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Two-dimensional electromagnetic (EM) particle-in-cell (PIC) simulations of a radial magnetically-
insulated-transmission-line are presented and compared to the model of E. M. Waisman, M. P. Desjarlais,
and M. E. Cuneo [Phys. Rev. Accel. Beams 22, 030402 (2019) in the “high-enhancement” (WDC-HE)
limit. The simulations use quasi-equilibrium current and voltage values based on the Sandia National
Laboratories Z accelerator, with prescribed injection of an electron sheath that gives electron density
profiles qualitatively similar to those used in the WDC-HE model. We find that the WDC-HE model
accurately predicts the quasiequilibrium ion current losses in the EM PIC simulations for a wide range of
current and voltage values. For the case of two ion species where one is magnetically insulated by the
ambient magnetic field and the other is not, the charge of the lighter insulated species in the anode-cathode
gap can modify the electric field profile, reducing the ion current density enhancement for the heavier ion
species. On the other hand, for multiple ion species, when the lighter ions are not magnetically insulated
and are a significant fraction of the anode plasma, they dominate the current loss, producing loss currents
which are a significant fraction of the lighter ion WDC values. The observation of this effect in the present
work is new to the field and may significantly impact the analysis of ion current losses in the Z machine
inner MITL and convolute.
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I. INTRODUCTION

Experimental measurements and numerical simulations
suggest significant current losses in the inner magnetically
insulated transmission line (MITL) of the Z accelerator
[1–4] at Sandia National Laboratories, although direct
measurements of these losses has not been obtained to
date. In a recently published paper [5], a model for
enhanced ion current losses in the inner MITL of Z
[6–8] was presented. The model assumes that vacuum
electron flow close to the anode enhances the electric field,
thereby increasing the realizable ion current emitted from
the anode which results in ion current loss enhancements
well in excess of the nominal Child-Langmuir (CL) limit
for ions. The sheath flow pattern in which electrons flow
along the anode surface is a result of the current adding
convolute coupled to the inner radial MITL on Z (see, for
example, Ref. [2] and references therein).

As discussed in Ref. [5], the enhancement of ion current
with respect to the CL ion-only law, due to the presence of
an E × B electron flow charge in the anode-cathode (AK)
gap, goes back to the work of Desjarlais [9] for applied
magnetic field ion diodes. In that research the saturated
flow case is defined, such that for the appropriate constant
electron charge density filling the gap, the enhancement
factor η ¼ ji=jCL, where ji is the ion current density and
jCL is the CL ion current density given in Eq. (1) below.
Electron charge distributions which produce η higher than
this value are discussed, including the case resulting in
η → ∞. In the context of trying to explain ion current loss
in the convolute and inner MITL of the Z machine, this
possibility was examined first by Hutsel et al. [10]. In [10]
a detailed transmission line circuit code for Z is introduced
and employed as a tool to fit and predict Z experiment
results. The code computes the electron sheath current
entering from the outer MITLs into the convolute, employ-
ing fitting parameters for the fractions of that current lost
and accumulated in the convolute and inner MITL regions.
Upon formation of anode plasma, the ion loss current of
nonmagnetically insulated ions is calculated as a function
of the time integral of the inner MITL surviving electron
sheath current and local voltage and gap. In the
Appendix D a comparison between that formulation and

*David.Rose@vosssci.com

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI.

PHYSICAL REVIEW ACCELERATORS AND BEAMS 23, 080401 (2020)

2469-9888=20=23(8)=080401(12) 080401-1 Published by the American Physical Society

https://orcid.org/0000-0002-1618-3724
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevAccelBeams.23.080401&domain=pdf&date_stamp=2020-08-14
https://doi.org/10.1103/PhysRevAccelBeams.22.030402
https://doi.org/10.1103/PhysRevAccelBeams.23.080401
https://doi.org/10.1103/PhysRevAccelBeams.23.080401
https://doi.org/10.1103/PhysRevAccelBeams.23.080401
https://doi.org/10.1103/PhysRevAccelBeams.23.080401
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


that of Ref. [5] is provided. We remark that neither Ref. [5]
nor Ref. [10] address the interaction between magnetically
and nonmagnetically insulated ion species, which is indeed
one of the main subjects of this paper.
The simulations presented here do not include the

development of electrode plasmas. Thus the simulations
are based on the assumption that the development of
electrode plasmas in the inner MITL only enters by
permitting space-charge-limited (SCL) emission of charged
particles and determining the effective AK gap. Our
considered dynamics pertains to noncollisional plasma
physics, both for electrons and ions. Since we only consider
steady state (fixed AK gaps) our present work ignores the
impact of electrode plasma expansion. Recent simulation
studies [11,12] offer an additional current loss mechanism,
partially based on identifying turbulently driven plasma
transport in the inner MITL. As we discuss in Sec. VII,
pulsed power experiments are needed to determine the
main current loss mechanisms in the inner MITL. In
Sec. VII we also discuss the implications of our present
simulations, having shown the dependence of ion current
loss with voltage, current, and AK gap.
A series of two-dimensional (2D), fully electromagnetic

(EM) particle-in-cell simulations using CHICAGO [13] are
compared directly with the model of Waisman, Desjarlais
and Cuneo [5] in the “high-enhancement” (WDC-HE)
limit. The simulations are operated in a quasi-equilibrium
limit for easier comparison to the model of Ref. [5].
Furthermore, the simulations are executed in a 2D radial
(parallel-plate) configuration for operating parameters that
are similar to those found in the inner MITL of the Z
accelerator.
Overall we find that the simulations of a single non-

magnetically insulated (NMI) ion species support the
WDC-HE model in the presence of a high-current (order
0.5 MA) electron sheath propagating close to the anode.
Although the simulations exhibit large fluctuations due to
the nonlinearly evolving electron sheath propagating
through the inner MITL and ion emission region, tempo-
rally and spatially averaged ion current loss values from
these simulations agree well with the WDC-HE model for a
single ion species.
Simulations that include two ion species (here Hþ and

