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Momentum bandwidth is an important characteristic for final focus systems (FFS) of future high-energy
colliders. A large momentum bandwidth is a notable feature of the novel local-chromaticity-correction
FFS, being demonstrated at the KEK Accelerator Test Facility 2 (ATF2), owing to the locality of
chromaticity correction. In this article, analytical estimations and simulations of momentum bandwidth for
various optics of ATF2 are presented. Possible deviations of the momentum bandwidth due to realistic
machine imperfections are studied. Experimental measurements at ATF2 following successful tuning of
small vertical beam size at the interaction point (IP) are also described, which agree well with numerical
predictions and further verify the robustness of the local chromaticity correction scheme.
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I. INTRODUCTION

Delivery of ultrahigh luminosity for precise physics
experiments with extremely small cross sections is one
of the most critical challenges for the future linear collider
(FLC). For this, particle beams have to be focused to the
nanometer scale at the IP through the final focus system,
which must be chromatically corrected due to the finite
momentum spread (0.1%–1%). There are mainly two types
of final focus systems (FFS), traditional and local schemes,
based upon nonlocal and local chromaticity corrections,
respectively [1–3]. For the traditional scheme, paired
sextupoles with −I transformation in between are placed
in dedicated horizontal and vertical chromaticity correction
sections. The local scheme compensates chromaticity
locally using two sextupoles interleaved with the final
doublet (FD) and a bend upstream to generate the required
dispersion. Thanks to the merit on reducing the total length
of the FFS, especially in the multi-TeVenergy scale [4], the
local scheme has been considered for the latest baseline
designs of the International Linear Collider (ILC) [5,6] and
the Compact Linear Collider (CLIC) [7,8].

The momentum bandwidth is a vital parameter for the
FFS designs. A wide and flat momentum bandwidth is
always desirable for minimizing luminosity degradation by
marginal beam-energy errors. The momentum bandwidth
relates to the chromatic properties of FFS, e.g., chroma-
ticity, second-order dispersion, and higher-order chromatic
terms. For the traditional scheme, the momentum band-
width might be dominated by the higher-order chromatic
aberrations arising from the breakdown of −I transforma-
tion between paired sextupoles [9]. Due to the locality of
chromaticity correction, the local scheme’s momentum
bandwidth can be naturally wide without inserting addi-
tional nonlinear elements [2,10]. To acquire satisfactory
momentum bandwidth, several optimization strategies
have been developed, for instance, introduction of addi-
tional sextupoles (Brinkmann’s sextupoles) and unequal
dispersion at paired sextupoles (“odd-dispersion” scheme)
[4,11–13]. In the reported literature [1–4,14], the definition
of momentum bandwidth of FFS is somewhat ambiguous.
In this paper, we use momentum bandwidth to describe the
chromatic proprieties of colliding beams in terms of IP β
function (β�) and beam size (σ�), in the units of on-
momentum values. Moreover, the 10% momentum
bandwidth (χm) is defined as a 10% increase of either
horizontal or vertical IP spot size for mono-energetic beam.
On the other hand, bandwidth with respect to luminosity
performance has been used for CLIC FFS optimiza-
tions [4,14,15].
Realistic machine imperfections can disrupt momentum

bandwidth, as well as chromaticity compensation. Therefore,
measurement of momentum bandwidth is crucial for
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verifying the robustness of chromaticity correction, and
providing insights into the residual high-order chromatic
terms that might limit the IP spot size. Furthermore, the
experimental observations are potentially useful for improv-
ing the reliability of FLC designs. For comparison with
design optics, momentum-bandwidth measurement with a
small IP beam size approaching design is favored, which
requires enormous effort on beam tuning. At the final focus
test beam (FFTB), a prototype FFS based on traditional
scheme, the chromatic vertical waist shift and behavior of IP
vertical spot size versus momentum spread have been
measured [16–19]. As a test facility to demonstrate the
local-chromaticity-correction scheme, the KEK-ATF2 pro-
vides a unique opportunity to investigate the momentum
bandwidth of a local-style FFS, following the successful
achievements of small IP vertical beam size below 60 nm
[20–27]. In this report, β function momentum bandwidth for
a simplified analytical FFS model is described, followed by
numerical simulations of ATF2 momentum bandwidths in
the presence of realistic machine parameters. Measurements
conducted for various ATF2 optics are then presented, which
are consistent with numerical predictions.

