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Generally, turn-to-turn fluctuations of synchrotron radiation power in a storage ring depend on the 6D
phase-space distribution of the electron bunch. This effect is related to the interference of fields radiated by
different electrons. Changes in the relative electron positions and velocities inside the bunch result in
fluctuations in the total emitted energy per pass in a synchrotron radiation source. This effect has been
previously described assuming constant and equal electron velocities before entering the synchrotron
radiation source. In this paper, we present a generalized formula for the fluctuations with a non-negligible
beam divergence. Further, we corroborate this formula in a dedicated experiment with undulator radiation
in the Integrable Optics Test Accelerator (IOTA) storage ring at Fermilab. Lastly, possible applications in
beam instrumentation are discussed.
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I. INTRODUCTION

Full understanding of the radiation generated by accel-
erating charged particles is crucial for accelerator physics
and electrodynamics in general. The predictions of classical
electrodynamics for pulse-by-pulse average characteristics
of synchrotron radiation, such as the total radiated power,
spectral composition, angular intensity distribution and
brightness [1], are supported by countless observations.
In fact, they are confirmed every day by routine operations
of synchrotron radiation user facilities. On the other hand,
the pulse-to-pulse statistical fluctuations of synchrotron
radiation have not been studied at the same level of detail
yet, although substantial progress has been made in the past
few decades. The turn-to-turn intensity fluctuations of

incoherent spontaneous bending-magnet, wiggler, and
undulator radiation in storage rings have been studied in
Refs. [2–7], both theoretically and experimentally. The
statistical properties of the free-electron laser (FEL) radi-
ation have been studied in Refs. [8–14]. Moreover,
Refs. [15,16] claimed to observe a nonclassical sub-
Poissonian photon statistics in the seventh coherent sponta-
neous harmonic of an FEL, although it could have been an
instrumentation effect [17]. In any case, more experimental
studies into the statistical properties of synchrotron radi-
ation are needed. In this paper, we describe our observation
of turn-to-turn power fluctuations of incoherent sponta-
neous undulator radiation in the Integrable Optics Test
Accelerator (IOTA) storage ring at Fermilab [18]. Also, we
extend the existing theoretical description [5,6] of such
fluctuations. Namely, in Refs. [5,6], only the effect of
spatial distribution of the electrons inside the bunch on the
turn-to-turn fluctuations is considered. However, in gen-
eral, the distribution of electron velocities affects the
fluctuations as well. We present a generalized formula
for the fluctuations in the case of non-negligible beam
divergence in this paper.
Fluctuations and noise do not always degrade the results

of an experiment. There are numerous examples when
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noise is used to measure the parameters of a specific
system, or even fundamental constants. Some examples are
the pioneering determination of the elementary charge e by
the shot noise [19], and the determination of the Boltzmann
constant kB by the Johnson-Nyquist noise [20]. Another
example, relevant to the field of accelerator physics, is the
use of Schottky noise pick-ups in storage rings [21–23] to
measure transverse rms emittances, momentum spread,
number of particles, etc. In fact, we will see that the
fluctuations in synchrotron radiation are similar to Schottky
noise. Both effects are related to the existence of discrete
pointlike charges as opposed to a continuous charge fluid.
Therefore, measurements of electron bunch parameters via
synchrotron radiation fluctuations have been reported too.
They were mostly focused on the longitudinal bunch length
[3,4,6]. Reference [7] reported an order-of-magnitude
measurement of a transverse emittance. In this paper, we
present one example of a measurement of an unknown
small vertical emittance of a flat beam in IOTA, given a
known horizontal emittance, a longitudinal bunch shape,
and ring focusing functions, using our new formula for the
fluctuations. Taking beam divergence into account is
critical in this specific measurement. For more results
regarding beam diagnostics via fluctuations in IOTA, we
refer the reader to our separate publication [24].

II. THEORETICAL DESCRIPTION

Let us assume that we have a detector that can measure
the number of detected synchrotron radiation photonsN at

each revolution in a storage ring. Then, according to
[1,2,5], the variance of this number can be expressed as

varðN Þ ¼ hðN − hN iÞ2i ¼ hN i þ 1

M
hN i2; ð1Þ

where the linear term represents the photon shot noise,
related to the quantum discrete nature of light. This effect
would exist even if there was only one electron. Indeed,
the electron would radiate photons with Poisson statistics
[25–27]. The quadratic term corresponds to the interference
of fields radiated by different electrons. Changes in relative
electron positions and velocities, inside the bunch, result in
fluctuations of the radiation power, and, consequently, of
the number of detected photons. In a storage ring, the effect
arises because of betatron motion, synchrotron motion,
radiation induced diffusion, etc. The dependence of varðN Þ
on the electron bunch parameters is introduced through the
parameterM, which will be called the “number of coherent
modes”, following the nomenclature of [1,2,5]. In [5], we
derived an equation for M for an electron bunch with a
Gaussian transverse density distribution and an arbitrary
longitudinal density distribution, assuming an rms bunch
length much longer than the radiation wavelength and a
negligible electron beam divergence. In this paper, we
present an equation for M extended to an arbitrary beam
divergence,

1

M
¼ ð1 − 1=neÞ

ffiffiffi
π

p
σeffz

R
dkd2ϕ1d2ϕ2d2r0Pkðr0;ϕ1 − ϕ2ÞIkðϕ1; r0ÞI�

kðϕ2; r0Þ
hN s:e:i2

; ð2Þ

with

Pkðr0;ϕ1 − ϕ2Þ ¼
1

4πσx0σy0
e
−ðx0Þ2

4σ2
x0
−ðy0Þ2

4σ2
y0 e−ikΔxðϕ1x−ϕ2xÞx0−ikΔyðϕ1y−ϕ2yÞy0e−k2Σ2

xðϕ1x−ϕ2xÞ2−k2Σ2
yðϕ1y−ϕ2yÞ2 ; ð3Þ

Ikðϕ; r0Þ ¼
X
s¼1;2

ηk;sðϕÞEk;sðϕÞE�
k;sðϕ − r0Þ; ð4Þ

hN s:e:i ¼
X
s¼1;2

Z
dkd2ϕηk;sðϕÞjEk;sðϕÞj2; ð5Þ

where s ¼ 1, 2 indicates the polarization component, ne is
the number of electrons in the bunch, k ¼ 2π=λ is the
magnitude of the wave vector; ϕ ¼ ðϕx;ϕyÞ, ϕ1 ¼
ðϕ1x;ϕ1yÞ and ϕ2 ¼ ðϕ2x;ϕ2yÞ represent angles of direc-
tion of the radiation in the paraxial approximation. Here-
inafter, x and y refer to the horizontal and the vertical axes,
respectively, and

