
 

THz-driven split ring resonator undulator
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We propose a short period undulator based on the electromagnetic field pattern in a THz-driven split ring
resonator structure. An analytical model is developed that allows us to assess the key performance
parameters of the undulator and to estimate the emitted radiation spectrum. Different geometric
configurations are compared in detail using numerical simulations. A 100 MeV electron bunch with
5 pC charge is shown to emit narrow band 83 eV photon pulses with a peak brightness of approximately
1019 photons=ðsmrad2 mm2 0.1% BWÞ when passing through the 100 mm long undulator with a 1 mm
period.
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I. INTRODUCTION

Undulators are generally composed of a periodic, alter-
nating array of normal- or superconducting electromagnets,
permanent magnets or hybrid magnets [1–3]. Relativistic
electron bunches propagating through an undulator are
forced on an oscillatory orbit, which leads to emission of
intense narrow band radiation pulses [4]. The emission can
range from THz to hard x-ray photon energies and is
determined by electron kinetic energy and undulator period.
Typical undulator periods are tens of millimeters, magnetic
field strengths range from about one Tesla to more than ten
Tesla for superconducting magnets, and undulators in free
electron lasers can be tens to hundreds of meters in
length [5,6].
Decreasing the undulator period is generally beneficial,

because less electron energy is required to produce a given
photon energy. Likewise, the emitted photon energy would
increase for a given electron energy. In addition, smaller
scale undulators in combination with miniaturized accel-
erators are suitable for the development of compact future
light sources. Such advanced accelerators are for example
based on laser wakefields in plasma [7] or laser-driven
dielectric structures [8]. In the past, several efforts to reduce
the periodicity of static magnetic field patterns have been
made and values as low as 15 mm [9–12] were achieved.
Further reduction down to about 100 μm was realized
with laser micro-machined permanent magnets [13] or

electromagnets [14]. The peak magnetic field in these
devices was still as high as 0.7 T [15]. Usually, a shorter
undulator period also requires a smaller undulator gap,
which is ultimately limited by the transverse beam size, the
radiation opening angle and the generated wakefields.
The undulator performance is mostly determined by the

undulator parameter K which scales linearly with field
strength and is proportional to the undulator period. Because
optimal performance is achieved for an undulator parameter
on the order of unity [4], a smaller undulator period would
require a larger magnetic field. For example, a reduction of
the undulator period to 1 mm already requires a magnetic
field strength around10T.To the best of our knowledge, such
field strength cannot be obtained by today’s micromachined
electromagnets.A conceptually different approach for a short
period undulator uses oscillating electromagnetic fields, for
example, in laser irradiated dielectric gratings [16], laser-
driven undulators [17], microwave undulators [18], plasma
wave undulators [19–21] or surface plasmon polariton (SPP)
undulators [22–24].
Here, we propose a THz-driven undulator with a period

of approximately 1 mm. It consists of an array of split ring
resonators (SRRs) which locally enhance the THz driver
field [25]. Similar structures have recently been used for
electron deflection in streaking experiments [26–28].
Generally, the THz frequency range is of interest for
electron bunch manipulations because the wavelength is
well matched to the typical electron bunch size of several
tens of microns. In comparison to THz-driven SPP undu-
lators [24], SRR based undulators benefit from an order of
magnitude larger field enhancement. In addition, wakefield
effects are substantially reduced and the proposed undu-
lator structure requires only one THz driver pulse (TDP).
A schematic of the proposed THz-driven SRR undulator

is shown in Fig. 1. It is composed of C-shaped SRRs, which
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are known to feature considerable field enhancement. In
principle, other sub-wavelength structures with different
resonance characteristics or field enhancement properties
may be used [27,28]. Resonance frequency and field
enhancement are mainly determined by geometry, namely
by gap height g, gap width w and hole radius R (see Fig. 1
for the definition of the parameters). The TDP is linearly
polarized along the y-direction and propagates in positive
x-direction. It couples to the fundamental resonance of the
SRR and leads to a locally enhanced electric field inside the
gap. This field is relatively homogeneous and predomi-
nantly polarized in y-direction.
The electron bunches propagate through the SRR gaps in

positive z-direction, as indicated by the green dashed curve,
and interactwith the electromagnetic fields.Due to the strong
field enhancement, the electron dynamics is predominantly
determined by the y-component of the in-gap electric field
rather than any of the other electric or magnetic field
components. By adjusting the SRR distance d to half of
the free space resonance wavelength, the electrons are
periodically deflected in �y-direction. Therefore, the opti-
mal undulator period is directly linked to the resonance
frequency of the SRR. The electron deflection pattern is
further influenced by the filling factor F ≔ s=d of the SRR
array. Note that for F ¼ 1 the individual SRRs merge into a
slotted tube. Here, we consider relativistic electron energies,
which are of particular interest because of small radiation
opening angles and lower wakefield instabilities.

