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Radiation reaction force in a relativistic beam, also known as the CSR wakefield, is often computed
using a 1D model of a line charge. While this model can serve as a useful tool for a quick calculation, in
many cases its accuracy is not sufficient. In particular, this model misses the so-called compression effects
associated with the change of the electromagnetic energy when the beam is compressed longitudinally
or transversely. The existing 3D simulation codes that take this effect into account are often slow and
are not easy to use. In this work, we propose a new approach to the calculations of radiation and space
charge longitudinal forces in free space based on the use of the integrals for the retarded potentials. Our
main result expresses the rate of change of particles’ energy through 2D (in a 2D model) or 3D integrals

along the beam orbit.
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I. INTRODUCTION

When the trajectory of a relativistic beam is bent by
magnetic field, the beam radiates electromagnetic field and
experiences a radiation reaction force. This force plays an
important role in generation, transport and accumulation of
high-current, low-emittance electron beams, and is cus-
tomarily designated as the coherent synchrotron radiation
(CSR) wakefield. Its account is crucial in the design of
bunch compressors for modern x-ray free electron lasers
(FELs) and linear colliders. It can also affect the beam
dynamics in electron synchrotron accelerators.

There are several approaches to the calculation of the
CSR wakefield. A popular 1D model for a circular motion
in free space was developed in Refs. [1-3]. It has later been
generalized in Refs. [4,5] for a bending magnet of finite
length and is currently implemented in several computer
codes routinely used for simulations of beam dynamics in
accelerators. Various refinements and improvements of the
original 1D model, as well as generalization for a beam line
with several bending magnets, can be found in Refs. [6-9].

The CSR wake in free space is often a good approxi-
mation to reality for extremely short bunches encountered
in bunch compressors of FELs, where the bunch length
after compression can be as small as tens of microns. In
electron synchrotrons, where the typical bunch length is
in the range of centimeters, the metal boundaries of the
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vacuum chamber cannot be neglected. These boundaries
introduce the so-called shielding effect that suppresses
both the synchrotron radiation at low frequencies and
the CSR wake, often to the level when it can be neglected.
Various aspects of the shielding effect are studied in
Refs. [6,10-18]. In this paper, we ignore the shielding
effect of the metal boundaries aiming our study to the very
short bunches of modern linear accelerator.

The 1D models mentioned above are simple and easy to
use but they might miss an important part of the total force
in relativistic beams moving in a curvilinear trajectory. The
attention to this force was attracted by M. Dohlus in 2002
[19], when he pointed out that if the beam is compressed
(either longitudinally or transversely) the change of the
energy of its Coulomb field alters the kinetic energy of the
beam particles. A force that is responsible for this change
can be called the compression force. Note that this force is
different from the radiation reaction force because the
compression is a reversible process—this force changes
sign when the beam is being decompressed. It cannot be
associated with what is conventionally called the space
charge force because the latter typically scales as y~2 with y
the Lorentz factor. The compression-decompression effect
occurs even in the limit y — oo (hence, v = ¢), when the
conventional space charge force vanishes.

The 3D approach to the calculation of the CSR wake
in free space is often based on the Liénard-Wiechert
expressions for the electromagnetic field of a point charge
[20-22]. One of the difficulties of this approach is that even
at finite distance from the radiating particle there are spatial
regions where its field varies on extremely small scale
o y73. In the ultrarelativistic limit, y — oo, the field has a
singularity line [20] which requires a special treatment.
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Currently the model developed in Refs. [21,22] is still
limited to a steady state wake of a bunch moving on a
circular orbit. This difficulty is overcome in the 3D option of
the computer program CSRTRACK [23] through the intro-
duction of a pseudo-Green function of a spherically sym-
metric macroparticles in the beam. Unfortunately, CSRTRACK
requires a large number of macro particles and long run time
to calculate the wake for practical beam lines.

In this paper we propose a different approach to the
calculation of the 3D CSR wake when the beam propagates
in free space (that is neglecting the effects of metal
boundaries). In our approach, the beam is represented by
its charge density p(r,¢) that depends on time ¢ and
coordinate vector r, and its velocity v(r, r), with the beam
current density j given by the product j = pv. For given
functions p(r, t) and j(r, r) we then derive an equation for
the electric field in the beam, E(r,t), and calculate the
instantaneous energy change per unit time and per unit
charge,

W(r,t) =v(r,t)-E(r,1). (1)

The result is expressed as an integral over the volume
around the beam trajectory at preceding times, f. < .
We will loosely call W the longitudinal wake, even though
the classical wakefields are typically associated with the
energy loss integrated over the transverse cross section of
the beam.

