can be the CSR [60,61] and longitudinal space
charge (LSC) effect [62]. It is found in our simulation that
the MBI caused by LSC is not evident in our designs. So we
neglect the LSC effect and consider only the CSR-induced
MBI in the following. For the TBA design based on the
cross point A, which does not satisfy the stability criterion,
it is tested in our simulation that the horizontal beta
function, the bunch length, and the normalized transverse
emittance exhibit a divergent response for the transfer line
consisting of two such TBA cells. For comparison, we
build the beam line of our design with two and five
periodical TBA cells, and the simulation results using
the conventional rf beam parameters (see Table I) are
presented in Figs. 10 and 11, respectively.
For our TBA design with stable optics, the optics

function, the bunch length, and the normalized transverse
emittance, as well as the MBI, are all in good control with
two or even five TBA unit cells. The normalized transverse
emittance remains to the level of 1 μm rad with two TBA
cells and the relative bunch length variation is about 0.06%.
The normalized transverse emittance at the exit of five such
TBA cells becomes 15 μm rad and the relative bunch length
variation is around 0.88%. To quantify MBI in a general
transport line, we estimate the microbunching amplification
factor G along the beam line. Here G is defined as the
modular ratio of the bunching factors at a location s to the
initial location s0. The microbunching gain at the exit of a
beam line is denoted as Gf and is a function of the
microbunched wavelength λ. From Figs. 10 and 11, we
can see that the maximum value of the microbunching gain
in both cases remains around unity, indicating these designs
are free from CSR-induced MBI.
It is worth mentioning that Solutions I and II shown in

Table II are selected according to the MBI suppression
conditions concluded in Ref. [14]. In fact, it is found that the
MBI is moderate for only one or two cells even if the phase
advance of the adjacent dipoles deviates a little from π.

FIG. 9. Comparison of the current prole using conventional rf beam parameters (a) and LPA beam parameters (b).

TABLE IV. Lattice parameters of Solution II.

Parameters Value Unit

Quadrupole length 0.2 m
Q1 strength −8.889 m−2

Q2 strength 9.293 m−2

Q3 strength 7.480 m−2

Sextupole length 0.3 m
SD strength 321.474 m−3

SF strength −551.934 m−3

D1 length 0.817 m
D2 length 0.331 m
D3 length 0.102 m
D4 length 1.315 m
D5 length 0.125 m
D6 length 0.139 m
D7 length 0.370 m

QUASI-ISOCHRONOUS TRIPLE-BEND ACHROMAT … PHYS. REV. ACCEL. BEAMS 24, 060701 (2021)

060701-9



Thismeans that in the situationwhere only one or two cells is
needed, Solutions I and II may not be optimal choices:
smaller values of linear longitudinal dispersion function α1
and Δεn may be reached, meaning that better control of
bunch length variation andCSR-induced emittance growth is
possible.

IV. CONCLUSION AND DISCUSSION

In this paper, a theoretical setting of a symmetric TBA
cell design with periodic stable optics is identified. The first
order longitudinal dispersion and CSR-induced emittance

growth can be minimized simultaneously. Considering the
periodic stable optics condition, we are forced to strike a
compromise between reaching the isochronicity and the
cancellation of CSR-induced emittance growth. It has been
known that the cross point Awhich was derived in Ref. [39]
does not satisfy the optics stability condition. We find the
other solution, the new setting, ½m11; m21ðm−1Þ� ¼ ð−2; 0Þ.
However, this new setting gives a divergent horizontal
beta function at the entrance of the TBA cell, since
½m11; m21ðm−1Þ� ¼ ð−2; 0Þ is an essential singular point.
Despite all that, the solutions near this singular point

FIG. 10. Simulation results of two TBA cells: (a) optics functions; (b) the bunch length; (c) normalized transverse emittance; (d) the
MBI gain.

