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As hadron accelerators achieve increasing beam power, damage to targets is becoming increasingly
severe. To mitigate this damage, nonlinear beam optics based on octupole magnets is attractive. Nonlinear
optics can decrease the beam-focusing hazard due to failure of the rastering magnet. As a side effect of
nonlinear optics, the beam size at the tail is known to expand drastically compared with linear optics, owing
to defocusing in the nonlinear case; this may cause severe beam loss downstream of the octupole magnets.
Beam shape and beam loss as a side effect of nonlinear optics have thus far been studied via a simplified
filament model that ignores beam-divergence spread at the octupole magnet, so that the problem may be
treated by a simplified transfer matrix. Several beam-tracking studies have been performed for the specified
case given by the specified emittance and Twiss parameters, whereas a simplified model is required for
application to the pragmatic beam tuning. In this study, a new generalized model is proposed for application
to an octupole magnet, regardless of the filament-model approximation. It is found that the transverse
distribution obtained by beam tracking can be specified by the introduction of only two parameters, namely
the normalized octupole strength ofK�

8 and the cotϕ of the phase advance from the octupole to the arbitrary
position. With the new generalized model, the distribution with allowable beam loss is studied in detail. The
best uniform shape is found for specific parameters of K�

8 and cotϕ that cannot be deduced from the
filament model. However, to achieve the flat distribution, a considerable K�

8 is required, incurring a large
beam loss at the position having cotϕ ∼ −0.5 downstream of the octupole. To achieve the two antagonistic
requirements of reduction of the beam-peak density and minimization of the beam loss, the transverse
distribution is surveyed for a large range of beam position. It is found that a bell-shaped distribution with
K�

8 ∼ 1 and cotϕ ∼ 3 can satisfy requirements. This result is applied to beam transport in the spallation
neutron source at J-PARC. The beam profile calculated using nonlinear optics is compared with the
experimental result. It is proven that the transverse beam distribution with nonlinear optics and an octupole
magnet can be simplified by the present generalized model, which can be applied to other facilities using
octupole magnets. The calculation result shows good agreement with the experimental data, and the peak
current density is reduced by 50% compared with the linear-optics case with allowable beamwidth and
beam loss.
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I. INTRODUCTION

With recent progress in the accelerator field, high-
intensity accelerators are now being planned for several
applications. The advanced use is as an accelerator-driven
system (ADS) to mitigate the hazard of long-lived actinides

such as 237Np and 241Am produced in a nuclear reactor. An
ADS consists of a subcritical core of the nuclear reactor and
spallation neutron source driven by the high-intensity accel-
erator. The Japan Atomic Energy Agency (JAEA) [1] and
multipurpose hybrid research reactor for high-tech applica-
tions (MYRRHA) [2] proposed by the Belgian nuclear
research center (SCK · CEN) have a plan to develop an
ADS using high-intensity proton accelerators with beam
powers of 30 and 2.4 MW, respectively. In the practical
aspect of the ADS, damage to the beamwindow is one of the
critical issues.
Damage to the beam window is a major practical concern

for an ADS. To mitigate such damage, it is necessary to
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decrease the peak current density at the window. Beam
scanning or rastering is commonly used to decrease the
time-averaged peak current density at many facilities for
beam dumping and medical applications, while conserving
the integrated beam current. To obtain a flat beam profile,
beam rastering with pulse-kicker magnets to create a flat
time-averaged profile is generally employed [3–5].
Typically, except for liquid-metal targets with short pulses,
the damage to the target material is determined by the
target-material displacement per atom, which is propor-
tional to the peak density.
To develop beam-interception materials such as windows

and targets utilized in high-intensity proton accelerators,
the radiation damage in accelerator target environments
(RaDIATE) [6] collaboration was established. This col-
laboration examined many materials for beam interception
under irradiation by the 180-MeV proton beam at the
Brookhaven Linac Isotope Producer (BLIP) in Brookhaven
National Laboratory (BNL). At BLIP, a round-shaped
rastering was employed to give uniform damage to the
samples. It was reported that the sample was entirely
collapsed [6]. One reason for this is thought to be a failure
of the rastering system.
A beam-rastering system is also planned for application

at the European Spallation Neutron Source (ESS) [7], a new
facility under construction with a 5-MW proton accelerator.
As a countermeasure against the failure of rastering at ESS,
a fast failure-detection system will be installed to stop the
beam immediately. Due to high-level safety requirements
for the ADS, countermeasures against rastering failure are
even more important than at ESS, such that JAEA’s ADS
plan [1] does not consider rastering. To mitigate damage to
the beam window, manipulation using nonlinear beam
optics based on dc multipole magnets is preferable.

A. Demands of nonlinear beam shaping for short pulse
in high-intensity accelerator facilities

The Japan Proton Accelerator Research Complex
(J-PARC) [8] now houses a MW-class pulsed neutron
source in the Materials and Life Science Experimental
Facility (MLF) within the Japan Spallation Neutron Source
(JSNS) [9] and the Muon Science Facility [10]. Since 2008,
this source has produced a high-power proton beam of
500 kW. To produce neutrons, a 3-GeV proton beam
collides with a mercury target; and to produce muons,
the beam collides with a 2-cm-thick carbon graphite target.
To use the proton beam for efficient particle production,
both targets are aligned in a cascade scheme, with the
graphite target placed 33 m upstream of the neutron target.
Between the two targets, 8% beam loss is expected due to
scattering at the carbon target. This amount of beam loss for
1-MW operation at JSNS has a beam power equivalent to
half of the ISIS Neutron and Muon Source at the
Rutherford Appleton Laboratory, which was the highest-
intensity pulse neutron source before JSNS and the

Spallation Neutron Source (SNS) at Oak Ridge National
Laboratory (ORNL) [11] were established. Therefore, all
components between two targets such as magnets can be
exchanged by remote handling. For both sources, the
3-GeV proton beam with a repetition rate of 25 Hz is
delivered from a rapid cycling synchrotron (RCS) to the
targets by the 3-GeV RCS to Neutron facility Beam
Transport (3NBT) [12–14]. Before injection into the
RCS, the proton beam is accelerated up to 0.4 GeV by a
linac. The beam is then accumulated in two short bunches
and accelerated up to 3 GeV in the RCS. The extracted
3-GeV proton beam, with a bunch width of 150 ns at full
width at half maximum double bunched with a spacing of
600 ns, is transferred to the muon-production target and
the SNS.
Rastering can decrease only the first order of density

dependence. In the case of a short-duration beam impinging
on a liquid-metal target, scanning or rastering the beam
with a deflecting magnetic field will not mitigate the pitting
damage caused by the beam because this damage is
proportional to the fourth power of the peak density. It
is well known that the morphology of pitting-cavitation
damage can be classified into roughly two stages: an
incubation period and a steady-state period. The former
is the early stage of cavitation damage, where plastic
deformation of the surface is dominant without noticeable
mass loss. The latter is the erosion stage, with significant
mass loss occurring within a short period. It is reported that
the incubation period is well described as the inverse time
of the fourth power of the peak current density [15,16].
After incubation, serious damage is inflicted in the steady-
state period. The incubation time is more important than the
period afterwards. However, once the threshold is
exceeded, erosion is expected to follow power-law depend-
ence. Therefore, cavitation erosion of the target-vessel
material is a significant concern in high-power operation
of the JSNS and SNS facilities, and is predicted to be the
life-limiting factor of the mercury target vessel.
Recently, pitting erosion became evident in the mercury

target container [17–19], and the extent of the damage was
proportional to the fourth power of the peak current density
of the proton beam [20]. After operating the beam at high
power, significant pitting erosion of the mercury target
caused by pressure waves was observed in a spent target
vessel at JSNS and at the SNS in the ORNL [11,15]. Using
linear optics (i.e., quadrupole magnets) for beam transport,
the peak current density can be reduced by expanding the
beam at the target. However, beam expansion increases heat
near the target, where the shielding, neutron reflector, and
moderator are located. Therefore, the peak current density
is limited by the heat induced near the target, the allowable
limit of which is possibly lower than 1 W/cc. At the
JSNS, the minimum peak current density is expected to be
9 μA=cm2, resulting in a thermal-energy density of
14 J=cc=pulse at the target [12,21]. Thus far, mercury at
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the SNS has leaked octave from the target vessel, owing to
pitting erosion under beam powers of 1 and 1.4 MW. To
mitigate this erosion, small-helium-bubble-injection sys-
tem was implemented at JSNS. The tiny helium bubbles
capture the negative pressure produced in the mercury,
which may cause pitting erosion of the vessel [16,22].
Although the vibration of the target vessel decreased,
mitigation of the pitting damage is quantitatively unclear.
Owing to the low repetition rate of 25 Hz at JSNS, which is
60 Hz in the case of SNS, the beam power of one shot and
the peak heat density in mercury at the JSNS for a 1-MW
beam is about twice as high as that in the present 1.4-MW
SNS beam. Therefore, to mitigate the pitting erosion, a
beam-flattening system for peak-density reduction is
urgently required at JSNS.
Since damage is proportional to the fourth power of peak

density before rastering, it remains proportional to the third
power of peak current density using the rastering, which is
insufficient to mitigate the pitting erosion. It should be
noted that in the case of JSNS, the pulse length is shorter
than 1 μs, so by rastering, a flat shape for each beam pulse
is impossible to achieve because the pulse-kicker magnet
does not have the required fast response time. Therefore,
beam rastering cannot sufficiently mitigate pitting damage
to the mercury target vessel. A beam-flattening system for
each pulse is required for the mercury-target system,
especially at JSNS. Accordingly, to reduce the peak current
density, a beam-flattening system based on nonlinear beam
optics with octupole magnets has been developed at JSNS.