II. CASE STUDY

In this section we present a case study of the SRR
undulator concept with experimentally viable parameters.

First, we define the undulator geometry and calculate the
resonance condition as well as the electromagnetic fields
via finite element simulations. Based on the simulations we
derive an approximate analytic undulator model, which
predicts the K-parameter and the emitted photon energies.
Next, we study the dynamics of a single electron in a weak
undulator field. Specifically, we study the emission spec-
trum as a function of the electron injection time relative to
the TDP, initial transverse position, undulator periodicity
and undulator filling factor. We conclude with electron
bunch simulations, i.e., we simulate wakefields which
allows us to specify upper limits for the bunch charge,
we investigate the effect of stronger electromagnetic fields
of the TDP and we study photon emission for two different
(100 MeV and 1 GeV) electron beam energies.

A. Geometry

The SRR gap height g and width w are set to 50 μm,
which is a good compromise to accommodate electron
bunches with transverse sizes on the order of tens of
microns while resulting in a close to homogeneous in-gap
field distribution in x- and y-direction. The gap is at
x ∈ ½−25 μm; 25 μm� and y ∈ ½−25 μm; 25 μm�. The hole
radius R is tuned for a resonance frequency of approx-
imately 270 GHz, which corresponds to an undulator
period of 2d ¼ 1.1 mm. The distance h is chosen such
that the in-gap electric field at the resonance frequency is
enhanced by the TDP reflected from the back mirror. The
undulator length is arbitrarily set to L ¼ 100 mm, but in
practice is linked to the available THz source [29] as one
has to maintain the desired electromagnetic field strength
over the entire undulator length. We estimate the required
THz energy, assuming a focal spot size of 100 mm by
1 mm, a pulse duration of 5 ps and a peak electric field
strength of 10 MV=m, to approximately 70 μJ TDP energy,
which is experimentally achievable with different types of
THz sources [29–31]. Table I summarizes all the relevant
dimensions of the SRR undulator.

B. Undulator fields

The spatial and temporal electric and magnetic field
distributions of the SRR resonators were simulated with the

FIG. 1. Schematic of the THz-driven undulator: The electric
field of the TDP (shown by red arrows) is enhanced inside the gap
of the C-shaped SRRs. An electron bunch (green) propagating in
positive z-direction, as indicated by the green dashed curve, is
periodically deflected in �y-direction and as a result emits
linearly polarized radiation.

TABLE I. SRR undulator dimensions (see also Fig. 1 for the
definition of parameters).

Parameter Symbol Value

Gap height g 50 μm
Gap width w 50 μm
Hole radius R 60 μm
SRR thickness s 50 μm–555 μm
SRR distance d 555 μm
Filling factor F 0.09–1
Distance to wall h 390 μm
Undulator length L 100 μm
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finite-element software COMSOL [32]. The simulations were
performed in three dimensions with periodic boundary
conditions in z-direction and scattering boundary condi-
tions in x- and y-directions. The permittivity of the SRR
and the back mirror material was described by a Drude-
model with a plasma frequency of 2.2 PHz and a damping
rate of 6.4 THz (these parameter values have only minor
influence on the field maps). The TDP was modeled by a
plane wave. First, we performed frequency domain simu-
lations to identify resonance, field enhancement and spatial
distribution of the electric and magnetic fields at resonance.
Then, we performed time-dependent simulations to deter-
mine the time dependence of the electric and magnetic fields
when excited with a realistic TDP. For further simulations of
the electron dynamics all six field maps at resonance were
exported for a discrete grid with a maximum spacing of
2 μm, 1 μm and 5 μm in x-, y- and z-direction, respectively.
The simulations show that the in-gap resonance electric