A similar approach to the calculation of electromagnetic
fields was advocated in Refs. [17,18], although the
emphasis in those papers was on the proper account of
the metal boundaries and the effects of the wake on particle
motion. While the method developed in those papers is
adequate for studies of such problems as microbunching
instability, where the self-consistent nature of the particle-
field interaction is crucial, here we aim at the applications
of the CSR wake in situations when it is relatively small
and can be treated as a perturbation. These situations appear
in the design of bunch compressors with a high peak
current where even a relatively small CSR wake can lead to
a large transverse emittance growth of the beam.

An initial part of this work has been started by one of
the authors (GS) in collaboration with D. Ratner and is
documented in D. Ratner’s thesis [24]. Preliminary results
of our study have been reported in Refs. [25-27]—for
completeness we included some of them in this paper.

This paper is organized as follows. In Sec. II we derive
equations for the wakefield W in terms of a three-
dimensional integral along the beam orbit. In Sec. III we
specialize these equations for the case of a 2D Gaussian
bunch assuming that its trajectory can be described by
linear optics. In Sec. IV, the geometrical aspect of the
integration in the curvilinear coordinate system associated
with the reference orbit of the beam is worked out. In
Sec. V a numerical example is presented of the CSR

wakefield of a beam that is being longitudinally com-
pressed inside a bending magnet, and the wakefield is
compared with the result of 1D wake and CSRTRACK. In
Sec. VI we apply the technique developed in this paper to a
bunch compressor and compare the emittance growth in
our model with the one calculated for 1D CSR wake. We
conclude the paper with Sec. VII by summarizing our
results.

We use the CGS system of units throughout this paper.

II. ELECTROMAGNETIC FIELD OF THE BEAM

We start from the so called retarded potentials [28]—the
expressions for the scalar potential ¢ and the vector
potential A generated by a beam with the charge density
p and current density j = pv,

P(r.1) = /d%’M’

¥ —r

14(’_7 l), — l/ d3r/v(r ’ tret)p(r/’ tret) , (2)

¢ ¥ —r|

where the retarded time is t,.(r,7’, 1) =t — |[f' —r|/c and
the integration goes over the whole space. The electric field
is given by

_10A(r.1)

E(rn) ==Vt -0 3)

C

To find the contribution to E from the scalar potential,
we evaluate

/
Vi = / & (L/(r’”e‘)+p<r’,rm>vr—1 )

¥ —r] I =
V,p(r/, tl‘ ) 1

where we have replaced the gradient V, acting on the
variable r by the gradient —V,, acting on r’ when applied
to the combination |/ — r|~!. Integrating this expression by
parts and using the fact that the charge density vanishes at
infinity gives

d3r/
s /m [Vop(r . trer) + Vpp(r, 1))

ar [op(r,t,
- / { g =) V tei + Opp(F, tre)

|r/ - r| al‘ret
ap(r/v tret)
—V
+ atret P let | » (5)

where here (and below) we use the notation Jpp(r, t) to
indicate differentiation with respect to the space coordi-
nates in function p(r/, t,;) keeping f,. fixed (in other words,
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in contrast to V., the operator 9, ignores the fact that 7,
also depends on r’). Noting that V,t.,, = =V, 1., we obtain

d3 /
(7,
r¢ / | p tret) (6)

For the contribution to E from the vector potential we
need to calculate the time derivative of A,

oA 1 [ &r ,
E - ; |r/ _ r| [v(r ’ tret)atmp(r ’ trel)
+p(r, tret)azrelv(r/ [ret)]’ (7)

where we have used the fact that 9, = 9, . We now use the
continuity equation d,p + V - (pv) = 0 to find 9, p,
0, Pl tie) = =0p - V(I 1) p(F, 1ret)]
- —V(l'/, tret) ' ar’p(r/’ tret)
—p(F 1) Oy - V(F, Lrey). (8)

Putting this expression into Eq. (7) gives

0A 1 4y
- —v(r’, tret)[v(r/7 tret) : ar’p(r/’ tret)

o c) |F—r]
+ p(r/’ tret)ar’ : v(r/’ trel)]
1 a’r
- mp(r tret)a mv(r tret) (9)

Finally, combining Egs. (6) and (9) we obtain the following
expression for W(r, t) = v(r,t) - E(r, 1),

W =W, + W, + W, (10)
where
&7
Witr.t) == [ S0 = BB 1)
B 1) Ol 1) (11a)
Walri) = [0 B0 Bt 1
<0, B 1), (11b)

(r’, tret)ﬂ(n t) : 8tmlﬂ(r/v tret)’

(11¢)

437
A=l

with f =v/c. Note that due to the factor |’ —r|~! the
integrands have a singularity at ' — r which, however, is
integrable in three dimensions.