Oþ) emitted from the anode can exhibit a shielding
characteristic when the lighter species is magnetically
insulated (MI) from striking the cathode, which in turn
reduces or prevents the heavier NMI species from striking
the cathode as well. Using a new, modified form of the
WDC-HE model to partially account for the mix of ion
species, approximate agreement with the multiple ion
species emission simulations is found.
In Sec. II, the 2D EM simulation model used in this work

is described. In Sec. III, the baseline simulation result is
described in some detail and in Sec. IV, additional single
ion species simulations are presented that include a number

of parameter variations. In Sec. V, 1D electrostatic simu-
lations of single and multiple SCL ion currents are
described that verify the WDC-HE model in the case of
a single ion species, and illustrate the validity of the model
when applied to two ion species that are NMI or partially
magnetically insulated (PMI). In Sec. VI, we describe 2D
EM simulations where two ion species are used with either
a dynamically injected electron sheath or a static electron
density profile preloaded in the simulation. A summary and
a discussion of the next steps for theoretical study and
experimental measurements are given in Sec. VII. Finally,
Appendixes describing the electron sheath properties used
in the 2D simulations and the impact of spatial resolution
and macroparticle counts on the results of the 2D EM
simulations are given.

II. NUMERICAL SIMULATION MODEL

The baseline 2D simulation model assumes a radial
vacuum transmission line extending from r ¼ 11 cm to
r ¼ 3.5 cm; see Fig. 1. The gap width, d, is nominally set at
0.5 cm. Electromagnetic power is driven radially inward to
the simulation region at r ¼ 11 cm and the simulation is
terminated by a fixed impedance load at z ¼ 1 cm. The
nominal operating parameters at the load are VLoad ¼
3 MV and ILoad ¼ 20 MA. The parallel electrode region
extending from r ¼ 7 cm to r ¼ 4 cm (or r ¼ 2 cm for
some cases) is the primary simulation region where
comparisons to the “high enhancement” ion loss current
model of Ref. [5] are made. SCL emission of ions (Hþ and/
or Oþ) occur along the anode in this region. An electron
sheath is injected at r ¼ 11 cm with a nominal current of
∼500 kA. This sheath is injected near the anode, similar to
the high-density portion of the electron sheath entering the
inner MITL in 3D convolute simulations [2]. As the sheath
propagates radially, vortices rapidly form which thicken the
sheath resulting in an average density profile in the ion
emission region that fills the AK gap. See Appendix A for
more details about the injected electron sheath character-
istics and dynamics.
The simulations are fully kinetic, fully EM, relativistic

and use an explicit field solver. The spatial resolution in the

FIG. 1. Schematic of the 2D simulation geometry. Electromag-
netic power and the electron sheath are injected radially at the
r ¼ 11 cm inlet boundary. The transmission line is terminated at
z ¼ 1 cm by a fixed impedance load.
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radial direction is 50 μm and in the axial direction (across
the AK gap) it is 12.5 μm. An electron sheath is injected at
r ¼ 11 cm into the MITL gap. In most cases, the sheath is
injected near the anode with a uniform current density, a
drift energy of ∼3 keV in the -r direction, and a temper-
ature of 1 MeV. (See Appendix A for a discussion of the
impact of the injected sheath temperature on the sheath
current.) As the sheath propagates into the MITL, vortices
are rapidly formed. When the sheath enters the ion emission
region at r ¼ 7 cm, the sheath is strongly disrupted and
rapidly fills the AK gap. The sheath properties in this
region are discussed in more detail in Sec. III. The
properties of the injected electron sheath are discussed
further in Appendix A.
In addition to the injected electron sheath, electrons are

emitted from cathode surfaces in the ion emission region,
4 cm ≤ r ≤ 7 cm, using a relativistically correct SCLmodel
[14] with an electric field threshold of 240 kV=cm. This
emission threshold is consistent with published estimates for
stainless steel and aluminum cathode materials (see, for
example, Ref. [15]). Overall we find that electrons emitted
from the cathode do not play a significant role in the
simulation results presented in this work. Tests with addi-
tional electron emission upstream of the ion emission
resulted in a well-insulated electron sheath formed upstream
of the ion emission region which did not significantly affect
the simulation results presented here.

III. BASELINE SIMULATION RESULT

In the “high enhancement” limit for ion losses, described
in Ref. [5], the charge within the sheath that spans the AK
gap is large enough to produce a virtual cathode, resulting
in ion current densities crossing the AK gap that can greatly
exceed the conventional CL limit (in CGS units),

jCL ¼
�
2eZ
mi

�
1=2 V3=2

9πd2
; ð1Þ

whereeZ is the ion charge,mi is the ionmass,V is thevoltage
and d is the AK gap width. For our baseline simulation
parameters (V ¼ 3 MV,Z ¼ 1,mi ¼ 16mp wheremp is the
proton mass, and d ¼ 0.5 cm), jCL is approximately
283 A=cm2. Since the ionmass to charge ratio is sufficiently
large to prevent significant magnetic deflection (or insula-
tion) of theOþ1 ions at 20MA, theCL ion loss current for our
system is roughly I¼ jCLArea¼ jCLπð72−42Þ¼ 29.3 kA.
The injected electron sheath current is approximately