field is dominated by the enhanced y-component with
negligible Ex and Ez contributions. The magnetic field is
mostly in z-direction and concentrated in the circular SRR

hole but decays into the gap region. The frequency
dependent electric field enhancement was calculated as
the volume average of Ey inside the SRR gap normalized to
the electric field strength of the TDP.
Figure 2(a) shows the y-component of the electric field at

resonance as a function of longitudinal position through the
center of four SRR gaps (i.e., at x ¼ y ¼ 0 μm) and
normalized to the electric field strength of the incident
TDP. The thickness s was arbitrarily set to 300 μm. The
inset shows the electric field amplitude Ey at the gap center
versus x and y. Close to the center, it is rather homogeneous
with some inhomogeneities at the edges of the gap.
Figure 2(b) shows the Fourier decomposition of EyðzÞ at a
fixed time, with a harmonic spectrum typical of the longi-
tudinal, almost square electric field distribution.
Figure 2(c) shows a realistic TDP (red dash-dotted curve)

and the excited in-gap y-component of the electric field
(blue solid curve). The in-gap field oscillates for times
longer that the impulsive excitation because the resonance
linewidth is narrower than the excitation spectrum, as
indicated in Fig. 2(d).

FIG. 2. (a) Simulated y-component of the electric field at the middle of the SRR gap as a function of the longitudinal position. The
field is normalized to the electric field strength of the TDP and the time is fixed for the maximum field strength. The SRR thickness s is
300 μm and distance d is 555 μm. The black dashed curve corresponds to the assumption used in the analytic model Eq. (5). The inset
shows the y-component of the electric field in a xy-slice at the longitudinal position of the gap middle. (b) Fourier spectrum of the
longitudinally varying electric field together with the Fourier components from the analytic model Eq. (6). (c) Simulated time-dependent
field inside the SRR gap exited by a specific TDP. (d) Spectrum of the TDP and the frequency dependent enhancement factor. The solid
curve corresponds to a fit based on Eq. (2).
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Figure 3 shows the absolute value of the in-gap field
enhancement factor as a function of frequency and filling
factor. This figure shows that the resonance frequency of
approximately 270GHz is independent of the filling factorF.
For the considered SRR thickness, which exceeds the skin
depth, the full width at half maximum (FWHM) decreases
from 190GHz to 70GHz for larger filling factors. Therefore,
a realistic single-cycle TDP spectrum is broader than the
resonance curve. The highest field enhancement of 29 is
found for the structurewith the smallest filling factor and can
be attributed to the maximal field concentration and con-
tribution from the reflected pulse.

C. Approximate analytic model

Herewe derive an analyticmodel to estimate the undulator
performance. In particular, we solve the Lorentz equation of
motion for a single electron moving through the periodic
deflection fields, and determine the K-parameter and the
wavelength of the emitted radiation. The TDP spectrum
EdðωÞ and the time varying electric field inside the SRR gap
EgapðtÞ are related via

EgapðtÞ ¼ ℜ

�
1

2π

Z
∞

−∞
EdðωÞηðωÞeiωtdω

�
; ð1Þ

where ηðωÞ is the frequency dependent complex field
enhancement factor. Figure 2(d) shows that ηðωÞ can be
well approximated by a Lorentz curve

ηðωÞ ¼ η0
ω2
0 − ω2 þ iζω

; ð2Þ

where f0 ¼ ω0

2π is the resonance frequency and ζ is the
damping factor. The parameter η0 determines the maximum
field enhancement factor. In order to have oscillations the
resonator must not be overdamped, which implies an upper
limit of the damping factor. Since the TDP spectrum is much
broader than the resonance curve, we can assume the TDP
spectrum to be approximately constant in the frequency

range of significant field enhancement. Therefore, at a time
Δt after excitation with the TDP we find

EgapðΔtÞ ≈
2jEdðω0Þjη0e−ζΔt=2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4ω2
0 − ζ2

p sin

�
Δt
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4ω2

0 − ζ2
q �

: ð3Þ

For small damping factors and at times close to the
excitation (i.e., ζ ≪ ω0 and ζΔt ≪ 1) the electric field
inside the gap can be approximated by

