
 

Generation of high-frequency bunched electrons
from photoinjector with a multiring photocathode

Fu-Han Chao ,1 Chia-Hsiang Chen,2,3 Ping-Jung Chou ,1,2 and Yen-Chieh Huang 1,3,*

1Department of Physics, National Tsing Hua University, Hsinchu 300044, Taiwan
2National Synchrotron Radiation Research Center, Hsinchu 30076, Taiwan

3HOPE Laboratory, Institute of Photonics Technologies, National Tsing Hua University,
Hsinchu 300044, Taiwan

(Received 4 October 2020; revised 3 April 2021; accepted 27 April 2021; published 27 May 2021)

In this paper, we propose to manipulate a nonrelativistic electron beam during its emission and
acceleration to create nanobunched electrons. Specifically, we simulate the acceleration of a structured
electron beam emitted from a multiring photocathode in a photoinjector and show that, after acceleration,
such a transversely structured beam can be transformed into a hollow beam with a longitudinal density
modulation in the petahertz frequency range. Our theoretical study shows that, in the far-field zone, the
coherent radiation of the bunched hollow beam approaches that of a similarly bunched solid beam in the
paraxial limit.
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I. INTRODUCTION

It is well known that an electron beam having a length
much longer than the desired radiation wavelength emits
incoherent radiation with spectral energy linearly propor-
tional to the number of electrons in the beam. However,
when the electron bunch is much shorter than the radiation
wavelength, the bunch can emit coherent radiation with
spectral energy proportional to the square of the number of
electrons in the bunch [1–3]. This coherent radiation
process is dubbed as superradiant emission or superra-
diance. For an electron bunch with a finite length, the
radiation intensity is scaled by the Fourier amplitude of the
bunch or the so-called bunching factor. Furthermore, a
density-modulated electron beam consisting of Nb periodic
bunches could radiate coherently at the harmonics of its
bunching frequency with spectral energy proportional to
Nb

2. It is possible to inject a coherent seed radiation into a
superradiant process to generate more radiation power
through stimulated emission. This is called the stimulated
superradiant process [1–3]. Superradiant and stimulated-
superradiant emissions of longitudinally density-modulated
electron beams are useful to generate intense coherent
radiations from, for instance, Smith-Purcell grating [4–7],
Cherenkov dielectric [8,9], transition radiator [10–12], and
free electron laser (FEL) [13–27].

To achieve multibunch superradiance, the preparation of
a density-modulated beam is imperative. To efficiently
generate superradiant or stimulated superradiant emission,
the length of each microbunch in the beam has to be
comparable to or shorter than the desired radiation wave-
length. For example, a Gaussian bunch with its rms length
equal to half of the radiation wavelength gives a bunching
factor of about 1% [28]. For a periodically bunched beam,
the repetition rate of the microbunches should be the same
as or a subharmonic of the desired radiation frequency. It is
increasingly difficult to generate high-frequency bunching
toward terahertz, not to mention the extreme ultraviolet
(EUV) or soft x-ray frequencies. In the EUVand soft x-ray
spectrum, the bunching frequency has to be in the range of
few tens or even few hundreds of petahertz (PHz), which
has a corresponding bunch duration in the range of few tens
or even few attoseconds. Although a high-voltage dc
electron gun followed by superconducting radio frequency
(SRF) cavities is able to generate a bunch repetition rate up
to a few GHz [29–31], it is far below what is needed for
generating THz, EUV or soft x-ray superradiance.
Many schemes of laser-based manipulation have been

proposed for creating microstructures in an electron beam.
The laser-pulse train driven photoemission was proposed to
generate electron bunches with a repetition rate up to few
hundreds of THz [28,32]. It has been experimentally
demonstrated that two electron bunches separated by few
ps with total charges of a few tens of pC can be generated
from a radio frequency (rf) photoinjector driven by sub-ps
laser pulses [32]. Besides, the interaction between a
relativistic electron beam and the field of a laser in a
modulator undulator can imprint an energy modulation on
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an electron beam, which can then be converted into a
longitudinal density modulation in the beam. Some of these
phase-space manipulation schemes, such as high-gain
harmonic generation (HGHG) [16–19] and echo-enabled
harmonic generation (EEHG) [18–27], have been used to
bunch a beam to enhance the coherent radiation in an FEL.
Recently, coherent radiations at 4.3 [16] and 32 nm [27]
have been achieved with HGHG and EEHG schemes,
respectively. Nevertheless, the interaction between the
electron beam and the field of a laser often involves
complex dispersive elements, such as undulators or cas-
caded modulator-chicane modules. It has also been pro-
posed to insert a mask into a beam line to create transverse
structures in a beam, and then convert them into longi-
tudinal structures through the so-called transverse-to-
longitudinal emittance exchange (EEX) scheme [33–37].
The longitudinal period between the microbunches gen-
erated by the EEX scheme is usually between sub-ps and ps
[33–37], which corresponds to a bunching frequency in the
THz region. The EEX scheme also involves dispersive
elements, which usually induce unwanted beam degrada-
tion from incoherent and coherent synchrotron radiations
[23]. In this paper, we propose a novel bunching scheme
that does not involve dispersive elements and seed lasers.
Similar to the phase space manipulation of a relativistic

electron beam in dispersive elements, a nonrelativistic
electron beam can be manipulated with ease by the rf field
in an accelerator cavity. In Sec. II, we introduce the spatial
transformation of a short electron bunch by the radially
dependent rf fields in an accelerator cell. We will discuss
the influence of the injection phase on the bunch com-
pression in an rf photoinjector. By tailoring the transverse
bunch distribution at the photocathode, one can utilize the
spatial transformation of the electron beam in rf cavities to
precisely modulate the electron density in the longitudinal
direction during particle acceleration. An important advan-
tage of the proposed scheme is that there is no dispersive
element along the beam line to cause beam degradation.
Previously, a curved cathode was proposed to cancel the
radial-path difference among emitted electrons and gen-
erate a single ultrashort electron bunch [38]. In this work,
we take advantage of the path difference on a structured flat
cathode to generate a fast electron bunch train after
acceleration. In Sec. III, we introduce a key parameter,
the bunching factor, for qualifying the bunching of the
beam. We then introduce the particular form it takes under
the paraxial approximation in the far-field region, as well as
its simplification to a one-dimensional (1D) longitudinal
bunching factor for certain beam properties. In Sec. IV, we
propose to use the aforementioned spatial transformation of
electrons to generate a longitudinally density modulated
electron beam by illuminating a multiring cathode of a
photoinjector with a laser pulse. We simulate the particle
dynamics in a normal conducting rf (NCRF) accelerator
system by using the particle tracking code ASTRA [39].

