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We propose a new type of axisymmetric dielectric target which effectively concentrates Cherenkov
radiation (CR) generated in the bulk of the material into a small vicinity of a focus point. It can be called the
“axicon-based concentrator for CR.” A theoretical investigation of radiation field produced by a charge
moving through the discussed radiator is performed for the general case where a charge trajectory is shifted
with respect to the structure axis. The idea of a dielectric target with a specific profile of the outer surface
was presented and developed in our preceding papers. However, contrary to the previous configuration of
such a target (which was investigated for both centered and shifted charge trajectory), the current version of
the device allows the efficient concentration of CR energy from relativistic particles, making this device
extremely prospective for various applications.
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I. INTRODUCTION

Electromagnetic radiation emerging during an interac-
tion between charged particle beams and various structures
(homogeneous media, periodic structures etc.) were widely
used for decades in various applications. For example,
ordinary vacuum devices (klystrons, backward-wave oscil-
lators, gyrotrons) and outstanding in power and spatio-
temporal resolution of the pulse x-ray free-electron lasers
are both based on beam interaction with periodic “struc-
ture” (be it a real structure or a specially structured external
field) resulting in appropriate beam transformation and
essential gain of radiation intensity. When the medium with
which the beam is interacted is homogeneous Cherenkov
radiation (CR) occurs even in the case of uniform motion
with a velocity exceeding light speed in the given medium
[1–5]. For years, CR was intensively studied in various
contexts, while the most recent between them are dielectric
wakefield acceleration [6–8], bunch size measurement [9–
11], and contemporary sources of radiation, including those
for terahertz (THz) frequencies [12–18] (note that
Cherenkov-type radiation from optically rectified laser
pulses [19,20] is also considered as a convenient way to
produce THz radiation in dielectric-based converters
[21,22]). It is worth noting that the idea of using the CR
effect for producing the radiation is not new, but in recent
years it has been essentially improved. If a bunch used for
generation is already of proper quality, i.e., has a

considerable charge and low emittance, is essentially short
and small in transverse directions (this is typically so for
relativistic bunches produced by modern accelerators) then
GeV-per-meter CR fields can be potentially obtained in
relatively simple dielectric-loaded structures [8]. Non-
invasive bunch diagnostics based on prolonged dielectric
targets of complicated shape is another modern area for CR
applications [9–11] which possess several advantages
compared to traditional schemes based on transition or
diffraction radiation.
The last-mentioned area involves the need to calculate CR

produced by dielectric target with several boundaries and
edges which is marginally possible to do rigorously. To
resolve this issue with reliable accuracy we have been
developing for several recent years an original combined
approach based on certain “etalon” problem, ray-optics laws
and Stratton-Chu formulas (see, for example, [23–26]). It is
worth noting that this approach has been approved by direct
comparison between its results and results of numerical
simulations in COMSOL Multiphysics [27].
Several papers from this list closely relate to the present

paper because they dealt with the axisymmetric dielectric
target—“dielectric concentrator for CR”—focusing the
majority of generated CR in a small vicinity of a predeter-
mined point (focus) without any additional lenses or
mirrors [23,25–27]. While possibilities of this concentrator
for radiation intensity enhancement, beam position, and
velocity measurements are rather attractive, an essential
disadvantage is that this target has more or less convenient
dimensions for relatively slow charged particles only.
Therefore it would be of considerable practical importance
to eliminate the mentioned shortcoming and allow the
concentration of CR produced by a relativistic charged
particle. The solution to this problem is the main goal of the
present paper.

*s.galyamin@spbu.ru

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI.

PHYSICAL REVIEW ACCELERATORS AND BEAMS 23, 113001 (2020)

2469-9888=20=23(11)=113001(9) 113001-1 Published by the American Physical Society

https://orcid.org/0000-0003-1315-5223
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevAccelBeams.23.113001&domain=pdf&date_stamp=2020-11-13
https://doi.org/10.1103/PhysRevAccelBeams.23.113001
https://doi.org/10.1103/PhysRevAccelBeams.23.113001
https://doi.org/10.1103/PhysRevAccelBeams.23.113001
https://doi.org/10.1103/PhysRevAccelBeams.23.113001
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