σeffz ¼ 1

��
2

ffiffiffi
π

p Z
ρ2ðzÞdz

�
; ð6Þ

where ρðzÞ is the electron bunch longitudinal density
distribution function,

R
ρðzÞdz ¼ 1, and σeffz is equal to

the rms bunch length σz for a Gaussian bunch; r0 ¼ ðx0; y0Þ
represents the direction of motion of an electron at
the radiator center, relative to a reference electron; σx0
and σy0 are the rms beam divergences, σ2x0 ¼ γxϵx þD2

x0σ
2
p,

σ2y0 ¼ γyϵy; Σ2
x ¼ ϵx=γx þ ðγxDx þDx0αxÞ2βxϵxσ2p=σ2x0 ,

Σ2
y ¼ ϵy=γy, Δx ¼ ðαxϵx −DxDx0σ

2
pÞ=σ2x0 , Δy ¼ αy=ϵy,

where αx, βx, γx, αy, βy, γy are the Twiss parameters of
an uncoupled focusing optics in the synchrotron radiation
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source; Dx, Dx0 are the horizontal dispersion and its
derivative, and the vertical dispersion is assumed to be
zero; ϵx, ϵy are the unnormalized rms emittances; σp is
the relative rms momentum spread. The following two
useful relations exist, σ2x ¼ Σ2

x þ σ2x0Δ
2
x, σ2y ¼ Σ2

y þ σ2y0Δ
2
y,

where σx and σy are the transverse rms beam sizes. The
complex radiation field amplitude Ek;sðϕÞ, generated by a
reference electron, is given by the following expression,
see [5,26], [[1] p. 38],

Ek;sðϕÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
αk

2ð2πÞ3
s Z

dtesðkÞ · vðtÞeickt−ik·rðtÞ; ð7Þ

where k ¼ kðϕx;ϕy; 1 − ϕ2
x=2 − ϕ2

y=2Þ, α is the fine-
structure constant, esðkÞ is the considered polarization
vector (s ¼ 1, 2), rðtÞ is the trajectory of the reference
electron in the synchrotron radiation source, vðtÞ is the
velocity of the reference electron as a function of time,
c is the speed of light. The electrons are assumed to be
ultrarelativistic, γ ≫ 1, where γ is the Lorentz factor.
The parameter hN s:e:i in Eq. (2) is the average number

of detected photons per turn for a single electron (s.e.)
circulating in the ring. We consider the case of an
incoherent radiation (σzk ≫ 1). Therefore, the average
number of detected photons for the entire bunch can be
obtained as

hN i ¼ nehN s:e:i: ð8Þ

The integrals in Eqs. (2) and (5) are taken from minus to
plus infinity over all integration variables except for k,
which goes from zero to plus infinity. The spectral
sensitivity and the aperture of the detector are assumed
to be included in the detection efficiency ηk;sðϕÞ, which is a
function of polarization, k, and ϕ for that reason.
The derivation of Eq. (2) is largely analogous to [5]

and is outlined in Appendix A. Appendix B provides an
illustrative closed-form expression for M, based on Eq. (2)
in the approximation of a Gaussian spectral-angular dis-
tribution of the radiation.
In IOTA, we study undulator radiation, because the

quadratic term in Eq. (1), sensitive to bunch parameters,
is larger for undulators and wigglers than it is for dipole
magnets [5]. The complex field amplitude Ek;sðϕÞ, generated
by a single electron, can be numerically calculated by our
computer code [28], based on the equations from [29], or by
using the SRW package [30]. Then, the integrals in Eqs. (2)
and (5) can be calculated by a Monte-Carlo algorithm. Our
C++ code with Python bindings for calculation of Eqs. (2)
and (5) is provided in the repository [31].

III. APPARATUS

In our experiment, a single electron bunch circulated in
the IOTA ring, see Fig. 1(a), with a revolution period of

133.3 ns and the beam energy of 96.4� 1 MeV. We
studied two transverse focusing configurations in IOTA:
(1) strongly coupled, resulting in approximately equal
transverse mode emittances and (2) uncoupled, resulting
in two drastically different emittances. Henceforth, we will
refer to the beams in these configurations as “round”
and “flat” beams, respectively. In both cases, the bunch
length and the emittances depend on the beam current due
to intrabeam scattering [32,33], beam interaction with its
environment [34], etc. The longitudinal bunch density
distribution ρðzÞ was measured and recorded by a high-
bandwidth wall-current monitor [35]. It was not exactly
Gaussian, but this fact was properly accounted for by
Eq. (6) for σeffz , which works for any longitudinal bunch
shape. The IOTA rf cavity operated at 30 MHz
(4th harmonic of the revolution frequency) with a voltage
amplitude of about 360 V. The rms momentum spread σp
was calculated from the known rf voltage amplitude,
the design ring parameters and the measured rms bunch
length σz. In our experiments, the relation was

σp ≈ 9.1 × 10−6 × σz½cm�: ð9Þ

It is an approximate equation, because of the bunch-
induced rf voltage (beam loading) and a small deviation
of ρðzÞ from the Gaussian shape. However, the effect of σp
in Eq. (2) in IOTA was almost negligible. Therefore, such
estimation was acceptable.
For the round beam, the IOTA transverse focusing

functions (4D Twiss functions) were chosen to produce
approximately equal mode emittances at zero beam current,
ϵ1 ≈ ϵ1 ≈ 12 nm (rms, unnormalized). It was empirically
confirmed that they remained equal at all beam currents
with a few percent precision. The expected zero-current
emittances for a flat beam were ϵx ≈ 50 nm, ϵy ≳ 0.33 pm

FIG. 1. (a) Layout of IOTA. (b) Light path from the undulator to
the detector (not to scale).
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(set by the quantum excitation in a perfectly uncoupled
ring). The expected zero-current rms bunch length and the
rms momentum spread for both round and flat beams were
σz ¼ 9 cm, σp ¼ 8.3 × 10−5. In our experiment, the elec-
tron beam sizes were monitored and recorded by visible
synchrotron light image monitors (SLMs) [36] in seven
dipole bend locations, at M1L-M4L and at M1R-M3R,
see Fig. 1(a). The smallest reliably resolvable emittance by
the SLMs in our experiment configuration was about
20 nm. Figure 2 illustrates the bunch parameters of
the round beam as a function of current. Below, we will
present measurements with a flat beam at only one value
of beam current, 2.66 mA, measured with a direct-
current current transformer (DCCT). The parameters of
the flat beam at this current value were σz ¼ 31.9 cm,
σeffz ¼ 29.5 cm, σp ¼ 3.0 × 10−4. The horizontal emittance
was ϵx ¼ 0.66 μm, as measured by the SLMs with a
monitor-to-monitor variation of �50 nm. The small verti-
cal emittance of the flat beam was unresolvable by the
SLMs. However, in Sec. V, we will demonstrate how it
can be reconstructed using the fluctuations measurements.
At the center of the undulator, in the uncoupled optics,