The simulation results show that the transversely structured
beam can be spatially transformed into a hollow beam with
longitudinal density modulation during particle accelera-
tion. Under certain conditions, the bunching frequency can
reach the PHz range, although efficient bunching in the
THz range could already been useful. We also analytically
calculate and compare the bunching factors of a hollow and
a solid beam with the same longitudinal density modula-
tion. As it will be shown below, the comparison indicates
that the far-field coherent radiation of the hollow beam
generated by our scheme is similar to that of a solid beam in
the paraxial limit.

II. RADIAL DEPENDENCE OF rf
ACCELERATION

A. Radially dependent rf accelerating fields

The radially dependent electric fields in an accelerator
account for the coupling of the radial and longitudinal
displacements of the electrons in the beam during accel-
eration. In this paper, the longitudinal direction is defined
along z, coinciding with the electron propagation direction.
In a cylindrical pillbox rf cavity, the longitudinal accel-
erating field has its maximum value on the axis of the
accelerator. In the radial direction, the longitudinal field
decreases gradually and vanishes at the transverse sidewall
of the cavity. On the other hand, the radial field strength
increases along the radial direction. Specifically, for an
accelerating cavity with a length L and radius a, the
longitudinal and radial electric-field amplitudes of the
fundamental cavity mode are given by [14]

Ez0ðrÞ ¼ E0J0ðη0rÞ; ð1Þ

and

Er0ðrÞ ¼
k0
η0

E0J1ðη0rÞ; ð2Þ

respectively, where J0 and J1 are the zeroth and first order
Bessel functions of the first kind, E0 is the maximum axial
field amplitude, η0 ¼ 2.405=a and k0 ¼ π=L. Both of the
fields in Eqs. (1) and (2) are dependent on r. For an S-band
π=2-mode standing-wave accelerator operating at
2.856 GHz with L ¼ 6.76 cm and a ¼ 4.2 cm, k0 ¼
46.47 and η0 ¼ 57.16. Figure 1 shows the variations of
Ez0ðrÞ=E0 and Er0ðrÞ=E0 along r in the paraxial region of
such an rf cavity. Note that the longitudinal acceleration
gradient Ez0 decreases to about 99.67% of the maximum
value E0 at the radial position r ¼ 2mm. As will be seen
below, this small change of the accelerating field is
sufficient to introduce a significant spatial transformation
to a beam at the exit of an accelerator.
In addition to the accelerating field, the space charge

field of the beam also influences the motion of the electrons
in the beam. With a few-cycle fs injection laser, it is
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possible to induce the emission of an ultrashort electron
bunch at the photocathode. Considering a longitudinally
thin electron disk with a surface charge density ρs, near the
center of the disk, the space charge field is roughly ρs=2ε0
at both the front and back sides of the electron layer, where
ε0 is the vacuum permittivity. For a 100-fC electron beam
with an initial Lorentz factor γ ∼ 1 uniformly distributed
over a two-dimensional disk within a radial distance
r ¼ 2 mm, the space charge field at the center of the disk
surface is about Esc ∼ 449.39 V=m, which is significantly
smaller than the nominal tens of MV=m accelerating field
in an accelerator. However, if the total charge increases to
1 nC over the same disk area, the space charge field is
comparable to the accelerating field.
The dynamics of a single electron in a standing-wave rf

accelerator has been studied in [40] without considering
the space charge and transverse rf fields. From the approxi-
mate solutions, the rf phase seen by an electron, ϕ ≡
ωt − k0zþ ϕ0, has the asymptotic value, ϕ → ϕ∞ ¼
ðm0c2k0=eEz0 sinϕ0Þ þ ϕ0, subject to an accelerating field
Ez0, whereϕ0 is the initial phase of the accelerating field,m0

is the electron rest mass, and e is the electron charge. The
asymptotic phase difference between two electrons gener-
ated at r ¼ r1 and r2 is ϕ∞ðr ¼ r1Þ − ϕ∞ðr ¼ r2Þ ¼

m0c2k0=eEz0½J0ðη0r1Þ − J0ðη0r2Þ� sinϕ0. The phase differ-
ence indicates that the radially dependent field Ez0ðrÞ can
longitudinally separate the two electrons during acceleration.
However, this approximate solution is not valid for
sinϕ0 → 0. In addition, the model is too complicated to
give a close-form solution when involving the transverse rf
fields [28]. To take into account the effects of the space
charge and transverse rf fields for high-frequency bunching,
for what follows, we carefully study the details in computer
simulations.

B. Spatial transformation of a short electron beam

A short electron beam emitted from a photocathode can
be regarded as a longitudinally thin particle layer with a
finite radial extent, if its transverse dimension is much
larger than the longitudinal dimension. Since the rf accel-
eration force experienced by an electron is radially depen-
dent in an rf accelerator, as mentioned in Sec. II A, the
electron layer is spatially transformed into a different
geometry during acceleration [28]. We propose to use this
effect to create a longitudinal density modulation with an
initially transversely structured beam. As it will be shown
in Sec. IV, we first investigate here the possibility to keep
the particle layer thin during the acceleration by a proper
choice of the injection phase in an rf photoinjector.
At the photocathode, the initial thickness of the particle

layer is mostly determined by the pulse duration of the
driver laser. When an electron leaves from the cathode
surface, it experiences simultaneously an rf acceleration
force and a repulsive space charge force from the other
electrons. Hence, the thickness of a subsequently accel-
erated particle layer depends not only on the laser pulse
duration and the space charge force, but also on the
injection phase and acceleration-field gradient of the rf
photoinjector. The beam compression factor, which is
defined in the paper as the ratio of the final temporal
spread to the initial temporal width of particles at the same

FIG. 1. Variations of Ez0=E0 and Er0=E0 versus r for k0 ¼
46.47 and η0 ¼ 57.16 in an S-band accelerator cell.