We propose here an “axicon-based concentrator for
CR”—a new type of axisymmetric dielectric target which
concentrates the main portion of CR into a focus point.
Contrary to the previous “single-refraction” configuration
[23], this target uses one reflection and one refraction of CR
rays. For reflection, it is convenient to use a hollow conical
target (axicon) in the geometry investigated separately in a
recent paper [28]. It is important here that the cone apex
angle can be adjusted so that CR rays will form a paraxial
beam with respect to the charge trajectory after the
reflection for arbitrary angle of incidence (i.e., for arbitrary
charge velocity). Therefore the discussed concentrator can
be designed for effective focusing of CR from charged
particle bunches with arbitrary velocity including relativ-
istic velocities which are of most practical interest.
Moreover, we investigate here the effect of charge shift
from the symmetry axis, similarly to the analogous inves-
tigation for “single-refraction” concentrator [25,26].
It should be especially noted that polarization of CR in

the discussed concentrator is nearly radial in the region
close to the output surface (inside the “lens”) resulting in
nearly longitudinal polarization of CR field in the vicinity
of the symmetry axis within the focal spot. In turn, radially
polarized laser beams are extensively studied in recent
years due to their unique properties (for example, a smaller
focal spot size compared to linearly or circularly polarized
light, including even subdiffraction focal spot) [29–31] and
prospective applications, including laser particle acceler-
ation in vacuum [32–34]. In this context, the discussed
“axicon-based concentrator for CR” becomes even more
prospective since it allows the implementation of men-
tioned attractive phenomena to CR from relativistic
bunches produced by modern accelerators.

II. PROBLEM FORMULATION

Figure 1 shows the geometry of the problem under
investigation. Note that along with the Cartesian frame
ðx; y; zÞ, a corresponding cylindrical frame ðρ;φ; zÞ is
introduced. A point charge q moves with a constant
velocity υ ¼ βc along a straight trajectory inside the
channel in the axisymmetric dielectric target with permit-
tivity ε and permeability μ ¼ 1 (for convenience). It is
supposed here that condition for CR generation is fulfilled,
i.e.,

ffiffiffi
ε

p
β > 1. The position of charge trajectory in xy-plane

is determined by r0 and φ0, see Fig. 1(b).
The target consists of two “glued” bodies of revolution: a

hollow axicon (see, for example, [35] for the description of
this optical element) and a hollow “lens.” The cone is
determined by its apex angle α while cylindrical coordi-
nates ρ ¼ ρ0, z ¼ z0 of the outer profile of the lens are
determined as follows (note that this profile can be deduced
using the same considerations as in [23,25]):

ρ0ðuÞ ¼ rðuÞ sinðuÞ;
z0ðuÞ ¼ zf − rðuÞ cosðuÞ; ð1Þ

where

rðuÞ ¼ fð ffiffiffi
ε

p
− 1Þ½ ffiffiffi

ε
p

cosðuÞ − 1�−1; ð2Þ

f is a “focal” parameter. The maximum transverse size of
the target xmax determines the maximum angle umax, the
minimum angle umin is determined by the channel radius a.
Total length of the target including the imaginary “nose” of
the cone is zf − f, where zf ¼ xmaxðcot αþ cot umaxÞ. It
should be underlined that the surface (2) is typically

FIG. 1. Geometry of the problem and main notations. (a) ðzxÞ-cut of the “axicon-based concentrator for CR”: a hollow “lens” is
attached to the output surface of a hollow conical target having its apex facing the incident charged particle bunch. Both revolution
bodies are made from the same dielectric material with permittivity ε. The outer profile of the “lens” is hyperbolic and is determined by
the function rðuÞ. A point charge q moves along the straight trajectory shifted with respect to the z-axis. Depicted parameters are
discussed in the text. (b) ðxyÞ-cut of the target (the channel radius is enlarged for convenience) and the position of the charge shifted
trajectory.
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designed so that a beam of rays parallel to z-axis converges
to exact focus z ¼ zf after the refraction. Schematic
propagation of one such ray through the target to the focus
is shown in Fig. 1. It is of essential importance that for
“axicon-based concentrator for CR” we have two indepen-
dent parameters for design, charge velocity β and cone
angle α. This means, for example, that we can adjust the
cone angle α so that CR rays will be parallel to z-axis for
arbitrary charge velocity including relativistic velocities
which are of most practical importance. Moreover, if CR
rays are parallel to z-axis then CR has radial polarization
and results in the longitudinally polarized field after
focusing. These points will be discussed again below.
Our further analysis is at first based on the analytical

solution of the corresponding “etalon” problem allowing
determination of initial CR rays inside the bulk of dielec-
tric. In short, this problem takes into account the interaction
of a moving charge with the target’s boundary closest to its
trajectory while all other boundaries are neglected. In the
case under consideration, we should solve for Maxwell
equations in an infinite dielectric with a vacuum channel
inside which a point charge propagates along the shifted
trajectory. Corresponding details can be found in the main
text and Appendix B of Ref. [25] while small corrections
are given in [26].
Important note to this solution (which is an infinite sum