A. ATF2 beam line

ATF2 has been constructed to demonstrate the local
chromaticity correction scheme, provide a testbed for the
development of advanced instrumentation, train the next-
generation accelerator physicists and promote international
collaboration toward building and operating FLC. The
primary goal of ATF2 is to achieve a nanometer beam
size with beam orbit stabilization in nanometer precision in
the vertical plane at the IP. ATF2 mainly consists of the
extraction section for beam extraction from the ATF
damping ring (DR), the β-matching section and the FFS
(see Fig. 1). The nominal ATF2 optics closely resembles
the ILC with a target IP beam size of 37 nm. To relax the
sensitivity of IP vertical beam size to the magnetic
multipolar aberrations, the 10β�x1β�y optics with ten times
larger IP horizontal β function than the original design has
been recently used [28,29]. Moreover, the ultralow β�
optics (25β�x0.25β�y) has been tuned for demonstrating
the tightest focusing possibility with a higher chromaticity
beyond ILC and approaching CLIC [26,30–32]. The major
parameters of the optics being studied at ATF2 are

summarized in Table I. To measure nanometer scaled beam
size, a laser interferometer beam size monitor (IPBSM),
which has three crossing angles, 2–8°, 30° and 174°, to
cover beam sizes from fewmicrometers to about 20 nm, has
been installed at the virtual IP [33–35].

II. ANALYTIC APPROXIMATION

To illustrate the basic properties of momentum band-
width, analytical approximations have been derived con-
cerning a simplified local-style FFS structure, as depicted
in Fig. 2. This simple FFS model contains one sextupole
adjacent to the final quadrupole for chromaticity correction,
one paired sextupole upstream for correcting chromaticity
and geometrical aberrations, and two dipoles for generating
required horizontal dispersion. The bend upstream of the
paired sextupole is introduced to reduce the chromaticity
through the system. The derivation below is an extension to
the analysis in Ref. [36], that is originally developed for
traditional-style FFS. For sake of simplicity, the beam
parameters at the entrance are assumed to be constant, and
the chromaticity from upstream and chromatic aberrations
are omitted. For an off-momentum particle, the transfer
matrix from the entrance of sextupole at s0 to the IP can be
expressed as

M ¼ MLMqMs1Mðs1js0ÞMs0 ð1Þ

where ML, Mq, Ms1, and Ms0 are the transfer matrices of
the drift from the final quadrupole to the IP, the final
quadrupole, the sextupoles at s1 and s0, respectively, and

FIG. 1. Schematic diagram of the ATF2 beam line. mOTR: multi-optical transition radiation monitor; FONT: feedback on
nanossecond timescale; EXT: extraction.

TABLE I. Key FFS parameters of ATF2 various optics. L� is
the distance between the last quadrupole and the IP, ξy is the
vertical chromaticity and σ�y is the IP vertical beam size.

Optics Nominal 10β�x1β�y Ultralow β�

β�x [mm] 4 40 100
β�y [μm] 100 100 25
L� [m] 1 1 1
ξy ∼ L�=β�y 1 × 104 1 × 104 4 × 104

σ�y;design [nm] 37 37 23
σ�y;measured [nm] … 42.3� 2.7=41.1� 0.7a 50.1� 0.6

aResults achieved with beam stabilization in two-bunch mode.
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Mðs1js0Þ is the transfer matrix from the exit of the sextu-
pole at s0 to the entrance of the sextupole at s1. Here, we
ignore the gap between the final quadrupole and the
neighboring sextupole. With thin-lens approximation, the
transfer matrices of the final quadrupole and the sextupoles
could be written as