FIG. 2. Half r-Δz distribution of 100-fC electron beams at the exit of the 1.6-cell, S-band rf photoinjector [42] with E0 ¼ 100 MV=m.
The injection phases are (a) 180° and (b) 200°, respectively. Note that the initial cutoff radius and temporal duration of the beams are
2 mm and 30 fs at the photocathode, respectively. δz, Λb, Δz are the spread of the particle layer, full length of the electron beam, and
longitudinal particle position with reference to a particle on the axis, respectively.
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radial position in an rf photoinjector, was analytically
studied in [41]. The analysis indicates that the beam
compression factor for negatively charged particles attains
a minimal value when the injection phase of the rf photo-
injector is 180°. As a result, the rf fields could compress the
electron bunch during acceleration when the injection
phase is around 180°. Note that at 180° the phase of the
longitudinal rf field on the cathode changes its sign. For
negatively charged particles, the rf field is accelerating at
180°and deaccelerating at 0°. Figures 2(a) and 2(b) show
typical ASTRA simulation results of short electron beams
generated from a 100 MV=m BNL/SLAC/UCLA-type
1.6-cell, S-band rf photoinjector [42] with injection phases
at 180° and 200°, respectively. For the results shown in the
plot, the electron beams are set to be uniformly distributed
in the transverse direction with a cutoff radius r0 ¼ 2 mm
at the cathode. The total charge of the electron beams and
the rms pulse duration of the driver laser are 100 fC and
30 fs, respectively. The electron beam in Fig. 2(a), although
lengthened to Λb (the full longitudinal length) under the
influence of the radially dependent rf accelerating fields,
remains a thin layer with a longitudinal sliced thickness
denoted by δz. It is seen that the thickness of a non-
relativistic electron layer is sensitive to the injection phase
of the rf photoinjector. In fact, at the 200° injection phase,
the layer thickness δz increases significantly from its initial
value, which is undesirable for electron bunching.

III. RADIATION AND BUNCHING FACTOR OF
DENSITY MODULATED BEAM

The bunching factor Mb crucially weights the coherent
radiation power emitted by a beam. The angular spectral
energy emitted by a beam containing N electrons in a
radiator can be expressed as [43]

d2W
dΩdf

¼
�
d2W
dΩdf

�
inc

þ
�
d2W
dΩdf

�
coh

≅ N½1þ NM2
bðΩ; fÞ�

�
d2W
dΩdf

�
0

; ð3Þ

where Ω is the solid angle with reference to the z
axis, MbðΩ; fÞ is the bunching factor as a function of
the solid angle Ω and frequency f, ðd2W=dΩdfÞ0 is the
angular spectral energy radiated by a single electron,
ðd2W=dΩdfÞinc¼Nðd2W=dΩdfÞ0 and ðd2W=dΩdfÞcoh ¼
N2M2

bðΩ; fÞðdW2=dΩdfÞ0 are the incoherent and coherent
parts of the energy emitted by the beam, respectively. Given
the enormous number of electrons in a beam, even a small
bunching factor would allow the coherent radiation
energy from a bunched beam exceeding the incoherent
one from a randomly distributed beam. For example, it is
straightforward to show from Eq. (3) that the radiation
energy from a 100-fC density modulated beam with Mb ¼
0.04 can be as high as the one from a 100-pC randomly
distributed beam.

A. Bunching factor of an arbitrarily shaped
electron beam

Consider an observer at the position R⃗ ¼ ðx; y; dÞ and an
electron beam with an arbitrary shape longitudinally
extended between z ¼ −Λb and z ¼ 0, as illustrated in
Fig. 3. We define the observation angle as θ ≅

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
=d

with
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
≪ d in the paraxial limit θ ≪ 1. Assuming

that the distance d between the observer and the beam head
is much larger than the beam length Λb, and taking the
beam’s three-dimensional (3D) distribution into account,
one can express the bunching factor as [43]

Mbðx; y; fÞ≡ 1

N

����
XN
j¼1

exp

�
i
2πfjR⃗ − Rj

�!j
c

�����

≅
1

N

����
XN
j¼1

exp

�
i
2πfðd − z0jÞ

c
þ i

πf½ðx − xj0 Þ2 þ ðy − yj0 Þ2�
cðd − z0jÞ

�����; ð4Þ

where R0
j

�! ¼ ðx0j; y0j; z0jÞ represents the position of the jth electron. The approximation in Eq. (4) is valid only if the paraxial
approximation ðx − x0jÞ2 þ ðy − y0jÞ2 ≪ ðd − z0jÞ2 is satisfied. The inverse of the longitudinal distance between the observer
and the jth electron ðd − z0jÞ−1 ¼ 1=d½1þ z0j=dþ ðz0j=dÞ2 þ ðz0j=dÞ3 þ � � �� can be approximated as 1=d within the range
−Λb ≤ z0j ≤ 0, sinceΛb=d ≪ 1. The bunching factor in Eq. (4) depends not only on the particle distribution in the beam but
also on the position of the observer relative to the beam. By taking out the constant phase terms, Eq. (4) can be rewritten as

Mbðx; y; fÞ ≅
1

N

����
XN
j¼1

exp

	
−i 2πfz

0
j

c
− i

2πfðxx0j þ yy0jÞ
cd

þ i
πfðx02j þ y02j Þ

cd


����: ð5Þ
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The quadratic phase term exp½iπfðx02j þ y02j Þ=cd� is only
contributed by the transverse spread of the particles. If the
following condition,

�
πfðx02j þ y02j Þ

cd

�
¼ πfσr2

cd
≪ 2π; ð6Þ

is satisfied, where σr represents the rms beam radius and h i
denotes the average over all the electrons of the beam, then
the quadratic phase term under the summation sign in
Eq. (5) is approximately unity over the entire beam. For
example, to satisfy Eq. (6), the observation distance d has to
be much larger than 13.3 cm for our following case with
f ¼ 2 PHz (λ ¼ 150 nm) and σr ¼ 200 μm. This far-field
condition can be easily achieved for most applications.
Under this far-field condition, the bunching factor can be
written as