of “harmonics”) is the following: the phase of all sum-
mands can be written as

exp ½ik0β−1ðzþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
εβ2 − 1

q
ρÞ�; ð3Þ

i.e., in the same manner as in the symmetric case r0 ¼ 0
(here k0 ¼ ω=c, ω is a frequency, c is a light speed in
vacuum). Therefore all results concerning the structure of
CR rays inside the hollow conical target for the symmetric
case (see [28]) are fully applicable to the present problem.
In particular, we should consider only the “main” wave of
two analyzed in [28] because the lens surface (2) has been
designed for the concentration of paraxial CR rays which
correspond to this wave (it is worth noting that in the case
of flat output surface it is this wave which is responsible for
“Cherenkov spotlight” effect—an effect of essential CR
enhancement in the z-direction in the far-field area due to
the constructive interference, see [28] for details). In our
case, propagation of this wave is the same until ray
refraction at the output surface because now the lens is
attached there. This last refraction can be analyzed sim-
ilarly to the case of a “single-refraction” concentrator. It
should be also noted that in this paper we neglect
absorption in dielectric for simplicity consideration.
However, small dissipation can be easily incorporated in
both solutions of the etalon problem and ray-optics
derivations in hollow axicon. For example, real material
(Teflon) absorption has been taken into account in

calculations of CR from a “single-refraction” concentrator
in [23].

III. STRATTON-CHU FORMALISM

According to our method, we utilize the Stratton-Chu
formulas [36,37] to calculate CR exiting the target. Recall
that these integral formulas give exact result if tangential
electric and magnetic fields are determined exactly at the
surface of the integration (the aperture Sa). In this paper, we
use the form of these formulas from [37] (see also our
papers [24,25,38,39]) with the outer surface of the target (1)
as the aperture:

4πE⃗ω ¼
Z
Sa

�
ik0½n⃗; H⃗a

ω�ψ þ i
k0

ð½n⃗; H⃗a
ω�; ∇⃗Þ∇⃗ψ

þ ½½E⃗a
ω; n⃗�; ∇⃗ψ �

�
dΣ; ð4Þ

where ψ is a Green function,

ψ ¼ exp ðik0R̃Þ=R̃;
R̃ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx − x0Þ2 þ ðy − y0Þ2 þ ðz − z0Þ2

q
; ð5Þ

dΣ is a surface element of Sa. As follows from Eq. (4),
electromagnetic (EM) field outside the target is determined
by the tangential electric and magnetic fields at the aperture
Sa. We utilize the following parametrization of the
Cartesian coordinates of the aperture via angles u and φ:

x0ðu;φÞ ¼ ρ0ðuÞ cosφ; y0ðu;φÞ ¼ ρ0ðuÞ sinφ; ð6Þ

while z0ðu;φÞ is given by (2) together with ρ0ðuÞ. In
order to calculate the parameters of the surface, it is
convenient to use the tensor formalism by V.A. Fock
[38,40] and determine the metric tensor of the surface g.
Thus, for the elementary square of the surface we obtain
dΣ ¼ ffiffiffiffiffiffiffiffiffi

gðuÞp
dudφ, where

ffiffiffiffiffiffiffiffiffi
gðuÞ

p
¼ r2ðuÞ sin u

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 2

ffiffiffi
ε

p
cos uþ ε

p
ffiffiffi
ε

p
cos u − 1

: ð7Þ

The components of the external unit normal n⃗ are

nρ ¼
sin uffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − 2
ffiffiffi
ε

p
cos uþ ε

p ;

nz ¼
ffiffiffi
ε

p
− cos uffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − 2
ffiffiffi
ε

p
cos uþ ε

p : ð8Þ

In order to find the fields E⃗a
ω and H⃗a

ω, we use the same
approved method as in papers [25,27]. Moreover, the
corresponding etalon problem is the same as in [25].
The solution of the etalon problem should be
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complemented by the analysis of the “main” CR wave
reflection at the cone generatrix, this has been done in [28].
In particular, the way of this ray is the following, see Fig. 1.
It incidents the boundary formed by cone generatrix at the
angle

θi0 ¼ π=2þ α − θp;

where

θp ¼ arccos

�
1ffiffiffi
ε

p
β

�

is a Cherenkov angle (it reduces to cos θp ¼ 1=
ffiffiffi
ε

p
for

β → 1), reflected at the same angle and some portion of it is
refracted at the angle