0.5 MA. The dynamics of the electron sheath as it
propagates along the constant gap, variable vacuum imped-
ance radial line is described in Appendix A. At the selected
location for ion emission, r ¼ 7 cm, the electron sheath
expands to fill the gap between the electrodes. Although the
sheath upstream of, and within, the ion emission region is
dynamic, with electron vortex formation resulting in ion

density variations along the emission region, the time and
spatial average of the ion and electron densities provides
quasi-equilibrium values for direct comparison to the
WDC-HE model. The ion loss current obtained in the
baseline simulation reported here is ∼800 kA, giving an
average enhancement factor hηi ≃ 27.
The system voltage and current as a function of time are

shown in Fig. 2. All simulation quantities used for compari-
son with the model of Ref. [5] are temporally averaged
between 30 and 40 ns. The electron and ion number densities
at times 30.1, 30.2, 30.3, and 30.4 ns are plotted in Fig. 3.
These snap shots illustrate the dynamics of the electron

FIG. 2. Baseline simulation voltage and current illustrating the
equilibrium values established between 20 and 40 ns.

(a)

(b)

FIG. 3. (a) Electron and (b) ion (Oþ1) number densities plotted
at t ¼ 30.1, 30.2, 30.3, and 30.4 ns intervals. The electron sheath
is injected from the r ¼ 11 cm boundary and Oþ1 ion emission is
enabled along the anode between r ¼ 4 and 7 cm.
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sheath, injected at r ¼ 11 cm,with vortices that rapidly form
as the injected electron sheath propagates radially inward
toward the load. The vortices result in variable charge and
current densities in the electron sheath that, in turn, drive
oscillations in the ion current density. To obtain quasiequili-
brium values for the quantities used for comparison with the
theoretical model, we temporally average data between 30
and 40 ns (in 0.1 ns steps). This timescale encompassesmany
vortex transit times through the simulation space and
multiple ion sheath oscillation times.
The temporally averaged electron and ion densities at

r ¼ 5 cm are shown in Fig. 4(a). As used in the theoretical
model of Ref. [5], the electron density shape is qualitatively a
two-level profilewith a high-density layer near the anode and
a lower density layer filling the remainder of theAKgap. The
ion density between the cathode and the high-density portion
of the electron sheath is roughly 1 × 1014 cm−3, and the low-
density portion of electron sheath provides significant,
although not complete, charge neutralization.
The Ez and Bθ fields across the AK gap at r ¼ 5 cm are

shown in Fig. 4(b). Again, these are temporally and
spatially averaged values as discussed above. The electric
field approaches zero at z ∼ 0.2 cm, indicating the presence
of a virtual cathode as required by the theoretical model for
enhanced ion current loss above the CL limit [5]. The
electric field approaches −17 MV=cm near the anode and
rapidly returns to zero at the anode.

As the sheath propagates from r ¼ 11 cm toward the
load, the sheath dynamics result in losses of electron
current to the anode as a function of radius. The sheath
current as a function of radius is plotted in Fig. 5 (black data
points). At r ¼ 5 cm, Fig. 5 indicates that the electron
sheath current is roughly 350 kA for this case. The sheath
current as a function of radius can be roughly characterized
as decreasing linearly with radius for the simulations
presented here. The average electron current lost to the
anode and the ion current lost to the cathode are plotted
in Fig. 6. Again these curves can be roughly approximated
as linear functions in the ion emission region, r ¼ 4
to r ¼ 7 cm.

(a)

(b)

FIG. 4. Time averaged electron (black line) and ion (red line)
number densities at r ¼ 5 cm (spatially averaged between 4.9
and 5.1 cm). Time averaged Ez (black line) and Bθ (red line)
fields at r ¼ 5 cm (spatially averaged between 4.9 and 5.1 cm).
The cathode is at z ¼ 0 and the anode is at z ¼ 0.5 cm.

FIG. 5. Black data points indicate the temporally averaged
electron sheath current as a function of radius from the baseline
case. The solid line is the approximate sheath current as a
function of radius from Eq. (5b) with Ie0 ¼ 500 kA and
r2 ¼ 7 cm.

FIG. 6. Average electron current lost to the anode (black) and
ion current lost to the cathode (red) as a function of radius from
the baseline simulation.
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From Ref. [5], the enhancement factor is calculated as

ηðrÞ ¼ 9

16
γ20; ð2Þ

where

γ20 ¼ ðB2
a − B2

cÞ
d2

V2
; ð3Þ

with Ba and Bc representing the azimuthal magnetic field at
the anode and cathode, respectively. UsingBa¼2×107=ð5rÞ,

γ20 ≃ 2

�
d
5V

�
2 IaIeðrÞ

r2
; ð4Þ

where Ie is the electron sheath current as a function of radius.
ForV ¼ 3 MV, Ia ¼ 20 MA,andd ¼ 5 mm, this expression
can be integrated between r ¼ 4 cm and 7 cm and gives an
average ion loss current enhancement of hηi ¼ 7.63 × 10−5Ie.
For Ie ≃ 350 kA (see Fig. 5), hηi ¼ 26.7, which is in very
good agreement with the simulation results.