the Twiss parameters were βx ¼ 204 cm, βy ¼ 98 cm,
αx¼1.25, αy¼−0.87, the horizontal dispersion Dx¼
101 cm, its derivative Dx0 ¼ −4.22. The strongly coupled
optics was created from the uncoupled optics by changing
the current in one skew-quad located at a zero dispersion
location. The coupling parameter u [37] was about 0.5
everywhere in the ring. Therefore, the following is correct
for the coupled case 4D Twiss functions, β1x ≈ β2x,
β1y ≈ β2y. Moreover, their sums, β1x þ β2x, β1y þ β2y,
were approximately equal to the Twiss beta functions in
the uncoupled case, βx, βy. Equation (2) assumes an
uncoupled optics. However, this specific strongly coupled
optics used in IOTA can be approximated by the uncoupled
optics with equal horizontal and vertical emittances
ϵx ¼ ϵy ¼ ϵ. More specifically, what is used in the deri-
vation of Eq. (2) (see Appendix A) is the 6D phase-space

distribution of the electrons, Eq. (A6). This distribution,
for the round beam, when calculated using the approxi-
mation of uncoupled optics with equal emittances
ϵx ¼ ϵy ¼ ϵ, and the distribution, calculated using the
exact 4D Twiss functions and equal mode emittances,
ϵ1 ¼ ϵ2 ¼ ϵ, are almost indistinguishable. This property
was intentionally included in the initial design of the
coupled optics in IOTA.
The undulator strength parameter (peak) was Ku ¼ 1.0

with the number of periods Nu ¼ 10.5 and the period
length λu ¼ 5.5 cm, the total length of the undulator was
Lu ¼ Nuλu ¼ 58 cm. A photodetector was installed in a
dark box above the M4R dipole magnet, see Fig. 1(b).
The light produced in the undulator was directed to the dark
box by a system of two mirrors (∅2″). Then, it was focused
by a lens (∅2″, focal distance F ¼ 150 mm) into a spot,
smaller than the sensitive area of the detector (∅1.0 mm).
The lens was 3.5 m away from the center of the undulator.
Because of the two round mirrors, which are at 45° to the
direction of propagation of the radiation, the angular
aperture takes an elliptical shape with the vertical axis
smaller than the horizontal by a factor of

ffiffiffi
2

p
. Namely, the

horizontal and the vertical semiaxes were 7.3 mrad and
5.1 mrad, respectively. The measurements were performed
in the vicinity of the fundamental of the undulator radiation,
λ1 ¼ λuð1þ K2

u=2Þ=ð2γ2Þ ¼ 1.16 μm. As a photodetector
we used an InGaAs PIN photodiode [38], which has a high
quantum efficiency (≈80%) around the fundamental.
Using the elliptical angular aperture mentioned above

and the manufacturers’ specifications for the spectral
transmission of the vacuum chamber window at the
M4R dipole magnet, the two mirrors, the focusing lens,
and the quantum efficiency of the InGaAs photodiode, we
constructed the detection efficiency function ηk;sðϕÞ for our
system. The lens’s spectral transmission had to be linearly
extrapolated for a small interval outside of the range
provided in the manufacturer’s specifications. There were
no free adjustable parameters. We calculated the field
amplitude Ek;sðϕÞ, generated by a single electron, for the
parameters of our undulator on a 3D grid (k, ϕx, ϕy) with
our code [28]. Figure 3(a) shows the simulated spectrum,
where the intensity is integrated over the elliptical aperture,

dhN s:e:i
dk

¼
X
s¼1;2

Z
d2ϕηk;sðϕÞjEk;sðϕÞj2: ð10Þ

The blue line is calculated for an ideal detection system,
where ηk;sðϕÞ ¼ 1 inside the elliptical aperture, and zero
outside. The red line is calculated with ηk;sðϕÞ, constructed
using the manufacturers’ specifications of the optical
elements in our system. This ηk;sðϕÞ is equal to zero
outside of the elliptical aperture. Whereas, inside, it is equal
to the detection efficiency of our system. In our case, the
detection efficiencies for the horizontal and vertical

FIG. 2. Mode emittances (ϵ1 ¼ ϵ2 ¼ ϵ) and bunch lengths (rms
and effective) of a round beam in IOTA as functions of beam
current. SLMs had a monitor-to-monitor variation of �8 nm (not
shown) in the measurement of ϵ.
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polarizations (s ¼ 1, 2) are practically the same. Only the
reflectance of the mirrors is slightly polarization dependent
(under 1% difference). Moreover, the radiation is domi-
nated by the horizontal polarization (about 96.5%). The
dashed line in Fig. 3(a) is the detection efficiency of our
system for the horizontal polarization. Figure 3(b) shows
the angular distribution with ηk;sðϕÞ of our system,

d2hN s:e:i
dϕxdϕy

¼
X
s¼1;2

Z
dkηk;sðϕÞjEk;sðϕÞj2: ð11Þ

With the spectral properties of all optical elements in
the system taken into account, the spectral width of the
radiation was 0.14 μm (FWHM), and the angular size
was ≈2 mrad, which could be fully transmitted through the
∅2″ optical system.
Figure 4 illustrates our full photodetector circuit. First,

the radiation pulse is converted into a photocurrent pulse by
the photodiode, see Fig. 4(a). Then, the photocurrent pulse
is integrated by an op-amp-based RC integrator, which
outputs a longer pulse with a voltage amplitude that can be
easily measured. The op-amp [39] was capable of driving
the 50-Ω input load of a fast digitizing scope, located
≈100 m away. The resistor R0 ¼ 580 kΩ in the circuit in
Fig. 4(a) was used to remove the offset in the integrator
output signal (about 0.3 V), produced by the op-amp input
bias current and the photodiode leakage current. The output
voltage pulse of the integrator at the ith IOTA turn can be
represented as AifðtÞ, where Ai is the signal amplitude at
the ith turn and fðtÞ is the average signal for one turn,
normalized so that its maximum value is 1, see Fig. 4(a).
The time t in fðtÞ is in the range 0–133.3 ns, i.e., within
one IOTA revolution. The number of photoelectrons,
generated by the light pulse at the ith turn, N i, can be
calculated as the time integral of the output pulse of the
integrator divided by the electron charge e and the
resistance Rf , i.e.,

N i ¼
Z

AifðtÞdt=ðeRfÞ: ð12Þ

The function fðtÞ is known—it was measured with a fast
oscilloscope. It was practically the same during all of our
measurements, because fðtÞ is rather wide (about 30 ns
FWHM) and the length of the input light pulses was much
smaller (about 2 ns FWHM); moreover, the shape of input
pulses did not change significantly. Therefore, during all of
our measurements

N i ¼ χAi; ð13Þ

FIG. 3. (a) Spectral distribution of the average number of
detected photons per turn for a single electron (s.e.) assuming no
losses (blue) and accounting for the detection efficiency of the
system (red). Also, the detection efficiency (dashed, right vertical
scale). (b) Angular distribution of the number of detected photons
accounting for the detection efficiency of our system. Both (a)
and (b) are calculated for an elliptical aperture with the horizontal
and the vertical semiaxes 7.3 mrad and 5.1 mrad, respectively.