EgapðtÞ ≈ E0 sinðω0tþ φ0Þ; ð4Þ

where φ0 is an arbitrary phase and E0 ≔ ETHzjηðω0Þj with
ETHz ≔ jEdðω0Þjζ. Note that damping can also be
neglected if a TDP with a tilted pulse front is employed.
The tilt should be matched to the electron velocity [33–35].
Employing the Fourier decomposition of the z-dependent
electric field we find

Eyðz; tÞ ¼ E0 sinðω0tþ φ0Þ
X∞
n¼−∞

An cos
2πnz
d

; ð5Þ

with the Fourier amplitudes of the harmonics An. In case we
approximate the longitudinal field distribution by a square
function, as shown in Fig. 2(a), the Fourier amplitudes can
be estimated to

An ≔
�
F; n ¼ 0

1
πn sin πnF; n ≠ 0

: ð6Þ

For solving the equation of motion of a single electron,
we assume zðtÞ ¼ βz0ct, where βz0 is the initial electron
velocity in z-direction normalized to the speed of light in
vacuum c. We further assume zero initial velocity in x- and
y-direction and find

γðtÞ ¼
�
1þ ðγ0βz0Þ2 þ

� X∞
n¼−∞

Kn cosψn

�
2
�
1=2

βzðtÞ ¼
γ0
γðtÞ βz0

βyðtÞ ¼
1

γðtÞ
X∞
n¼−∞

Kn cosψn ð7Þ

where γ0 is the initial Lorentz factor,

Kn ≔
eE0dAn

cmðdω0 þ 2πncβz0Þ
; ð8Þ

and ψn ≔ ðω0 þ 2πcβz0n
d Þtþ φ0 for n ∈ Z, where m is the

electron rest mass and e the elementary charge. The
assumption zðtÞ ¼ βz0ct breaks down in the limit of large
Kn-values, but it allows to find analytic expressions for
relevant radiation properties. Note thatK0 is proportional to

FIG. 3. Color-coded field enhancement jηðωÞj as a function of
frequency and filling factor for a SRR array with a fixed distance
of d ¼ 555 μm.
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the filling factor, because A0 ≈ F. For example, we find an
undulator parameter of K0 ≈ 0.07 for a resonance fre-
quency of 270 GHz, a filling factor of F ¼ 0.2 and
E0 ¼ 1 GV=m. By increasing the filling factor up to
F ¼ 1 the undulator parameter increases to K0 ≈ 0.35.
Based on the slippage condition, the emitted photon

frequencies in the lab frame are given by

ωr;n ¼
jω0 þ 2πβz0cn=dj

1 − βz0 cos θ
ð9Þ

where θ is the emission angle with respect to the z-axis. The
best undulator performance is expected for a structure with
2πc=ω0 ¼ λ0 ¼ 2d, since the electric field inside the gap
changes sign each time the bunch travels from one
resonator to the next and yields an oscillatory motion with
a period of 2d. The on-axis photon frequencies are 2γ2ckn,
with kn ≔ jk0ð2nþ 1Þj and k0 ≔ ω0=c, that is, the emis-
sion spectra consist of multiple odd higher harmonics.
The relative bandwidth of the emission mainly depends

on the number of undulator periods and the relative energy
spread of the electrons. The natural bandwidth of an
undulator can be estimated by considering the Fourier
transform limit of the radiation cycles [36]. At the reso-
nance frequency f0, the electrons oscillate Nu;n ¼
Lkn=ð2πÞ times (where L is the total undulator length)
resulting in a relative bandwidth

Δωr;n

ωr;n
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð0.886=Nu;nÞ2 þ ð2ΔE=EÞ2

q
; ð10Þ

where Δωr;n is the FWHM of the on-axis spectral intensity
and ΔE ¼ 2

ffiffiffiffiffiffiffiffiffiffiffi
2 ln 2

p
σE is the FWHM of the initial energy

spread of the electrons (assuming a Gaussian energy
distribution with standard deviation σE). Furthermore,
the radiation is confined in a narrow emission cone with
an opening angle of θ ≈ 1=γ [4].