FIG. 11. Simulation results of five TBA cells: (a) optics functions; (b) the bunch length; (c) normalized transverse emittance; (d) the
MBI gain.
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are found to have the potential of being approximately
CSR-immune, first-order isochronous and having an extra
merit of mitigating the MBI. The MOPSO numerical
optimization allows us to design an isochronous cell up
to high orders. The TBA design that is approximately CSR
immune and isochronous up to high orders, with periodic
stable optics and effective suppression of MBI gain, has
also been obtained near the new setting. The beam qualities
are well preserved for both rf and LPA beams. Such a
design strategy points out a new way of lattice design.
In this study, we try to construct as a simple TBA cell as

possible in the numerical demonstration tests, where two
families of sextupoles are used to obtain unique solutions
of the sextupole strengths for specific corrected chroma-
ticities. Nevertheless, one consequence of such a setting
is that the natural chromaticity and the corresponding
sextupole strengths will change accordingly with the linear
optics, and the high-order longitudinal dispersion func-
tions (related to both linear optics design and sextupole
strengths) are somewhat correlated to the linear one
(depends only on linear optics). Actually, this correlation
can be mitigated, by adopting additional families of
sextupoles or octupoles in the lattice [12,18,27–30,63].
Following a similar design and optimization procedure as
that presented in this paper, it would be feasible to achieve
an optimized TBA cell with a better control of the high-
order longitudinal dispersion effect.
As for the specific applications of such TBA design, it is

primarily oriented towards the single-pass or multipass
transfer line for FELs, energy recovery linacs (ERLs), and

linear colliders. It is worth noting that careful modifications
are needed if such a cell design is applied to storage ring
accelerators. As the phase advance of the adjacent dipoles is
close to π, which means that the total phase advance of the
TBA is close to2π, the optics stabilitymaybecomemore sen-
sitive to the error of the hardware under such a circumstance.
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APPENDIX A: DERIVATION OF EQ. (6)

For completeness, the derivation process for necessary
steps and explicit expressions are presented in the Appendix.
The entries of total transfer matrix of the TBA cell,Mtot, are
presented in the following. First, the symplectic condition
leads to the constraint ðMtotÞ11ðMtotÞ22 − ðMtotÞ12ðMtotÞ21 ¼
1 and the achromatic condition by definition requires
ðMtotÞ16 ¼ 0 and ðMtotÞ26 ¼ 0. Then from Eq. (4), Eq. (5)
can be obtained. Now the determinant and the explicit
expressions of the matrix elements ðMtotÞ are

ðMtotÞ11ðMtotÞ22 − ðMtotÞ12ðMtotÞ21 ¼ ðm12m21 −m11m22Þ2; ðA1Þ

ðMtotÞ16 ¼
1

2
θL3

Bm
2
21 þ

1

2
θL2

Bm21ð1þ 2m11 þ dm21 þ 3m22Þ þ θ½dþ dm11ð1þm22Þ þm12ð1þ dm21 þ 2m22Þ�

þ 1

2
θLB½1þm22 þ 2m2

22 þm11ð2þ 2dm21 þ 3m22Þ þm21ðdþ 3m12 þ 2dm22Þ�;

ðMtotÞ26 ¼
1

2
θ½ð2þ 2m12m21 þ L2

Bm
2
21Þ þ 2m11ð1þ LBm21 þm22Þ þ LBm21ð1þ 2m22Þ�; ðA2Þ

ðMtotÞ56 ¼
1

4
θ2½L3

Bm
2
21 þ 8m12ð1þm22Þ þ 2L2

Bm21ð1þm11 þ 2m22Þ�

þ 1

4
θ2fLB½2þ 4m12m21 þ 4m22 þ 4m2

22 þ 4m11ð1þm22Þ�g: ðA3Þ

With the imposition of the first-order isochronous con-
dition, i.e., ðMtotÞ56 ¼ 0, we can derive Eq. (6).