θt0 ¼ arcsinð ffiffiffi
ε

p
sin θi0Þ

with respect to the generatrix normal. Then the reflected
wave propagates to the cone base and passes through the
cone base flat surface at the angle

θ0i ¼ 2α − θp

with respect to z-axis. When θ0i ¼ 0 the rays form a parallel
beam before the lens, this is the case where all the rays
converge exactly to the focus point. This is a very important
feature of the discussed “axicon-based concentrator” that
we have two parameters to obtain the parallel beam of rays:
α and β. Most convenient way is to adjust α in accordance
with the “designed” charged particle velocity β0, i.e., to
choose

α ¼ 1

2
θp0 ¼

1

2
arccos

�
1ffiffiffi
ε

p
β0

�
; ð9Þ

which means that cone angle is a half the Cherenkov angle
θp0 and that CR rays for β ¼ β0 propagate parallel to z-axis
after reflection from the axicon generatrix. Also this
possibility is the most distinguishing point compared to
the single-refraction concentrator [23,25,26] which can be
designed for single charge velocity only.
Due to the asymmetry caused by charge shift, CR of both

polarizations is generated. “Parallel” polarization (k) con-
tains components Ezω, Eρω, and Hφω. The corresponding
Fresnel reflection coefficient (responsible for the reflection
at the cone generatrix) is

Rk ¼
cos θi0 −

ffiffiffi
ε

p
cos θt0

cos θi0 þ
ffiffiffi
ε

p
cos θt0

; ð10Þ

while Fresnel transmission coefficient (for the transmission
at the “lens” output surface) is

Tk ¼
2 cos θi

cos θi þ
ffiffiffi
ε

p
cos θt

: ð11Þ

“Orthogonal” polarization (⊥) contains components Hzω,
Hρω, and Eφω. Corresponding Fresnel coefficients are

R⊥ ¼
ffiffiffi
ε

p
cos θi0 − cos θt0ffiffiffi

ε
p

cos θi0 þ cos θt0
; ð12Þ

T⊥ ¼ 2
ffiffiffi
ε

p
cos θiffiffiffi

ε
p

cos θi þ cos θt
: ð13Þ

The angle of incidence θi can be obtained out of Snell’s
law,

ffiffiffi
ε

p
sin θi ¼ sin θt, while θt is calculated a bit later.

It should be emphasized here that for β ¼ β0 a CR wave
with k polarization before the lens contains only compo-
nents Eρω and Hφω (see, for example, Eq. (22) from [28]
where θi2 corresponds to θ0i from this paper), i.e., electric
field is radially polarized, while CR wave with ⊥ polari-
zation contains only components Hρω and Eφω, i.e.,
magnetic field is radially polarized.
Based on the above considerations, we can write out the

transmitted field at the outer surface of the aperture which is
determined via the component of the field orthogonal to the
plane of incidence, i.e., Hφω for k-polarization and Eφω for
⊥-polarization. First, at the inner side of the aperture we
have (see [25,26,28] for details):

Ha−
φω ¼ qωeik0

ffiffi
ε

p ðz0 cos θ0iþρ0 sin θ0iÞ−3πi
4

iπυ2γ2

ffiffiffiffiffiffiffiffiffiffi
2

πρ0s

s

×
ik0
s2

�
−εsI0ðr0σ0ÞÃðE2Þ

0 þ 2
X∞
ν¼1

Iνðr0σ0Þe
iπð1−νÞ

2

× cosðνφÞ
�
εÃðE2Þ

ν

�
is −

1

2ρ0

�
−

iν
βρ0

ÃðH2Þ
ν

��
; ð14Þ

Ea−
φω ¼ qωeik0

ffiffi
ε

p ðz0 cos θ0iþρ0 sin θ0iÞ−3πi
4

iπυ2γ2

ffiffiffiffiffiffiffiffiffiffi
2

πρ0s

s

×
ik0
s2

2
X∞
ν¼1

Iνðr0σ0Þe
iπð1−νÞ

2

× sinðνφÞ
�
iÃðH2Þ

ν

�
is −

1

2ρ0

�
−

ν

βρ0
ÃðE2Þ
ν

�
; ð15Þ

ÃðE2Þ
ν ¼ ÃðE1Þ

ν
Iν
Hν

þ Kν

Hν
; ÃðH2Þ

ν ¼ ÃðH1Þ
ν

Iν
Hν

; ð16Þ

ÃðE1Þ
ν ¼ 1

ΔνH2
ν
f−½νðβaÞ−1Iνðσ20 þ s2Þ�2H2

νKνI−1ν

þ ½σ20sH0
νIν þ s2σ0I0νHν�½σ20sεH0

νKν þ s2σ0K0
νHν�g;
ð17Þ
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ÃðH1Þ
ν ¼ νIνðσ20 þ s2Þ