B. Previous studies of nonlinear optics
for transverse beam manipulation

In Ref. [23], transverse beam uniformization by the
nonlinear-focusing method is studied theoretically. The
developed formulas predict both the strength of the differ-
ent nonlinear magnetic fields required for beam uniform-
ization and the resultant width of the uniform region. The
idea of beam uniformization was proposed by Meads Jr. in
1983 [24]. Kashy and Sherrill numerically demonstrated
the formation of a uniform distribution using an octupole
field considering the specific parameters of the beam line
[25]. They verified that odd-order multipole fields such as
octupole and dodecapole fields are needed for uniformiza-
tion of a beam with a Gaussian profile [26]. Extensive
practical studies were carried out in the 1990s. Blind
numerically studied a method for size tuning and the effect
of beam jitter in the case of a large-area target [27]. Batygin
analytically calculated the nonlinear force required to
produce a uniform beam in a simple beam line composed
of a multipole lens and a drift space [28]. Méot and Aniel
derived the octupole- and dodecapole-field strengths con-
sidering realistic beam optics [29,30]. Starting in the 1990s,
experimental approaches were introduced as well. The first
uniform-beam-formation experiment using octupole mag-
nets was performed successfully at BNL [31,32]. In recent

years, beam uniformization by means of this nonlinear
focusing method has received considerable attention as an
alternative uniform-irradiation method [33–41]. All pre-
vious results are focused on uniformity, but beam loss due
to nonlinear optics has rarely been studied. To apply high-
intensity accelerators, it is essential to study both flatness
and beam loss without the filament model.
In this paper, a detailed study based on the filament-

approximation model of nonlinear beam optics for a flat-
tening beam system is described in Sec. II. In Sec. III, a new
general model of nonlinear optics that can be applied in all
cases without the filament approximation is proposed. The
application of this system to JSNSand a comparison between
the results of particle-tracking simulations and experiments
are discussed in Sec. IV.

II. THEORETICAL FORMULATION OF
NONLINEAR BEAM OPTICS BY

THE FILAMENT MODEL

A. Fundamental equation

Beam-flattening systems with nonlinear optics have been
studied via many approaches. Here, we describe a system
with nonlinear beam optics and multipole magnets, as
shown in Fig. 1. Linear elements such as quadrupole
magnets are placed in the path of the nonlinear magnet
and target, for example, at s1 and st in Fig. 1. If the
nonlinear magnet for beam-profile transformation can
generate an ideal nonlinear field that can be expanded into
a power series of horizontal and vertical coordinates, x and
y, we have the following coupled nonlinear transverse
equations of motion [42]:

x00 þK4ðsÞxþ
X∞
n¼3

K2n

ðn− 1Þ!ℜ½ðxþ iyÞn−1� þ � � � ¼ 0;

y00 −K4ðsÞxþ
X∞
n¼3

K2n

ðn− 1Þ!ℜ½iðxþ iyÞn−1� þ � � � ¼ 0; ð1Þ

FIG. 1. Definition of beam transport parameters used in this
study.
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where K4 is the quadrupole strength and K2n is the strength of the 2n-pole nonlinear component of the multipole magnet.
The prime indicates differentiation with respect to path lengths. It is difficult to solve such a coupled equation of motion
analytically. We thus expand the higher-order terms in Eq. (1) and obtain the following equations:

x00 þ K4ðsÞxþ
K6

2
x2
�
1 −

�
y
x

�
2
�
þ K8

3!
x3
�
1 − 3

�
y
x

�
2
�
þ � � � ¼ 0;

y00 − K4ðsÞyþ K6xyþ
K8

3!
y3
�
1 − 3

�
x
y

�
2
�
þ � � � ¼ 0: ð2Þ

To realize such a situation, we actually set the nonlinear magnet at the position where the beam size in one direction is
sufficiently larger than that in the other, as demonstrated in Sec. IV. Therefore, one can focus only on one component of
motion in the following. We focus on horizontal motion hereafter for the sake of simplicity. Using an octupole magnet, the
beam at the target can be described as follows:

�
xt
pxt

�
¼

0
B@

ffiffiffiffi
βt
β1

q
ðcosϕþ α1 sinϕÞ

ffiffiffiffiffiffiffiffiffi
βtβ1

p
sinϕ

ðα1−αtÞ cosϕ−ð1þαtα1Þ sinϕffiffiffiffiffiffi
βtβ1

p
ffiffiffiffi
β1
βt

q
ðcosϕ − αt sinϕÞ

1
CA
0
B@ x1

px1 − K8x31
h
1 − 3

�
y1
x1

�
2
i
=6

1
CA; ð3Þ

where x and px stand for the beam position and divergence at the target, respectively, with Twiss parameters (α and β), and
the phase advance (ϕ) shown in Fig. 1. K8 is the integrated strength of the octupole magnet, where the magnet is assumed to
be a thin lens for simplicity. Note that, for instance, in the horizontal expression of Eq. (3), vertical motion is approximately
decoupled from horizontal motion for jy=xj ≪ 1, particularly, in the region where the vertical amplitude is negligible
compared to the horizontal one.
The beam position xt at the target can be expressed as

xt ¼
ffiffiffiffiffi
βt
β1

s
ðcosϕþ α1 sinϕÞx1 þ

ffiffiffiffiffiffiffiffiffi
βtβ1

p
sinϕpx1 −

ffiffiffiffiffiffiffiffiffi
βtβ1

p
sinϕK8x31

�
1 − 3

�
y1
x1

�
2
�
=6; ð4Þ

for the jy1=x1j ≪ 1 case, the above equation turns to be

xt ¼
ffiffiffiffiffi
βt
β1

s
ðcosϕþ α1 sinϕÞx1 þ

ffiffiffiffiffiffiffiffiffi
βtβ1

p
sinϕpx1 −

ffiffiffiffiffiffiffiffiffi
βtβ1

p
sinϕK8x31=6: ð5Þ

B. Filament-approximation model

Normally, the beam is extended at the octupole magnet,
and the divergence of the beam distribution is well
described as px1 ¼ −α1=β1 · x1, where α1 and β1 are the
Twiss parameters of the octupole magnet. By this simpli-
fication, which is called the filament-approximation model
in the present study, although the beam divergence is
ignored, the beam distribution can be simplified using a
filament with Gaussian amplitude at the octupole. As
shown in the Appendix A, using the filament model, the
target distribution can be described by the simplified third-
order equation given below:

xt ¼ λ1x1 þ λ3x31; ð6Þ

where λ1 and λ3 are

λ1 ¼
ffiffiffiffiffiffiffiffiffiffiffi
βt=β1

p
cosϕ; λ3 ¼ −K8

ffiffiffiffiffiffiffiffiffi
βtβ1

p
sinϕ=6: ð7Þ

Since Eq. (6) is of the third order, it may have three distinct
real roots if the discriminant formula is positive. If the
discriminant formula is negative, Eq. (6) has a single real
root. Moreover, Eq. (6) has multiple roots at xts, which can
be obtained from the discriminant formula in Eq. (6),

xts ¼ �2=3λ1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−λ1=3λ3

p
: ð8Þ

Given the differential of Eq. (6) with x1 as zero (i.e.,
dxt=dx1 ¼ 0), the beam position at the octupole magnet
(x1s) that yields multiple root points can be solved as
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x1s ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−λ1=3λ3

p
; ð9Þ

if λ1=3λ3 is negative, singular points exist.
From the beam distribution at the octupole magnet,

defined as fðx1), the beam distribution at the target, defined
as gðxtÞ, can be obtained by the conservation of integration
particles of Eq. (6) as follows:

gðxtÞ ¼ fðx1Þdx1=dxt ¼ fðx1Þ=jλ1 þ 3λ3x21j: ð10Þ

When jxtj < jxtsj, x1 for each xt has double real roots; then
Eq. (10) is described by the integration of each root. It
should be noted that Eq. (10) yields infinite amplitude for
singular points because the denominators are zero, as will
be discussed in Appendix B.