Mbðk⃗Þ ¼ Mbðkx; ky; kzÞ

≅
1

N

����
XN
j¼1

expð−ikzz0j − ikxx0j − ikyy0jÞ
����

¼ 1

N

����
XN
j¼1

expð−ik⃗ · R0
j

�!Þ
����; ð7Þ

where kx ≅ 2πfx=cd, ky ≅ 2πfy=cd, kz ≅ 2πf=c and

k⃗ ¼ ðkx; ky; kzÞ. The bunching factor written in the form

of Eq. (7) depends on the direction and amplitude of k⃗,
which are related to the radiation frequency f and the
position of the observer R⃗ ¼ ðx; y; dÞ. Equation (7) is the
sum of all the plane-wave-like fields with the wave vector k⃗
emitted from the sources, which are the electrons in this
study. This is a consequence of the far-field approximation
made in Eq. (6).
For a beam with a normalized 3D distribution function

nðR0!Þ, Mbðk⃗Þ can similarly be expressed as

Mbðk⃗Þ ¼
����
Z
V
nðR0!Þ expð−ik⃗ · R0!ÞdR0!

���� ¼ FfnðR0!Þg; ð8Þ

where FfnðR0!Þg is the Fourier transform of nðR0!Þ.

Qualitatively, the bunching factor can be regarded as the
interference of waves emitted by the electrons in the beam
with a normalized amplitude. Considering all the electrons
as independent radiation sources, the relationship between
the distribution and bunching factor of electrons is analo-
gous to the one between the distribution and interference of
point light sources in Fourier optics [44]. Similarly, Eqs. (6)
and (8) are analogous to the Fraunhofer approximation and
the Fraunhofer diffraction equation in scalar wave diffrac-
tion theory [44], respectively.

B. Bunching factor of an electron beam with a
small beam radius

Under the assumptions that the radius, divergence, and
energy spread of the electron beam are negligibly small so
that −kxx0j − kyy0j ≪ 2π, the bunching factors in Eqs. (7)
and (8) reduce to the one-dimensional (1D) expressions,
called hereafter the longitudinal bunching factors

Mb;lðfÞ≡ 1

N

����
XN
j¼1

exp

�
−i 2πfz

0
j

c

����� ð9Þ

and

Mb;lðfÞ ≡
����
Z

∞

−∞
nðz0Þ exp

�
−i 2πfz

0

c

�
dz0

���� ¼ jFfnðz0Þgj;

ð10Þ

respectively. nðz0Þ is the normalized longitudinal dis-
tribution function of the beam, and Ffnðz0Þg≡R
∞−∞ nðz0Þ expð−i2πfz0=cÞdz0 is the Fourier transform

of nðz0Þ.
According to Eqs. (9) and (10), the bunching spectrum of

an electron beam with a periodical longitudinal modulation
at a repetition rate f is expected to have regular peaks at f
and its harmonics. The value of the bunching factor is
crucially influenced by the quality of this density modu-
lation, including the periodicity and contrast of the micro-
bunches. For example, the bunching factor for a set of 50-
attosecond (rms) Gaussian microbunches with a repetition
rate of 10 PHz (λ ¼ 30 nm) is about 0.01 at f ¼ 10 PHz.
With the effect of the spatial transformation in rf accel-
erators, as mentioned in Sec. II, it is expected that both
nðz0Þ and Mb of an accelerated beam critically depend on
the transverse distribution of electrons at the photocathode.

IV. GENERATION OF A STRUCTURED HOLLOW
ELECTRON BEAM

As mentioned in Sec. II, the study of the spatial trans-
formation of an electron layer with an infinitesimal thick-
ness δz → 0 allows one to understand the impulse response
of an accelerator system, which reveals the first-order
evolution of the transverse-to-longitudinal distribution of

FIG. 3. Coordinates for calculating the bunching factor of an
arbitrarily shaped electron beam with a length longitudinal Λb
located at a longitudinal distance d from an observer. θ is the
observation angle or the emission angle with respect to the beam
trajectory, and ψ is the azimuthal angle in the x-y plane.
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accelerated electrons in the system through subsequent
convolution calculations. The spatial transformation of the
electrons in an rf accelerator can convert the transverse

density modulation of an input beam into the longitudinal
density modulation of an output beam. With a specified
transverse-to-longitudinal conversion of an electron distri-
bution, it is possible to tailor design a transverse electron
density distribution at the photocathode for a longitudinal
modulation desired at the exit of an accelerator system.
This is the scheme that we propose to generate a beam with
a PHz longitudinal modulation in an electron beam. In the
following, we will now present it in more details.

A. Multiring structured photocathode

To keep the electron beam cylindrically symmetric
during acceleration, we choose to imprint a ring-pattern
density modulation onto the beam emitted from a multiring
photocathode. Since the electron flux of photoemission is
related to the cathode material and the intensity of the driver
laser, the transverse distribution of the emitted electrons can
be modulated by varying the cathode material or the
intensity profile of the driver laser on the photocathode.
Figure 4 illustrates a cylindrically symmetric, density-
modulated electron beam generated from a multiring
structured photocathode. The multiring structured cathode,
shown in Fig. 4(a), can be fabricated by patterning a mask
atop a cathode wafer with lithographic techniques [45,46].
The cathode wafer is partially covered by the mask, and the
pattern of the uncovered cathode area is composed of many
concentric rings with an equal linewidth Δr. The cross
section of such a structured photocathode is shown in
Fig. 4(b). The photon energy of the driver laser should then
be larger than the work function of the cathode ring Φring

but smaller than the one of the mask Φmask. In this way, the
uncovered cathode rings will emit electron rings of the
same pattern when illuminated by the driver laser. For
example, the materials of the cathode wafer and mask can
be copper and nickel with work functions of 4.31 and
5.01 eV, respectively. A 266-nm UV laser with a photon
energy of 4.66 eV can be a suitable driver laser to induce
photoemission from the copper rings. The lithographically
patterned cathode surface is assumed to be smooth enough
so as not to induce nonuniform photoemission and emit-
tance growth [47]. Figure 4(c) illustrates the spatial dis-
tribution of the electron rings at the cathode. After being

FIG. 4. (a) Illustration of a multiring structured photocathode.
The pattern of the uncovered cathode surface is in the form of
concentric rings. (b) Cross section view of the structured photo-
cathode. The cathode material uncovered by the mask emits
electrons. (c) Spatial distribution of the emitted electrons at the
cathode. (d) At the accelerator exit, the concentric electron rings
at the cathode are longitudinally separated by the radially
dependent rf fields during acceleration.