D. Single electron dynamics

In this section we consider a single electron with an
initial energy of 100 MeV for the calculation of the electron
trajectories and the emitted radiation spectra. The electron
trajectories were calculated with VDSR (virtual detector
for synchrotron radiation) [37] based on the three dimen-
sional field maps from the frequency-domain COMSOL

simulation. From the trajectories the intensity of the emitted
radiation per frequency interval and per solid angle in the
far field is calculated [38]

d2I
dωdΩ

¼ e2

16π3ε0c

				
Z

∞

−∞

n̂r × ½ðn̂r − βÞ × _β�
ð1 − n̂rβÞ2

× exp

�
iω

�
t −

n̂rr
c

��
dt

				
2

ð11Þ

where n̂r is a unit vector pointing in the observation
direction. From the simulated on-axis spectra we estimate
the radiation peak brightness using the peak intensity (in
units of photons/(sr 0.1%BW)) divided by the bunch
duration 2σz=c and the bunch cross section area πσ2r .
The SRR thickness is set to s ¼ 100 μm and the incident

peak THz electric field is ETHz ¼ 1 MV=m. Note that for
high undulator field strengths the net deflection can be as
large as the gap size and the electron may collide with
the SRRs.
A consequence of time dependent undulator fields is that

the time delay between the TDP and the electron injection
into the structure is crucial. The exact injection time
determines the overall deflection in y-direction as well
as the emitted radiation intensity. Note that the deflection in
x-direction is negligible irrespective of injection time.
Figure 4 shows the y-deflection at the end of the undulator
and emitted peak intensity versus time delay between TDP
and electron injection.
An electron injected at zero time delay, or at an integer

multiple of half the oscillation period, reaches the SRR gap
when the field strength is at its maximum resulting the
highest peak intensity. Note that this corresponds to
φ0 ¼ π=2 in Eq. (4). If the electron has no initial momen-
tum in y-direction, a net deflection arises which is deter-
mined by the first momentum kick at the undulator
entrance. As a consequence, the emission cone bends away
from the z-axis. If the time delay is adjusted such that the
electron passes the gap when the deflection field has a zero-
crossing, the net deflection is zero but also the peak
intensity is minimal. To avoid a net deflection while
maintaining the time delay for maximum emitted intensity
we propose to compensate the deflection with a matched
initial momentum in y-direction. For the simulation param-
eters used here, we found that an initial normalized
y-momentum of 0.004 can balance the net deflection at
zero time delay. In the following the initial y-momentum is
always adjusted for zero net deflection. Such initial
y-momentum can be achieved with a standard undulator
end design, here for example with the first SRR having only

FIG. 4. Simulated on-axis peak intensity and total deflection in
y-direction as a function of time delay between electron injection
and TDP.
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half the thickness s or a larger width w for reducing the
deflection field strength at the undulator entrance [4].
The emitted radiation spectra can be tuned by adjusting

the SRR distance d and the filling factor F. Figure 5
summarizes the simulated on-axis radiation spectra for
different parameters. Note that all structures have the same
resonance frequency of 270 GHz. The gray dashed curves
show the predicted photon energies based on Eq. (9) for the
corresponding harmonics n. In Fig. 5(a) we show the
spectra for different filling factors F but for a fixed distance
of 555 μm. Because the distance is matched to the
resonance frequency each emission peak has contributions
from two Fourier components An as indicated by the
corresponding values of n. For increasing F we found
an increased emission intensity at the photon frequency
ωr;0 (which corresponds to 86.4 eV). This is explained by
the increased interaction time between the electric field and
the electrons. For increasing F, the higher order harmonics
diminish, as it is expected based on the corresponding
Fourier coefficients An. In the limit of a slotted tube, i.e.,
F ¼ 1, no harmonics are generated, which is in agreement
with An ¼ 0 for n ≠ 0. For small filling factors, multiple
emission lines occur at odd higher harmonics.
On the other hand, in Fig. 5(b), we fixed the SRR

thickness to 100 μm but changed the distance between
resonators. Again we find good agreement between simu-
lated emission peaks and analytic model. The highest
emission intensity is obtained when the distance is matched
to the resonance frequency (d ¼ 555 μm) or when the
SRRs are closely spaced such that the structure approaches
a slotted tube. Likewise, the photon energy of the higher
order harmonics can be tuned over a wide range by
adjusting the SRR distance. Also here, the resulting
emission intensities are governed by the Fourier coeffi-
cients An.
Any inhomogeneity of the undulator fields in the gap

area could potentially effect the undulator performance.