FIG. 4. (a) Photocurrent integrator circuit. (b) Comb filter. (c) Sample waveforms of hybrid outputs (Δ- and Σ-channels).
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where

χ ¼
Z

fðtÞdt=ðeRfÞ ¼ 2.08 × 107 photoelectrons=V;

ð14Þ

with a �5% uncertainty, because of the uncertainty on Rf .
We verified Eq. (13) empirically at different voltage
amplitudes Ai and different bunch lengths, which define
the lengths of the input light pulses. During our experi-
ments at different beam currents, Ai was in the range
between 0 V and 1.2 V.
Since we also knew the empirical linear relation between

the beam current and the integrator voltage amplitude, we
could use it in Eq. (13) to find the average number of
detected photons (photoelectrons) per one electron of
the electron bunch. The result of this calculation was
8.8 × 10−3 photoelectrons=electron. This value is quite
close to the result obtained in our simulation,

X
s¼1;2

Z
dkd2ϕηk;sðϕÞjEk;sðϕÞj2

¼ 9.1 × 10−3 photoelectrons=electron: ð15Þ

In our experiment, the expected relative fluctuation of Ai

was 10−4 − 10−3 (rms), which is considerably lower than
the digitization resolution of our 8-bit broad-band oscillo-
scope. To overcome this problem, we used a passive comb
(notch) filter [40], shown in Fig. 4(b). The signal splitter
divides the integrator output into two identical signals.
The lengths and the characteristics of the cables in the two
arms were chosen such that one of the signals was delayed
by exactly one IOTA revolution and, at the same time, the
losses and dispersion in both arms were approximately
equal. The time delay in the comb filter could be adjusted
with a 0.1 ns precision. Therefore, the time delay error was
negligible, because the pulses at the entrance of the comb
filter were about 30 ns long (FWHM). Finally, a passive
hybrid [41] generated the difference and the sum of the
signals in the two arms—its output channels Δ and Σ,
respectively. For an ideal comb filter,

ΔiðtÞ ¼ ξðAi − Ai-1ÞfðtÞ; ð16Þ

ΣiðtÞ ¼ ξðAi þ Ai-1ÞfðtÞ; ð17Þ

where we assume that the pulse shape of input and output
signals of the comb filter is the same—fðtÞ. This means
that we assume a negligible dispersion in the comb filter,
which is a very good approximation according to our
comparison of input and output pulses with the oscillo-
scope. Also, as a result of this comparison, we determined
the parameter ξ ¼ 0.31. Of course, our comb filter was
not perfect. There was some cross-talk between Δ- and

Σ-channels, some noise in the signals, a small undesirable
reflection in one of the arms, resulting in a small satellite
pulse about 85 ns away from the main pulse, see Fig. 4(c).
In addition, the hybrid was AC-coupled.
With these effects taken into account Eqs. (16) and (17)

take the form

ΔiðtÞ ¼ ξðAi − Ai-1ÞfðtÞ þ μΔΣiðtÞ
þ δrAifðt − trÞ þ νΔi

ðtÞ − ΔAC; ð18Þ

ΣiðtÞ ¼ ξðAi þ Ai-1ÞfðtÞ þ μΣΔiðtÞ
þ δrAifðt − trÞ þ νΣi

ðtÞ − ΣAC; ð19Þ

where t is within one IOTA turn (0–133.3 ns), μΔ and μΣ
describe the cross-talk between Δ- and Σ-channels (< 1%),
δrAifðt − trÞ describes the reflected pulse in one of the
arms (perhaps the short one), tr ¼ 85 ns, δr ≈ 1.5 × 10−3;
and it is assumed that the noise contributions νΔi

ðtÞ and
νΣi

ðtÞ enter the equations as sum terms, independent of the
signal amplitude; the constantsΔAC and ΣAC come from the
fact that the hybrid is AC-coupled and the averages ofΔiðtÞ
and ΣiðtÞ over a long time have to be zero.
For each measurement, we recorded 1.5-ms-long wave-

forms (about nrev ¼ 11250 IOTA revolutions) of Δ- and Σ-
channels with the oscilloscope at 20 GSa=s. The beam
current decay was negligible during this 1.5 ms acquisition
period.
In Eq. (19), the noise, the cross-talk term, and the

reflection term are negligible. The Σ-channel can be used
to measure the photoelectron count mean hN i during the
1.5 ms. Using Eq. (13) and the non-negligible part of
Eq. (19),

hN i ¼ χ
hΣðtpeakÞi þ ΣAC

2ξ
; ð20Þ

where we introduced tpeak—the time within each turn,
corresponding to the peak of the signal, fðtpeakÞ ¼ 1,

hΣðtpeakÞi ¼
1

nrev

Xnrev
i¼1

ΣiðtpeakÞ: ð21Þ

The idea of using a comb filter is that, in the ideal case,
see Eq. (16), the Δ-channel would provide the exact
difference between two consecutive turns in IOTA. In this
case we would be able to look directly at the turn-to-turn
fluctuations. The offset would be removed, and the oscillo-
scope could be used with the appropriate scale setting, with
negligible digitization noise. In our nonideal comb filter,
see Eq. (18), the additional terms have some impact on
the Δ-signal, see Fig. 4(c). Nonetheless, by analyzing the
Δ-signal in a special way, described below, it is possible to
determine varðN Þ with sufficient precision.
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Namely, if we take the variance of Eq. (18) with respect
to i at a fixed time t, then we obtain

varðΔðtÞÞ ¼ 2ξ2varðAÞf2ðtÞ þ varðνΔðtÞÞ; ð22Þ

where the contribution from μΔΣiðtÞ and δrAifðtÞ may be
dropped, because the fluctuations of ΣiðtÞ and Ai are
strongly attenuated by the factors μΔ and δr, respectively.
Also, varðΔACÞ ¼ 0 since ΔAC is constant during the
1.5 ms. The left-hand side of Eq. (22), as a function of
t ∈ ½0; 133.3� ns, could be obtained from the collected
waveforms of Δ-channel as