FIG. 5. The 23 m long NCRF accelerator system considered in our simulation study.
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accelerated by the radially dependent rf fields, the electron
rings with different radii are separated and transformed into
a longitudinally density-modulated hollow beam, as illus-
trated conceptually in Fig. 4(d).
After the spatial transformation during acceleration,

the lengths of the microbunches are related to both the
thickness of the particle layer δz and the linewidth
of the input electron rings Δr because of the radial
induced curvature shown in Fig. 2(a). With today’s
electron beam lithography or extreme ultraviolet (EUV)
photolithography, the achievable feature size of the
structured cathode can be on the order of 10–30 nm
[46]. To be conservative, we assume Δr ¼ 30 nm there-
after. The lengths of the output electron rings are mainly
determined by the laser pulse duration, beam charge,
peak acceleration gradient and injection phase in the
rf field.

B. PHz structured hollow electron beam

In this section, we present our study using the simulation
code ASTRA for the generation of a hollow structured
electron beam with a longitudinal bunching frequency of
2 PHz from a 23-m long NCRF accelerator system. The
accelerator system is composed of a 1.6-cell photoinjector
with a multiring structured cathode and four downstream
linear accelerator (linac) sections, as illustrated in Fig. 5.
The first section is partially wrapped with solenoid coils,
which effectively compensate the emittance growth and
provide transverse focusing to the beam [48]. The con-
ceived 23-m NCRF accelerator system is just an illustration
and can be further optimized for real experiments. Table I
lists the design parameters of the NCRF accelerator system
considered in our simulation.
Once the electron beam is accelerated to a relativistic

velocity by the four linac sections, the relative longitudinal
position of the electrons beyond z ¼ 23 m is almost fixed,
implying an almost invariant longitudinal modulation. The
beam is transversely focused at z ∼ 55 m by the solenoid
coils. The rms beam radius along the beam line is shown in
Fig. 6(a), kept under 200 μmin the focal region between
z ¼ 45 and 65 m. The 20-m depth of focusing is convenient
for installing, for instance, an undulator to generate
radiation. The position and length of the focal region are
correlated, and can be adjusted by varying the magnetic
field of the solenoid coils. For example, by adjusting the
magnetic field of the solenoid coils between 0.07 and
0.08 T, the position of the focal region of the 100-fC
electron beam can be varied between 95 and 34 m, and the
depth of focus can be varied between 38 and 15 m. It is
certainly possible to use the solenoid coils primarily for
emittance compensation and install a few quadrupole lenses
after the accelerator system to focus the beam at a desired
location. For this study, the solenoid coils are sufficient to
serve our purposes.
During acceleration, the transverse distribution of a low-

charge beam is mainly influenced by the radial component

TABLE I. Parameters of the NCRF accelerator system in Fig. 5.

Parameter Value

rms laser pulse duration 30 fs
Linewidth of each emission
ring on the photocathode

30 nm

Number of emission rings
on the photocathode

131

Photoinjector 2.856 GHz, 1.6 cell,
standing wave

Injection phase 180°
Linac 1-4 2.856 GHz, 147 cell,

traveling wave
Acceleration gradient 100MV=m (photoinjector)
25 MV=m (Linac 1-4)
Accelerator length 0.126 m (photoinjector)
5.15 m (Linac 1-4)
Peak B-field in the coil 7.5 × 10−2 T
Coil length 2 m
*In ASTRA, we set Nrad ¼ 10, Nlong_in ¼ 30 for the cylindrical
grid when performing the space charge calculation [39].

FIG. 6. (a) rms beam radius σr as a function of the longitudinal position z for a 100-fC beam in the proposed 23-m beam line in Fig. 5.
The solenoid coils focus the beam at z ∼ 55m. The rms beam radius is kept under 200 μm between z ¼ 45 to 65 m for, say, a radiation
insertion device. (b) Linear relationship found from simulation between the input and output radial positions rin (at z ¼ 0m) and rout (at
z ¼ 23 m, the position of the accelerator exit) of the electrons for the 100-fC beam.
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of the electric field in the rf cavities and by the magnetic
field of the solenoid coils. In the paraxial region, the
expansion of the field Er0ðrÞ ∝ J1ðη0rÞ ¼ η0r=2 − ðη0rÞ3=
16þ � � � ≈ η0r=2 is kept up to the linear term. Therefore,
the radial electric force experienced by an electron is
approximately proportional to its radial position in the rf
cavity. Since the solenoid coils transversely confine the
beam with a constant magnification [49] and the electron
transit time is approximately a constant for all electrons in
the beam through the accelerator system, the radial dis-
placement of the electrons is more or less proportional to r
in the paraxial region when the space charge effects are
negligible. Indeed, Fig. 6(b) shows a linear relationship or a
constant slopeM≡ drout=drin between the radial positions
rin (at z ¼ 0 m) and rout (at z ¼ 23 m) of the electrons. As
it will be shown below, this relation is crucial for the design
of the structured photocathode.
In our simulation, the transverse distribution of the input

beam is optimized for a goal to generate 2 PHz repetitive
microbunches at z ¼ 23 m. Figure 7 shows such a designed

FIG. 7. Transverse distribution of the input electron beam at the
cathode. In this design, the number of electron rings is 131 and
the linewidth of each electron ring is set to 30 nm. The chosen
dimensions are within the reach of today’s nanofabrication
techniques.