IV. SINGLE ION SPECIES PARAMETER
VARIATIONS

The baseline case described in Sec. III was modified to
explore a number of parameter variations.The results of these
simulations are given in Table I. The physical AK gap,
operating voltage and current are listed along with injected
electron sheath current. The emitted ion species and average
enhancement to the ion current loss, η, is also given. Finally
the simulated total ion loss current is listed along with the
value calculated from the WDC-HE model [5],

Iloss½MA� ≃ 1.38 × 10−3ffiffiffi
μ

p
�
Ie0Iaffiffiffiffi

V
p

�
r2 − r1
r2

; ð5aÞ

IeðrÞ ≃ rIe0=r2; ð5bÞ

where Z is the ion charge state (Z ¼ 1 for all cases presented
here), μ ¼ m=mp is the ion mass relative to the mass of the

proton, Ie0 is the electron sheath current at r ¼ 11 cm, Ia is
the anode current, V is the voltage, and r1 and r2 are the
downstream and upstream limits of the ion emission region,
respectively. We find that the sheath current decreases
linearly with radius in our simulations according to Eq. (5b).
For the range of parameters given in Table I, the overall

agreement between the simulated ion loss currents and the
WDC-HEmodel given in Eq. (5a) is very good. Besides the
baseline (case 0), cases 2, 3, 5, and 6 all use the same
voltage and current, and all give good agreement with the
WDC-HE model. Case 5 is particularly notable as the
simulation geometry was modified to include sheath
propagation and ion emission down to r ¼ 2 cm. Case 6
uses a smaller AK gap, and the ion current losses are
essentially unchanged, confirming the independence from
AK gap given by the WDC-HE model. Case 7, at 2.7 MV
and 9.0 MA, uses Hþ and scales as expected (see case 3)
with ion species.
However, two cases have simulated ion loss currents that

do not agree as well with the WDC-HE model (but are still
within ∼20% of the model). Case 1, with an injected
electron sheath current of ∼1.0 MA, shows a relatively
large disagreement with the WDC-HE model. This is due,
in part, to the large sheath density driving an electric
field reversal in the AK gap in the ion emission region.
This field structure modifies the ion current density that is
lost to the cathode in a way that is not included in the
WDC-HE model.
In contrast case 4, operated at ∼0.95 MV, gives a lower

than predicted ion current loss, relative to the WDC-HE
model. Once again, a reversal in the electric field, driven by
a reversal in electron sheath current in the ion emission
region, is a condition not included in the WDC-HE model.
Overall, the cases shown in Table I exhibit relatively

large ion current losses, well over the CL limit, for a wide
range of realizable Z operating parameters. Although the
electron density distribution is not precisely the same as
utilized in Ref. [5] the enhancement factors observed in our
single ion species simulations are remarkably close to those
found in the HE case of that reference. To elucidate how
this agreement comes about, we start as in Ref. [5], with

TABLE I. Summary of the single ion species, 2D EM simulation results.

Case
Gap
(mm)

Voltage
(MV)

Current
(MA)

Injected
Current (MA)

Ion
Species

Radial
Extent (cm) Average η

Ion Loss Current
(MA)

WDC-HE
Theory
(MA)

0 5.0 3.0 20.0 0.5 Oþ 4–7 27.4 0.82 0.85
1 5.0 3.0 20.0 1.0 Oþ 4–7 69.8 2.2 1.71
2 5.0 3.0 20.0 0.25 Oþ 4–7 14.7 0.5 0.43
3 5.0 3.0 10.0 0.5 Oþ 4–7 15.5 0.5 0.43
4 5.0 0.95 19.0 0.5 Oþ 4–7 19.7 1.0 1.4
5 5.0 3.0 20.0 0.5 Oþ 2–7 34.6 1.3 1.4
6 2.5 3.0 20.0 0.5 Oþ 4–7 8.1 0.95 0.85
7 5.0 2.7 9.0 0.5 Hþ 4–7 13.9 1.4 1.6
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Poisson’s and Ampere’s equations in planar steady state,
assuming laminar E × B electron drift, and negligible
positive ion deflection:

ϕ00ðνÞ ¼ αffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ϕðνÞp − βðνÞ; ð6aÞ

γ20 ¼ b2a − b2c ¼ 2

Z
1

0

βðνÞϕ0ðνÞdν: ð6bÞ

Equations (6) are Eqs. (8), (9a), and (9b) of Ref. [5]
expressed in dimensionless variables; ϕ ¼ ϕ=V, ν ¼ z=d,
b ¼ Bd=V, and β ¼ 4πened2=V. We integrate Eq. (6a)
after multiplying left and right sides by ϕ0, and employing
(6b), obtaining:

α ¼ ½γ20ð0Þ − ϕ00ð0þÞ�=4; ð7Þ

where 9α=4 is the ratio of the enhanced ion current density
and the CL value in the absence of electron charge. By 0þ
we mean a point just above the locally emitted electron
sheath, which provides charge but carries a negligible
amount of current. Recalling from Ref. [5] that the
enhancement factor η ¼ 9α=4, we obtain;

η ¼ 9

16
ðγ20 − ½ϕ0ð0þÞ�2Þ: ð8Þ

Equation (8) is a significant result: given an electron current
determining the magnitude of the diamagnetic effect,
represented in dimensionless units by γ20, any electron
charge distribution, given in dimensionless units by βðνÞ,
satisfies Eq. (8), as long as the electron current sheath
undergoes E × B flow, determining the electron velocity
contributing to the electron current sheath.
Our present simulations demonstrate that if such electron

sheath, however it is created, is injected into an ion emitting
region and “survives” (that is, it is not entirely lost to the
electrodes), its current determines the enhancement factor.
Moreover, if that current is sufficiently high, the ion loss it
produces is very close to the HE regime [5], given that
γ20 ≥ π2 and γ20 ≫ ½ϕ0ð0þÞ�2. The first is the condition that

the “true virtual cathode” is inside the physical gap,
and the second assures that the HE result, obtained when
ϕ0ð0þÞ ¼ 0, and that of Eq. (8) are indeed close. Typically, in
all cases simulated in this work with one heavy ion species,
this is indeed the case, and we observe enhancement factors
within 10% to 20% of the HE regime for the given value of
the “surviving” electron sheath current at that given point.