Our result Egs. (11) to some degree is similar to
Jefimenko’s expression for the electric field of arbitrary
charge distribution varying with time [29]. In contrast to
Jefimenko’s formula, however, we expressed the current
density as a product of the charge density and the local
velocity in the beam, and eliminated the time derivative of
the charge using the continuity equation.

At a first glance, it might seem that ¥V, and Wj in
Egs. (11) are much smaller than W;. Indeed, W, involves
the spatial derivative of p that can be estimated as
|Opp| ~ p/o, where o is the characteristic size of the beam.
In the last two integrals, we have the spatial and time
derivatives of the velocity field in the beam that are
estimated as |0y - f| ~ 1/L and |0, B| ~ c/L, respectively,
with L the external scale of the problem determined by the
magnetic lattice (L can, for example, be associated with the
radius of curvature of the beam orbit). If we assume that
the size of the beam is much smaller than L, 6 < L, it
seems that the last two integrals in Eq. (11) would be much
smaller than the first one. This conclusion however is not
generally true even in the limit 6 < L because the spatial
derivative of the distribution, 0,.p, changes sign when
integrated over the space, and the contributions from
various parts of this derivative partially cancel each other,
while the integrands in WW, and Wj involve p that is always
positive.

The integrals (11) can also be computed in two
dimensions with the three dimensional integration
[ dr replaced by a 2D one, [d?r. This corresponds
to the model of a ribbon beam where p has a meaning of
the charge per unit area. Note that the singularity [/ —r|™!
is still integrable in 2D (however it is not integrable in one
dimension of a line charge model). The 2D model of the
beam makes sense in bunch compressors where the beam
is mostly spread out in the horizontal plane due to the
combination of a large dispersion and an energy chirp in
the beam. In the rest of this paper we will adopt a 2D
version of Eq. (11) which simplifies numerical calcula-
tion of the integrals.

We will also make one more approximation assuming a
relativistic beam with f = 1. This assumption eliminates
the conventional space charge forces that scale as y 2. Note
that in this limit the singularity [/ — r|~! in the integrand of
Eq. (11a) disappears because the expression in the square
brackets tends to zero when ' — r.

Finally, we note that in principle Egs. (11) can be
generalized to include the shielding effect of metal parallel
plates using image charges, as it has been done in
Refs. [6,16].

III. GAUSSIAN BEAMS AND BEAM OPTICS

The CSR wake alters particles’ energy, modifies their
trajectories and changes the distribution function of the beam
as it travels through the beam line. In general, this means that
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the wake calculation should be done self-consistently with
account of the variation of p and # functions caused by
the wake itself. However, in many cases the effect of the
beam self-field is relatively small and can be taken into
account as a perturbation: the particle trajectories and
the beam charge and current densities are first calculated
without the account of the beam fields and used for
calculation of W. After W is computed, one can find
corrections to the original trajectories and the modifi-
cation of the beam distribution function caused by the
wake. As a first step in this approach, in this section, we
will show how to calculate the functions p(r,f) and
v(r,t) in a beam line with a linear lattice assuming a
given Gaussian distribution function of the beam at the
beginning of the line. We will use the technique
developed in Ref. [30] and, as already was mentioned,
limit our analysis to two dimensions—the horizontal and
longitudinal ones.

We use the following notations: x for the horizontal
particle offset relative to the nominal orbit, & = dx/ds for
the angular slope of the orbit, 7 = AE/E for the relative
energy deviation of the particle, z for the longitudinal
coordinate of the particle in the bunch relative to the
reference particle, and s for the path length along the
nominal orbit. The beam distribution function F(x,8,z,
11, s) is a function of integrals of motion (see, e.g., [31]); it is
normalized by [ Fdxdfdzdyn= N, where N, is the
number of particles in the bunch. We will assume that F
depends on the following three integrals of motions. The
first one is the action variable for the betatron oscillations in
the horizontal plane,