varðΔðtÞÞ ¼ 1

nrev

Xnrev
i¼1

Δ2
i ðtÞ −

�
1

nrev

Xnrev
i¼1

ΔiðtÞ
�
2

: ð23Þ

The results of such calculation for 2000 moments of time t
within an IOTA revolution are shown in Fig. 5. These data
are for the round beam. The blue, orange, and green lines
correspond to three significantly different values of beam
current within the range studied in our experiment; the red
line corresponds to a zero beam current case.
Figure 5 suggests that there is a constant noise level,

independent of time and independent of the signal
amplitude. Specifically, it suggests that the noise term in
Eq. (22) is

varðνΔðtÞÞ ¼ varðνΔÞ ¼ 8.8 × 10−8 V2: ð24Þ

The observed rms noise amplitude (≈0.3 mV) was ana-
lyzed by using the noise model for the detector electrical
schematic, Figs. 4(a) and (b), as well as the typical
electrical characteristics of the photodiode [38] and the
operational amplifier [39]. The three main contributions
to the rms noise in the Δ-channel are the following:
the oscilloscope input amplifier noise, 0.21 mV; the opera-
tional amplifier input voltage noise, 0.18 mV; and the
operational amplifier input current noise, 0.037 mV. When
added in quadrature, these three sources explain the
measured noise level.

The peaks rising above the noise level in Fig. 5 can be
fitted well with f2ðtÞ (fits not shown). Thus, their shape is
in agreement with Eq. (22) as well.
Therefore, using Eqs. (13) and (22), the photoelectron

count variance varðN Þ can be determined as

varðN Þ ¼ χ2varðAÞ ¼ χ2
varðΔðtpeakÞÞ − varðνΔÞ

2ξ2
; ð25Þ

see Eq. (23) for the definition of varðΔðtpeakÞÞ. The value of
the noise level term in Eq. (25) is

χ2varðνΔÞ
2ξ2

¼ 2.0 × 108: ð26Þ

We employed a dedicated test light source with known
fluctuations to verify this method of measurement of hN i
and varðN Þ [Eqs. (20) and (25)]. This verification is
described in Appendix C, where we also estimated the
statistical error of the measurement of varðN Þ by our
apparatus, namely, �2.7 × 106—it is approximately con-
stant in the range of varðN Þ observed with the undulator
radiation in IOTA.

IV. MEASUREMENT RESULTS

The measured fluctuations data for the round beam at
different values of beam current are shown in Fig. 6(a) (blue
points). The blue dashed straight line, varðN Þ ¼ hN i,
represents the photon shot noise contribution to the
fluctuations—the first sum term in Eq. (1). The values
of M extracted from the fluctuation data points using the
equation,

M ¼ hN i2=ðvarðN Þ − hN iÞ; ð27Þ

are shown in Fig. 6(c) (blue points). The error bars in
Figs. 6(a),(c) correspond to the �2.7 × 106 statistical error
of measurement of varðN Þ by our technique. Further,
Fig. 6(c) has a curve for M, simulated by Eq. (2) (red
line), and, for comparison, a curve for M, simulated
by [[5] Eq. (49)] (dashed black line), which neglects beam
divergence. Corresponding curves for simulated varðN Þ
are shown in Fig. 6(a). The shaded light red areas in
Figs. 6(a),(c) show the uncertainty range of our simulation
by Eq. (2).
For this simulation, we needed the values of the

following four bunch parameters, entering Eq. (2), ϵx,
ϵy, σp, σeffz , at all beam currents. Further, we needed the
values of Twiss functions in the undulator, the parameters
of the undulator and of the detection system. All these
aspects were described in Sec. III. We had no free
parameters in this simulation. Numerical calculation of
the integrals in Eq. (2) and [[5] Eq. (49)] was performed by
the Monte-Carlo algorithm on the Midway2 cluster at the

FIG. 5. The variance of Δ-signal as a function of time [see
Eq. (22)] within one IOTA revolution (round-beam data).
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University of Chicago Research Computing Center using
our computer code [28,31].
The simulation uncertainty range (shaded light red area)

primarily comes from the uncertainty in the beam energy
96.4� 1 MeV. The next source of uncertainty by magni-
tude, which is a factor of two smaller, is the SLMs’ �8 nm
monitor-to-monitor variation of ϵ [for the round beam we
use ϵx ¼ ϵ and ϵy ¼ ϵ in Eq. (2)]. The uncertainties of other
parameters (σp, σeffz , Twiss functions in the undulator, etc.)
had negligible effect. The manufacturers’ specifications for
the optical elements of our system did not provide any
uncertainties. Therefore, they were not considered.
We also collected fluctuations data for another experi-

ment configuration. Figure 6(b) shows fluctuation data
points for a flat beam (uncoupled focusing) at a fixed beam
current 2.66 mA. The corresponding reconstructed values
ofM are shown in Fig. 6(d). The error bars in Figs. 6(b),(d)
correspond to the �2.7 × 106 statistical error of measured
varðN Þ. In this measurement, the photoelectron count
mean (horizontal axis) was varied by using different optical
neutral density filters (one point without a filter and four
points with filters). Neutral density filters are filters that
have constant attenuation in a certain wavelength range;
in our case, around the fundamental harmonic of the
undulator radiation. A new bunch was injected into the
ring for each measurement. The oscilloscope waveforms
for Δ- and Σ-channels were recorded when the beam

current decayed to 2.66 mA. The red curve in Fig. 6(b)
is a fit with a constant M. A corresponding horizontal
line is shown in Fig. 6(d). The value of M in this fit is
Mfit ¼ ð4.38� 0.10Þ × 106. This value was calculated as
the average of the five values of M in Fig. 6(d), and the
error was calculated as the standard deviation of these
five values.
We do not present any simulation results for the

fluctuations varðN Þ in the uncoupled focusing, because
the SLMs provided very inconsistent estimates for the
small vertical emittance ϵy of the flat beam—the max-to-
min variation for different SLMs reached a factor of eight.
We believe this happened because the beam images were
close to the resolution limit, set by a combination of factors,
such as the diffraction limit, the point spread function of
the cameras, chromatic aberrations, the effective radiator
size of the dipole magnet radiation (≈20 μm), and the
camera pixel size (≈10 μm in terms of beam size).
Therefore, the monitor-to-monitor emittance value varia-
tion primarily came from the Twiss beta-function variation

(βðmaxÞ
y =βðminÞ

y ≈ 12). The diffraction limit is primarily
caused by the irises, used to reduce the radiation intensity
to prevent the cameras from saturating at high beam
currents. Alternatively, leaving the irises open and using
attenuating optical filters may improve the resolution.
Additional negative effects include the errors in the light
focusing optics, calibration errors of the SLMs, and