V. 1D MULTIPLE ION SPECIES LOSS
CURRENT SIMULATIONS

As a simple test of theWDC-HEmodel for the case of two
ion species, a series of 1D electrostatic (ES) simulationswere
carried out using an immobile electron density profile that
enables ion currents in theHE limit. Optionally, an externally
appliedmagnetic field, transverse to the gap, is included. The
spatial resolution is Δz ¼ 12.5 μm. The simulation results
and comparisons to the WDC-HE model are summarized in
Table II. For cases shown in Table II, V ¼ 3 MV, r ¼ 5 cm,
d ¼ 2 mm, Ie ¼ 0.5 MA, and Ia ¼ 20 MA. For reference,
the CL ion current densities for Hþ and Oþ are 7.1 kA=cm2

and 1.8 kA=cm2, respectively. An immobile electron density
profile is set according to

neðzÞ ¼
�
1.310 × 1014 cm−3; 0 ≤ z ≤ a1d;

2.619 × 1014 cm−3; a1d < z ≤ d;
ð9Þ

where a1 ¼ 0.11635, z is the position across the gapwith the
cathode at z ¼ 0, and the anode at z ¼ d. These values are
obtained for the WDC-HE limit by noting that β2 ¼ γ20=4
with β2 ¼ 4πene2d2=V (see Sec. IIB of Ref. [5] for more
details.) Ions are emitted from the anode using the
CHICAGO CL emission algorithm [14], modified to ran-
domly emit one or two ion species with a prescribed
probability. After the simulation has reached an equilibrium,
the ion current densities lost to the anode are obtained and
listed in Table II in the columns labeled jO and jH
representing the oxygen and hydrogen ion current densities,
respectively. The sum of these two ion current densities is
listed as the total ion current density lost to the cathode, jtot.

TABLE II. Summary of the single and double ion species, 1D ES simulation results and comparisons with the
WDC-HE model. For all cases, V ¼ 3 MV, r ¼ 5 cm, d ¼ 2 mm, Ie ¼ 0.5 MA, and Ia ¼ 20 MA.

B (MG) Oþ fraction Hþ fraction
ffiffiffiffiffiffiffiffi
1=μ

p
jO (kA=cm2) jH (kA=cm2) jtot (kA=cm2) WDC-HE NMI (kA=cm2)

0 0 1.0 1.0 0.0 50.3 50.3 50.8
0.8 0 1.0 1.0 0.0 48.3 48.3 50.8
0 1.0 0.0 0.25 12.6 0.0 12.6 12.7
0.8 1.0 0.0 0.25 12.6 0.0 12.6 12.7
0 1=3 2=3 0.75 4.1 33.6 37.7 38.1
0.8 1=3 2=3 0.75 4.1 32.5 36.6 38.1
0 1=2 1=2 0.625 6.2 25.4 31.6 31.8
0.8 1=2 1=2 0.625 6.2 23.3 29.5 31.8

D. V. ROSE et al. PHYS. REV. ACCEL. BEAMS 23, 080401 (2020)

080401-6



For the cases with two ion species shown in Table II, the
summation rule from Eq. (12) is used. The values of

ffiffiffiffiffiffiffiffi
1=μ

p
are listed in Table II. The total ion current density lost to the
anode in the HE limit at a radius r can be written as

jloss

�
A
cm2

�
≃
2.2 × 10−4ffiffiffi

μ
p

�
Ie0Ia
r2

ffiffiffiffi
V

p
�
: ð10Þ

For each case listed in Table II, the result of Eq. (10) is
listed in the column labeled WDC-HE NMI, since Eq. (10)
does not include the effects of the applied magnetic field
present in some of the simulations. For most all of the
B ¼ 0 cases, the simulation results are in very good
agreement with jloss. The inclusion of the magnetic field
reduces the jH somewhat (for cases that include Hþ ion
emission), but overall the high current losses obtained in
the HE limit are retained throughout.

VI. TWO ION SPECIES CASE STUDY

Initial 2D EM CHICAGO simulations showed that the
partial insulation of Hþ ions tended to reduce the Oþ ion
current losses. The complexity of the electron sheath
dynamics in the ion emission region made analysis of
the ion losses difficult to understand. To address this, two
2D EM simulations were set up that used an immobile
electron sheath with a prescribed two-level (in z) density

profile that varied in r to remove the complication of the
electron sheath dynamics from the problem. These simu-
lations were run to quasiequilibrium with V ¼ 3 MV,
Ia ¼ 20 MA, and Ie ¼ 5 × 105r ðcmÞ=7 A. The ions were
emitted with the ratio Hþ=Oþ of 0.666=0.333. The AK
gaps were set to d ¼ 5 mm and 2.5 mm. The (immobile)
electron sheath number density was set with the following
functional form

neðr; zÞ ¼
�
b1=r; for 2 ≤ r ≤ 7; gðrÞ < z ≤ 1;

b2=r; for 2 ≤ r ≤ 7; 0 ≤ z ≤ gðrÞ; ð11Þ

for gðrÞ ¼ dð1 − a2
ffiffiffi
r

p Þ, with d and r in cm and
b1 ¼ 9.475 × 1014, b2 ¼ 4.737 × 1014, and a2 ¼ 0.09293.
This electron density corresponds to the WDC-HE limit of
Ref. [5] and assumes the linear radial dependence of the
electron sheath current given by Eq. (5b).
The ion number density for Hþ and Oþ are shown in the

upper frames of Fig. 7 for the 3-mm gap case to illustrate
the NMI and MI regions along the radial MITL. We define
the radial position along the transmission line where the Hþ
Larmor radius, λL is equal to the AK gap d to be rL. For
radii greater than rL ≃ 4.7 cm, where the Hþ Larmor radius
λL ≳ d, the Hþ and Oþ ions are NMI. For radii less than rL,
where λL ≲ d, the Hþ ions transition from NMI to PMI to
fully MI with decreasing radius, resulting in the formation

(a)

(b)

(c)

FIG. 7. Snap shots of (a) the Hþ number density, (b) the Oþ number density, and (c) the electric field magnitude for the immobile
electron, two-ion-species case with a 3-mm AK gap.
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of an Hþ ion sheath that turns off or screens the SCL
emission of Oþ ions for radii less than ∼3.8 cm. The strong
reduction in the electric field magnitude along the anode
can be seen in frame (c) for radii less than ∼3.8 cm. This
case is listed as PMI in Table III because a portion of the ion
emission region is in the NMI limit and a portion is in the
NMI limit, i.e., λL > d.
Table III summarizes the results of these simulations.