iβaΔνHν
f½σ20sεH0

νKν þ s2σ0K0
νHν�

− KνI−1ν ½σ20sεH0
νIν þ s2σ0I0νHν�g; ð18Þ

Δν¼ ½νðβaÞ−1Iνðσ20þ s2Þ�2

−
½σ20sεH0

νIνþ s2σ0I0νHν�½σ20sH0
νIνþ s2σ0I0νHν�

H2
ν

; ð19Þ

Iν ≡ Iνðaσ0Þ; Hν ≡Hð1Þ
ν ðasÞ;

I0ν ≡ dIνðξÞ
dξ

				
ξ¼aσ0

; H0
ν ≡ dHð1Þ

ν ðξÞ
dξ

				
ξ¼as

; ð20Þ

Kν ≡ Kνðaσ0Þ; K0
ν ≡ dKνðξÞ

dξ

				
ξ¼aσ0

; ð21Þ

where σ0 ¼ k0
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2

p
, s ¼ k0=β

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
εβ2 − 1

p
, γ is a Lorentz

factor, Hð1Þ
ν is a Hankel function, Iν and Kν are modified

Bessel and Hankel functions, correspondingly. The trans-
mitted fields at the outer surface of the aperture are

Ha
φω ¼ TkHa−

φω; E⃗k
ω ¼ Ha

φω½e⃗φ; e⃗k�;
Ea
φω ¼ T⊥Ea−

φω; H⃗⊥
ω ¼ Ea

φω½e⃗k; e⃗φ�; ð22Þ

therefore

Ea
ρω ¼ Ha

φωekz; Ea
zω ¼ −Ha

φωekρ;

Ha
ρω ¼ −Ea

φωekz; Ha
zω ¼ Ea

φωekρ: ð23Þ

Here the unit vector of the transmitted wave e⃗k is the
following:

ekρ ¼ nρ cos θt − nz sin θt;

ekz ¼ nρ sin θt þ nz cos θt: ð24Þ

The last point is the refraction angle θt which can be
calculated using the phase term from (14), (15) and metric
tensor g of the outer surface (2) (see [38,40] for details):

sin θt ¼
ffiffiffi
ε

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 2

ffiffiffi
ε

p
cos uþ ε

p
× ½sin ð2α − θp þ uÞ − ffiffiffi

ε
p

sin ð2α − θpÞ�: ð25Þ

FIG. 2. Field distribution (electric field per unit frequency) over zx-plane (x is normalized by xmax, z is normalized by f) for
symmetrical case r0 ¼ 0 and various charge velocities β: top row for β ¼ 0.97, middle row for β ¼ 0.99, bottom row for β ¼ 0.999.
Concentrator has been designed for ε ¼ 4 and β0 ¼ 0.99 with the following parameters: xmax ¼ f ¼ 23.9 cm, a ¼ c=ω ¼ 0.047 cm,
α ¼ 30°, ω ¼ 2π · 100 GHz. Field units are Vms−1, q ¼ 1 nC.
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Now all the things needed for the evaluation of the integral
(4) are ready.

IV. NUMERICAL RESULTS

Here we present results of EM field calculation in the
area outside the target (mainly, near the focal point which is
of the most interest) using Eq. (4). The limits of integration
over φ are ð0; 2πÞ, while the limits of integration over u
(umin and umax) are determined by transverse dimensions of
the concentrator. A numerical code was realized in MATLAB

with the use of Parallel Computing Toolbox for evaluation
of integrals (4).
Below we present results for a point charge q with a

charge and current density having the form of Eq. (B2)
from [25] where dependence on z and t is δðz − υtÞ, δ is a
Dirac delta function. These results can be easily generalized
for a thin bunch with arbitrary longitudinal charge density
distribution ηðz − υtÞ. Since we calculate EM field in the
frequency domain, to obtain formulas related to the case of
such a bunch one should substitute q → 2πqη̃ðω=υÞ, where
η̃ðω=υÞ is the Fourier transform

η̃ðω=υÞ ¼ ð2πÞ−1
Z þ∞

−∞
ηðζÞe−iζω=υdζ:

For example, in the case of Gaussian bunch with the rms
half-length λG,

ηGðz − υtÞ ¼ 1ffiffiffiffiffiffi
2π

p
λG

exp

�
−ðz − υtÞ2

2λ2G

�
;

one should substitute

q → q exp

�
−
ω2

ω2
G

�
; ωG ¼

ffiffiffi
2

p
υ

λG
:

Equation (IV) means that only frequencies ω≲ ωG (or
wavelengths λ≳ λG) contribute coherently to EM field.