FIG. 8. Spatial distributions of the hollow structured beam at the (a) exit of the rf accelerator system (z ¼ 23 m) and (b) focal point of
the electron beam (z ¼ 55 m). Longitudinal distributions of the beam at (c) z ¼ 23 m and (d) z ¼ 55 m. The subplot show the zoom-in
views near the bunch head.
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transverse electron distribution at the cathode. There are
131 electron rings within a circular radius of 2 mm. The
radial space between two successive rings is in the range of
a few μm to a few tens of μm. The initial ring radii are
crucial to fine-tune the longitudinal distances between the
rings and hence the bunching frequency of the output beam
after acceleration. The linewidth of each ring is set to 30 nm
and the total charge is set to 100 fC in the simulation. Both
the rms pulse duration of the driver laser and the rms
temporal length of the electron rings at the cathode are set
to 30 fs. The radii of the rings are calculated according to a
known r-Δz distribution of an electron layer at the exit of
the accelerator system. The charges of all the electron rings
are assumed to be approximately the same. We randomly
generate electrons on the rings with equal probability to
create the input particle files for our simulations. The
proposed charge distribution can be obtained by generating
a laser intensity inversely proportional r in a properly
programmed spatial light modulator. This charge manipu-
lation is chosen for creating the input particle files
conveniently and demonstrating the electron bunching in
the downstream beam line. Further optimization for, say,
minimizing emittance growth remains open in future
studies.
A self-developed algorithm is used to calculate the radii

of the cathode rings and generate a corresponding input
particle file in the simulation. Specifically, we first simulate
the propagation of a thin electron layer in the accelerator
system to generate a r-Δz distribution of particles similar to
the one in Fig. 2 and a rout�rin distribution similar to the
one in Fig. 6(b) at the accelerator exit. We then sliced the
cone of the r-Δz distribution for a given longitudinal period
in z to obtain a set of rings similar to those in Fig. 4(d). The
linear relationship between rin and rout of the electrons
allows us to divide the radii of the sliced rings by a constant
ratio M to obtain the radii of the rings at the photocathode.
We ignored the space charge when calculating the cathode
rings, but included it in the simulations.
Figures 8(a) and 8(b) show the 3D spatial distributions of

the output beam at the accelerator exit z ¼ 23 m and at the
focal point z ¼ 55 m, respectively. The insets of Figs. 8(a)
and 8(b) are the zoom-in views of the bunch heads at z ¼
23 and 55 m, respectively, where longitudinally separated
electron rings are clearly seen. Figures 8(c) and 8(d) show
the longitudinal distributions of the beam or histograms of
the particles at z ¼ 23 and 55 m, respectively, and the insets
show the zoom-in views at the bunch head. Periodic
bunching of the output beam is clearly seen from the
plots. Table II summarizes the relevant parameters of the
output beam. In our simulation, the number of particles,
625,000, is matched to the exact number of the electrons in
the 100-fC bunch charge. Therefore, the space charge field
and electron behavior can be accurately calculated by the
simulation code to reflect a real electron beam in the
accelerator system.

Figure 9(a) shows the longitudinal bunching spectrum of
the 100-fC beam from our simulation at z ¼ 23 m (blue
curve), calculated by using Eq. (10). As a comparison, we
also plot in the same figure the bunching spectrum for a
500-fC output beam (red curve). Figure 9(b) shows the
longitudinal distribution of a structured hollow beam with a

TABLE II. Parameters of the output electron beam.

Parameter Value

Average energy 392.5 MeV
Total charge 100 fC
rms macrobunch length 5.69 μm
rms macrobunch duration 18.97 fs
Full macrobunch length ∼20 μm
Full macrobunch duration 66.67 fs
rms beam current 5.27 A
Average charge per microbunch 0.76 fC
rms beam divergence <18.6 μrad
Transverse emittance (normalized) 0.04π mmmrad:
Repetition rate of microbunches 2 PHz
Number of particles in the simulation 625,000

FIG. 9. (a) Longitudinal bunching spectra of simulated output
beams with total charges of 100 and 500 fC at z ¼ 23 m.
(b) Longitudinal distribution of a 500-fC structured hollow beam
at z ¼ 23 m. Space charge fields in the 500-fC beam degrade the
bunching quality. The subplot shows nevertheless a visible
periodical modulation on the electron density at the bunch head.
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total charge of 500 fC at z ¼ 23 m. Comparing Fig. 9(b)
with Fig. 8(c), one can see that the contrast of the micro-
bunches decreases when the total charge of the beam
increases from 100 to 500 fC. The bunching spectrum
of the 100-fC beam peaks at the harmonics of 2 PHz
(λ ¼ 150 nm), and retains a value of 0.02 at the 15th
harmonic near 30 PHz (λ ¼ 10 nm). The bunching factor of
the 500-fC beam attains a value about 0.05 and 0.02 at
f ¼ 2 and 4 PHz (λ ¼ 150 and 75 nm), respectively,
although the space charge effects in this higher charge
beam tend to smear out the electron bunches and therefore
degrade the modulation quality. The simulation results
demonstrate that, by manipulating the transverse electron
distribution at the photocathode, it is possible to generate a
longitudinally density-modulated relativistic electron beam
with a high bunching factor up to few tens of PHz after
acceleration in the considered accelerator system.

C. Comparison between bunched hollow and solid
electron beams

Equation (3) indicates that the coherent radiation energy
is strongly influenced by the bunching factor of an electron
beam. A longitudinal density modulation at f in a beam
increases the bunching factor and can therefore greatly
increase the coherent radiation emitted at f in a

superradiant emission process. Previously, we calculated
the bunching spectrum of the simulated structured beam by
ignoring the transverse extent of the beam. In this section,
we theoretically take into account the transverse profile of
the beam and analyze the so-called 3D bunching factor for
our case in comparison with a longitudinally modulated
solid beam.
For an electron beam with a distribution function

nðR0!Þ ¼ nðr0; z0Þ, where r0 ≡ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x02 þ y02

p
, the phase k⃗ · R⃗0

in Eqs. (7) and (8) can be written in the form

k⃗ · R⃗0 ¼ kxx0 þkyy0 þkzz0 ¼ krr0 cosðφ0−ψÞþkzz0; ð11Þ

where kr ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kx2 þ ky2

q
≅ 2πfθ=c is the radial component

of the wave number, ψ ¼ tan−1ðky=kxÞ ¼ tan−1ðy=xÞ and
φ0 ¼ tan−1ðy0=x0Þ are the azimuthal angles in the coordi-
nates of the observer and the electron, respectively.
Equation (11) is particularly useful for a system with
cylindrical symmetry, as it is often the case for an
electron-beam system. With the help of Eq. (11), one
can rewrite the volume integral in Eq. (8) in the cylindrical
coordinate system [43], and obtain the bunching factor of a
cylindrically symmetric electron beam as