Mq ¼
�

1 0

−ð1 − δÞKq 1

�

Ms0 ¼
�

1 0

−δKs0ηx;s0 1

�

Ms1 ¼
�

1 0

−δKs1ηx;s1 1

�
ð2Þ

where δ ¼ Δp=p denotes the relative momentum
deviation, Kq the quadrupole strength, Ks0 and Ks1 the
integrated sextupole strengths, ηx;s0 and ηx;s1 the horizontal
dispersions at the s0 and s1, respectively. For simplicity, we
assume Mðs1js0Þ as constant and infer it from the on-
momentum transfer matrix M with beam focused at the IP
(α� ¼ 0). The off-momentum IP β function can then be
given by

β�ðδÞ
β�0

¼ 1

β�0
ðM2

11βs0 − 2M11M12αs0 þM2
12γs0Þ

¼ f−Ks0ηx;s0βs0K
0
qL�δ2ðsinψ − ξ cosψÞ

þ ½K0
qL�ðcosψ þ ξ sinψÞ − Ks0ηx;s0βs0 sinψ �δ

þ cosψg2 þ ½sinψ þ K0
qL�δðsinψ − ξ cosψÞ�2ð3Þ

with

K0
q ¼ Kq − Ks1ηx;s1 ð4Þ

where β�0 is the on-momentum IP β function, βs0 , αs0 and γs0
the Twiss parameters at s0, ξ ¼ L�=β� the chromaticity
generated by the strong final quadrupole, L� the distance
from the last quadrupole to the IP and ψ the phase advance
between s0 and IP. The expression of off-momentum IP β
function is quartic, and a region with β�ðδÞ < β�0 might
exist if the chromatic effect is not completely canceled.
For the cancellation of the chromaticity and geometric

aberrations, the phase advance ψ is typically set at nearly

ðnþ 1
2
Þπ, where n is an integer, and Ms0→s1

12 is optimized to
be zero [2,36], i.e., sinψ ¼ ξ cosψ . Subsequently, we can
reduce Eq. (3) to a quadratic function, as

β�ðδÞ
β�0

¼
��

ðK0
qL�δ

�
ξþ1

ξ

�
−Ks0ηx;s0βs0δþ

1

ξ

�
2

þ1

�
sin2ψ

≈
��

ðK0
qL�ξ−Ks0ηx;s0βs0Þδþ

1

ξ

�
2

þ1

�
sin2ψ ð5Þ

by assuming ξ ≫ ξ−1. Apparently, the momentum depend-
ence of β� vanishes for K0

qL�ξ ¼ Ks0ηx;s0βs0. Seeing that
βs0 is roughly proportional to 1=β

�, the above equation can
be further simplified to

β�ðδÞ
β�0

≈
��

δζ

β�0
þ 1

ξ

�
2

þ 1

�
sin2ψ ð6Þ

with

ζ ¼ K0
qL�2 − Ks0ηx;s0κs0 ð7Þ

where ζ characterizes the chromaticity compensation and
κs0 ¼ βs0β

�
0. Moreover, the β function at the FD quadrupole

(βFD) can be expressed as

βFDðδÞ
β�0

¼ K2
s0η

2
x;s0β

2
s0ðξ cosψ − sinψÞ2δ2

þ 2Ks0ηx;s0βs0ðξ cosψ − sinψÞðξ sinψ þ cosψÞδ
þ ξ2 þ 1 ð8Þ

which is proportional to Ks0ηx;s0βs0ðξ cosψ − sinψÞ and
becomes extremely wide for ψ ≈ ðnþ 1

2
Þπ.

