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Particle resonances and trapping of direct laser acceleration
in a laser-plasma channel

E-Y. Li®,* P.K. Singh®, S. Palaniyappan®, and C.-K. Huang®"
Los Alamos National Laboratory, Los Alamos, New Mexico 87545, USA

®  (Received 25 March 2020; revised 5 January 2021; accepted 25 March 2021; published 20 April 2021)

As one of the leading acceleration mechanisms in laser-driven underdense plasmas, direct laser
acceleration (DLA) is capable of producing high-energy-density electron beams in a plasma channel for
many applications. However, the mechanism relies on highly nonlinear particle-laser resonances, rendering
its modeling and control to be very challenging. Here, we report on novel physics of the particle resonances
and, based on that, define a potential path toward more controlled DLA. Key findings are acquired by
treating the electron propagation angle independently within a comprehensive model. This approach
uncovers the complete particle resonances over broad propagation angles, the physical regimes under
which paraxial/nonparaxial dynamics dominates, a unified picture for different harmonics, and crucially,
the physical accessibility to these particle resonances. These new insights can have important implications
where we address the basic issue of particle trapping as an example. We show how the uncovered trapping
parameter space can lead to better acceleration control. More implications for the development of this basic

type of acceleration are discussed.

DOI: 10.1103/PhysRevAccelBeams.24.041301

I. INTRODUCTION

Utilizing high-power lasers for high-energy electron
acceleration in plasmas has been intensely pursued in
the last few decades [1,2]. Two major types of acceleration
have been exploited: direct acceleration by the laser fields
(i.e., direct laser acceleration or DLA) [3] and indirect
plasma-field acceleration induced in the laser wake (i.e.,
laser wakefield acceleration) [4]. Both scenarios operate
most efficiently when the laser drives a plasma channel by
expelling electrons outward. The wakefield regime, never-
theless, favors an ultrashort femtosecond laser driver, where
trapped electrons are separated from the driving pulse and
experience a longitudinal plasma acceleration along the
laser propagation direction [4]. Tremendous efforts have
been devoted to controlling electron trapping in the wake-
field with suitable laser-plasma conditions [5-7], which
have led to high-quality generation of pC-charge GeV
electron beams [8].

In this paper, the other major type of acceleration, i.e.,
DLA, is considered with an end goal of improving its
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control. DLA typically occurs with a long picosecond
driving laser, which creates an extended channel with fields
dominated by the transverse component, enforcing trans-
verse betatron oscillations. Meanwhile, trapped electrons
are subject to the overlapping laser fields, such that DLA is
invoked by particle-laser resonances when the betatron
oscillation matches witnessed laser oscillation [3]. This
process represents a strong laser-electron coupling and
produces high-current electron beams of enormous nC-uC
charge [9], which can drive ion acceleration and high-dose
X/y-rays, neutrons, and positrons for medical, nuclear, and
radiography applications [10-14]. Moreover, DLA works
for a wide range of plasma densities due to relativistic and
preplasma effects [15—-18]. Despite its importance, experi-
ments concerning the DLA process often observe poor
beam quality and, sometimes, a low generation efficiency
[9,15,19].

Deeper insights into the DLA physics are much needed
in order to improve its performance. Many studies using
Hamiltonian analysis [20], and Monte-Carlo [21] and
particle-in-cell simulations [3,16] have been reported.
Existing understandings are, however, limited and mixed
even regarding a few fundamentals. The paraxial approxi-
mation of electron propagation has been adopted in all
previous analysis, assuming but with no justification that
the electron transverse-to-longitudinal momentum ratio
satisfies &, = p,/p, < 1. Moreover, only first-order res-
onance (i.e., betatron and laser frequencies match exactly)
has been typically considered [3,22], while very high-order
ones (i.e., laser frequency being multiple that of betatron)

Published by the American Physical Society
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are interpreted qualitatively differently as a stochastic effect
[23]. As a consequence, basic questions like whether
nonparaxial dynamics exists, what physical regimes each
refers to, how the first and high-order resonances are
correlated, and crucially, what determines their accessibil-
ity remain unclear. These gaps have left some basic
elements for controlling DLA yet to be well defined. Of
particular relevance here (and also to any advanced accel-
erator concepts) is a better appreciation of particle trapping,
such that controlled acceleration is possible by tailoring the
laser-plasma conditions.