C. Octupole magnetic field

As shown in Appendix C, a small value of the integrated
octupole magnetic field of K8 should be chosen to suppress
beam loss. Substituting Eq. (7) into Eq. (8), we can find K8

to obtain a flat shape as follows:

K8 ¼ 8βtcos3ϕ=9x2tsβ21 sinϕ: ð11Þ

By choosing a certain xts to fit the target size, K8 is
determined from Eq. (11). Here, two different approaches
are considered to obtain an octupole magnetic field.
Méot and Aniel [29,30] studied nonlinear optics to

obtain a uniform beam shape using octupole and dodeca-
pole magnets. According to Ref. [29], for the single-
octupole-magnet case, the xts required to obtain a flat
distribution is empirically assumed to be 4=3σ, where σ is
beamwidth at the target for linear optics of

ffiffiffiffiffiffiffiffi
ϵσβt

p
and ϵσ is

one sigma of beam emittance. Therefore, the required
magnetic field can be obtained as follows:

K8 ¼ cos3ϕ=2ϵσβ21 sinϕ ¼ cos2ϕ=2ϵσβ21 tanϕ: ð12Þ

Yuri et al. [23] studied nonlinear optics to obtain a flat
distribution using infinite multipole magnets and the
filament model, which is different from the approach
adopted by Méot and Aniel. Using the Gaussian distribu-
tion in the initial condition of the transverse phase space,
multipole magnetic fields up to infinity are determined to
have completely flat shape at the target (see Appendix A).
In Ref. [23], the half-width-beam flat region (r) at the target
was expressed as follows:

r ¼
ffiffiffiffiffiffiffiffi
π=2

p ffiffiffiffiffiffiffiffi
ϵσβt

p
j cosϕj: ð13Þ

If r is chosen to be the singularity (xts) in Eq. (11), K8 is
obtained as follows:

K8 ¼ 16=9πϵσβ21 tanϕ ≃ 0.566=ϵσβ21 tanϕ; ð14Þ

which is similar to Eq. (12) as obtained by the approach of
Méot, except for the term cos2 ϕ. It should be noted that the
magnet’s polarity is also given by Eqs. (12) and (14). Here,
for the sake of simplicity, a positive case is discussed.
The required octupole strength of K8 obtained with

Eqs. (12) and (14) for various cotϕ is shown in Fig. 2.
Although a slight discrepancy exists, the K8 results
obtained by Eqs. (12) and (14) are similar when cotϕ is
larger than 4. In Fig. 2, a uniform beamwidth is shown for
various phase-advance values. Because Méot’s procedure
fixes the beamwidth to 4=3σ regardless of the phase
advance ϕ, the dependence of ϕ on uniform beamwidth
does not appear, as shown in Fig. 2. By contrast, the
beamwidth obtained using Yuri’s procedure varies as a
function of cosϕ, as given by Eq. (13), so beamwidth
increases drastically in the region with phase advance
cotϕ < 1 (i.e., ϕ > π=4). In the region corresponding to
cotϕ > 1, the beamwidth is saturated because of the
increase in cotϕ and is closer to the result for larger
cotϕ with Méot’s assumption, according to which the
beamwidth should be 4=3σ to obtain a flat distribution at
the target. It can be concluded that the results of Méot and
Yuri are similar for the given region of phase advance in
terms of cotϕ being larger than 4.

III. GENERAL MODEL FOR NONLINEAR BEAM
OPTICS WITH BEAM TRACKING

A. Generalized beam transformation for the nonlinear
optics with an octupole magnet

The above discussion is made for the filament model.
Since the filament model ignores the angular distribution at
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FIG. 2. Dependence of phase advance as a function of cotϕ for
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lines described from Ref. [29] and Eq. (13) derived from
Ref. [23], respectively, denoted by red and blue lines. The
required octupole strength (K8) is shown on the right-hand axis
as dotted lines, as obtained by calculation using Eqs. (12) and
(14), respectively. On the vertical axis in the figure is shown the
beamwidth σt and the octupole strength K8 multiplied by
1=
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ϵσβt

p
and ϵσβ

2
1, respectively.
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an octupole magnet, there is a limit to obtain precise
transverse distribution downstream of the octupole.
Therefore, it is difficult to considerably optimize the beam
manipulation for mitigation of the target damage. Previous
studies of nonlinear focus by an octupole have not
discussed the general scheme by using the specified
emittance and Twiss parameters. To comprehensively
understand the nature of nonlinear focus, a precise trans-
verse distribution on the target and the beam loss was
obtained by tracking using the generalized scheme. For the
general discussion that does not depend on the Twiss
parameter and the beam emittance, the tracking was made
using the normalized Gaussian function in the transverse
phase space. The transverse distribution of ðxt; pxtÞ with-
out the filament-approximation model at an arbitrary
position downstream octupole magnet with phase advance
ϕ is also given by Eq. (4).
With the position related to beam emittance of ϵ and

Twiss parameter γ1 at the octupole magnet, Eq. (5) turns to
be for the jy1=x1j ≪ 1 case,

xt ¼
ffiffiffiffiffiffi
ϵβt

p
ðcosϕþ α1 sinϕÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ϵγ1βtβ1

p
sinϕ

−
ffiffiffiffiffiffi
ϵβt

p
sinϕ
6

K8ϵβ
2
1: ð15Þ

For the case of a Gaussian in the phase distribution, the
beam distribution is populated by the first and second terms
shown in Eq. (15), which can be expressed by the Gaussian
function with a width of one σt given by ðβtϵσÞ0.5 for the
achromatic beam line. Only the third term shown in
Eq. (15) influences on the transverse nonlinear part given
by an octupole magnet. Here, in order to express the general
form of the beam distribution to be applied for arbitrary
emittance and Twiss parameters, we introduce the follow-
ing normalized octupole-magnet strength,

K�
8 ≡ K8ϵβ

2
1; ð16Þ

where K�
8 is the octupole-magnetic field normalized by the

beam emittance and the square of the β function at the
octupole magnet. Note, the only positive case for K�

8 is
discussed for simplicity here. From Eq. (15), the distribu-
tion is found to be generalized using K�

8 and ϕ for the
nonlinear optics with an octupole magnet. As discussed in
the filament model, the distortion by nonlinear optics is
well explained as a function of cotϕ, which is expected in
the general model. By introducing both K�

8 and cotϕ, the
distribution of nonlinear optics with an octupole magnet
can be generalized and expressed with simplification.
To obtain the transverse beam distribution not only at the

target, but also at another place downstream of the octupole
magnet, we tracked the beam for various cotϕ and K�

8

following Eq. (15). In the beam tracking, the values of cotϕ
and K�

8 were chosen up to 10 and 6, respectively. In the
calculation, the source particles are assumed to have a

Gaussian distribution in the phase space. To evaluate the
small amount of the beam loss, a large number of source
particles 2 × 1011 was used in the calculation.