1a?+1 1
J = za ﬂ—: (x = Dn)? +§ﬂf(9 - D'n)?
+a(x—Dn)(0—D'n), (12)

where f(s) is the beta function (not to confuse with the
vector f =v/c and its components S, and f; below),
a(s) = —1dps/ds, D(s) is the horizontal dispersion and
D'(s) = dD/ds. The second integral of motion is the
energy deviation #, which remains constant because we
assume that the beam is not accelerated in the beam line
and ignore the change of n caused by the CSR wake.
Finally, the third integral is obtained if one expresses the
initial value of the coordinate z at the beginning of the
beam line (at s = 0) though the values of z, #, x and 6 on
the orbit using the transport matrix R(s) [30,32]. Since
this initial value is a constant, the resulting expression,
which we denote by Z, is an integral of motion. Using the
symplecticity of the matrix R, Z can be written as (see the
derivation in Appendix A)

Z = 7= Rs¢(s)n + xRp6(5) — OR6(s). (13)

By construction, R;;(s) with i # j are equal to zero at
s = 0, where the coordinate Z is equal to the longitudinal
coordinate z in the beam.

We assume a Gaussian distribution function F,

1 - hz)? 77
oMo exp<_{_w__2>, (14)
207,

where € is the horizontal emittance, o,, is the rms bunch
length of the beam at s =0 and o, is the uncorrelated
energy spread of the beam. The chirp parameter / in this
equation accounts for a possible correlation between the
position of the particle in the bunch and its energy. This
energy chirp in combination with the Rsq element of the
transport matrix is responsible for the longitudinal com-
pression of the bunch as it travels through the beam line.

By integrating F over € and n we can find the two-
dimensional charge density of the beam along the reference
orbit,

plx,z,8) = e/ F dOdp, (15)

and its transverse velocity

e

7/ F 0d0 dn, (16)

ﬁx(X,Z,S) = ,O(X,Z,S)

where for a relativistic beam we used the approximation
v, =~ cO for the horizontal component of the velocity.
Substituting Eqs. (12) and (13) into Eq. (14) one can carry
out the integrations in Egs. (15) and (16) analytically. The
result of the integration obtained with the symbolic integra-
tor in Mathematica [33] is given by the following equations:

( ) eN, ox Ax> + Bxz + Cz?
X, 0,8) =< - )
PR3) =5 &P 25,32
Ex+ Fz
Br(x,z,5) = Ea (17)

where the functions A(s), B(s), C(s), E(s), F(s), and Z(s)
1
are,

'"The expressions for these functions given in [26] are
incomplete.
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A = (a* + 1)D*e + 2apDD'e + f[frD"*c + % (hRss + 1)* + R3¢o7),

B = —2ﬁf{D[—a€ + hﬁgo(hRS(, + 1) =+ Rséﬁg] — ﬁfD/e},
C = pilpre + D*(h*62, + o)),

E = (a* + 1)D*D'e(h*c%) + 03) — D*e{ho)[(a® + 1)(hRs + 1) — 2ap; D h] + 62(—2ap; D" + a*Rse + Rsg) }
+ DD [piDe(W*02 + 0,) + 0567 + €] + Pre[Rseoy (D™ — aRse) — 02 (hRse + 1) (@ = feD"*h + ahRsg))],

F = oye[(a® + 1)D° + afyD(2DD' + Rsg) + i D' (DD’ + Rsq)] + fre(hRss + 1)(hoZy(aD + D) + De),

and

PeZ? = peD*(e* + 670%) + ec’[(a* + 1)D*h? + 2ap:D*h(DD'h + hRsg + 1) + fH(DD'h + hRsq + 1)?]

+ o2e((a? + 1)D* + 2af:D* (DD’ + Rsg) + (DD’ + Rss)?).

In these calculations we assumed zero dispersion and its
derivative at the starting point, D(0) = D’(0) =0. In
Eqgs. (17) we need to substitute z = s — ct; this makes p
and f, functions of x, s and time ¢ and they can be used for
calculations of the integrals in Egs. (11). For the ease of
notation, in what follows we will rewrite Eqs. (17) as

—a(s)x*=b(s)x(s—ct)—d(s)(s—ct)?

px,s,1) = n(s)e , (20a)

Pi(x,s,1) = e(s)x + f(s)(s — ct), (20Db)
where a = A/2p:2%, b= B/2BX?, d= C/2BZ? n=
gN, /272, e = E/B;Z? and f = F/p;Z?. Here q denotes
the particles charge.