Let us consider a “minimal” configuration of the local-
style FFS without the upstream bend, i.e., (ηx;s0 ¼ 0).
The paired sextupole at s0 is solely for canceling geo-
metric aberrations. The expression of chromatic β� can be
simplified as

β�ðδÞ
β�0

¼ K02
qL�2δ2ξ2 þ ðK0

qL�δþ 1Þ2 ð9Þ

which eases the restriction on the phase advance between
the two sextupoles for chromaticity correction. Besides, the
chromatic variation of the βFD vanishes.
The above derivations are also valid for the traditional-

style FFS by muting the sextupole at s1 and the bend
between the sextupoles, i.e., Ks1 ¼ 0, ηx;s1 ¼ 0. The sextu-
pole at s0 represents chromaticity correction by means of
two paired sextupoles with −I transformation in between.
Hence, K0

q in the Eq. (3)–(8) should be replaced by Kq.
With satisfactory chromaticity correction, comparable IP
bandwidths are expected for the two schemes, but the FD
bandwidth might be wider for the local scheme, as

FIG. 2. Layout of a simplified FFS based on the local-
chromaticity-correction principle. Quadrupole magnet are shown
in red, sextupoles in black, and dipoles in blue. The s0 and s1
label the sextupoles’ locations.
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predicted in Ref. [2]. A larger FD bandwidth is favored for
reducing beam loss around the FD and relaxing require-
ment on the collimation system. These analytical estima-
tions show the chromatic β functions at the IP and FD, as an
indication of the momentum bandwidths in terms of beam
size and luminosity. The real momentum bandwidth also
depends on higher-order chromatic terms and chromatic
attributes of incoming beam. For an accurate evaluation of
momentum bandwidth, tracking simulation in the presence
of a realistic optic model, high-order magnetic components
and machine imperfections will be necessary.

III. SIMULATION

To evaluate the momentum bandwidth of ATF2, a script
including the IP beam size tuning procedure in the presence
of static machine imperfections has been developed based
on SAD [37], a computer program complex for accelerator
design developed at KEK. Details of the incorporated static
imperfections and the tuning procedures are described in
Ref. [26]. Besides, the measured high-order components of
FFS magnets have been considered [38]. For each study,
more than 100 machines are simulated to pursue sufficient
statistics. The Twiss parameters are computed with transfer
matrix and the IP beam size is determined by Gaussian
fitting of beam core. The simulation uses two optics that
have been recently tuned at ATF2, the 10β�x1β�y optics and
the ultralow β� optics. To compare to measurements, we
have taken into account a larger IP vertical beam size
matching experimental observations and the chromatic
optical parameters at the beam extraction.

A. Design optics

The momentum bandwidths in terms of IP β functions
and beam sizes are evaluated for on-momentum IP vertical
beam sizes (σ�y0) of 36.3� 2.6 and 20.5� 1.8 nm, for
the 10β�x1β�y optics and ultralow β� optics, respectively, as
shown in Fig. 3. Notice that a momentum spread of 0.08%
is used for beam size evaluations. In general, the horizontal
bandwidths in terms of beam size are much wider than the
vertical bandwidths for the two optics. The horizontal
bandwidths in terms of β function and beam size appear
quartic functions with a region where β�x and σ�x are smaller
than the on-momentum values. Behaviors of chromatic
horizontal β functions and beam sizes are different for the
ultralow β� optics, which could be interpreted by profile
distortions, asymmetry and long tail, due to horizontal
chromo-geometric aberrations. The vertical bandwidths of
the 10β�x1β�y optics have a region with smaller β�y and σ�y
than on-momentum values. The ultralow β� optics presents
narrower vertical bandwidths, that are shrunk by residual
high-order chromatic aberrations, e.g., U3236 and U3246

whereUijkl ¼ ∂3xi=∂xj∂xk∂xl and xi are the six dimension
phase space coordinates. The vertical bands shown for
the simulation results represent statistic errors over 100

machines. Here, the chromatic orbit at the extraction point
with nonzero horizontal dispersion has been considered.
Assuming a beam-energy jitter of �0.1% (uniformly
distributed), the IP vertical single-shot beam size increase
by 0.5� 4.1% and 3.8� 7.5% for the 10β�x1β�y and ultra-
low β� optics, respectively.
The 10% momentum bandwidths for the two optics are