The central new result reported in this paper is a novel
framework to address the above basic questions and to
define a solid step toward controlled DLA. A model
incorporating major features of DLA is first proposed,
which allows for a formal introduction of the resonances at
arbitrary order. The key novelty then is to treat the electron
propagation angle explicitly and let it vary independently
from other dynamics. This approach is found to give rich
new physics that the usual paraxial assumption misses and
are essential for establishing some fundamental aspects of
DLA. We apply the results to particle trapping and show
how better design of DLA may be pursued based on the
uncovered trapping parameter space.

II. PHYSICAL MODEL

We start with a two-dimensional (2D) model of DLA.
The channel focusing field is given by E, - = k,y and the
laser fields by E,; =agcos¢, B, = E,/v,, where
k. = w%/2w}, w, is the plasma frequency, w, the laser
frequency, ap the normalized laser amplitude, ¢ =
t—x/v, the laser phase, and v, the phase velocity.
Here, the fields are normalized to m,wyc/e, space to
c/wy, time to 1/wy, and velocities to the light speed c.
The model can be extended to a Gaussian laser [21] and 3D
channel of electromagnetic fields [3,24] with our key
results unaffected. The electron dynamics follows the re-
lativistic equations of motion (REM) dp/ dt=—E—vx ]i
dy/dt = —v - E, dt/dt = p/y, with momentum p normal-
ized to m,c and y the relativistic Lorentz factor.

Despite high nonlinearity the system has a constant of
motion (CoM) y — p, + k,y*/2 = Cy + f(p,) [3], where
Co=(1+ p% + pio)l/2 —v,Px0 + key3/2 is related to
initial injection parameters (p,g, py0.Yo) and f(py) =
(v, —1)p, = ep,. The CoM importantly implies bounded
betatron oscillations [25], i.e., Ymax = Vp = (2Co/k,)"/?,
because the term y—p, = (1 +p2)'/?—p,=g(p,)
nearly reduces to zero at the oscillation boundaries where
py =0 and p, > 1. With the regularized betatron motion

y = hy,cos@ (where h= |l —|—f(c—p[]‘)—g(CLt)]1/2 - 1), we
simplify the REM by transforming to the frame of the
betatron phase 0,

dy/d0 = aghy, sin@cos ¢ + Coh*sin20,  (la)

dep/dO = Co(1 — h2 cos? 0)/\/k,y. (1b)

It is seen that DLA or the laser work, W; =
f aghy;, sin 6 cos ¢pd6, depends on the beating of the laser
phase (¢) with the betatron phase (6). The integral is
simplified by considering laser perturbation to a large-
amplitude betatron oscillation, which leads to the phase-
matching condition, ¢ = 10 + d, sin 26 + ¢”, where [, d,
and ¢” are constants related to initial parameters (see the
Appendix for derivation). Plugging it back to W, we find
that odd numbers of / or odd-harmonic resonances are
required for DLA (or W} ) to be pronounced over multiple
betatron cycles. Therefore, the general frequency-matching
condition (FMC) is obtained as d¢/dt = 1d0/dt by drop-
ping the small term sin26. Making use of the betatron
frequency dO/dt = \/m and witnessed laser frequency
dg/dt =1-p,/yv, [3], we cast the FMC as

Wke(y) = (r—po) +x(f(ps)); =135 (2)
where y = 1/v, and (...) refers to averaging over the
betatron phase; we hereafter omit the averaging symbol for
simplicity.