After a brief description of the simulation case and the
physical AK gap used, the third column gives the radius at
which λL for Hþ equals the AK gap. The Hþ fraction is
given in the fourth column and the fifth column gives the
value of

ffiffiffiffiffiffiffiffiffi
1=Λ

p ≡ ffiffiffiffiffiffiffiffi
Z=μ

p
from the summation rule,

1ffiffiffiffi
Λ

p ¼ k1ffiffiffiffiffiffi
Λ1

p þ k2ffiffiffiffiffiffi
Λ2

p ; ð12Þ

where ki is the concentration percentage of the ith ion
species of charge state Zi, Λi ¼ μi=Zi, μi ¼ mi=mp is the
ion mass relative to the mass of the proton, and Λ is the
equivalent ion reduced mass/charge ratio of ion mix
considered. Equation (12) is a generalized form of the
mass summation rule of Ref. [16] for arbitrary mix of
positive ion species, see Appendix C. The next three
columns give the ion current lost to the cathode for the
individual ion species and the sum of these two values. The
final column gives the NMI ion current lost to the anode
from the WDC-HE model starting from Eq. (5) described
below starting with Eq. (13).
The final column in Table III provides the approximation

given by Eq. (13), where we replace r1 by rL with
the stipulation that if rL ≥ r2 the loss current vanishes.
That is,

Iloss½MA� ≃
�
≃1.38 × 10−3ð0.75ÞðIer2Ia=

ffiffiffiffi
V

p Þðr2 − rLÞ=r2; for r2 > rL;

0; for r2 ≤ rL:
ð13Þ

We have also set
ffiffiffiffiffiffiffiffi
Z=μ

p ¼ 0.75 which corresponds
to Eq. (12) for k1 ¼ 2=3, k2 ¼ 1=3, μ1 ¼ 1, and
μ2 ¼ 16; that is two hydrogen ions for each oxygen ion.
Clearly the approximation for the WDC-HE case for the
given ion mixture if the gap is less than the value of the
hydrogen Larmor radius at that time and location, and zero
otherwise.
We remark that the simple approximation of Eq. (13)

agrees with the simulation results presented in Table III to
within about 30%. This is noteworthy because the
approximation is based upon the 1D planar WDC HE
regime, complemented by the simulation findings on the
radial dependence of the injected electron sheath current
and assumed radial cut-off value using the definition
of the Hþ Larmor radius in vacuum, starting at rest at
the anode.

VII. SUMMARY AND DISCUSSION

Numerical simulations of the WDC-HE limit of Ref. [5]
have been carried out to verify the model for a single, NMI
ion species. The simulations have been executed in 1D ES
to test the theoretical model in a direct manner and 2D EM
to test the applicability of the model in a more realistic
manner where electron sheath dynamics drive fluctuations
in the EM fields and ion current densities. Despite the
complexities of the sheath dynamics obtained in the 2D
simulations, the overall agreement with the predictions of
the theoretical model of Ref. [5] in the high enhancement
regime are very compelling.
The most striking result of our present research is the

finding that the presence of more than one ion species
emitted from the anode plasma is paramount in ascertaining

TABLE III. Summary of the two ion species, 2D EM simulation results. All cases use an Hþ fraction of 2=3, giving
ffiffiffiffiffiffiffiffiffi
1=Λ

p ¼ 0.75,
and an ion emission region extending between r ¼ 3 cm and 7 cm.

Description
Gap
(mm)

Isheath at
r ¼ 5 cm
(kA)

Radius
rL for d ¼ λL
for Hþ (cm) IO (MA) IH (MA) Itot (MA)

WDC-HE NMI
Theory (MA)

Immobile electrons 3.07 MV,
20.5 MA, MI

5 … 8.1 0.06 0.15 0.21 0

Immobile electrons 2.89 MV,
19.3 MA, PMI

3 … 4.7 0.17 1.15 1.32 1.85

Immobile electrons 2.83 MV, 18.9 MA, NMI 2 … 3.1 0.23 1.79 2.02 3.16
Dynamic electrons 3.03 MV, 20.2 MA, MI 5 340 8.0 0.12 0.31 0.43 0
Dynamic electrons 3.03 MV, 20.2 MA, PMI 3 360 4.8 0.26 1.72 1.92 1.87
Dynamic electrons 2.47 MV, 19.8 MA, NMI 2 360 3.2 0.47 3.57 4.04 3.23
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the importance of ion current losses in the convolute and
inner MITL of Z, and similar pulsed power machines. In
particular, the most important effect is the influence of
lighter ion species. By lighter we mean ion species that
could be potentially, at given radial positions and times in
the pulse, be magnetically insulated. This is indeed the case
for Hþ, but it could also be the case, for instance, of Cþ4.
What our present analysis and simulation results imply is
that, if the lighter ions are a significant fraction of the anode
plasma composition and are magnetically insulated over the
whole region of interest, then the ion losses become
relatively small. On the other hand, if the cathode and
anode plasmas expand such as to reduce the effective AK
gap to be smaller than the lighter species Larmor radius,
then the ion current losses can be sizable. In that situation,
they do not provide shielding and dominate the ion current
loss. This can be understood from the generalized summa-
tion rule given by Eq. (12) and derived in Appendix C; if
Hþ is present and not MI, the effective loss is a significant
fraction of what it would be if only Hþ is present and NMI.
For instance, for the Hþ 2=3, Oþ 1=3 case, that fraction is
0.75. These results, both the main finding of the role of
lighter ions in the presence of more than one ion species,
and the generalized summation rule derived in Appendix C,
are to our knowledge, a new addition to the understanding
of current losses on Z and similar pulsed power machines.
The simulations presented here explicitly exhibit the