FIG. 6. (a) The fluctuations measurement for the round electron beam in IOTA as a function of beam current, a prediction by Eq. (2)
(red solid line) and a prediction by [[5] Eq. (49)] (black dashed line), which does not account for the beam divergence. (b) The
fluctuations measurement for the flat electron beam at a fixed beam current 2.66 mAwith 4 different optical neutral density filters and
one point without any filters, as well as a parabolic fit (a prediction could not be made, because the vertical emittance of the flat beam
was unknown). (c) and (d) present the data of (a) and (b) in terms of the number of coherent modes M.
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possible Twiss beta-function errors. The SLMs at locations
with larger beta-functions (M4L, M1L) provide estimates
for ϵy that agree better with the theoretical predictions [42]
at lower beam currents, and with the emittance estimates
presented below in this paper. Nevertheless, we cannot state
that the SLMs could provide a reliable estimate for ϵy
during our experiment.
Without ϵy we could not use Eq. (2) to make a prediction

for M and varðN Þ. However, we attempted the reverse
of this procedure, namely, the reconstruction of the
unknown ϵy via the measured fluctuations for the flat beam
shown in Figs. 6(b),(d). Indeed, the measured value of the
number of coherent modes Mmeas is a function of four
bunch parameters,

Mmeas ¼ Mðϵx; ϵy; σp; σeffz Þ: ð28Þ

The full form of the right-hand side is given by Eq. (2). The
horizontal emittance ϵx of the flat beam at a beam current of
2.66 mA could still be reliably measured via the SLMs,
yielding ϵx ¼ 0.66 μm. The effective bunch length σeffz
could be determined from ρðzÞ measured by the wall-
current monitor, σeffz ¼ 29.5 cm. The rms momentum
spread σp was estimated from ρðzÞ and the ring parameters,
σp ¼ 3.0 × 10−4. The only unknown in Eq. (28) is ϵy.
Equation (28) can be solved for ϵy by a simple bisection
method. The result is ϵy ¼ 8.4� 1.5 nm, where the uncer-
tainty corresponds to the statistical error ofMfit, mentioned
above. For comparison, we also used [[5] Eq. (49)] in
Eq. (28), which neglects beam divergence. In this case, we
obtained ϵy ¼ 18.3� 1.3 nm.
In this reconstruction of ϵy, there is also a systematic

error due to the uncertainty on the beam energy (�1 MeV)
and due to the systematic error of ϵx measurement by the
SLMs (�50 nm monitor-to-monitor). We estimated these
two contributions to the systematic error of ϵy from Eq. (2).
They are þ2.5

−4.5 nm and þ1.6
−1.4 nm, respectively. These sys-

tematic errors are rather significant. However, they are not
directly linked to our measurement technique. They are
related to the fact that the beam energy and the horizontal
emittance of a flat beam in IOTA were not known with
better precision. Further improvements in beam characteri-
zation in IOTA will reduce the systematic error of our
fluctuations-based technique of ϵy measurement.

V. DISCUSSION AND CONCLUSIONS

Power fluctuations in undulator radiation were measured
in IOTA under two different experimental conditions and
compared with our theoretical predictions.
The fluctuations predicted by Eqs. (1) and (2) in the

round beam configuration agree with the measurements
within the uncertainties, as shown in Figs. 6(a),(c). In
IOTA, the bunch parameters ϵx, ϵy, σp, σeffz depend on the

beam current because of various intensity dependent
effects, e.g., intrabeam scattering [43], beam interaction
with its environment [34], etc. Therefore,M is a function of
the beam current as well, as one can see in Fig. 6(c).
In Figs. 6(b),(d), all data points correspond to one

value of the beam current, 2.66 mA. The photoelectron
count mean is varied by using neutral density filters with
different attenuation factors ηND. Such filters linearly scale
down the photoelectron count mean, hN i → ηNDhN i.
However, they do not change M, because if ηk;sðϕÞ is
replaced by ηNDηk;sðϕÞ in Eq. (2), then ηND cancels out
in the numerator and the denominator. This is consistent
with Fig. 6(d)—all measured values ofM are equal within
the uncertainty range.
We reconstructed the value of the vertical emittance

ϵy of the flat beam from Mfit via Eq. (2) and via [[5]
Eq. (49)], which neglects beam divergence. We ob-
tained very different results, ϵy ¼ 8.4� 1.5 nm and
ϵy ¼ 18.3� 1.3 nm, respectively. This shows that, for
the flat beam, accounting for the beam divergence is
critical. In this measurement, the horizontal beam
divergence was 0.94 mrad and comparable with the
rms radiation divergence

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ1=ð2LuÞ

p ¼ 1.0 mrad [[1]
Eq. (2.57)], which gives an estimate of the angular size
of Ek;sðϕÞ. Clearly, in this case it has a significant effect on
the integral in the numerator of Eq. (2). This is why we use
Eq. (2) in our Letter [24], focused on emittance measure-
ments via fluctuations, as opposed to [[5] Eq. (49)], which
is simpler, but neglects beam divergence.
In addition, we made an independent estimate of the

vertical emittance ϵy of the flat beam based on the beam
lifetime, see Appendix D for details. At the beam current
of 2.66 mA, the beam lifetime is solely determined by
Touschek scattering [37,42,44]. The Touschek lifetime
is a function of beam emittances and bunch length.
Therefore, since we knew the horizontal emittance ϵx of
the flat beam, measured by the SLMs, the bunch length,
measured by the wall-current monitor, and the measured
beam lifetime jI=ðdI=dtÞj, we could find ϵy. The result is
ϵy ¼ 9.6� 1.2 nm, to be compared with the fluctuations-
based measurement, ϵy ¼ 8.4� 1.5 nm. The �1.2 nm
error in the lifetime-based ϵy estimate comes from the
�50 nm uncertainty on ϵx of the flat beam.
In the round beam case, at the same beam current of