III. COMPLETE SOLUTION OF PARTICLE
RESONANCES AND THEIR ACCESSIBILITY

Let us first solve the momentum p, as required for
achieving DLA resonances. To retain the propagation angle
we cast y = p,(1+&+&)/? with & =1/p,, and
crucially let & = py/ p. be independent from p,. This
way the FMC is arranged in &, or p,, as (1—k2[*)&5—
Ak oy PE+ (2= 1'2) (1483) = 22185 — 4k oy P(1+81) 6+
(€14 (1= %) (1 —x*+2&)] =0. This polynomial is found
to give a pair of real roots for a wide range of physically
allowed k,, v, and &;. Figures 1(a) and 1(b) display the
solved p, against all allowed &; under different laser phase
velocities and harmonic orders. Here we uncover for the
first time that there exists a natural spread of £, that hosts
distinct two-branch DLA resonances (marked as different
colors) before they become degenerated at some cutoff.
This result is contrary to usual perceptions of p, being
much smaller than p,; instead it tells that p, could be
proportionally larger as p, increases in DLA.

To clarify the solution structures and understand
involved physics, we extract p, =4k, v3*/(& + & +
2¢)? from the FMC under & < 1. It is further simplified
under the limits of (1) v, =1, § =0 and (2) §; > ¢, as

P =1/@k )V pP = ak2)(E 4202 (3)
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FIG. 1. (a)Resonance p, versus &, for / = 1 and varying v, and
(b) for v, =1 and different /. (c,d) Constant Cy versus &; at

corresponding conditions of (a,b). The blue and orange colors
represent the low and high branches, respectively. The solid lines
refer to Eq. (3) in (a,b) and Eq. (5) in (d). In the calculations we
take w,/wy = 0.1.

Appended as solid curves in Figs. 1(a) and 1(b), it is seen
that the two limits correspond to the low and high branches,
respectively. The actual low branch at finite &; [blue points
in Figs. 1(a)-1(b)] only increases slightly from the limit

pil) obtained at £; = 0. The high branch (orange points),
despite being infinitely large at £, = € = 0, drops quickly
with € or &;. In particular, pf) scales with &, as 1/ & thus it
becomes low enough to be more accessible at larger &;.
Motivated by the distinct trends, the cutoff in & is
estimated as

g (4, 2) = 2w, fwo)PER, (4)

by letting p}({z) = p)(cl). This formula very importantly

reveals the physical parameter regimes that one should
expect for particle resonances in DLA. It clarifies that the
paraxial assumption only applies to relatively low-density
(x w}/wj) and low-harmonic regimes. While for high-
density or high-harmonic regime, nonparaxial dynamics
may emerge, i.e., & ~ O(1). It is worth noting that as the

interaction becomes more nonparaxial, the low branch is

largely suppressed since we have pfcl) ~1/&". The sup-

pression can be seen in Fig. 1(b) as [ increases.

Given the broad &;-distribution, a natural question next is
on the accessibility to each &; for given electron injection.
To gain insight into that, we consider the CoM which
relates full dynamics to initial injection conditions. Making
use of the full betatron amplitude, y,,.« = hy;, we arrive at
the following averaged form of the CoM,

Co(&1) =2p.(\J1+ &+ & =1) = f(po) —g(po).  (5)

It shows a single dependence of C, on &, by substituting p,
on the right-hand side with the above solution of p.(&;).
This relation thus concludes that the accessibility to a
particular &; is precisely determined by the injection
parameters (p,g, pyo,yo) grouped as the single constant
Cy. As presented in Figs. 1(c) and 1(d), two distinct
branches are again found for Cy(&;) which is a direct
outcome of the peculiar p (&) structure. Making use of

pj(cz) at v, = 1, the high-branch C, has a simple scaling of

Cy = 4’;‘212 as shown by the line plots in Fig. 1(d).
1

The above mapping of (p,, Cy) versus &, until a well-
defined & forms our central new insight into the DLA
dynamics. It describes clear physics that an injection
characterized by C, potentially leads to DLA only at a
particular set of resonance &; and p, achieved under
different harmonics. By eliminating the &, dependence
we arrive at a direct mapping between p, and C, e.g.,

Py = % for the high branch and v, = 1. It implies p,-

transition between different harmonics, a phenomenon
interpreted as a stochastic effect only for /> 1 [23]. It
also implies &,-transition following &, = (%6012)1/ 2. These
dynamics can be more clearly seen in the top-panel of
Fig. 2(a), where the REM are directly integrated for certain
initial injection conditions corresponding to high harmonic
resonances.