dependence of ion current losses with respect to voltage,
current, and AK gap as a function of time and location in
the inner MITL. We do expect the presence of multiple ion
species in the anode plasma, making the most relevant
results those corresponding to Sec. VI. These dependencies
are clearly expressed in Eqs. (10) and (12) if no species is
MI (or if there is a single ion species that is NMI). If there is
an ion species which, at a given time and position,
magnetically insulated the ion current losses, at that time
and position, are for all practical purposes negligible.
Therefore, in order to complete the quantitative description
of ion current losses in the inner MITL, corresponding to
the physics employed in performing the present simula-
tions, we need to know if the lightest ion species Larmor
radius is larger or smaller than the effective AK gap, at a
given time and position. In turn this implies the need to
know electrode plasma expansion rates. We also need to
know the magnitude of the electron current sheath. In this
respect our simulations indicate that for a constant gap
radial MITL, the electron sheath current decreases propor-
tional to radius, thus providing a reasonable conjecture for
the electron sheath survival rate in the inner MITL. Finally,
we need to know what is, as a function of time, the electron
sheath current magnitude and density profile entering the
inner MITL from the convolute. We do have factor of two
or better estimates of the sheath currents in the four outer
MITLs just upstream of the convolute as a function of
voltage, current, and effective gap. These estimates need to
be refined by simulations and experimental measurements.

Assuming that in an actual experiment the losses
approximately follow the scaling we find in steady state,
that dependence could be used in future simulations, and
more importantly in dedicated Z experiments designed to
ascertain inner MITL current losses and the main loss
mechanism. In summarizing these findings, we remark
again that we are still left with determining, either through
experimental measurement or numerical simulations, elec-
trode plasma expansion rates, current losses at the con-
volute prior to the electron sheath entering the inner MITL,
and with good accuracy the electron sheath currents
entering the convolute from the four outer MITLs. In
time-dependent simulations presently underway, we will
attempt to elucidate, based on simulations of actual Z
experiments, those quantities treated as parameters.
However, going beyond fitting will require careful simu-
lations revisiting those processes as well as new measure-
ments on Z.
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APPENDIX A: ELECTRON SHEATH
SIMULATION

To illustrate the injected electron sheath properties and
dynamics in the 2D EM simulations, a separate case was
run without ion emission. The only source of charge
particles in this case is the injected electron sheath. As
discussed in Sec. III, the electron sheath is injected at r ¼
11 cm between z ¼ 3.5 and 4.5 mm with a uniform density
profile. The voltage and current of system is established in
∼10 ns, and then the electron sheath is injected with a
linearly rising ramp to the current density over 5 ns, then is
held constant at 150 kA=cm2. The electrons are given a
drift momentum in the -r direction of 0.1βγ and a
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temperature, Te, of 1 MeV. This distribution provides a
crude but reasonable approximation to the electron dis-
tribution function in the inner MITL as obtained in 3D
convolute simulations [2,17] driving a MagLIF load at
∼20 MA load current and ∼2 MV. A smaller temperature
for the injected electron sheath results in a somewhat larger
sheath current that propagates forward, and vise versa. The
azimuthal component of the electron velocity arises mainly
from electron orbits that move radially inward and go
around the anode posts before entering the inner MITL.
Figure 8 plots the electron sheath number density

between 39.0 ns and 39.5 ns in 0.1 ns intervals. The
sheath, injected with a uniform current and number density,
rapidly develops vortex structures that propagate forward at
an increasing velocity. Vortex formation is likely due to the
stability of the injected electron stream (see, for example,
Ref. [18]). Not all vortices are the same size or density, and
therefore propagate at slightly different speeds. This allows
vortices to overtake each other, and dissipate or even
combine to form larger structures. Note that without the
presence of the ions that are emitted for radii less than 7 cm,
the sheath does not fill the AK gap in the manner shown in
Fig. 3. Although the sheath is broader, it remains much
closer to the anode as expected from Ref. [5]. Further work
is required to completely understand the dynamics of these
vortices, the interaction with the ion region as shown in
Fig. 3, and to understand the sheath properties emerging
from the convolute in the coupled MITL-convolute system
on Z [1,2,17,19].

APPENDIX B: SPATIAL RESOLUTION AND
MACROPARTICLE NUMBERS

Numerical parameters for the baseline case described in
Sec. III were varied to test for convergence of the time and
spatial averaged ion loss current density ji used as a key
metric throughout this work. The spatial resolution was
changed from the baseline case value of ðδr; δzÞ ¼
ð50; 12.5Þ (in μm) to (50, 50) and (100, 100). In addition,

the number of electron macroparticles injected at r ¼
11 cm boundary were also varied for each of the spatial
resolutions. The values of ji at r ¼ 5 cm (temporally and
spatially averaged as described in Sec. III) are shown in
Fig. 9. Plotted as a function of the average number of
injected electron macroparticles in the simulation, ji is
relatively constant for electron macroparticle numbers
≳106 independent of spatial resolution.
We note that the (100 μm, 100 μm) resolution was

selected for testing since 3D convolute simulations [2],
which included a simple inner MITL section similar to
the model used here, used approximately this spatial
resolution.