Mbðkr; kzÞ ¼
����
Z

0

−Λb

Z
∞

0

Z
2π

0

nðr0; z0Þ expf−i½krr0 cosðφ0 − ψÞ þ kzz0�gr0dφ0dr0dz0
����

¼
����2π

Z
0

−Λb

Z
∞

0

nðr0; z0ÞJ0ðkrr0Þr0dr0 expð−ikzz0Þdz0
����;

ð12Þ

where the relation J0ðxÞ ¼ 1
2π

R
π−π exp½ið−x sin tÞ�dt has

been used in the derivation of Eq. (12), and the cylindrical
symmetry of the beam makesMb independent of φ0 and ψ .
As an example, we consider a longitudinally density-

modulated solid beam with a uniform transverse distribu-
tion within a cutoff radius r0, and assume that all the
microbunches constituting the beam are infinitely short and
periodically spaced by a distance c=fb along the longi-
tudinal direction. The 3D distribution function of such a
flattop beam can be expressed as

nflattopðr0; z0Þ ¼
1

Nm

XNm

j¼1

Πðr0 − r0Þ
πr20

δðz0 − zjÞ; ð13Þ

where zj ¼ ð1 − jÞc=fb is the longitudinal position of the
jth electron microbunch, Nm is the total number of
microbunches, and Πðr0 − r0Þ is a step function with
Πðr0 − r0Þ ¼ 1 for r0 − r0 ≤ 0 and Πðr0 − r0Þ ¼ 0 else-
where. By substituting this distribution function into
Eq. (12), the bunching factor can be calculated as

Mb;flattopðkr; kzÞ ¼
���� 2

Nmr20

XNm

j¼1

Z
0

−Λb

Z
r0

0

J0ðkrr0Þr0dr0δðz0 − zjÞ expð−ikzz0Þdz0
����

¼
���� 2

Nmkrr0
J1ðkrr0Þ

XNm

j¼1

expð−ikzzjÞ
����:

ð14Þ
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According to Eq. (14), the transverse coherence of the
radiation is related to krr0. For relativistic electrons, the
typical emission angle θ of synchrotron radiation is within
the value of the inverse Lorentz factor γ−1 [43]. The condi-
tion for full transverse coherence is krr0 ¼ 2πfr0θ=
c ≈ 2πfr0=cγ ≪ 1, so that J1ðkrr0Þ=ðkrr0Þ retains its maxi-
mum value at krr0 ¼ 0 [43].

Considering now a hollow structured beam composed of
a set of electron rings with an equal linewidth Δr at
different radii, and assuming that the electron rings are
infinitely short and periodically spaced by c=fb along the
longitudinal direction, one can write the 3D distribution
function of such a hollow structured beam as

nhollowðr0; z0Þ ¼
1

Nm

XNm

j¼1

1

2πrjΔr

	
Π
�
r0 − rj − Δr

2

�
− Π

�
r0 − rj þ

Δr
2

�

δðz0 − zjÞ: ð15Þ

where rj is the radius of the jth ring. By substituting the distribution function into Eq. (12), one can obtain the bunching
factor of the hollow structured beam as

Mb;hollowðkr; kzÞ ¼
���� 1

Nm

XNm

j¼1

1

rjΔrkr

��
rj þ

Δr
2

�
J1

	
kr

�
rj þ

Δr
2

�

−
�
rj −Δr

2

�
J1

	
kr

�
rj −Δr

2

�
�
expð−ikzzjÞ

����: ð16Þ

If Δr → 0, i.e., Δr ≪ rj for any j, then Eqs. (15) and
(16) reduce to

nhollowðr0; z0Þ ¼
1

Nm

XNm

j¼1

1

2πrj
δðr0 − rjÞδðz0 − zjÞ: ð17Þ

and

Mb;hollowðkr; kzÞ ¼
���� 1

Nm

XNm

j¼1

J0ðkrrjÞ expð−ikzzjÞ
����; ð18Þ

respectively. Equation (18) indicates that the condition for
full transverse coherence for the radiation emitted from a
structured hollow beam is 2πfr0=cγ ≪ 1 [43], since the
function J0ðkrr0Þ is maximal at krr0 ¼ 0 with r0 being the
radius of the outermost ring. This condition is similar to
that for a longitudinally modulated solid beam.
At f ¼ fb, Eqs. (14) and (18) become

Mb;flattopðkr; kzÞ ¼ Mb;flattopðθ; fbÞ

¼
���� c
πfbθr0

J1

�
2πfbθr0

c

����� ð19Þ

and

Mb;hollowðkr; kzÞ ¼ Mb;hollowðθ; fbÞ

¼
���� 1

Nm

XNm

j¼1

J0

�
2πfbθrj

c

�����; ð20Þ

respectively. Since the longitudinal bunching factors of
these two beams are unity at f ¼ fb, Eqs. (19) and (20)
can be regarded as the transverse bunching factors of the
solid and hollow beams, respectively. The transverse
bunching factor of a beam is related to the transverse
beam distribution and observation angle θ. In Fig. 10, we
compare the angular spectra of the transverse bunching
factors of the solid beams (blue curves) and hollow beams
from our simulation (red curves) with cutoff beam radii at