Therefore we compare the radiation spectra for different
initial x-positions x0 as shown in Fig. 6. While the emitted
photon energy is unchanged, the intensity decreases when
the electron travels off-axis. Note that the intensity is still
more than 60% of the on-axis intensity even if the electron
travels alongside the SRR gap. Since the deflection field is
not entirely symmetric in x-direction, the emission inten-
sities for x0 ¼ −30 μm and x0 ¼ 30 μm are slightly differ-
ent. The analytic model in Eq. (9) predicts a photon energy
of 86.4 eV (shown as black dashed line), which is in
agreement with the simulation results.

E. Electron bunch dynamics

In the following, we discuss the dynamics of an electron
bunch, rather than a single particle, interacting with the
undulator fields. A undulator structure with s ¼ 300 μm
and d ¼ 555 μm is considered, but similar results are
obtained for different filling factors. The kinetic energy
of the bunch was fixed to 100 MeV and we assumed a
relative energy spread of 1%, as provided by todays
accelerators [39]. The total bunch charge is 5 pC with a
Gaussian distribution and standard deviations σr ¼ 5 μm

FIG. 5. Simulated on-axis spectra and the predicted photon energies based on the analytic model (gray dashed curves) for different
filling factors (a) and distances (b). Geometries for six different filling factors (a) and for seven different SRR distances (b) were
considered.

FIG. 6. Simulated on-axis spectra for different initial
x-positions.
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and σz ¼ 20 μm in transverse and longitudinal direction.
Table II summarizes the electron bunch parameters. For
simplicity, we set the emittance to zero, that is, the electrons
have no initial momentum spread in the x- and y-direction.
If required, the maximum allowed emittance can be
estimated by setting the maximum transverse bunch size
equal to the gap size and by using a beta function
determined by the undulator length L. As a result, the
geometric emittance must be much smaller than g2=ð4LÞ ¼
6.3 nm rad which corresponds to a normalized emittance
of 1.2 μm rad.
The electron bunch will generate its own wakefield when

propagating through the SRR structure. In the worst case
this undesirable wakefield can lead to substantial beam
degradation. Therefore the wakefield limits the total
allowed bunch charge and/or the minimum beam energy.
Figure 7 shows the simulated on-axis longitudinal wake
potential, which generally leads to an energy loss of the
electrons and therefore to an increasing energy spread. We
simulated wakefields with the finite-element software CST

[40], where the electron bunch was approximated by a line
current with a longitudinal Gaussian distribution with
standard deviation σz. Ideally, the integration of the wake-
fields is performed over the whole structure length, which
was not feasible due to long computation times. Therefore,
just a fraction of the structure was considered and the wake

potential per SRR was calculated (i.e., the simulated wake
potential divided by the number of SRRs used in the
simulation). The number of considered SRRs was increased
until convergence is reached, which is usually 5 SRRs.
The wakefield is zero at the head of the bunch and

increases toward the tail. Because the slotted tube structure
has no longitudinal corrugation, its wake potential is much
smaller. For better visualization the wake potential of this
structure is multiplied by a factor of 30 as indicated in the
legend. For the other two structures we found a wake
potential per SRR with a maximum amplitude of approx-
imately 600 V=pC. Therefore, the maximum energy loss in
a 100 mm long undulator which consists of 180 SRRs
would be 110 keV=pC. For a beam energy of 100 MeVone
would be limited to bunch charges smaller than approx-
imately 5 pC, if one claims an energy loss of less than 1%.
Note that for the slotted tube structure and the same beam
energy, the bunch charge can reach 300 pC while the
wakefield induced energy loss is still less than 1%.
The radiation spectra generated by an electron bunch was

calculated by incoherently adding all spectra of the 1000
macro-particles, which were used for representing the
bunch. Figure 8 shows the simulated on-axis spectra for
different THz electric field strength ETHz. Recall that
increasing the THz field strength should improve the
undulator performance since the undulator parameter K
approaches unity, and also the peak intensity is proportional
to E2

THz. The relative bandwidth of 5% is in good agreement
with the theoretical bandwidth Eq. (10). For a classical
undulator the relative bandwidth is typically around 0.7%
[41]. In order to achieve a similar value for the SRR
undulator, the energy spread must be reduced to 0.1% and
the undulator length must be increased to 200 mm. For the
highest THz field strengths, before the wiggling motion
becomes similar to the gap size, we observe a red
shift of the emitted spectra, which is a consequence of
the decreased average velocity in z-direction. For
ETHz ¼ 40 MV=m (which corresponds to an electric field
strength of approximately 900 MV=m inside the gap) we
find a peak intensity of 109 photons/(sr 0.1% BW) which

TABLE II. Electron bunch parameters considered in the
numerical simulations.