APPENDIX C: MULTIPLE ION SPECIES CL
CURRENT DENSITY

The multiple ion species current density formula pre-
sented in Ref. [16] is derived for single ion charge states
only. Here we expand that derivation to include ion charges
other than unity. We define N to be the number of ion
species in the anode plasma with normalized mass μi,
charge state Zi, Λ≡ μi=Zi, the fraction of the ith species is
ki, with ni ¼ kin and

P
N
i¼1 ki ¼ 1, where we denote by n

and ni the total and partial ion densities, respectively. We
also define jHþ as the proton CL current density for a gap d
of potential V. Similarly, we define j and ji as the total and
partial current density, respectively. We then have the
following summations;

j ¼
XN
i¼1

ji; ðC1Þ

and

FIG. 8. Electron number density plotted at 39.0 ns (top) to
39.5 ns (bottom) in 0.1 ns intervals. The electron sheath is
injected from the r ¼ 11 cm boundary. This case does not
include emission of ions from the anode.

FIG. 9. Temporally and spatially averaged ion loss current
density as a function of injected electron macroparticle number
for different spatial resolutions. All results are for the baseline
simulation case described in Sec. III.
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jHþ ¼
XN
i¼1

Λiji: ðC2Þ

This last expression is derived exactly as the equivalent of
Eq. (12) of Ref. [16]. The ratio of any two of the ion species
current densities is

jα
jβ

¼ Zαnα
Zβnβ

ffiffiffiffiffiffi
Λβ

Λα

s
; ðC3Þ

and this expression is consistent with Eq. (15) of Ref. [16].
Charge and particle conservation in steady state yields

Zαnα
Zβnβ

¼ kα
kβ

: ðC4Þ

By straightforward algebraic substitutions in Eqs. (C1)–
(C4) we obtain the summation rule given by Eq. (12) in
Sec. VI. The total ion current density is then given by

j ¼ jHþffiffiffiffi
Λ

p : ðC5Þ

Equation (C5) using the summation rule Eq. (12) is
compared to 1D ES CHICAGO simulations in Fig. 10 for
mixtures of Hþ1 and Oþ4. For these test cases, V ¼ 3 MV
and d ¼ 2 mm as used in Table for the WDC-HE 1D ES
cases, except that for Fig. 10 these is no electron space
charge in these calculations. For all ion species ratios, the
simulations are in excellent agreement with the CL multi-
ple-ion current density given by Eq. (C5). Good agreement
is also obtained between the WDC-HE model using the
summation rule, and the 1D ES simulation results listed in
Table II for the cases with B ¼ 0. Although not shown here,
we have also compared three ion species simulations to
Eq. (C5) and found excellent agreement in all cases.

APPENDIX D: COMPARISON OF REFS. [5] AND
[10] ENHANCEMENT FACTOR FORMULATION

Equations (8) and (C11) of Ref. [10] express the inner
MITL ion loss enhancement factor as

η½10� ¼
3

4
kviQe

d
ϵ0VA

ðD1Þ

in MKS units. In Eq. (D1), the accumulated electron charge
Qe is defined as

Qe ¼
As

AT
fen;im

Z
t

0

Ifdt;

where As and AT are the considered transmission line
segment and total inner MITL area, respectively, fen;im is
the fraction of the inner MITL surviving sheath current
from the outer MITLs, V is the instantaneous voltage, and d
is the AK gap of that segment. The kvi a numerical factor
taken as a best fit to be 1.3. Thus,

η½10� ≃Qe
d

ϵ0VA
: ðD2Þ

On the other hand, the enhancement factor for the HE
regime is given in Eq. (14b) in Ref. [5] as

η½5� ¼
9

16
γ20: ðD3Þ

Using the nomenclature and definitions in Ref. [5], we
obtain (in MKS units),

η½5� ¼
9

8
QeHE

d
ϵ0VAs

; ðD4Þ

where

QeHE

As
¼ γ0ðγ0 þ πÞVϵ0

4d
; γ0 ≥ π; ðD5Þ

is the electron space charge in a segment of area As ¼
2πrΔr (see HE case Eq. (14) of Ref. [5]), and where (in
CGS units and currents in A),

γ20 ≃
2IaIed2

25r2V2
;

is a dimensionless variable expressing the diamagnetic
effect of the electron space charge.
Although, formally, Eqs. (D3) and (D5) exhibit the same

functional dependence, differing only by a factor 9=8 in
Eq. (D5), the manner in which the electron charge depends
on the physical variables is indeed distinct. That is in
Ref. [10], the ion current enhancement is obtained from
the time integral of the fraction of electron space charge,

FIG. 10. Multiple ion species current density for Hþ1 and Oþ4

ions at V ¼ 3 MV and d ¼ 2 mm. The solid black line is from
Eq. (C5) and the blue points are from 1D ES PIC simulations.

NUMERICAL SIMULATIONS OF ENHANCED … PHYS. REV. ACCEL. BEAMS 23, 080401 (2020)

080401-11



dynamically calculated from the sheath current entering
from the outer MITLs and convolute, and employing
parameters fitted by comparing the code results with
numerous Z experiments. In Ref. [5] by contrast, that
charge is obtained from solving Poisson’s and Ampere’s
laws in 1D planar steady state as a function of γ0 [Eq. (D5)].
Therefore the electron charge, and thus the enhancement
factor depends explicitly on the anode and electron sheath
currents, as well as the voltage and AK gap; variables that
can be interpreted in a “snapshot” time dependent manner.
Direct numerical comparison would be needed to ascertain
the magnitude of the differences in the enhancement factors
for various Z operating parameters.
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