In application of these formulas, we found a useful
consistency test which helps to verify the correctness of
numerical calculations. In this test, Egs. (20) are substituted
into the continuity equation 9,0 + V- (pv) =0 and the
coefficients in front of x?, xz, z> and the term that does not
contain these variables are equated to zero. It is derived in
Appendix B and consists of four equations (B8) to which
the functions a, b, d, n, e, and f should satisfy.

IV. CALCULATION OF 2D INTEGRALS

In this section, we will show how to carry out the
integration in Eqs. (11) in 2D in curvilinear coordinate
system x, s associated with a plane reference orbit of the
beam. This is a standard accelerator coordinate system
defined by the equation

r(s) =ro(s) +n(s)x, (21)
where ry(s) is the reference orbit, r(s) is the normal vector
and s is the arc length. The unit vector r(s) in combination
with the tangent vector z(s) = dry(s)/ds provide the basis

vectors for the local coordinate system; they are continuous
functions of s. They satisfy the Frenet-Serret equations,

(18)

(19)
ﬁzf, dl:_i, (22)
ds R ds R

where R(s) is the radius of curvature (defined by
R™' = n - dz/ds). In this coordinate system, for the differ-
ence |[r' —r| we have

' =1 = |ro(s") +n(s')x" —ro(s) —n(s)x].  (23)
The 2D integration is carried out using the rule
2 ! g x
/d}" —>/dxds (1—m>, (24)

where the factor 1 — x’/R is the Lamé coefficient that takes
into account the curvilinear nature of the coordinate system
(the minus sign in this coefficient corresponds to a specific
choice of the direction of vector n—flipping the direction
of n changes this sign from minus to plus).

We will use an approximation in which the transverse
component f, is assumed small, of the first order.
Neglecting terms of the second order and higher, for the
tangential component of the normalized velocity we have
ps ~ 1, and the velocity vector f,

B(x,s,1) =7(s) +n(s)p.(x,s,1).

Using abbreviated notations: f(r,t.) =pf, z(s') =7,
n(s") =n', fu(xs,1) = fy, and f.(¥. s, tr) = P, We

write the expression in the square brackets of Eq. (11a) as
B-B-B)F

= (z+np.)—[(z+np.)- (¢ +n'B)](c +n'p})
=t—(e-7)0+np,—p.(n-v )7 = f(z-n')7 - (-7 ),

(26)

(25)

where we have neglected terms of the order of ~f2
and higher. Using the relations 7 — (z-7')7 = (n’ - 7)n’
andn—(n-7)=(n-n')n' = (z-7')n’, we obtain
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(BB = (0o + (B~ ) (-7~ i n)7.
(27)

When we multiply this expression by Opp(r,t) in
Eq. (11a) the product contains two partial derivatives of p,

1
T Opp(r 1) = T/R(s’)a"/p(rl’ Iret)
n'- 8,/,0("/, tret) = 0up(r, trer). (28)

where the factor [I — x’/R(s")]~! in the first equation is due
to the curvilinear coordinate system x, s. As a result, the
integral (11a) becomes

Wi(r,1) = —c / dx/ds/[|1j—_x;|/R(S/)]

x {[n’ e (B = B (e ) Oup (P 1)

_ Plaen)
1 _ X//R(S/) as p(rl’ tret)}' (29)

This integral does not have a singularity at ¥ — r. The two
partial derivatives in Eq. (29) are found from Eq. (20a):

8er(x/, S/’ tret) = [_za(sl)xl - b(sl)(sl - C[ret)}p(xlv sl’ tret)’
(30)

and

8S’p<xl’ S', tret) = [—b(s')x’ - 2C(S/) (S/ - Ctret)]p(x,7 S/’ tret)
da(s’)x,2

+ n(s') ds'  ds'

db(s") de(s")
- di‘/ xl(sl - Ctret) - W (S/ - crret)z
X p(X', 8 treg)- (31)

For the second term, W, in Eq. (11b), we need the
divergence of f, which is computed with the help of
Eq. (25),

/ _ 1 a / ! /
Op - B(r' tre) = T/R(s’)%[l —X'/R(s")| B

el
“ToY/RG) (32)

and

Br.t) B te) =p-F =77 +B(n-7)+ Bi(z-n)
=77+ (- f)n-7) (33)

where we have used n - 7" = —7 - n’. With these formulas,
we obtain the following expression for W,

d /d / /
Wi = [ O e ol ). G4

where we have neglected higher order terms ~f2. Note that

the integrand has an integrable singularity when r — r’.
Finally, to calculate VW5, we need

Oy B 1) = —cf(s")n'. (35)

This gives the following expression,

Wi =c [ ds'dx'(1 =X /R(s)(5)

|r’—r| T'”//)<xlvsl’tret>7

(36)

where we again neglected terms ~f2. This integral does not
have a singularity at r — r’.