Notice that, for v, > 1 which may happen for incom-
plete channel evacuation, the high branch C is capped by
Cy < f with the peak location £, ~ 2¢'/? independent of
the harmonic order / [squares in Fig. 1(c)]. This feature
only constrains the allowed harmonic orders (i.e.,

[ >, /32&) for given injection C,, and does not qualitatively

ke
3

change the above physical picture identified under v, = 1.

(a) High-order resonances (b) First-order resonance
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FIG. 2. Electron dynamics (p,, y, |£|, d¢p/dO) against betatron
phase 6 for panel (a) high-order resonances with aq = 2, p,o =
2,py =12,Cy =10.2 and for (b) first-order resonance with
ag=4,px =2,py =2,Co=1, where v, = 1,w,/wy = 0.1.
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The mapping relations naturally unify both paraxial/
nonparaxial and first/high-harmonic regimes by using the
single parameter &,. This capability it opens the possibility
to treat extensive electron parameter space under a single
framework. It is particularly important because, as we shall
see, each individual electron may participate in the non-
linear DL A dynamics differently and even the same particle
may behave qualitatively differently under different laser-
plasma conditions. It also points to the strong limitations of
the usual paraxial approach which inherently misses the
above physics.

IV. PARTICLE TRAPPING CONDITION

Here we apply these new insights to tackle the problem
of particle trapping, which is of fundamental importance to
DLA control. Unlike in most linear acceleration schemes
(e.g., the wakefield scenario), particle trapping has been
poorly characterized in DLA due to its high nonlinearity.
Trapping or the onset of DLA essentially relies on small
electron-laser dephasing [25], such that the electron sees
more synchronized laser fields. Our model [Egs. (1), (2)]
concludes that while nearly zero dephasing is reached at
oscillation boundaries, the average dephasing rate is simply
equal to the harmonic order /, i.e.,

<%> _ <Co<1+2ycos20>> =) (6)

Therefore, high-order resonances having large average
dephasing are triggered by electrons naturally hitting
transverse boundaries where § = Nz and the dephasing
rate reduces to zero; this can be seen by comparing the two
subplots of Fig. 2(a) for example. However, this same does
not apply to the first-order resonance, e.g., Fig. 2(b), which
has overall small dephasing and almost continuous energy
exchange. As such, it has to be invoked by a strong
acceleration near its onset, ie., Ap,~wv,a)Ar>
Px — Pxo- In terms of resonance quantities, i.e., v, ~ &,

At~ w;l ~+/p./k,, this requirement can be cast into a
threshold for a,

o H Px(Co) =Py D (7)

\/_\/Px (Co)éi(Cy) “)0

where p is a scaling factor and we have provided the
mappings of p.(Cy) and &, (Cy) to get the dependence on
Cy. The appearance of p,, shows that the trapping para-
meter space is essentially 3D (ag, Cy, pyo) [Fig. 3(a)]
instead of 2D (ay, Cy) [22]. This is caused by the
nonuniqueness of (p,g, pyo) for given C, as illustrated
by Fig. 3(b). As we shall see, appreciating this extra
dimension is nontrivial with our inclusive framework.

To first see how well our mappings can be used to
describe the trapping threshold, Figs. 3(c) and 3(d) present

(Co Pxo

(b)20 T T 1.0

15 0.5

%% 205 00 05 1.0
1IgCo 19Co

19Co

0 5 10 15

FIG. 3. (a) Sketch of 3D trapping space (ag, 1g Cy, po)- (b) Cy
spanned by p.g, pyo (yo = 0) with lines displaying constant Ig Cy.
(c—) 1g(ym/yye¢)-distribution in 2D cuts sketched in (a), where
each pixel corresponds to a test-particle simulation with implied
initial conditions and v, = 1, @, /@y = 0.1. The red/blue lines in
(c,d) represent Eq. (7) for the high/low-branch, respectively. (e,f)
correspond to ay =5, 15, respectively, where the blue dashed
lines correspond to Eq. (8).