B. Uniform-distribution case around
at the center region

Here, we discuss a flat distribution obtained the gener-
alized form for nonlinear optics by using an octupole
magnet without a filament model. From Eq. (13) given
by the filament model, the uniform distribution is suggested
to be within approximately 1σt. Therefore, the beam-
uniformity fluctuation in the beam-position region within
about 1σt was surveyed as a function of root-mean-square
(rms). Figures 3 and 4 show the deviation of the beam
intensity normalized to the peak intensity with the linear-
optics case in the beam-position region within �1σt and
�1.1σt. Also, the parameters given from Eqs. (14) and (12)
with the filament-model approximation are shown in
Figs. 3 and 4. From those results, the best uniform
distribution is achieved with the combination of the
parameters ðK�

8; cotϕÞ ¼ ð3.5; 5.8Þ and (7, 4.2) in the
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region �1σt and �1.1σt, respectively. It should be men-
tioned that the optimal parameter cannot be found through
the filament model. By applying the generalized model, we
can obtain the optimum parameters for nonlinear optics.
From the result shown in Figs. 3 and 4, it is found that the

optimum parameters of K�
8 and cotϕ increase following the

increase of the area of interest according to σt. The filament
model yields a large flat area from 1.2 to 1.3σt shown in
Fig. 2, which is larger than that employed in Fig. 4. In the
present survey, we applied cotϕ up to 10. If both larger K�

8

and cotϕ were applied, the optimum values for 1.3σt will
be found; these are expected to have a larger K�

8 than 6 and
lie slightly above the red line shown in Fig. 4.
Figure 5 shows the beam profile for the best flat

distribution for the region of �1σt. Although the distribu-
tion has a flat shape for the region between −1σt and 1σt,
the intensity in the region above 5σt turns out to be larger
than for the Gaussian case with linear optics, as shown in
Fig. 5(b). This phenomenon is caused by the spiral shaped
in the phase space and rotation of the tail part opposed
direction to the central one, as shown in Fig. 22. Eventually,
the intensity at the tail corresponding to a large σt becomes
more substantial than that for the linear optics.
By placing the beam slit or collimator in front of the target

with a slightly larger aperture than∼1.1σt, one can obtain an
almost completely flat distributionwith the fluctuationof rms
∼3% eliminating the tail part. However, the present beam
shapingwith tail elimination can only be applied for the low-
intensity accelerator case without the severe radio activation
due to the beam loss. For a high-intensity hadron-accelerator
case such as J-PARC, the elimination of the tail part is
impossible due to the beam loss, which introduces radio-
activity. Therefore, an additionalmethod is required to obtain
the low current density of the beam at the target discussed in
Sec. III C.

C. Manipulation to satisfy two antagonistic
requirements for reduction of the beam-peak density

and minimization of beam loss

Using the nonlinear focusing, the shape of the beam can
be manipulated to fit the aperture at the target as well. Due
to the reduction of the intensity at the tail, it is possible to
reduce the peak current density by expansion of the
beamwidth with an increase of βt. Here, we discussed a
target with an aperture of 2.5σt as a typical case. Figure 6
shows the integral intensity of the beam located outside of
�2.5σt for various K�

8 and cotϕ. Due to the nonlinear
optics, the integral intensity can be found to be reduced
about 7 magnitudes lower than linear optics with K�

8 ¼ 1.5
and cotϕ ¼ 8, respectively. Note, the integral beam inten-
sity for the same area with the linear optics is 1.2 × 10−2.
The integral intensity located outside of 2.5σt becomes
smaller for the case of K�

8 ≥ 0.5 and cotϕ ≥ 3 due to
nonlinear convergence. The solid black line shown in Fig. 6

FIG. 5. Transverse beam distributions for the best flat case for 1σt are shown as black dotted lines in parts (a) and (b) for linear and log
scales, respectively. Also, the distribution with the minimum beam loss case for outside of 2.5σt and Gaussian distribution with one σt
width are shown as solid red and dotted lines, respectively. The intensity is normalized by the peak intensity given by the linear optics.
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indicates cotϕ is a guide curve to achieve the lowest
intensity under minimization ofK�

8. In the figure, the results
of the filament model are also shown in Fig. 2. For the same
K�

8 compared to the filament model, a slightly larger cotϕ
was found to be optimal. Note, there was no significant
difference in the optimal curve in the beam-width region
between 2σt and 3σt. Therefore, the solid black line in
Fig. 6 can sustain beam convergence with minimized beam
loss downstream of the octupole magnet. In Fig. 5, the
transverse distribution is shown as a solid red line. The
distribution is likely bell shaped and steeply converged at a
position of 2.5σt. By choosing appropriate 2.5σt just to fit
the aperture placed in front of the target, one can reduce the
peak current density.
To understand the beam-loss status along the beam line,

the integral of the beam intensity was calculated for the
large aperture. For instance, the aperture downstream of the
octupole magnet was determined to have 6σ for the linear-
optics case, which is achieved at the MLF in J-PARC. In
Fig. 7, the integral intensity is shown for the particle
with the position located outside of 6σt. The maximum
beam loss for various K�

8 was found to be around
cotϕ ∼ −0.5 as an increase of K�

8. It is also found that
the beam intensity outside of 2.5σt increased in the region
cotϕ < 0 along with K�

8. In order to suppress beam loss
due to divergence, it is crucial to select K�

8 to be as low as
possible.
As pragmatic use of high-intensity accelerators such as

the spallation neutron source in J-PARC shown in the next
session, which has an aperture of 6σ of the linear optics, the
beam loss due to nonlinear divergence is negligible for
K�

8 ∼ 1. From the black dotted line shown in Fig. 6, the
condition of K�

8 ∼ 1 and cotϕ ∼ 3 is considered to be
almost ideal for decreasing the peak current density for the
J-PARC case. Note, the allowable beam limit depends on
the aperture from the octupole to the target. However, the
black dotted line shown in Fig. 6 can be thought of as ideal
for achieving the antagonistic requirements of reduction of
the peak beam density and minimization of beam loss.

IV. APPLICATION TO BEAM TRANSPORT
AT THE SPALLATION NEUTRON SOURCE

IN J-PARC

A. Beam transport from RCS to spallation neutron
source in J-PARC

At J-PARC, a 3-GeV proton beam with a beam power of
1 MW and a repetition rate of 25 Hz is extracted from the
RCS [43–45]. The 3-GeV proton beam is delivered via a
beam-transport channel called 3NBT in J-PARC, as shown
in Fig. 8. To ensure it passes over the main ring, the beam is
bent upward by a vertical angle of 7.5°. To fit the geometrical
conditions in J-PARC, the beam is bent horizontally by 30°
using four bending magnets with each magnet bending it by
an angle of 7.5°. In both bending sections, the optics is
designed to achieve achromaticity.
The 3-GeV proton beam extracted from the RCS is well

described by a simple Gaussian [43,46]. With linear beam
optics, the beam shape remains Gaussian at all positions
along its path. Using nonlinear optics, the particles located
at the beam periphery are deflected toward its center, which
flattens the beam distribution. To obtain a flat distribution
in both the horizontal and vertical directions, two octupole
magnets are required. These octupole magnets can be
placed anywhere upstream of the target, except where
the phase advance between the magnets and the mercury
target is an integer multiple of π. Because the targets have
been irradiated by the proton beam for many years, the
radiation dose around the targets is too high to place a
magnet there. Therefore, the two octupole magnets (OCT1,
OCT2) were placed upstream of the muon target, as shown
in Fig. 9. OCT1 and OCT2 are used for beam focusing in
the vertical and horizontal planes, respectively, by the
nonlinear optics.
It should be noted that around the muon-production

target, beam loss is expected to be about 8% due to the
nuclear interaction. In designing the magnet, careful
attention was paid to the insulator around the muon target
because ordinal insulators such as polyimide for the coils

FIG. 8. Plan of rapid cycling synchrotron (RCS) at Materials
and Life Science Experimental Facility (MLF) in J-PARC.
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will lose their insulation properties due to radiation.
Therefore, a cable made of magnesia (MgO) was used as
a mineral insulator to withstand the high levels of radiation
[47]. Themagnets around themuon target can be replaced by
remote handling to check for malfunction. The pin for
alignment placed at the bottom of the magnet can determine
themagnet’s position. In the case of themagnets except other
than those around the muon-production target, the allowable
beam loss is 1 W=m for hands-on maintenance. By intro-
ducing nonlinear optics, the induced beam loss does not
increase significantly, as described below.
The beam optics for the entire beam-transport line is

shown in Fig. 10, indicating the beta and dispersion
functions from the RCS to the spallation neutron target.
To achieve a flat beam distribution, the octupole field must
be proportional to the inverse square of the beta functions
described in Eq. (16). Because of the high momentum of
the present beam, a large octupole field is difficult to
achieve. To obtain a flat beam distribution with an octupole
magnet having a realisticK8, the beamwidth at the octupole

FIG. 10. Beam optics and beta function of nonlinear beam
expander consisting of octupole magnets.

FIG. 11. Schematic drawing of fabricated octupole magnet.

TABLE I. Parameters of fabricated octupole magnet for non-
linear optics.