summarized in Table II in comparison with Next Linear
Collider (NLC), ILC and CLIC. For the NLC FFS, the 10%
momentum bandwidth for either traditional or local
schemes is above 1% thanks to the supplemental improve-
ments using nonlinear elements. The momentum band-
widths of ILC and ILC FFS are particularly optimized
regarding the luminosity performance and may require
further optimizations with nonlinear elements. The ultralow
β� optics of ATF2 presents the smallest 10% momentum
bandwidths because of its higher chromaticity. Besides,
β function at the beam waist (βw), i.e., the minimum
β-function around the IP, can be inferred from Twiss
parameters at the IP and experimentally determined
through FD quadrupole scan. The evaluations show wide
regions with smaller βw than the on-momentum value for
both 10β�x1β�y and ultralow β� optics (see Fig. 3). Notice
that the estimated horizontal βw of the ultralow β� optics
might be unpractical for large momentum deviations owing
to strong horizontal chromatic aberrations.
Another important chromatic property is the IP beam-

orbit offset that can cause significant luminosity degrada-
tion and shrink measured momentum bandwidth. In the
case of ATF2, a small IP orbit offset will perturb the
interaction between the electron beam and IPBSM inter-
ference pattern and enlarge observed beam size. The IP
beam positions displace by 10% of on-momentum beam
sizes with beam energy deviations of about 0.13% and
0.07%, for the 10β�x1β�y and ultralow β� optics, respectively,
as shown in Fig. 4. Assuming a beam-energy jitter of
0.1%, an extra IP vertical position jitter of less than 5 nm,
four times smaller than the expected betatron beam position
jitter (∼20 nm), is predicted for the two optics. For a large
beam-energy offset of more than �0.5%, the horizontal
orbit displacement approximates the IPBSM laser spot
size (∼20 μm), and mismatches the laser-beam overlap.
Therefore, one must optimize the transverse laser-beam
overlap at every beam energy for the momentum-
bandwidth measurement at ATF2.

B. Toward measurement

Although an IP vertical beam size of 60 nm and below
has been experimentally achieved in both 10β�x1β�y and
ultralow β� optics, tens of nanometers of reduction is still
required to reach the design beam sizes. Furthermore,
successful tuning of the IP vertical beam size is always
challenging and could hardly be guaranteed for every
operation period. The final IP vertical beam size is usually
limited by the residual chromaticity, aberrations and
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high-order dispersions, that should be corrected with
dedicated tuning knobs. Therefore, we have evaluated
the momentum bandwidths for a larger on-momentum IP
vertical beam size up to ∼100 nm at different stages of the
tuning procedure. For the 10β�x1β�y optics, σ�y0 can be
reduced to 37.7� 0.8 nm with a few iterations of linear-

knob corrections, but the vertical momentum bandwidth is
worse than that with subsequent careful corrections of
second-order chromaticity and aberrations, reaching a σ�y0
of 36.3� 0.3 nm, as shown in Fig. 5(a). For a σ�y0 of
59.5� 5.5 nm, that contains more residual linear aberra-
tions, the vertical momentum bandwidth appears broader.

TABLE II. Momentum bandwidths for the ATF2 10β�x1β�y and ultralow β� optics, in comparison with the NLC, ILC, and CLIC
baseline designs [1,10,14,39]. ξy is the vertical chromaticity, γεy the normalized vertical emittance, σδ the rms momentum spread and χm
the 10% momentum bandwidth. All the assessments employ error-free lattices without synchrotron radiation.

L� [m] β�y [mm] ξy [104] γεy [nm.rad] σ�y;design [nm] σδ χm

NLC (500 GeV) 2 (0.125/0.12)a (1.67/1.6)a (70/35)a (4.2/2.0)a 0.3% (1.22%/1.33%)a

ILC (250 GeV) 4.1 0.41 1.0 35 7.6 0.2% 0.57%
ILC (500 GeV) 4.5 0.48 0.93 35 5.9 0.124% 0.75%
CLIC (380 GeV) 6 0.1 6.0 30 2.3 0.3% 0.54%
CLIC (3 TeV) 6 0.120 5.0 20 0.9 0.3% 0.35%
ATF2 10β�x1β�y 1 0.1 1.0 30 37 0.08% 0.64%
ATF2 ultralow β� 1 0.025 4.0 30 23 0.08% 0.31%

aFor traditional/local schemes.