the maximum-energy-ratio [1g(y,,/yy¢)] distribution in the
2D cut (aq, Cy) of the full 3D space, where y;2 refers to the
maximum from vacuum acceleration [26]. The results are
obtained from test-particle simulations by directly integrat-
ing the original REM over picosecond timescales. Despite
the two subplots having the same C axis, they correspond
to different (p,. pyo) variations following the red and
black arrows in Fig. 3(b), respectively. For the first time, we
show that the trapping space is divided into first and high-
order resonances, as well as deceleration (y,,/y+2 < 1) and
vacuum-like dynamics (y,,/7x¢ ~ 1); see the labels therein.
Remarkably, the boundary for the onset of the first-order
resonance is well described by Eq. (7) [solid lines], proving
the effectiveness of our mapping relations. In particular
with case Fig. 3(c) it consists of segments contributed by
the high and low-branch resonances (different line colors),
respectively. The low-branch contribution with Fig. 3(d) is
suppressed because the involved p,, [black arrow in
Fig. 3(b)] can be even greater than the low-branch p,.
On the other hand, high-order resonances are triggered at
very small laser amplitudes, but suppressed when the
laser is strong. The former can be understood from the
perturbation regime (i.e., strong betatron oscillation and
weak laser) where DLA happens as electrons naturally hit
boundaries (where the dephasing vanishes). The sup-
pression at large a,, however, corresponds to strongly
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nonperturbative dynamics and needs a separate study.
Nevertheless, a qualitative interpretation is that the pre-
Cg 1 for
ke P(1+2)%
the last few low orders becomes so large that the required
strong laser effectively turns the dynamics into vacuum-like
before transitioning into the first-order resonance.

To fully appreciate the 3D trapping space, we show in
Figs. 3(e) and 3(f) the same 1g(y,,/7y)-distribution but
along 2D cuts (Ig Cy, p,o) at ag =5, 15, respectively. In
this space of constant a,, the boundary of first-order

resonance can be obtained from Eq. (7) as

dicted momentum transition gap, Ap,|)., =

Pao = C3/4k, — (V2/u)agCy* (/o). (8)

Shown as blue dashed lines in Figs. 3(e) and 3(f), they
agree reasonably well with the test-particle results, proving
the effectiveness of Eq. (7) in describing the general 3D
trapping space. Again there are high-order and vacuumlike
dynamics found beyond the boundary and affected by the
laser amplitude. Since both Cj and p,, are involved, this
2D space is particularly useful for describing general
electron parameters. We consider three representative
groups of electrons with lg Cy centered at -0.4, 0, 0.4
(marked as red dashed lines). They may correspond to
realistic injection scenarios: (1) 1gCy = —0.4 for pre-
acceleration or external injection with large p,, [27];
(2) 1gCy=0 for electrons initially at rest, and
(3) 1g Cy = 0.4 for side injection with large (p,g, yo) [3].
General dynamics may be inferred by comparing Figs. 3(e)
and 3(f). For group (1), DLA functions only at small a, by
the first-order resonance, and large (g, p,o) only results in
deceleration. For group (2), a low a threshold exists for
DLA to happen. For group (3), DLA is due to high-order
resonances at small aq but more first-order relevant as a,
increases, where a wide vacuumlike dynamics sets the two
regimes apart.

To clearly see how the uncovered trapping space may
help DLA design, we demonstrate a concrete example with
the side injection. It may happen as electrons are first
expelled radially during channel formation and then
attracted back by plasma oscillation [3]. We simulate
50000 electrons in a channel of ®,/w, = 0.1 or ambient
density 1.1 x 10" ¢cm™ for typical 1 um laser wavelength.
Their initial transverse energy and momenta satisfy

L7 <52 = 52 4+ 3k)s <220 pag = 2. pyol > 3.2 The

m,c
resulting 1g C peaks at 0.4 with a spread of 0.1. The 2D
trapping space in (ag, p.o), shown at corresponding Ig C in
Fig. 4(a), suggests high-order resonances at ay < 5, first-
order resonance at ay > 20, and vacuumlike dynamics in
between. To check their impact on the acceleration, we
show the energy and angular (|&, |) distributions of the side-
injection in Figs. 4(b)—4(d) for aq = 3, 10, 30, respectively.
The distributions are shown at ¢ = 6.6 ps, sufficiently
long to make their profile stabilize. Corresponding