Bore diameter [mm] 300
Pole length [mm] 600
Pole width [mm] 262
Field gradient �928 ½T=m3�

�43.6½=m2� for 3-GeV proton
Conductor cross section Hollow conductor □9 mm

with cooling channel ϕ6 mm
Insulator Polyimide
Ampere turn [A · Turn] 14,000
Winding number/coil 20
Maximum current [A] �700
Temperature rise of water [°C] 29.7
Pole weight [T] 4.85
Coil weight [T] 0.15
Overall weight (except base) [T] 5.0

FIG. 12. Comparison of measured and calculated field gradient
at octupole magnet for 800 T=m3.

FIG. 9. Plan of octupole magnets and muon production target in
J-PARC.
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magnet is increased by increasing β to a large value. The
aperture of the quadrupole magnets was fixed at 300 mm.
Therefore, we set the aperture of the octupole magnets to
300 mm. For linear beam optics, beam admittance is
designed to be 324π mm · mrad, which is given by the
beam collimator placed in the RCS. A recent study of the
RCS shows that the transverse emittance can be reduced to
as little as 250 π mm · mrad [48]. Therefore, beam admit-
tance at the octupole magnet must be 250 πmm · mrad, and
accordingly, β was set to ∼90 m at the octupole magnets.

B. Octupole magnet

Based on the optical design, the two pieces of the
octupole magnet shown in Fig. 11 were fabricated for
horizontal and vertical nonlinear focus on the target. To
meet the requirements, we evaluated the saturation field
of the octupole magnets with a three-dimensional field-
analysis code (OPERA-3D). The parameters of the present
octupole magnet are listed in Table I. The designed
magnetic field gradient is ∼900 T=m3, and the magnet
has a bore diameter of 0.3 m and a length of 0.6 m in the
direction of the pole. Using a Hall probe, the field gradient
of the present octupole magnet was measured, as shown in
Fig. 12. The magnetic field calculated using OPERA-3D is
also shown in Fig. 12 for comparison with the measured
value, and the two values agree well. The polarity of the
octupole is determined as cotϕ, which is given by the phase
advance. To obtain a large degree of freedom for beam
turning, the octupole magnet was powered using bipolar
power supplies. During actual beam operation, beam
centering at the octupole is important. To center the beam,
a beam-position monitor (BPM) was installed in each
magnet.

C. Calculation of beam profile
and loss by nonlinear optics

To calculate the beam profile at the neutron source, we
used the SAD code and specified initial beam conditions
such as transverse emittance and Twiss parameters by
fitting the beamwidth observed by the multiwire-profile

monitors (MWPM). For multiple scattering at the muon
target, the DECAY-TURTLE [49] code revised by the Paul
Scherrer Institute (PSI) [50] was implemented in the SAD

code [51]. The beam loss owing to multiple scattering at the
muon-production target was shown to be 8%, irrespective
of the type of linear optics.
Beam loss due to the beam envelope at the tail was

calculated with SAD based on the beam tracking result of
the generalized model, when using the beam optics
summarized in Table II. In Fig. 13, the beam envelope
by nonlinear optics is shown for the relative intensity to the
total. The beam envelope of linear optics having the
intensity of 10−8 is also shown as cyan lines in Fig. 13.
The horizontal beam was found to be enlarged at the
quadrupole magnets QM1 and QN3, owing to defocusing
by the nonlinear optics. However, the beam loss due to the
nonlinear optics in the case of the present beam transport, in
which the half-aperture size is 140 mm, is on the order of

TABLE II. Beam parameters of nonlinear optics used in the spallation neutron source in J-PARC.

Parameter Horizontal Vertical

Beam emittance in one sigma [π mm · mrad] 5.24 6.43
Octupole strength K8 [=m2] −43.4 −43.4
Normalized strength K�

8 −1.8 −2.2
β at octupole (OCT2) for horizontal focus [m] 89.2 1.8
α at octupole (OCT2) for horizontal focus −0.06 −11.9
β at octupole (OCT1) for vertical focus [m] 9.8 88.9
α at octupole (OCT1) for horizontal focus −12.0 1.36
β at neutron target [m] 361.3 67.0
Phase advance ϕ [deg] −17.4 14.4
Phase advance as cotϕ −3.2 −3.9

FIG. 13. Calculation of the beam envelope by nonlinear optics
in horizontal (red line) and vertical planes (blue line) shown at the
top and the bottom, respectively. Each line shows the envelope for
each decade from 10−8 to 10−1 of the total intensity, compared
with the envelope obtained using linear optics for 10−8 of the total
intensity.
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105 and is considerably lower than the beam loss due to
scattering at the muon-production target. Hence, the
beam loss due to nonlinear defocusing is acceptable.
The radiation-dose measurement after beam operation

indicates that the activation did not increase significantly
with the introduction of nonlinear optics. The rate after
0.5 MW operation for one month was observed by a small
radiation dosimeter placed about 30 cm from the magnet

FIG. 14. Beam profile of 1-MW beam obtained with MWPM placed at PBW in the horizontal and vertical planes shown at the top and
bottom, respectively, where (a) and (b) show the results for the cases of linear and nonlinear optics with current of 698 A supplied to the
octupole magnet, and comparison with the calculation result obtained with tracking using SAD. Panel (c) shows the result for nonlinear
optics placing with the muon production target compared with simulation scattering effect by DECAY-TURTLE [50] and compared with the
linear optics result (dotted orange line) allowable for beam operation.
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QN3, which was placed downstream of the muon produc-
tion target. For the cases with and without nonlinear optics,
the dose rate was about 30 mSv=h, which implies a
constant beam irrespective of the use of nonlinear optics.
Although a slight increase in the dose rate was found from
10 to 30 μSv=h around the octupole magnet due to the use
of nonlinear optics, this increase was insignificant, and the
loss was equivalent at a level of 10 mW, consistent with the
result shown in Fig. 13 and allowing for high-intensity
beam operation such as 1 MW.
Note that the beam loss shown in Fig. 13 was calculated

ignoring the decoupling of horizontal and vertical at the
octupole magnet. At the horizontal-focusing octupole

(OCT2), the βy of the vertical, shown in Table II, is relatively
large, which is ∼10% of the horizontal one. As shown in
Eq. (4), the influence of βy to the beamwidth at downstream
can be treated as the strength of K8 decreased with propor-
tional of3ðy1=x1Þ2. For the case shown inTable II, thevertical
width for 1σ at the OCT2 decreases only ∼5% of K8 for
horizontal width for 1σ. The decreasing factor of K8 for the
OCT2 becomes proportional to the inverse square of the
beamwidth in the horizontal direction. Therefore, the beam
losswith the coupling slightly decreases fromonewithout the
coupling. Since the beam loss following the octupole magnet
is mainly caused by the beam having large x1, the beam loss
status shown in Fig. 13 can be thought to predict well.
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FIG. 15. Calculated beam profile at neutron production target for various currents supplied to octupole magnet without interaction
with muon production target. Each panel shows both contour profile and projection profile on each plane. Panels (a)–(d) show the results
for octupole currents of 0, 200, 400, and 698 A, respectively.
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D. Beam profile at the spallation neutron
source in J-PARC

When using the beam optics summarized in Table II, the
obtained beam profile with tracking is compared with the
experimental results. In the calculation, we took into
account the momentum spread of the beam δp=p ∼
0.2% observed at the RCS [52]. Also, the coupling effect
of the beam at the octupole magnets was considered
without simplification of the matrix for the octupole.
Since a negative sign was appended to the term cotϕ, a
negative value of K8 is used. Figure 14 shows the profile
results for the 1-MW beam observed using a MWPM
placed in the proton-beam window (PBW) [46], which is
1.8-m upstream of the mercury target.
Figures 14(a) and 14(b) show the profile results for the

beam profiles with and without nonlinear optics (i.e., with
and without excitation by the octupole magnet), respec-
tively. The calculation results obtained with and without
nonlinear optics are also shown in Fig. 14. The calculation
results show remarkably good agreement with the exper-
imental results in both cases. Figure 14(c) also compares
the profile with the muon target using nonlinear optics, and
again, the calculation results show remarkably good agree-
ment with experiment. It can be said that by using the
present calculation scheme, the beam profile can be
predicted reliably.
The profiles of the 1-MW beam obtained with MWPM

placed at PBW in the horizontal and vertical planes are
shown at the top and bottom, respectively, where (a) and
(b) show the results for the cases of linear and nonlinear
optics with a current of 698 A supplied to the octupole
magnet, and a comparison with the calculation result
obtained via tracking using SAD. Panel (c) shows the result
for nonlinear optics placing with muon production target
compared with simulation scattering effect by DECAY-
TURTLE [50] and compared with the linear optics result
(dotted orange line) allowable for beam operation.
To understand beam-profile dependence on the strength

of the octupole magnet, the calculated profiles at the target
for various strengths are shown in Fig. 15. Since the two-
dimensional beam profile monitor is not placed in front of
the spallation neutron target, only the calculation results are
shown in Fig. 15. The beam aperture at the entrance of the
target with a shield in front of the target is also shown as a
red rectangle at the center of Fig. 15. For the linear-optics
case shown in Fig. 15(a), the beam is larger than the
aperture of the shield, and this is not useful for practical
beam operation because of the excessive heat load it causes
near the target. With increasing octupole strength, the
beamwidth is found to shrink, owing to focusing by the
nonlinear optics; and eventually, the tail of the beam is
placed inside the aperture, which is acceptable from the
viewpoint of practical beam operation. In Fig. 16, the beam
profile at the neutron source obtained by placing the muon-
production target is shown. Although the beam shape is