V. NUMERICAL EXAMPLE

Here we will illustrate the technique developed in the
previous sections by calculating the CSR wake for a
beam with an energy chirp passing through a bending
magnet. Previously [26,27] we have shown that our method
reproduces the transient wake in a bend of finite length in
excellent agreement with 1D model [4,5] when the energy
chirp in the beam is neglected. The energy chirp introduces
two additional elements to the problem. First, due to the
horizontal dispersion in the bend the beam spreads out in
the transverse direction eventually deviating from the
approximation of the 1D model. Second, the bunch length
varies along the beam path—the effect that is not accurately
treated in 1D.> To focus on only these two effects we
calculate the wake far enough from the entrance to the
bend, so that the effects associated with the entrance are
ignored.

The parameters of the calculations are the following:
at s =0 the beam enters into uniform magnetic field
and travels on a circular orbit with the bending radius
R =1 m. The initial beta function in the horizontal plane,
p¢(0) = 8 m and has zero derivative, a(0) = 0. The beam
has the following parameters: the horizontal emittance
€ = 5 nm, the rms relative energy spread o, = 1074, the
initial rms bunch length 6,y = 1 mm, the energy chirp
h = 0.01 mm~". These parameters correspond to the initial
rms transverse size o,y = 0.2 mm. The plot of functions

2Strictly speaking, in the derivation of the 1D CSR wake [4,5],
the bunch length is assumed constant. In practical applications,
this requirement is usually ignored when one uses the local bunch
length on the orbit.
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Plot of the functions a(s), b(s), d(s) (left panel) and e(s), f(s) (right panel). Note that the first three functions have dimension

of the inverse length squared and are measured in mm~2, while the last two have the dimension of the inverse length and are measured in
m~!. The arc length s is measured from the entrance to the magnet.

a(s), b(s), d(s), e(s) and f(s) defined in Egs. (20) for this
case is shown in Fig. 1.

As the beam travels on a circular orbit its rms dimensions
change. The plots of o.(s) and o,(s) are shown in Fig. 2.
The length o, reaches the minimum value of 0.01 mm at
s = s, = 0.85 m and starts to increase at s > s, where the
beam enters into an “overcompression” mode, with the
particles that were initially at the head of the bunch shifted
toward the tail.

As is well known, the distribution function (20a) has
elliptic isolines in the plane x — z. The major axis of such an
ellipse is initially directed along the z-axis. Inside the
magnet, due to the combination of the energy chirp and
dispersion, the tilt angle £ of this ellipse (this angle is initially
equal to zero) rotates in the x—z plane. As a function of s this
angle is defined by the following equation,

a—d—+/(a—d)*+ b?

tan & = (37)

The angle & reaches the value z/2 at the point of the
minimum bunch length, s = s,, where tan& = o0. In our
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FIG. 2. Plot of the rms longitudinal (red) and horizontal (blue)
bunch lengths as functions of arc length s.

calculations we compute the wake on the major axis of the
beam, that is along the line x = z tan £ (we remind the reader
that the positive values of z correspond to the head of
the bunch).

Using equations derived in Sec. IV we calculated the
CSR wake at three different locations in the magnet,
s = 0.6, 0.8 and 0.99 m. Note that the last value of s
corresponds to the over-compressed bunch. The plots of the
wakefields are shown in Fig. 3 together with the steady-
state 1D wake that uses the local value of o,. We also
calculated the wake with the computer code CSRTRACK
using 50 thousand macroparticles—they are shown in
Fig. 3 by green dots.> One can see that our 2D results
agree reasonably well with the 3D option of the CSRTRACK,
even though the latter shows much noise due to the
discreteness of macroparticles. At the same time, the 1D
model strongly deviates from both the 2D and 3D wakes,
which is not surprising because the beam at these locations
has a relatively large tilt and a rapidly varying bunch
length—the features that are not properly treated in 1D.