APPENDIX B: CSR KICK MODEL AND
DERIVATION OF EQ. (7)

The CSR kick model [25] provides a way to evaluate
the CSR-induced emittance growth during evolution of

the particle motion in the 2D ðx; x0Þ plane. The effect of
CSR in an n-dipole achromat can be expressed explicitly
with the analysis of n-point kicks separately, which
greatly simplifies the analysis and can be conveniently
applied to the numerical optimizations for the CSR-
immune lattice design. In the model, the CSR-induced
projected emittance growth in the dipole magnet can be
estimated by
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Δεn ¼ εn − εn0 ≈
1

2
γβdε;

dε ¼ γ1xx2k þ 2α1xxkx0k þ β1xx0k2; ðB1Þ

where γ is the Lorentz factor, β is the particle velocity
relative to the speed of light, α1x, β1x, and γ1x are the
Twiss parameters at the exit of the dipole. The net CSR-
induced coordinate deviations exerted by the dipole are
given by

Xk ¼
�

xk
x0k

�
¼

�
ρ4=3k½θ cosðθ=2Þ − 2 sinðθ=2Þ�

sinðθ=2Þð2δþ ρ1=3θkÞ

�
;

ðB2Þ

where ρ and θ are the radius and angle of the magnet,
and δ ¼ δ0 þ δcsr is the energy deviation, with δ0 being
the initial energy deviation. The effect of CSR is equi-
valently formulated with a point kick occurring at the
center of each dipole, which leads to the coordinate
deviations [Eq. (B2)]. The energy deviation δ is increased
by δcsr ¼ kLB=ρ2=3, after passing through one single
dipole magnet. The parameter k is

k ¼ 0.2459
eQμ0c20
4πEσ4=3z

; ðB3Þ

with e being the charge of a single particle, Q being the
bunch charge, μ0 being the permeability of vacuum, c0
being the speed of light, E being the beam energy and σz
being the rms bunch length.
For the TBA with three identical dipoles, the particle

coordinates relative to the reference trajectory can be
obtained as follows. The cancellation condition of the
CSR-induced emittance growth has been derived in
Ref. [26] [see Eq. (15) in Ref. [26] ]. Here we just replay
some important derivation steps. At the center of the first
dipole, the particle experiences the first CSR kick and the
coordinates are given by

X1 ¼ X0 þ Xk1; ðB4Þ

where X0 is the initial particle coordinates. Here we define
the transfer matrix from the center of the first dipole to

the center of the second dipole as Mc2c, which can be
expressed as

Mc2c ¼ RBhMRBh; ðB5Þ

where RBh is the transfer matrix of half of the dipole
magnet. Then after the particle passing through the
section from the center of the first dipole to that of the
second dipole, the particle experiences the second CSR
kick and the coordinates can be expressed as

X2 ¼ Mc2cX1 þ Xk2: ðB6Þ

Similarly, after the beam acquires the third CSR kick and
the coordinates are given by

X3 ¼ M�
c2cX2 þ Xk3; ðB7Þ

with M�
c2c ¼ RBhM̂RBh. The energy deviations now

become ρ1=3θkþ δ0 and 2ρ1=3θkþ δ0 in Xk2 and Xk3,
respectively.
The cancellation condition of the CSR-induced emit-

tance growth requires that X3 ¼ ð0; 0ÞT , having

ðMc2cÞ11 þ
2θ sinðθ

2
Þ

½2 sinðθ
2
Þ − θ cosðθ

2
Þ� LB

θ

ðMc2cÞ12 ¼ −
1

2
: ðB8Þ

We adopt the small-angle approximation in which θ ≪ 1
and the CSR-induced emittance growth cancellation con-
dition can be simplified as

ðMc2cÞ11 þ
12

LB
ðMc2cÞ12 ¼ −

1

2
: ðB9Þ

We substitute the explicit expressions ofMc2c which can be
obtained from Eq. (B5), to the CSR-induced emittance
growth cancellation condition, i.e., Eq. (B9), then Eq. (7)
can be derived.