Gaussian owing to scattering at the muon-production
target, its bell shape, which fills the overall aperture, is
retained. As a matter of fact, the peak current density is
about 6 μA=cm2, which can reduce half of the density
for the linear-optics case with an acceptable beam-heat
deposition outside of the target.
To confirm the effect of nonlinear optics on the muon-

production target, we calculated the beam profile at the
muon target for the various magnetic fields of the octupole.
Figure 17 shows the calculated beam profile on the target
for muon production. As the strength increases, the
horizontal and vertical sizes increase slightly and decrease,
respectively, owing to the nonlinear defocusing and focus-
ing. It should be noted that this tendency is also shown in
Fig. 12. Because the size difference caused by the intro-
duction of nonlinear optics is negligible, the present optics
is acceptable for muon production.

E. Effect of misaligned magnets upon the beam profile

In actual beam operation, a misaligned magnet causes
beam divergence. A geometrical survey showed that the
floor of the beam line facility settled unevenly after the
Great East Japan earthquake happened on March 11, 2011,
and the water table underlying the tunnel shifted [53,54].
Therefore, we cannot avoid beam divergence. In this
section, we discuss the effect of misalignment on the beam
profile based on the beam optics shown in Fig. 17. To
simplify the calculation, the beam profile was calculated
without scattering at the muon target.
To identify the alignment tolerance of the octupole

magnet, the beam profile at the target was calculated via
the beam-position offset at the octupole magnet. Without
shifting the beam at the octupole magnet, its distribution is
flat. For a horizontal offset of 2 mm in the beam position at
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FIG. 16. Calculated beam profile at neutron production target
with octupole magnet and muon production target.
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the octupole magnet, the beam shape has a peak at the beam
edge, where intensity increases by approximately 8%, as
shown in Fig. 18. At the mercury target, the peak at the
edge causes more significant damage than the peak at the
center. The maximum increase in intensity at the edge is
considered to be approximately 4%. Therefore, the allow-
able beam shift at the octupole magnet is approximately
1 mm. To adjust the beam position at the octupole magnet,
BPMs will be installed. By installing BPMs and additional
steering magnets, the beam position can be centered
statically there. In each beam shot, a fluctuation in the
horizontal position may occur because of the instability of
the kicker magnet at RCS. However, the position instability
for each shot is less than 1 mm, so the edge peak does not
cause problems.

To calculate the tilting tolerance of the octupole magnet,
we considered the case of 0.5 mrad. We observed that the
tilting error does not influence the beam shape. Because the
precision of the angular position of the octupole magnet is
less than 0.2 mrad, tilt misalignment is not a problem.
Downstream of the octupole magnets, six quadrupole
magnets were positioned around the muon production
target. To obtain the required position accuracy of the
downstream magnets, beam profiles were calculated for the
quadrupole magnets with beam offset. We found that
misalignment of the quadrupole magnets led to oscillation
of the beam position because of betatron oscillation. Thus,
the misalignment of the quadrupole magnets does not
influence the beam shape, and the flat beam distribution
at the target is preserved. Because the beam position at the

Horizontal [mm]

-20 -15 -10 -5 0 5 10 15 20

V
er

tic
al

 [m
m

]

-20

-15

-10

-5

0

5

10

15

20

]2
A

/c
m

μ
C

ur
re

nt
 d

en
si

ty
 [

0

100

200

300

400

500

600

700

800

900

(a)

Horizontal [mm]

-20 -15 -10 -5 0 5 10 15 20

V
er

tic
al

 [m
m

]

-20

-15

-10

-5

0

5

10

15

20

]2
A

/c
m

μ
C

ur
re

nt
 d

en
si

ty
 [

0

200

400

600

800

1000

(b)

Horizontal [mm]

-20 -15 -10 -5 0 5 10 15 20

V
er

tic
al

 [m
m

]

-20

-15

-10

-5

0

5

10

15

20

]2
A

/c
m

μ
C

ur
re

nt
 d

en
si

ty
 [

0

200

400

600

800

1000

1200

(c)

Horizontal [mm]

-20 -15 -10 -5 0 5 10 15 20

V
er

tic
al

 [m
m

]

-20

-15

-10

-5

0

5

10

15

20

]2
A

/c
m

μ
C

ur
re

nt
 d

en
si

ty
 [

0

200

400

600

800

1000

(d)

FIG. 17. Calculated beam profile at muon production target for various strengths of octupole magnet. The notations of (a)–(d) are as
those in Fig. 15.
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target can be easily adjusted using steering magnets,
misalignment of the quadrupole magnets downstream of
the octupole magnets does not affect beam flattening.

F. Effect of beam scattering
at the muon-production target

To minimize the peak density and obtain a flat beam
distribution at the neutron-production target, we studied the
effect of beam scattering from this target. For the octupole
magnets in use, the beam distribution in the horizontal
phase space, prior to penetrating the carbon target, is shown

in Fig. 19. We observed that the octupole magnetic field
generates an arm-shaped distribution in the phase space.
The beam particles in the arm region play an important role
in beam flattening at the mercury target. Figure 20 shows
the beam distribution after the beam passes the carbon
target. Beam divergence, which is plotted on the vertical
axis of Fig. 20, is wide due to the scattering, so the beam
distribution is nearly Gaussian. To maintain a flat distri-
bution, this increase in beam divergence due to scattering
should be suppressed. Therefore, the beam should be
focused at the muon-production target to increase beam
divergence there.

V. CONCLUSION

To reduce the peak current density of the beam at the
target without using the rastering technique, beam transport
with nonlinear optics based on octupole magnets was
studied. To understand the focusing mechanism of non-
linear optics, a filament model was used in the phase
distribution. It was found that previous works with different
approaches showed similar results in terms of the octupole-
magnet-strength (K8) requirements to obtain a flat beam
shape on the target for reducing the peak current density
there. Because the beam has infinite intensity at its edge
according to the filament model, the spread of the angular
distribution was taken into account. By selecting a phase
advance such as cotϕ ∼�3, lower strengths of K8 could be
sustained such that the beam size can be kept smaller by
defocusing using nonlinear optics downstream of the
octupole.
A new generalized model is proposed for application

with an octupole magnet regardless of whether the fila-
ment-model approximation is used. The transverse distri-
bution at the arbitrary position can be characterized only by
the normalized octupole strength of K�

8 and the cotϕ of the

FIG. 18. Horizontal beam profile at neutron production target
for 2 mm horizontal beam offset at the octupole magnet for
horizontal focus (OCT2).
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FIG. 19. Contour plot of transverse phase space distribution in
the horizontal direction for beam injected into the muon pro-
duction target.
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FIG. 20. Contour plot of transverse phase space distribution in
the horizontal direction for beam scattered from the muon
production target.
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phase advance from the octupole. With the generalized
model, the best uniform shape can be found for certain
values of K�

8 and cotϕ, which cannot be deduced from the
filament model. From the beam-tracking calculation for
various K�

8 and cotϕ, the best uniform shape can be
obtained for K�

8 and cotϕ of 3.5 and 5.8, respectively,
for the beamwidth region in one sigma of the linear optics
(1σt). However, to achieve the flat distribution, a larger K�

8

incurring a significant beam loss downstream of the octu-
pole having cotϕ ∼ −0.5. To achieve the two antagonistic
requirements of beam flattening and minimization of beam
loss, the beam loss was calculated for a large-aperture region
for 2.5σt and 6σt. It is found that a bell-shaped distribution
with K�

8 ∼ 1 and cotϕ ∼ 3 can satisfy requirements.
The beam profiles calculated by tracking with SAD were

compared with the experimental results obtained using
monitors placed 1.8 m upstream of the neutron-production
target in J-PARC. The calculation results show good
agreement with the experimental results for the 1-MW
beam. Calculations considering beam scattering from the
muon-production target indicate that the peak current
density can be reduced by approximately 50% by intro-
ducing the present nonlinear beam optics without any
significant increase in beam loss. To limit any increase
in beam emittance due to scattering from the muon-
production target, the beam is focused on the muon-
production target to obtain a large beam divergence.
Furthermore, we studied how magnetic misalignment
affects the beam profile. With beam offset at the octupole
magnet, the beam density at the target edge increases. The
acceptable beam offset at the octupole magnet is approx-
imately 1 mm, which is a feasible value of precision
considering present beam operation. The simulation results
show that the alignment error of quadrupole magnets
downstream of the octupole magnets does not influence
the shape of the beam at the target. Octupole magnets have
already been installed in the proton-transport line of the
JSNS at J-PARC. The system described herein can reduce
pitting erosion on the target vessel drastically. Note that the
present study is the first attempt to install a nonlinear-optics
system in a MW-class hadron accelerator. We proved that
the transverse beam distribution with the nonlinear optics
using an octupole magnet can be simplified by the present
generalized model, which can be applied to other facilities
such as the ADS and the IFMIF.

ACKNOWLEDGMENTS

The authors would like to convey their acknowledgments
to Dr. Irie for a fruitful discussion about the design of the
beam transport to the MLF and would like to show
appreciation to Dr. Yuri and Dr. Méot for fruitful discus-
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APPENDIX A: OPTIMIZATION OF MAGNETIC
PHASE ADVANCE WITH THE FILAMENT

MODEL

By the filament-approximation model, although the
beam divergence is ignored, the beam distribution can
be simplified using a filament with Gaussian amplitude at
the octupole. Using the filament model, the target distri-
bution can be described by the simplified third-order
equation given below:

xt ¼ λ1x1 þ λ3x31; ðA1Þ

where λ1 and λ3 are

λ1 ¼
ffiffiffiffiffiffiffiffiffiffiffi
βt=β1

p
cosϕ; ðA2Þ

λ3 ¼ −K8

ffiffiffiffiffiffiffiffiffi
βtβ1

p
sinϕ=6; ðA3Þ

with βt being a beta function at the target, and ϕ being the
phase advance between the octupole and the target. It should
be mentioned that Eqs. (A1)–(A3) are similar to those
reported by Méot [29,30], but the present equations provide
the beam position as well, which facilitates a straightforward
understanding of the phenomena of nonlinear optics.
Moreover, the previous works by Méot were expressed in
terms of the angle of the beam at the octupole magnets. Since
Eq. (A1) is of the third order, it may have three distinct real
roots if the discriminant formula is positive. If the discrimi-
nant formula is negative, Eq. (A1) has a single real root.
Moreover, Eq. (A1) has multiple roots at xts, which can be
obtained from the discriminant formula in Eq. (A1),

xts ¼ �2=3λ1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−λ1=3λ3

p
: ðA4Þ

Given the differential of Eq. (A1) with x1 as zero (i.e.,
dxt=dx1 ¼ 0), the beam position at the octupole magnet
(x1s) that yields multiple root points can be solved as

x1s ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−λ1=3λ3

p
: ðA5Þ

From Eqs. (A4) and (A5), if λ1=3λ3 is negative, singular
points exist. In Fig. 21, the typical distribution is shown
with the filament model. The filament model is found to
show the envelope of vertices for various beam emittances.
Moreover, the phase-space distribution is shown to have
concavity at xts, so the beam is folded and has a flat shape,
which is fundamental for beam flattening.
If λ1=3λ3 is positive, the beam is not folded and

expanded by nonlinear optics. As shown in Fig. 21, the
beam is defocused by nonlinear optics, and the beamwidth
increases drastically. In this case, the beam loss is larger
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than that in the linear-optics case. By solving Eq. (A1), the
beam envelope (x2) at the downstream components such as
the quadrupole magnet, which has beta function β2 and
phase advance φ from the octupole, is derived from
Eqs. (A1)–(A3) for the envelope of a beam with an arbitrary
emittance. The beamwidth at the octupole magnet of x1
corresponding to the transverse emittance ϵ (πmm · mrad)
can be described as

ffiffiffiffiffiffiffi
ϵβ1

p
:

x2 ¼
ffiffiffiffiffiffiffi
ϵβ2

p 				 ϵK8β
2
1 sinφ
6

− cosφ

				: ðA6Þ

From Eq. (A6), it is found that the maximum beam-
width obtained by defocusing using nonlinear optics is

ϵK8β
2
1=6-times that achieved with linear optics for π=2þ

nπ (n ¼ 0; 1; 2;…). It is also found that the maximum size
is proportional toK8. To suppress beam loss downstream of
the octupole magnet, K8 should be kept as small as
possible. From the beam distribution at the octupole
magnet, defined as fðx1Þ, the beam distribution at the
target, defined as gðxtÞ, can be obtained by the conservation
of integration particles of Eq. (A1) as follows:

gðxtÞ ¼ fðx1Þdx1=dxt ¼ fðx1Þ=jλ1 þ 3λ3x21j: ðA7Þ

When jxtj < jxtsj, x1 for each xt has double real roots, then
Eq. (A7) is described by the integration of each root. It
should be noted that Eq. (A7) yields infinite amplitude for

FIG. 21. Phase space distribution expressed by filament model for (a) linear optics, (b) nonlinear optics for focusing, and (c) nonlinear
optics for defocusing.
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singular points because the denominators are zero, as will
be discussed later.
As given by Eq. (A3), a small value of the integrated

octupole magnetic field of K8 should be chosen to suppress
beam loss. Substituting Eqs. (A2) and (A3) into Eq. (A4),
we can find K8 to obtain a flat shape as follows:

K8 ¼ 8βtcos3ϕ=9x2tsβ21 sinϕ: ðA8Þ

By choosing a certain xts to fit the target size, K8 is
determined from Eq. (A8). Here, two different approaches
are considered to obtain an octupole magnetic field.
Méot and Aniel [29,30] studied nonlinear optics to

obtain a uniform beam shape using octupole and dodeca-
pole magnets. According to Ref. [29], for the single-
octupole-magnet case, the xts required to obtain a flat
distribution is empirically assumed to be 4=3σ, where σ is
beamwidth at the target for linear optics of

ffiffiffiffiffiffiffiffi
ϵσβt

p
and ϵσ is

one sigma of beam emittance. Therefore, the required
magnetic field can be obtained as follows:

K8 ¼ cos3ϕ=2ϵσβ21 sinϕ ¼ cos2ϕ=2ϵσβ21 tanϕ: ðA9Þ

Yuri et al. [23] studied nonlinear optics to obtain a flat
distribution using infinite multipole magnets and the
filament model, which is different from the approach
adopted by Méot and Aniel. Using the Gaussian distribu-
tion in the initial condition of the transverse phase space,
multipole magnetic fields up to infinity are determined to
have completely flat shape at the target by means of the
Taylor expansion of their Gaussian distributions,

K2n¼
ðn−2Þ!
ðn=2−1Þ!

ð−1Þn=2
ð2ϵσβÞn=2−1

:
1

β tanϕ
ðn¼4;6;8;…Þ: ðA10Þ

Equation (A10) can be used to obtain the required magnetic
field in not only the octupole case, but also in other
multipole magnet cases up to finitely high order. For the
octupole magnet, the required field is expressed:

K8 ¼ ðϵσβ21 tanϕÞ−1: ðA11Þ

It should be noted that complete flatness cannot be
achieved using only octupole magnets whose peaks appear
at the side of the beam on the target. For this, higher-order
magnets of up to 20 poles may be necessary. In this study,
we use only an octupole magnet for simplicity. It has been
shown that the octupole field adjusted by Eq. (A11) has a
side peak owing to tracking of the beam, and half of the
strength given by Eq. (A11) is adequate for achieving a
flatness within 20%, as shown in Fig. 2 of Ref. [23]. For
cases with lower energy and lower power, placing
a collimator at the side edge can easily remove the side
peak, but this method is quite difficult to execute in a
high-power beam facility such as JSNS. In Ref. [23], the

half-width-beam flat region (r) at the target was expressed
as follows:

r ¼
ffiffiffiffiffiffiffiffi
π=2

p ffiffiffiffiffiffiffiffi
ϵσβt

p
j cosϕj: ðA12Þ

If r is chosen to be the singularity (xts) in Eq. (11), K8 is
obtained as follows:

K8 ¼ 16=9πϵσβ21 tanϕ ≃ 0.566=ϵσβ21 tanϕ; ðA13Þ

which is similar to Eq. (A9) as obtained by the approach of
Méot, except for the term cos2 ϕ. Equation (A13) also
shows consistency with the result of Ref. [23] that flatness
is within 20%. From Eqs. (A9) and (A13), it is recognized
that β1 should be larger, but a larger value leads to increased
beam loss at the octupole magnet. It should be noted that
the magnet’s polarity is also given by Eqs. (A9) and (A13).
Here, for the sake of simplicity, a positive case is discussed.