To illustrate the contribution of the three different parts
of the wake W, in Fig. 4 we plot the functions W, (z),
W, (z) and Wj5(z) defined by Egs. (29), (34), and (36),
respectively, for s = 0.99 m. One can see from this plot that
while the last term, W5(z), is relatively small, the other two
are comparable to each other. From Eq. (11) it follows that
W,(z) is defined by the divergence of the velocity
distribution inside the bunch that is responsible for com-
pression (or decompression) of the bunch charge distribu-
tion. At the other two locations shown in Fig. 3, s = 0.6 m
and (c) s = 0.8 m, the relative magnitude of W, (z), W5 (z)
and Wjs(z) is qualitatively the same: W;(z) is much smaller
than W, (z), W,(z), which are about of the same magni-
tude and of opposite sign.

*CSRTRACK uses an adaptive time step which does not allow to
output the wake at arbitrary values of s. In Fig. 2 we show the
CSRTRACK wakes at positions nearest to the values indicated in
the plots.
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(¢) s = 0.99 m, shown by solid lines; for comparison also shown by dashed lines is the CSR wake calculated using the 1D CSR model
with a local value of o,. The green dots show the CSR wakefield calculated with CSRTRACK. In each case the longitudinal coordinate z is
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FIG. 4. Plot the functions W (z), W,(z), and Wjs(z) for
s = 0.99 m. The sum of these functions gives the solid line in
Fig. 3(c).

To conclude this section, we note that calculations of the
CSR wake with our method turned out to be from 6 to
30 times faster than with CSRTRACK. Our algorithm was
implemented as a MATLAB script, and we expect that its

speed can be further improved when it is implemented as a
stand-alone code in one of modern computer languages.

VI. BERLIN BENCHMARK CHICANE

To illustrate how our model can be used on general
linear lattice, we calculated the CSR wake in a four-dipole
chicane compressor studied at the CSR workshop at DESY-
Zeuthen in 2002 [34]. The four magnets have the length
L = 0.5 m with the bending radius R = 10.35 m resulting
in the momentum compaction factor Rsq = 2.5 cm. We
chose a similar set of beam parameters: 5.0 GeV nominal
energy, 1 nC charge, 107* initial slice energy spread and
200 pm initial rms length. The energy chirp of the beam is
tuned from 36 m™' to 40 m~! to achieve the final bunch
length ranging from 20 pm to 2 um, corresponding to final
peak current ranging from 6 kA to 36 kA.

The CSR wake calculated by 1D and 2D models inside
different magnets of the chicane is shown in Fig. 5. The 2D
wakes plotted are actually calculated along the axis of the
tilted beam. In all three cases, our method shows good
agreement with CSRTRACK. In the second and third magnet
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E -0.1F Q £ o_’ o £
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FIG. 5. Wakes calculated in 1D model are shown by blue lines and ones calculated in our 2D model and CSRTRACK are shown by

circles and yellow lines respectively: (a) in the middle of the second magnet, (b) in the middle of the third magnet, and (c) in the middle
of the fourth magnet. The coordinate z is normalized by the rms bunch length, o, (s), at the location of the bunch.
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FIG. 6. Comparison of emittance growth calculated by 1D and 2D models. (a) Normalized emittance growth inside the chicane as a
function of longitudinal coordinates s, with energy chirp 4 = 36 m~'. Dispersion is subtracted with second order polynomial fitting.
(b) Final emittance at the end of the chicane as a function of final peak current.

[Fig. 5(a) and (b)], 2D models show large deviation from
1D model due the beam tilt in x—z plane and therefore the
transverse size of the bunch becomes much larger than
the longitudinal one. As a comparison, in the last magnet
the results from 1D and 2D methods converge as the tilt
vanishes.

The emittance growth and other statistical properties of
the beam can be simulated in our approach in a perturbative
way. In the first step we divide the whole chicane into
multiple slices, with more slicing in the magnets and less
slicing in the drifts. At each slice we calculate the CSR
induced energy loss rate in x—z plane, for which the 2D
mesh is defined to cover the tilted beam. In the second step
we launch macroparticles with Gaussian distribution and
the same initial beam parameters, propagating it along the
chicane by its transfer matrix. At each slice, we modify
the energy of each macroparticle by 2D interpolation of the
energy loss in x—z plane calculated in the first step. The
emittance is then obtained from the particles at the end of
the chicane.

The comparison between the emittance from 1D and 2D
model is shown in Fig. 6. As we can see in Fig. 6(b), at
relatively low peak current, 1D and 2D models show
consistent final emittance, since most part of the energy
loss happens in the last magnets where differences between
1D and 2D models are not significant. However, for beam
with final peak current over 20 kA, emittance calculated by
2D model is more than 20% larger than the results in 1D.