APPENDIX C: EXPLICIT EXPRESSIONS FOR
THE PERIODIC TWISS FUNCTIONS

The Twiss functions at the entrance and the exit of the
TBA can be related by

0
B@

βxf

αxf

γxf

1
CA ¼

0
B@

ðMtotÞ211 −2ðMtotÞ11ðMtotÞ12 ðMtotÞ212
−ðMtotÞ11ðMtotÞ21 ðMtotÞ11ðMtotÞ22 þ ðMtotÞ12ðMtotÞ21 −ðMtotÞ12ðMtotÞ22

ðMtotÞ221 −2ðMtotÞ21ðMtotÞ22 ðMtotÞ222

1
CA
0
B@

βx0

αx0

γx0

1
CA; ðC1Þ

where βx0, αx0 and γx0 are the Twiss functions at the entrance of the TBA and βxf, αxf and γxf are the Twiss functions at the
exit. For periodic Twiss functions, we have βxf ¼ βx0, αxf ¼ αx0 and γxf ¼ γx0. Here we present the explicit expressions for
the periodic Twiss functions of TBA structure. Also, the periodic Twiss functions can be expressed in terms ofm11 andm21

with the adoption of the symplectic condition and the achromatic condition:
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βx0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð−1þ 2dm21 þ LBm21Þ½−4þ L2

Bm
2
21 þ LBm21ð−1þ 2dm21Þ þ 2m11ð−1þ 2dm21 þ LBm21Þ�

p
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−m2

21ð2m11 þ LBm21Þ
p ;

αx0 ¼ 0;

γx0 ¼ 1=βx0: ðC2Þ

Here one can get that, for the cross point B derived in the above, where m21 ¼ 0 and m11 ¼ −2, we have βx0 ∝ 1=
ffiffiffiffiffiffiffiffi
m21

p
as m21 → 0þ. It means that the β0 function will indeed diverge at the cross point B.
We revalidate the feasibility of the cross point B using the analytical method reported in Ref. [39]. The horizontal

emittance at the exit of the beam line, εx reads [see Eq. (12) in Ref. [39] ]

ε2x ¼ ε2x0 þ εx0ðβxfhΔx02i þ 2αxfhΔxΔx0i þ γxfhΔx2iÞ þ Δε2x; ðC3Þ

where εx0 is the unperturbed emittance, Δx is the CSR
induced coordinate deviation and Δx0 is the derivative. The
notation hi means averaging over the bunch population in
phase space and

Δε2x ¼ hΔx2ihΔx02i − hΔxΔx0i2; ðC4Þ
which is zero under the assumption that the longitu-
dinal beam density remains stationary. It is found that,
with βx0hΔx02i ∝ m21

3=2 → 0, αx0 ¼ 0, and γx0hΔx2i → 0

(since γx0 ¼ 1=βx0 and hΔx2i is finite), we have
βxfhΔx02i þ 2αxfhΔxΔx0i þ γxfhΔx2i → 0, yielding mini-
mized emittance growth.
From this perspective, i.e., aiming at minimizing the

Twiss-functions’ mismatch induced by CSR, one can
always get the solutions using a set of equations, i.e., βx0 ¼
0 and ðMtotÞ56 ¼ 0 (which is referred to as Case BETA) or
using γx0 ¼ 0 and ðMtotÞ56 ¼ 0 (which is referred to as
Case GAMMA). In Case BETA, we get another two
solutions,

m11 ¼
−8d − 3LB

2ð2dþ LBÞ
; m21 ¼

1

2dþ LB
;

m11 ¼
−4d − LB

2ð2dþ LBÞ
; m21 ¼

4dþ 3LB

LBð2dþ LBÞ
; ðC5Þ

and in Case GAMMA, we get another solution,

m11 ¼ −1; m21 ¼
2

LB
: ðC6Þ

We have also analyzed these derived solutions. However,
they do not give satisfying results on suppressing the
emittance growth.
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