−1.0 −0.5 0.0 0.5 1.0
p p [%]

0.0

0.5

1.0

1.5

2.0 x x0

x x0

x ,w x ,w0

(a)

−1.0 −0.5 0.0 0.5 1.0
p p [%]

0

1

2

3

4

5
y y0

y y0

y ,w y ,w0

(b)

−1.0 −0.5 0.0 0.5 1.0
p p [%]

0

1

2

3

4

5
x x0

x x0

x ,w x ,w0

(c)

−1.0 −0.5 0.0 0.5 1.0
p p [%]

0

5

10

15

20
y y0

y y0

y ,w y ,w0

(d)

FIG. 3. Momentum bandwidths of the ATF2 10β�x1β�y optics (a, b) and ultralow β� optics (c, d). σ�x and σ�y are the IP horizontal
and vertical beam sizes, respectively. βx;w and βy;w are the horizontal and vertical β functions at beam waist, respectively. The actual
random momentum offset is roughly the momentum spread (0.08%) and the resulted beam-size growth is small comparing with other
systematic effects.
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For the ultralow β� optics, σ�y0 decreases to 76.2� 1.5 nm
after linear-aberration corrections, and the vertical momen-
tum bandwidth is much broader than that with complete
tuning-knob corrections, obtaining a σ�y0 of 25.5� 3.3 nm,
as shown in Fig. 5(b). This is thought to be owing to the
notable residual aberrations in the absence of nonlinear
knob corrections. With further corrections of second-order
terms, the vertical momentum bandwidth becomes nar-
rower and closer to the design, especially after obtaining
a σ�y0 of 39.2� 2.1 nm with one iteration of nonlinear
tuning knobs. Moreover, the horizontal bandwidth is
insensitive to the increase of IP vertical beam size
(<0.5 μm). Regardless, a successful tuning of the on-
momentum IP beam size will be crucial for vertical
momentum-bandwidth measurement. Besides, a similar
on-momentum beam size should be matched for the latter
comparison of measurement and simulation.
For the momentum bandwidth measurements at ATF2,

beam centroid energy is shifted via the rf frequency ramp in
the DR. Subsequently, the chromatic optics deviations of
the DR might further shrink the momentum-bandwidth
observations. To evaluate its impact, we have measured the

chromatic Twiss parameters and vertical emittance at the
extraction point, as shown in Fig. 6 (a-c). The Twiss
parameters are inferred from the K-modulation measure-
ments at the neighboring quadrupoles. The vertical emit-
tance is measured using an X-ray synchrotron radiation
(XSR) monitor [40,41]. The vertical β function at the
source point is extrapolated by fitting the β functions
measured at five adjacent quadrupoles. However, the
horizontal emittance is not simultaneously acquired due
to a lack of accurate horizontal-dispersion measurement
at the source point. Alternatively, we have assessed the
chromatic horizontal emittance and dispersions at the
extraction through simulation, as shown in Fig. 6 (d-f).
In the simulation, the operational vertical emittance is
approached by introducing random rolling error to the
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FIG. 4. Transverse IP beam-position displacements for the
10β�x1β�y optics (a) and ultralow β� (b) optics.
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5.5 nm in (a) are obtained with careful linear and nonlinear knobs
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achieved after applying complete linear and nonlinear knobs
corrections, linear knob corrections plus one iteration of nonlinear
knobs, and linear knob corrections, respectively.
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quadrupoles in the straight sections and dispersion bump
using selected steering magnets [42], as depicted in Fig. 7.
We have only reevaluated the momentum bandwidths of
the ultralow β� optics for an on-momentum IP vertical
beam size of less than 30 nm. Including the chromatic
beam-parameter deviations at the extraction, the vertical
momentum bandwidth tends to be narrower, as shown in
Fig. 8. The difference between horizontal bandwidths with
a momentum offset of 0.5–1.3% can be explained by the
chromatic horizontal dispersion at the extraction point.
For bandwidth measurements in a small momentum
range, e.g., within [−1%, 0.6%], knowledge of chromatic
beam parameters at the extraction is favorable but might
not be essential.