(@) 30 (b) ‘ , ,
g 10° — =37
5 —_
B _g g 1.0
z 8
s 8
5 0
0 @ 0 gl 08 )
0 10' 102 10°
Pxo Energy (MeV)
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FIG. 4. (a)lg(ym/yy) distribution in the 2D cut atlg Cy = 0.4

as sketched in Fig. 3(a). (b—d) Energy spectra of a group of side
injection [with initial conditions depicted by the red line in (a)] at
varying laser amplitudes [marked in (a)]. The insets show
corresponding |£,| distributions. The black curves show the
distribution of yy2°.

yrac_distributions (black curves) are also shown for com-

panson. It is seen that high-order resonances having lowest
threshold a generally gives highest acceleration efficiency
[Fig. 4(b)], with the bulk being accelerated to many
times of yy%. This may favor high-yield x-ray generation.
The first-order resonance generally results in highest
energy cutoff and smallest divergence [Fig. 4(d)], but also
requires very high-intensity lasers. One should avoid the
vacuumlike dynamics where few electrons get accelerated
beyond yy2¢ [Fig. 4(c)]. These initial insights show the
potential of controlling DLA by matching laser-plasma
parameters with possible injection conditions. Much
progress on plasma diagnostics has been made recently
to enable such tunability [28].

V. CONCLUSION

In conclusion, we have identified important DLA phys-
ics that the usual paraxial assumption failed to capture,
including the full particle resonances and their mapping
with the injection conditions. These new insights need to be
deployed in order to characterize the full electron parameter
space because of the high nonlinearity involved in DLA
dynamics. We have focused on application to the funda-
mental issue of particle trapping and showed how better
DLA design can be made with the knowledge of the 3D
trapping space. Thus our work opens the possibility of
controlled trapping in DLA by matching the trapping space
with suitable laser-plasma conditions. More developments
could be related to analytical beam modeling (e.g., beam
divergence) and energy gains, using the present single
framework of single parameter &;. Finally, the insights
acquired here may also hint at other devices involving
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similar acceleration field configurations, such as the free-
electron-lasers (FELs) [29], inverse FEL accelerators [30],
and structured interactions [31], especially in their highly
nonlinear regime.
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APPENDIX: EFFECTIVE ORDERS OF
HARMONIC RESONANCES

The effectiveness of DLA can be evaluated by the
integral, W; = f aphyy, sin @ cos ¢pdf, to see under what
conditions the laser work is substantial. The key idea is to
perturb from a strong betatron motion by a small-amplitude
laser. For the sake of convenience, we slightly rearrange
Egs. (1) as

ar 1
S TRET — (aghyy, sin@cos ¢ + Coh?sin20),  (Ala)
d Co(1 = h*cos?0
d _ Co(1 = I eosd) (Alb)
do r'vk,

by letting I' = /7. The perturbation method involves three

steps: (1) obtain the unperturbed energy variation I'’ due to
the betatron motion only, ignoring the laser work or the first
term on the right-hand side (rhs) of Eq. (Ala); (2) substitute
I'% into Eq. (Alb) to get corresponding witnessed laser
phase ¢°; (3) plug the laser phase into the first term on the
rhs of Eq. (Ala) to evaluate the laser work W, .

1. Unperturbed energy variation
due to betatron motion

The unperturbed energy variation solely can be obtained
by directly integrating Eq. (Ala) and ignoring the first term
on the rhs as

I = /(1) - Cyhcos?o, (A2)

where ) is the value of I'’ upon injection, i.e.,
FO FO(Q 90) 90:—71'/2.