2.66 mA, the beam divergence in the undulator was about
0.43 mrad (both x and y). It was noticeably smaller than the
horizontal beam divergence of the flat beam and than the
rms radiation divergence 1.0 mrad. Therefore, the effect
of beam divergence on the fluctuations simulation in
Figs. 6(a),(c) is not as dramatic. However, the deviation
from the measurement of the simulation based on [[5]
Eq. (49)], which neglects beam divergence, is certainly
noticeable, whereas the simulation by Eq. (2) agrees well
with the measurement.
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It would be beneficial to repeat these fluctuation mea-
surements with a longer and brighter undulator. In this
experiment, we had to avoid using a monochromator or
restricting the angular aperture, because we had to collect
all available radiation to achieve a signal with a voltage
amplitude that could be easily measured. Therefore, the
integrals in Eqs. (2) and (5) had to be calculated over a
broad range of angles and wavelengths. With a mono-
chromator, a slit or a pinhole detector, these integrals could
be significantly simplified. Further, if our undulator had
more periods and if we were able to use a monochromator,
we could slowly vary the beam energy and find the energy
at which the detected power is at maximum, i.e., when we
are centered on the peak of the fundamental harmonic. In
this case, the systematic error of the ϵy measurement via the
fluctuations, related to the uncertainty on the beam energy,
would be negligible. Moreover, it can be shown [24] that if
one places a narrow vertical slit in front of the detector, then
the magnitude of the fluctuations would only depend on ϵy,
i.e., the systematic error of the ϵy measurement related to
the uncertainty of ϵx, measured by the SLMs, would be
minimized, too. Finally, for a brighter undulator, the
statistical error on the measured value of the fluctuations
would be lower as well.
We are considering using our fluctuations measure-

ment apparatus, or an improved variation of it, as a tool
for the diagnostics of the Optical Stochastic Cooling
(OSC) experiment in IOTA [45–47]. In this experiment,
the beam emittance will be even smaller and the existing
diagnostic tools may not have sufficient resolution. Even
though we cannot measure transverse emittances and
bunch lengths individually in this way, the fluctuations
may serve as an indicator of the cooling process. When
the cooling process starts, the electron bunch shrinks,
which, in turn, makes the fluctuations of the number of
detected photons increase.
To conclude, we presented a calculation [Eqs. (1) and

(2)], which describes the turn-to-turn fluctuations in the
number of detected synchrotron radiation photons, pro-
duced by an electron bunch with a Gaussian transverse
density distribution, an arbitrary longitudinal density dis-
tribution, and non-negligible rms beam divergences. The
rms bunch length is assumed to be significantly larger than
the radiation wavelength. Equation (2) is presented for the
first time, as beam divergence has been neglected in all
previous considerations [5,6]. Beam divergence can be
neglected if it is significantly smaller than the characteristic
radiation angle—

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ1=ð2LuÞ

p
for the fundamental of undu-

lator radiation. We presented the results of an experiment
with a round beam in IOTA, where beam divergence had
an impact on the fluctuations of the undulator radiation.
We showed that our new Eq. (2) agrees better with the
measurements than [[5] Eq. (49)], which neglects beam
divergence. Finally, we proposed a noninvasive technique

to measure the small unknown vertical emittance of a flat
beam via the fluctuations. This new technique is described
in detail in a separate publication [24].
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APPENDIX A: DERIVATION OF THE
FLUCTUATIONS WITH A CONSIDERABLE

BEAM DIVERGENCE

Previously, we derived an equation for M [[5] Eq. (49)]
for the case of a monoenergetic beam, zero beam diver-
gence and temporally incoherent radiation. Below we
outline the steps to extend this result to the case of a
considerable beam divergence [see Eq. (2)].
One can start from [[5] Eq. (21)], but written in a form

that accounts for the beam divergence, namely,

varðN Þ¼hN i−hN i2þ
Z

dξpðξÞ
�X
s¼1;2

Z
dkd2ϕηk;sðϕÞ

×

����X
m

EðmÞ
k;s ðϕÞ

����2
�
2

; ðA1Þ

where ξ describes the states in the 6D phase-space of all the
electrons in the center of the radiator,

ξ ¼ x̃1; x̃01; y1; y
0
1; t1; δp1…x̃ne ; x̃

0
ne ; yne ; y

0
ne ; tne ; δpne;

ðA2Þ

where tm is the time when the mth electron passes the
center of the synchrotron light source, pðξÞ represents
the density function for the probability to have the
state ξ,
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pðξÞ ¼ pðx̃1; x̃01; y1; y01; t1; δp1Þ
×…pðx̃ne ; x̃0ne ; yne ; y0ne ; tne ; δpneÞ; ðA3Þ

x̃m and x̃0m refer to the monoenergetic component of the
motion, because there is also a contribution from the
horizontal dispersion, so that

xm ¼ x̃m þDxδpm; x0m ¼ x̃0m þDx0δpm; ðA4Þ

and the vertical dispersion is assumed to be zero.
According to [[1] Eq. (2.93)], the complex field ampli-

tude of the mth electron EðmÞ
k;s ðϕÞ can be expressed

through the amplitude of the reference electron Ek;sðϕÞ [see
Eq. (7)] as

EðmÞ
k;s ðϕÞ ¼ eictm−ikxxm−ikyymEk;sðϕ − r0mÞ; ðA5Þ

where r0m ¼ ðx0m; y0mÞ and it is assumed that EðmÞ
k;s ðϕÞ

does not depend on δpm. For the reference electron
x̃; x̃0; y; y0; t; δp are equal to zero.
We assume an electron bunch that is Gaussian in the

transverse plane and has a Gaussian distribution in δp. The
longitudinal density distribution ρðzÞ is arbitrary. The beam
focusing optics is assumed to be uncoupled. In this case, the
probability density function for one electron takes the
following form,

pðx̃; x̃0; y; y0; t; δpÞ ¼ 1

4π2ϵxϵy
exp

�
−

1

2ϵ2x
Cxðx̃; x̃0Þ −

1

2ϵ2y
Cyðy; y0Þ

�
ρð−ctÞ 1ffiffiffiffiffiffi

2π
p

σp
exp

�
−
δp2

2σ2p

�
; ðA6Þ

with

Cxðx̃; x̃0Þ ¼ γxx̃2 þ 2αxx̃0 þ βxðx̃0Þ2; ðA7Þ

Cyðy; y0Þ ¼ γyy2 þ 2αyy0 þ βyðy0Þ2: ðA8Þ

Given Eqs. (A2) to (A8), and assuming the regime of
longitudinal incoherence (kσz ≫ 1), the integration in
Eq. (A1) is solely a mathematical procedure. It is analogous
to the derivation in [5] where ξ included only xm, ym and tm.
The only difference is the additional integration over x̃0m, y0m

and δpm, with m ¼ 1…ne. When the multidimensional
integral in Eq. (A1) has been calculated, one can compare
the result with Eq. (1) and arrive at an expression for M as
in Eq. (2).