IV. MEASUREMENT

The vertical momentum bandwidth has been measured in
the 10β�x1β�y and ultralow β� optics, for a stable vertical
beam size of less than 70 nm. Meanwhile, the horizontal
momentum bandwidth has been merely measured in ultra-
low β� optics with an IP vertical beam size of about
150 nm. The rf-frequency ramp is limited to �10 kHz
around the central frequency (714 MHz), corresponding to
a momentum offset within �0.68%. The linearity of
momentum offset as a function of rf frequency modulation
has been verified, as shown in Fig. 9. The relative
momentum deviation is inferred from the orbit changes
in the arc section.
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FIG. 6. Chromatic Twiss parameters (a, b), emittances (c, d)
and dispersion functions (e, f) at the extraction. The Twiss
parameters and vertical emittance are from measurement while
the others are predicted through simulation. The dashed lines in
(a–c) are fits to the experimental data.
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The IP vertical beam size is measured employing the
IPBSM. The electron beam is scanned across the interfer-
ence fringe pattern, formed by two laser paths, to yield a
modulated rate of Compton-scattered photons in the for-
ward direction. The vertical beam size is extrapolated from
the modulation depth, which is normally overestimated due
to systematic errors, e.g., beam jitter, wakefield effect and
modulation reduction due to deformation of interference
fringe. Embracing these systematic effects, the measured
beam size (σy;IPBSM) and the single-shot beam size can be
correlated by

σy;IPBSM ¼ 1

2ky

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð2k2yσ2y;m − logCÞ

q
ð10Þ

with

σ2y;m ¼ σ2y0 þ σ2Δy þ σ2w ð11Þ

where ky ¼ 2π sinðθ=2Þ=λ, θ the crossing angle, λ the
wavelength, σy;m the multishot beam size, σy;0 the sin-
gle-shot beam size, σΔy the beam position jitter, σw the
beam size growth from wakefields, and C the modulation
reduction due to deformed interference fringe. In conse-
quence, the single-shot vertical beam size can be extrapo-
lated from measurements regarding the preceding
evaluations of these systematic effects [26], as summarized
in Table III.
In the 10β�x1β�y optics, the vertical momentum bandwidth

has been measured with an on-momentum IP beam size of
57.4� 1.8 nm (measured value), as shown in Fig. 10(a).
The measurements show an asymmetric shape with a
minimum beam size of 56.0� 1.9 nm at a momentum
offset of 0.07%. The IP vertical beam size increases by
52� 10% and 90� 14% for the maximum momentum
deviations of �0.39%. Comparing to the simulation

predictions using the measured Twiss parameters at the
extraction, the measurements show stronger momentum
dependence, mainly at lower beam energy. The vertical
single-shot beam sizes at nominal beam energy are
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FIG. 9. Momentum offset as a function of rf frequency
modulation. The maximum discrepancy between theoretical
predictions and measurements is about 4 × 10−4.

TABLE III. Major systematic errors for the IP beam size
measurements in the IPBSM 174° mode with a low bunch charge
(0.16 nC). The wakefield induced beam size growths are
determined experimentally in the same operation weeks as the
momentum bandwidth measurements. The IP position jitter and
IPBSM modulation reduction factor are from analytical assess-
ments concerning realistic machine parameters. Notice that these
systematic errors closely depend on machine conditions and vary
from one operation period to another.