FIG. 10. Angular spectra of the transverse bunching factors of
the hollow (red curves) and the solid (blue curves) beams with
r0 ¼ 10, 50, 100, 150, 200, 250 and 300 μm. With the solenoid
field in our beam line, the beam radius varies along z. In this plot,
the particle distributions of the hollow beam with r0 ¼ 300, 250,
200, 150, 100, 50 and 10 μm are obtained at z ¼ 50.88, 48.96,
47.04, 45.12, 43.20, 41.28, 39.36 m, respectively, from the
simulation of the considered beam line.
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r0 ¼ 10, 50, 100, 150, 200, 250 and 300 μm. In Fig. 10,
one can see that the transverse bunching factors of the two
beams decrease with the increase of the observation angle θ
and cutoff beam radius r0. From the angular spectra of the
transverse bunching factors, one can record a pattern in the
observation plane (the x-y plane in Fig. 3) containing
concentric rings around the central maximum at θ ¼ 0°.
This pattern results from the superposition of the radiation
fields of the individual electrons in a circular beam. When
the beam radius σr and observation angle θ are negligibly
small such that Eq. (6) and the condition for fully transverse
coherence are satisfied, the transverse bunching factors of
the hollow and solid beams coincide with each other,
approaching a magnitude of unity. Similar to Eqs. (7) and
(8) reducing to Eqs. (9) and (10) in the paraxial region, the
3D bunching factors of the solid and hollow beams also
reduce to the 1D bunching factor in the paraxial limit. As
Fig. 10 shows, in the region θ ≪ 1, the blue and red curves
are well overlapped. Consequently, in the paraxial limit, a
density-modulated hollow beam is equally useful as a
density-modulated solid beam for generating coherent
radiation in the far-field zone.

V. CONCLUSION

In this paper, we present a novel scheme to generate
high-frequency periodic bunches within an electron beam.
Illuminating a multiring structured photocathode with a
laser pulse, as illustrated by Fig. 4, allows one to precisely
modulate the transverse density of an input beam. This
input beam is further transformed into a longitudinally
density modulated output beam by the radially dependent rf
fields in an rf photoinjector and subsequent accelerator
sections. Figure 5 exemplifies such an accelerator system.
Our computer simulation shows that the transverse density
modulation of a 100-fC input electron beam at a multiring
photocathode of an S-band photoinjector can be trans-
formed into longitudinal density modulation at PHz
frequencies within a hollow structured beam after accel-
eration in a 23-m-long NCRF accelerator system. In our
design study, the structured photocathode is composed of
131 emission rings with a linewidth of 30 nm within a
2 mm radius, as shown in Fig. 7. The modulation frequency
of the electron density is primarily determined, and can
therefore be adjusted by the radial spacing between the
emission rings on the photocathode surface. The design
result in Fig. 9(a) shows that the longitudinal bunching
spectrum of the output beam reaches 0.3 at 2 PHz and 0.02
at 30 PHz. At 30 PHz, the radiation wavelength is 10 nm,
approaching the soft x-ray spectrum.
The electron emittance, bunch charge, and bunch length

in our study are highly similar to those being used for MeV
ultrafast electron diffraction [50]. However, an ordinary
photocathode could induce nontrivial thermal emittance to
affect the nanobunching in the downstream beam line.
Although thermal emittance is not considered in our study,

there have been several research efforts and experimental
demonstrations to effectively reduce the intrinsic emittance
at a photocathode. Those new schemes include trans-
mission-type laser excitation [51] and cryogenic cooling
[52]. The space charge force in the electrons also plays an
adverse role in the bunching process. In the high-charge
regime, when the electron separation is shorter than the
Debye length of the electron plasma, the interparticle
collisions or the so-called disorder induced heating
(DIH) can degrade the emittance [53] and the nanobunch-
ing. The simulation code, ASTRA, adopts a mean-field
algorithm to calculate the space charge effect and DIH is
not considered in our study. However, for DIH to be
comparable to the temperature of the photoemission of a
cold cathode, the electron number density has to be about
1019 m−3. [54] To avoid DIH, we start with a low number
density of electrons of about 2 × 1016 m−3 at the photo-
injector. Further optimization on beam transport and
acceleration is needed to ensure a nontrivial bunching
factor in a high-charge beam. Recently, the development of
high-gradient THz [55] and optical-frequency accelerators
[56] has attracted attention across the community. The
miniature laser-powered dielectric undulator [57] is also
promising for radiation generation in the x-ray spectrum.
To speed up the research and development, there has been a
quest for a nanobunched fC-charge beam to inject the
advanced accelerator and undulator. The 100-fC nano-
bunched high-energy beam presented in this study is well
suited for this purpose.
Apart from fabricating a nanostructured photocathode

surface, one could in principle install a ring-structured
mask into an accelerator beam line to introduce similar
transverse modulation to an electron beam and generate
longitudinally density-modulated electrons at the output.
The primary advantage of this alternative is that different
masks for different bunching frequencies can be installed to
or removed from the beam line with ease. However, to
generate a PHz electron density modulation, the nanorings
in the mask might not survive from electron bombardment.
Nevertheless, this alternative appears feasible for generat-
ing electron density modulation in the THz regime.
Our theoretical analysis of the 3D bunching factor

indicates that the characteristics of radiation, including
spectral power and coherence, emitted from a hollow ring
and flattop solid beams are nearly indistinguishable in the
far-field region and under paraxial approximation, as
shown in Fig. 10. When the transverse beam size is very
small compared to the observation distance, as quantita-
tively defined by Eq. (6), our analysis shows that the
radiation characteristic of an electron beam in such a
paraxial region can be simply described by the 1D
longitudinal bunching factor of the beam.
Although we have targeted the bunching frequency in the

more difficult PHz range for valuable EUV and soft x-ray
radiations, the feasibility study at PHz can also open up
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similar opportunities for less challenging, lower frequency
radiations. While it is relatively difficult to generate an
electron beam with a bunching frequency in the x-ray
spectrum, the proposed spatial beam manipulation scheme
is useful and relatively simple for generating electron
bunches in the THz, EUV, or soft x-ray spectrum. The
advantage of the proposed scheme is that particle accel-
eration and bunching are performed simultaneously in an
accelerator system, leaving out the dispersive elements and
seed lasers often adopted in the other bunching schemes. It
is our next effort to consider the combination of our scheme
with others to improve the bunching quality in the hard
x-ray spectrum.
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