VII. CONCLUSIONS

In this paper, we derived equations for the longitudinal
CSR wakefield in free space that reduce the calculation
to 3D (or 2D) integration along the orbit of the beam.
This wake includes the effects of the beam radiation, as
well as the energy change caused by the transverse and
longitudinal compression of the beam. We obtained

analytical expressions for the integrands for a 2D
Gaussian bunch with an energy chirp propagating through
an arbitrary general linear lattice. Our numerical examples of
a bunch with an energy chirp moving inside a bending
magnet showed a good agreement with CSRTRACK in a
situation where the 1D model fails to accurately predict the
wakefield. Our method can be used for quick evaluation of
the CSR wakefields in bunch compressors, wigglers, and
other magnetic systems if the bunch is short enough that one
can neglect the shielding effects of the metal boundaries.

Our analysis in this paper was limited by the assumption
of a Gaussian distribution function (14) of the beam, which
allowed us to carry out some of the integrations analyti-
cally. It can be straightforwardly extended to more general
distribution functions by representing them as a super-
position of Gaussian ones. Another option is, of cause, to
compute the charge and the transverse velocity of the beam,
Egs. (15) and (16), by a direct numerical integration of the
distribution function F.
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APPENDIX A: DERIVATION OF EQ. (13)

We need to define a four-dimensional transport matrix
R(s), given by

Riy R 0 Ry
R R 0O R
R(s) = 21 Ry 2 (A1)
Rsi Rs; 1 Rsg
0 0 O 1
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This matrix acts on the coordinate vector (X,0,Z, r])T,
where the capital letters denote the values of the corre-
sponding variables x, # and z at the entrance, and
propagates it from the beginning of the beam line to
position s. We emphasize that R(s) is a symplectic matrix,
i.e. it satisfies the equality RTJR = J, with

0 1 0 0
10 0 0

T=109 0 0 1 (A42)
0 0 -1 0

Using Eq. (Al), we can find that the change in the
longitudinal position of a particle from the entrance to
position s is given by

= Z + RS]X + R52® + RS()'I' (A3)
The backward transformation from position s to the
entrance is given by the inverse matrix R~'. From the
symplectic character of R, we can show that R=! = —JR"J.
Calculating R~' and then multiplying this matrix by
(x,0,z,n)7, one finds that

Z = 7+ Ryex — R0 — Rsg1, (A4)

which is Eq. (13).

APPENDIX B: CONTINUITY EQUATION AND
CONSISTENCY TEST

The continuity equation for the beam charge density and
velocity can be also written as

1
w—i—divv:o,

7 (B1)

For the charge density from Eq. (20a) we have

In p =1n n(s) —a(s)x* = b(s)x(s — ct) — d(s)(s — ct)>.
(B2)

For the velocity, we use the expression v & ¢t + c¢ff,n with
p. < 1, and neglect higher-order terms in f,. Using
Eq. (20b) for j,, in the lowest approximation, we find,

divv~c

(B3)

= ce(s),

and

dlnp Olnp
= -V1
dt ot Y e
_Ohnp 1 OJlnp dln p

B4
o TTowR oy e o B4

Note that calculating Vp we took into account the curvature
of the trajectory through the factor (1 —x/R)™' ~ 1 + x/R.
We assume that x << R and will use this correction only
with the largest term below. Using Eq. (B2), for the partial
time derivative we obtain

1
8(;'0 = c(bx + 2dz),

(BS)

with z = s — ¢t (in this equation and in what follows we
drop the argument s in all functions). For the second term
on the right of Eq. (B4) we obtain

x\ O0lnp n
14+~ ~N——dx*=bxz—-d7?
( +R> ds P e ¢

- <1 +;>bx—2<1 +;>dz, (B6)

where the prime denotes the derivative with respect to s.
The last two terms in this expression are the biggest ones,
so we keep the small factor x/R in front of them; for
the other terms we neglected x/R. Finally, for the last term
in (B4), we have

OJlnp

e —c(ex + fz)(2ax + bz).

(B7)
Combining everything and requiring that the resulting
expression be identically equal to zero for arbitrary x
and z we arrive at the following four relations:

n/
— = —e,
n
e
2 — = —d,
ea+R a
fb=—d,
d

2
2fa+eb+?:—b’. (B8)
Given the complexity of the expressions for a, b, d, e, f, n,
these relations provide a useful check of numerical calcu-
lations of these functions for a given beam line.
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