APPENDIX B: APPROXIMATION OF A
GAUSSIAN RADIATION PROFILE

In this approximation, the following expression for the
radiation field amplitude is used,

Ek;sðϕÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Cs

ð2πÞ3=2σkσr;x0σr;y0
exp

�
−
ðk − k0Þ2

2σ2k
−

ϕ2
x

2σ2r;x0
−

ϕ2
y

2σ2r;y0

�s
; ðB1Þ

where k0 refers to the center of the spectrum of the
Gaussian radiation, σk is the spectral rms width, σr;x0
and σr;y0 are the angular rms radiation sizes, σk ≪
1=ðσxσr;x0 Þ and σk ≪ 1=ðσyσr;y0 Þ, Cs is a constant. An
ideal detector is assumed—ηk;sðϕÞ ¼ 1. In this case, for a
Gaussian electron bunch, the following result can be
obtained from Eq. (2),

M ¼ ð1 − 1=neÞ−1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4σ2kσ

2
z

q

×

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4k20ðσ2xσ2r;x0 þ σ2x0Σ

2
xÞ þ

σ2x0

σ2r;x0

s

×

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4k20ðσ2yσ2r;y0 þ σ2y0Σ

2
yÞ þ

σ2y0

σ2r;y0

vuut : ðB2Þ

In the limit of zero electron beam divergence
(σx0 ; σy0 ¼ 0), Eq. (B2) coincides with [[6] Eq. (17)], where
this less general case was considered.

APPENDIX C: MEASUREMENTS WITH A
TEST LIGHT SOURCE

The method of determining hN i and varðN Þ by
Eqs. (20) and (25) was tested with an independent test
light source with known fluctuations. The test light source
consisted of a fast laser diode (1064 nm) with an amplifier,
modulated by a pulse generator. The width of the light
pulses and the repetition rate were very close to the
experiment conditions in IOTA. However, the pulse-to-
pulse fluctuations in the test light source were significantly
greater than in the undulator radiation in IOTA, namely,
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varðN Þ ¼ 4 × 109 as opposed to varðN Þ ¼ 0 − 1.5 × 108

in IOTA. This also means that they were much greater than
the instrumental noise level of our apparatus, 2.0 × 108.
Therefore, we could reliably measure the relative fluctua-
tions in the test light source, even without subtraction of the
noise level, because it was negligible. The result was

θ ¼ varðN Þ
hN i2 ¼ 3.31 × 10−6; ðC1Þ

which corresponds to the rms value 1.82 × 10−3. We
believe that these fluctuations primarily came from the
jitter in the pulse generator amplitude.
Further, we used neutral density filters to lower the

number of photons detected by our apparatus. Neutral
density filters are filters that have constant optical density
in the wavelength region of interest. As they lower hN i for
the test light source, varðN Þ is lowered in the following
known way,

varðN Þ ¼ hN i þ θhN i2; ðC2Þ

i.e., the relative fluctuations stay practically constant
varðN Þ=hN i2 ≈ θ, because they are caused by the pulse
generator amplitude jitter, but at a very low hN i the photon
shot noise term [the first term in Eq. (C2)] may have a
noticeable contribution, similar to Eq. (1). By using many
different neutral density filters and their combinations we
were able to recordΔ- and Σ-channel waveforms for a wide
range of varðN Þ, see Fig. 7(a), including the range
observed in our experiment in IOTA, shown in Fig. 7(b)
and highlighted by a red rectangle in Fig. 7(a).
In Figs. 7(a) and (b), the parameter θ of the red predicted

curve was obtained in a configuration without any neutral
density filters, when the detector noise and the photon shot
noise were negligible, see Eq. (C1). The blue fluctuation
data points, obtained from theΔ- and Σ-channel waveforms

using Eqs. (20) and (25), agree with the red predicted curve
in the entire range of varðN Þ, including the range of
Fig. 7(b) corresponding to the measurements in IOTA. This
means that the method of extracting varðN Þ from the
waveforms, described in Fig. 5 and Eq. (25), works well,
and that the instrumental noise [varðνΔÞ ¼ 2.0 × 108] is
indeed independent of the signal amplitude.
We estimated the statistical error of our measurement of

photoelectron count variance in IOTA as the rms deviation
of the fluctuation data points for the test light source from
the predicted curve in Fig. 7(b). The error is �2.7 × 106.
It is used in the error bars in Figs. 6, 7(b).

APPENDIX D: VERTICAL EMITTANCE
ESTIMATION FOR THE FLAT BEAM VIA THE

TOUSCHEK BEAM LIFETIME

The beam lifetime could be reliably determined from
the measured beam current I as a function of time, as
jI=ðdI=dtÞj. During all of our measurements the beam
current was measured with a DCCT current monitor, it was
reported every second. Further, the waveforms from the
wall-current monitor allowed us to see the distribution of
the electrons among the 4 rf buckets in IOTA. We always
corrected the DCCT current to only account for the main
bucket. Typically, the combined population of the remain-
ing 3 buckets was no more than a few percent. At the beam
currents studied in our experiment (1–3 mA), the beam
lifetime is determined solely by Touschek scattering
[42,44]. In general, the momentum acceptance is a function
of the position along the ring. It is limited by the
longitudinal bucket size, δrf , and by the dynamic momen-
tum aperture. A constant effective momentum acceptance

δðeffÞacc can be used [48] to describe the losses due to
Touschek scattering. It is equal to or smaller than δrf .
We used the approach described in [49,50] to calculate the
Touschek lifetime. Figure 8 shows the measured beam

FIG. 7. Photoelectron count variance varðN Þ as a function of photoelectron count mean hN i for the test light source; hN i was varied
by using different neutral density filters. (a) The entire range of hN i, varðN Þ. (b) The region corresponding to the values of varðN Þ
generated by the undulator radiation in IOTA [highlighted by the red rectangle in (a)].

IHAR LOBACH et al. PHYS. REV. ACCEL. BEAMS 24, 040701 (2021)

040701-12



lifetime for the round beam, a calculation with the
momentum acceptance limited only by the rf bucket size
(δrf ¼ 2.8 × 10−3 in IOTA), and a calculation with an

effective momentum acceptance δðeffÞacc ¼ 2.0 × 10−3.

The calculation with δðeffÞacc ¼ 2.0 × 10−3 almost perfectly
agrees with the measurement. The emittances and the beam
lifetime of the round beam are known with good accuracy,
the only unknown in this Touschek lifetime calculation for

the round beam being δðeffÞacc . We believe that Fig. 8

illustrates that in IOTA δðeffÞacc ¼ 2.0 × 10−3.
Further, we can also apply this Touschek lifetime

calculation (with δðeffÞacc ¼ 2.0 × 10−3) to the flat beam at
a beam current of 2.66 mA, where we know the measured
lifetime (559 s) and the horizontal emittance, but we
cannot measure directly the small vertical emittance. We
found the following value for the vertical emittance,
ϵy ¼ 9.6� 1.2 nm, to be compared with the fluctua-
tions-based measurement, ϵy¼8.4�1.5 nm. The �1.2 nm
error in the lifetime-based ϵy estimate comes from the
�50 nm uncertainty on ϵx of the flat beam. Other sources
of error are much smaller: �5 sec uncertainty on the
measured beam lifetime, uncertainties in the beam energy,
Twiss-functions, and bunch length.
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