2. Witnessed laser phase
due to unperturbed energy

By substituting Eq. (A2) into Eq. (Alb), the witnessed
laser phase, ¢°, due to the unperturbed betatron motion
reads

/ / Co(1 = h*cosd) 40
: 0 \/_ \/ — Coh® + Cohsin¢)

{9lE(q) + E(0lq)] + C'[F(q) + F(6]9)]},

- M
(A3)
where ¢ = ¢°(0 = 6,) and C' = Cy — (I'9)2. F(0|q) and

E(6|q) are the first and second kind incomplete elliptic
integrals, respectively. F(g) and E(g) are corresponding
complete elliptic integrals at 0 = z/2. g = (I7)? — Coh?,

q= —CUThZ_ Thus, ¢° takes the form of

= \/,lce—g{g[E(q) +E(0]q)]+C'[F(q)+F(0]q)]} + ..

(A4)
and it can be further arranged as
¢0:::¢/+>¢u
@' = aE(0]q) + bF(0]q).
¢" = aE(q) + bF(q) + ¢p. (AS)

where a = \/g/k,, b = C'/\/k,g. Making use of a Fourier
series expansion of the incomplete elliptic integrals [32],

Z(6|q) =20Z(q) +2>",51 15 () sin(2n0) where Z = E,
F, one has
¢ =10+0 (A6)
where
2
=~ [aE(q) + bF(g),
= —z [al} (q) + bl (q)] sin(2n0) Zd sin(2nf),
n>l n>1

4, =~ lal(q) + b3(q)]. (A7)

3. Work done by laser due to the
phase variation

Upon evaluating d,, the first term (d;) dominates.
Therefore we take ¢ = d; sin 20. Now let us plug the laser
phase [Eq. (A5)] back to W; = ayhy, fgu/ sin @ cos ¢°d6 to
calculate the laser work, which can be arranged as
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FIG.5. The coefficients of Eq. (A10), aj, ¢/,,,» S},.» @1 €1»> and s, obtained by integrating up to (left panel) &' = 7/2 and (right panel)
0" = 7x/2. The dashed lines refer to the a}, c/,, and the solid lines refer to a;, ¢, Syp-

cos@” [¢ . . .
W, =y 5 [Sig cos(d; sin20) + Cyg sin(d, sin 26)|d6
/2

sing” (¢ . . .

> [Cjg cos(d, sin 20) — Sy, sin(d, sin 26)]d6 (A8)
6o

where y = aghyy, Sjg = sin(l 4 1)0 —sin(l — 1)0, Cjy = cos(l + 1)0 — cos(l — 1)0. Further making use of the Jacobi

expansion cos(z sinf) = Jo(z) + 2,51 Jou(z) cos2mé, sin(zsin@) =25, Jo,—1(z) sin(2m — 1), the integral can

be expanded as

+x

Wy = ycos¢” <Jo(d1)a§ + Y [am(di)c, + sz—1(d1)5§m]>

m>1
—xsing” (Jo(dl)az + Z[sz(dl)cm +sz—1(d1)51m]> (A9)
m>1
|
where the coefficients are electron interaction persists over a fraction of the betatron
1 /¢ cycle), but quickly narrowed down around odd integers
a = ) / Sipd0 when & increases (i.e., the interaction persists over several
#/2 betatron cycles). This proves that the odd harmonic
o Y .
C;m :/ cos 4m0S,yd0 resongnces (l=1,3,5,...) are required for DLA to be
)2 effective over several betatron cycles.

9/
5 = / sin(4m — 2)0Cyd6

/2
1 [¢ .
a = __/ C,yd6 [1] G.A. Mourou, T. Tajima, and S. V. Bulanov, Rev. Mod.
-r/2 Phys. 78, 309 (20006).
0 [2] E. Esarey, C. Schroeder, and W. Leemans, Rev. Mod. Phys.
Cim = — / cos 4mlC,ydo 81, 1229 (2009).
/2 [3] A. Pukhov, Z.-M. Sheng, and J. Meyer-ter Vehn, Phys.
o Plasmas 6, 2847 (1999).
Sim = /_ i sin(4m —2)6S yd6 (A10) 4] T Tajima and J. M. Dawson, Phys. Rev. Lett. 43, 267
(1979).
As shown in Fig. 5, the variation of these coefficients [5] E. Esarey, R. Hubbard, W. Leemans, A. Ting, and P.
against [ is largely smooth when &’ is small (i.e., the laser- Sprangle, Phys. Rev. Lett. 79, 2682 (1997).
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