Optics σΔy [nm] σw [nm] C

10β�x1β�y 22.6 24.2 0.94
ultralow β� 20.8 20.0 0.91
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FIG. 10. The measured and simulated vertical momentum
bandwidths for the 10β�x1β�y (a) and ultralow β� (b) optics.
The beam sizes measured by the IPBSM have been converted
to single-shot beam sizes with respect to the systemtatic errors in
Table III.
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44.6� 2.4 and 44.6� 1.6 nm for the measurements and
simulations, respectively.
In the ultralow β� optics, the vertical momentum

bandwidth has been measured for a momentum deviation
within [−0.26%, 0.2%], limited by the measuring range of
the IPBSM 174° mode. The on-momentum IP vertical
beam size is 62.9� 1.6 nm, corresponding to a single-shot
beam size of 52.7� 1.9 nm. As shown in Fig. 10(b), the
observed bandwidth is narrower than that of the 10β�x1β�y
optics: the vertical IP beam size increases by about 90% for
a momentum deviation of −0.26%. Moreover, the obser-
vation is slightly narrower than the simulation, which has
an on-momentum IP beam size of 49.4� 3.2 nm, probably
because of unexpected high-order chromatic aberrations,
imprecise optics model for simulation reproduction, and
other IPBSM diagnostic errors.
The horizontal momentum bandwidth and the chromatic

horizontal β function at the waist have been measured in the
ultralow β� optics for an on-momentum IP horizontal beam
size of about 11 μm and a momentum deviation in [−0.4%,
0.64%]. The IP horizontal beam size is measured

employing a wire scanner and the β function at the waist
is determined with quadrupole-scan method. The off-
momentum horizontal beam size is smaller than the on-
momentum value for momentum deviations of less than
zero and higher than 0.39%, as shown in Fig. 11(a).
Moreover, the observation has the same trend as the
simulation prediction, that has a vertical IP beam size of
123.7� 13.7 nm. The horizontal β function at the waist
decreases versus the momentum offset, consistent with
the simulations, as shown in Fig. 11(b). Notice that the
measurements have been deliberately shifted byþ0.13% to
compensate the sudden drift of the rf cavity’s analog
control voltage at the beginning of measurements.

V. CONCLUSION

As an important FFS characteristic, the momentum
bandwidth has been studied numerically and experimen-
tally for the ATF2 case. Analytical expressions for assess-
ing the chromatic β function at the IP and FD have been
derived concerning a simplified FFS model. These for-
mulas are appropriate to describe some basic chromatic
properties of both traditional and local final-focus schemes.
Simulations in the presence of static machine errors show
wide and quartic like horizontal bandwidth and relatively
narrower vertical bandwidth in a parabola shape. A
momentum region, where the horizontal IP beam size is
smaller than the on-momentum value, has been indicated.
The 10% momentum bandwidths are evaluated as 0.64%
and 0.31% for 10β�x1β�y and ultralow β� optics, respectively.
Chromatic IP beam-position offset, which induces addi-
tional beam jitter in the presence of beam-energy jitter and
shrinks momentum bandwidth, has been predicted.
Optimization of IPBSM laser-beam overlap at every beam
energy has been suggested for momentum-bandwidth
measurements at ATF2. Moreover, the possible impacts
from an improperly tuned IP vertical beam size and the
chromatic beam parameters at the extraction have been
estimated. For the comparison with design, a small on-
momentum vertical IP beam size is vital for the vertical
momentum-bandwidth measurement, but not for the
horizontal case. For a momentum deviation within
[−1%, 0.6%], minor deformation of the momentum band-
width from chromatic incoming beam has been verified.
The measured vertical momentum bandwidths are

slightly narrower than the simulation predictions for
the 10β�x1β�y and ultralow β� optics, probably owing to
unknown residual high-order aberrations and diagnostic
errors. The horizontal momentum bandwidth measured in
the ultralow β� optics agrees well with simulation and
shows two regions with smaller IP horizontal beam sizes.
Besides, decrease of the horizontal β function at the waist
versus momentum offset has also been observed. For the
near future, simultaneous measurements of the vertical and
horizontal momentum bandwidths and optimizations of the
ultralow β� optics toward a wider momentum bandwidth
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FIG. 11. Measurements of the horizontal momentum band-
width (a) and chromatic horizontal β function at the waist (b) in
the ultralow β� optics.
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have been proposed. Further experimental investigations,
along with the reduction of vertical IP beam size, are
strongly recommended in preparation of the FLC. In
addition, assessments of high-order aberrations using
“stepwise ray-tracing” tools would be also interesting when
the realistic field maps are available.
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