Figure 2 illustrates distribution of absolute values of Ezω,
Eρω and total field Eω over zx-plane for r0 ¼ 0. One can see
that transverse field Eρω is negligible near z-axis, which is
natural due to the symmetry considerations, while longi-
tudinal field Ezω is dominant there. It is worth noting that
maximum values of transverse and longitudinal fields are
practically equal. This is more favorable compared to the
“single-refraction” concentrator [25]. As one can see, the
position of the focal spot changes with the change in β but
for β ¼ 0.99 (the velocity which concentrator is designed
for) the spot is exactly for z ¼ zf which is natural. Figure 3
illustrates similar distribution over xy-plane. One can
conclude that this distribution is very close to the case
of single-refraction concentrator.
The field distribution for the case with a charge shifted

from the z-axis (φ0 ¼ 0, r0 ≠ 0) is shown in Fig. 4 for the
focal plane z ¼ zf. For calculations, two asymmetric
modes (which are generated in the asymmetric case) were
taken into account.
It should be underlined that in this paper we are mostly

considering concentrators for relativistic charges, β → 1,
which are most interesting for particle accelerator appli-
cations and which can be effectively used with this device.
As it was discussed in [25], EM field of asymmetric modes
is proportional to the term Iνðr0σ0Þ, ν > 1, while
σ0 ∼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2

p
. Therefore asymmetry in the EM field

produced by both concentrators (single-refraction and
axicon-based) will be essentially weaker for relativistic
particles compared to nonrelativistic ones. However, since
the single-refraction concentrator is only convenient for
relatively slow particles, asymmetry issues are essential for
its operation. On the contrary, an axicon-based concentrator
is most suitable for relativistic charges and the shift of the
trajectory will affect it weaker. To illustrate this, we chose a
moderate relativistic velocity β ¼ 0.9 and consider large
offsets. As one can see from Fig. 4, even if the charge
trajectory is close to the channel wall only small asymmetry
in the longitudinal field can be observed: the field maxi-
mum is slightly shifted to positive x. A small redistribution

FIG. 3. Two-dimensional field distribution (electric field per unit frequency) over xy-plane (x and y are normalized by channel radius
a) for symmetrical case r0 ¼ 0, β ¼ 0.99 and z ¼ zf (focal plane). Other parameters are the same as in Fig 2.
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of the transverse field in y-direction can be also observed.
Again, magnitudes of transverse and longitudinal fields are
of the same order.

V. CONCLUSION

In the present paper, we have presented the analytical
and numerical investigation of the EM radiation produced
by a point charge moving through the new type of dielectric
concentrator for Cherenkov radiation—axicon-based con-
centrator for CR. The first advantage of this target com-
pared to the “ordinary” one (single-refraction concentrator,
see [23,25,26]) is the possibility to choose an appropriate
cone angle to realize concentration of CR produced by
charged particles with arbitrary large velocity including
relativistic bunches which are of most practical importance.
Another positive distinction is that maximum longitudinal
electric field is of the same order as the maximum trans-
verse field which was not the case for the ordinary device
(the longitudinal field was typically lower in maximum).
The next feature is that generation of asymmetric modes
(which disturb the symmetric field distribution in the focal
plane) can be much less important for this target even for
extremely large offsets of the bunch trajectory, which is
especially the case for ultrarelativistic bunches. Overall, the
discussed concentrator can be of essential importance for
various applications with relativistic charged particle

bunches from modern accelerators which are mainly
relativistic. For example, a high-power wide-band longi-
tudinally polarized CR can be obtained with this device,
both in visible and terahertz regions. As it has been shown,
the CR field inside the hollow axicon possesses radial
polarization (after the first reflection from the cone gen-
eratrix) resulting in the strong longitudinal electric field
near the rotation axis inside the focal spot, while the
transverse electric field is close to zero here. This longi-
tudinally polarized light is attractive for various applica-
tions, for example, it can be potentially used for bunch
modulation and particle acceleration.
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