Parameter Symbol Value

Kinetic energy E 100 MeV
Relative energy spread σE=E 1%
Bunch charge Q 5 pC
Transverse size σr 5 μm
Longitudinal size σz 20 μm

FIG. 7. Simulated on-axis wake potential per SRR normalized
to the bunch charge as a function of distance to the bunch center
(negative values refer to positions at the bunch front). For better
visualization, the wake potential for a structure with s ¼ d ¼
555 μm is multiplied by a factor of 30. The longitudinal bunch
charge density with σz ¼ 20 μm is shown as pink dashed curve.

FIG. 8. On-axis spectra for bunches with 100 MeVenergy, 5 pC
charge, 1% relative energy spread and for different THz electric
field strength.
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corresponds to peak brightness of 1019 photons=
ðsmrad2mm2 0.1% BWÞ. The electric field strength is
ultimately limited by the breakdown threshold of the
SRR material. To the best of our knowledge, there is no
measurement of the gold breakdown threshold in the THz
range. However, based on experiment with nano-gap SRRs,
we can confirm that the breakdown threshold exceeds
8 GV=m.
Due to wakefield instabilities the kinetic energy of

100 MeV should be regarded as a lower limit. However,
we may increase the kinetic energy to the operation regime
of recently commissioned XFELs of several GeV. An
increase in kinetic energy causes the emitted photon energy
to grow as γ2 and the emission opening angle to shrink as
1=γ. As an example we consider a beam energy of 1 GeV
and a TDP peak electric field of ETHz ¼ 40 MV=m while
all the other parameters remain as summarized in Tab. II.
The emitted photon energy increases to 8.2 keV with a
peak brightness of 1021 photons=ðsmrad2mm2 0.1%BWÞ.
Therefore, depending on the electron energy the undulator
can operate from the UV to the hard x-ray range.

III. CONCLUSIONS

A new type of short period undulator is proposed, which
is based on a SRR array structure driven by a THz pulse.
Undulator periods around 1 mm with a deflection electric
field strength of 1 GV=m are experimentally achievable.
The corresponding undulator parameterK is approximately
0.3 and could be further increased toward unity depending
on the available THz source. Due to its compact size the
whole undulator structure could be directly installed in the
vacuum beam tube. Propagating a 100 MeVelectron bunch
with 5 pC charge through a 100 mm long undulator driven
by a state-of-the-art THz source was shown to emit
83 eV photons with a peak brightness of 1019 photons=
ðsmrad2 mm2 0.1% BWÞ. For a 1 GeV bunch, the photon
energy increases to 8.2 keV with a peak brightness of
1021 photons=ðsmrad2mm2 0.1% BWÞ. Also higher order
harmonic emission occurs whose intensity can be tuned by
varying the filling factor or the SRR distance. Hence, the
undulator can also act as a frequency comb. In comparison
with the previously proposed SPP based THz undulator [24],
the new concept benefits from a higher field enhancement
and also reduces wakefield effects. Therefore it is a prom-
ising candidate for a low cost and compact radiation source,
which produces directional, linearly polarized and narrow
band radiation pulses in theUV tox-ray range.Bycombining
the proposed undulator with a miniaturized advanced accel-
erator, a table top x-ray source is within reach. Such a source
could find application in radiotherapy, ultrafast x-ray dif-
fraction experiments or time-resolved x-ray spectroscopy.
Investigating alternative resonator structures could further

improve the undulator performance. In general, structures
with an increased gap area, a higher field enhancement or a

shorter undulator period would be beneficial. A larger gap
area would reduce the restrictions on the electron beam
emittance, while an additional increase in field enhancement
would further lower the demand on the TDP. A smaller
periodicity would miniaturize the device even more and
would reduce the kinetic energy requirement for producing a
fixed photon energy.
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