APPENDIX B: OPTIMIZATION OF PHASE
ADVANCE WITH THE FILAMENT MODEL

Owing to the use of nonlinear optics, the beam down-
stream of the octupole magnet is expanded drastically. To
minimize beam loss using the filament model, here, we
discuss the beam size under the condition needed to avoid
beam expansion using nonlinear optics and an octupole
magnet. By omitting the term in Eq. (A6) corresponding to
the phase advance between the octupole and any arbitrary
downstream position, the maximum beam size achievable
using nonlinear optics is proportional to ϵK8β

2
1 for linear

optics of size
ffiffiffiffiffiffiffi
ϵβ2

p
. Equations (A9) and (A13) show that

the ϵσK8β
2
1 term is proportional to cotϕ. Because ϵ and ϵσ

are determined by the upstream accelerator condition, the
value is invariant along the direction of beam transport.
Thus, to obtain a flat beam distribution with lower beam
status, the values of K8 and β1 should be set lower by
choosing the appropriate phase advance.
To understand the dependence of phase advance upon

the beam profile at the target, the phase-space distribution
and beam profile at the target were calculated by tracking,
as shown in Figs. 22 and 23, respectively, for various cotϕ
using K8 determined via Eq. (A13). For the sake of
convention, a normalized Gaussian distribution was used
in the phase space as the origin of particles. It is found that
the phase-space distribution for cotϕ ∼ 1 is similar to that for
linear optics, so the beam profile becomes Gaussian at the
target. In this case, the nonlinear optics does not influence the
beam shape at the target, which leads to a small beamwidth
for foldingwith the nonlinear optics, as given byEq. (B1).As
shown in Fig. 22, the phase-space distribution deforms with
increasing cotϕ. Owing to this deformation, the beam shape
flattens, as shown by the black line in Fig. 23, where beam
intensity is normalized against the result obtained with the
linear-optics calculation. For the lower case of cotϕ ∼ 1
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shown in Fig. 23(a), defocusing due to the nonlinear optics is
not significant because the strength requirement of K8 is
low; however, the beam shape is close to that obtained by
linear optics. The beam has the flat distribution shown in
Figs. 23(b)–23(d) as cotϕ increases. It is found that con-
siderable flatness can be obtained with the phase advance of
cotϕ ∼ 3, as shown in Fig. 23(b). Therefore, this value of
phase advance should be selected. The peak intensity in the
nonlinear case is shown to be the same as that for linear
optics, except for the case of cotϕ ∼ 7, in which case the
peak is slightly higher than that using linear optics. A
comparison between Figs. 6(b) and 6(c) shows that the flat
region is enlarged as cotϕ increases. For cotϕ larger than 11,

a side-edge peak appears in Fig. 23(d). In this case, the
strength of K8 is excessive for the flattening required for
the present purpose, and it can increase beam loss due to
nonlinear beam expansion.
To analytically understand the dependence of the beam

profile upon the phase advance, we consider the beam dis-
tribution obtained by the filament model. The beam distri-
bution obtained by the filament model using Eq. (A7) is
shown as a green line in Fig. 23, suggesting good agreement
with the tracking result for the case of cotϕ larger than 3,
except at the side edge. The side edge appears at 1.2σ, which
is close to the empirical result obtained by Méot [29]. While
the beam profile can be obtained with the filament model

FIG. 22. Transverse phase space distribution at target obtained by tracking with octupole strength (K8) obtained using Eq. (A13) for
various phase advance cases of cotϕ 1, 3, 5, and 7 shown in panels (a)–(d), respectively.
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using Eq. (10), the amplitude at the side edge becomes
infinite due to singularity. This fact is caused by the finite
intensity converging at the singularity point, where the
filament becomes perpendicular to the position in the phase
space shown in Fig. 21 and the filament width becomes zero.
AlthoughEq. (A7) gives an infinitevalue, the intensity for the
filament model shown in Fig. 23 goes to infinity because of
the position resolution in the numerical calculation.
While the intensity at the side edge of the beam

determines beam flatness, the filament model cannot give

an accurate value of intensity because it ignores the spread
of the angular distribution. To analytically discuss the effect
of phase advance on beam shape, we introduce an angular
distribution into the filament model. The beam position at
x1s, which is the position of singularity on the target, is
expressed as

x21s ¼ −λ1=3λ3 ¼ 2=K8β1 tanϕ; ðB1Þ

where K8 is from Eq. (A13) and x1s is expressed as
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FIG. 23. Transverse beam distribution obtained by tracking for various phase advance (black lines) of cotϕ ¼ 1, 3, 5, and 7 shown in
panels (a)–(d), respectively, with Gaussian-normalized phase space distribution. The red line shows the profile obtained with linear
optics, and the green line shows the result obtained using the filament model.
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x21s ¼ 9πϵσβ1=8: ðB2Þ

Here, without approximation and with the angular
distribution at the octupole, the beam position at the
singularity of the target is expressed by Eqs. (3), (A2),
and (A3):

xt ¼ λ1x1 þ λ3x31 þ
ffiffiffiffiffiffiffiffiffiffiffi
βt=β1

p
sinϕðα1x1 þ β1px1Þ; ðB3Þ

where px1s is the angle at the octupole having singularity
(i.e., px1s ¼ −α1=β1 · x1s), and there is a small deviation
around the singularity as follows:

Δt=α1 ≡ x1 − x1s; Δt=β1 ≡ px1 − px1s: ðB4Þ

These small differences in singularity at the octupole cause
the following variation in the position of singularity:

xt þ Δxt ¼ λ1ðx1s þ Δt=α1Þ þ λ3ðx1s þ Δt=α1Þ3

þ
ffiffiffiffiffiffiffiffiffiffiffi
βt=β1

p
sinϕ½α1ðx1s þ Δt=α1Þ

þ β1ðpx1s þ Δt=β1Þ�: ðB5Þ

By subtracting Eq. (B5) from Eq. (B3) and ignoring high-
order Δt, we have

Δxt ¼ ðΔt=α1Þðλ1 þ 3λ3x21sÞ þ
ffiffiffiffiffiffiffiffiffiffiffi
βt=β1

p
sinϕð2ΔtÞ: ðB6Þ

Because the first term is zero at the singularity position,

Δxt ¼ 2
ffiffiffiffiffiffiffiffiffiffiffi
βt=β1

p
sinϕΔt: ðB7Þ

Therefore, the intensity at the singularity can be obtained as
follows:

gðxtÞdxt ¼ fðx1sÞdt: ðB8Þ

From Eq. (B7), the intensity of the singularity can finally be
obtained as

gðxtsÞ ¼ fðx1sÞdt=dxt ¼
fðx1sÞ

2
ffiffiffiffiffiffiffiffiffiffiffi
βt=β1

p
sinϕ

¼ 1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
2πβtϵσ

p
sinϕ

exp

�
−

x21s
2ϵσβ1

�
: ðB9Þ

From x1s obtained using Eq. (B2), the intensity at the
singularity can be obtained as

gðxtsÞ ¼
expð−9π=16Þ
2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
2πβtϵσ

p
sinϕ

: ðB10Þ

Here, we consider the relative intensity at the singularity
point on the target center. Because Eq. (A1) has two real
roots at the center for the nonlinear-focus case, the intensity

center is expressed by integrating the intensity of those
roots. For the flat shape case at the target, because the
intensity given by the tail of the beam at the octupole
magnet (which appears at the center of the target) is much
smaller than that given by the center of the beam at the
octupole, the intensity at the center can be expressed as
follows:

gð0Þ ¼ ð2πϵσβtÞ−0.5: ðB11Þ

From Eqs. (B10) and (B11), the ratio of intensity at the
singularity to that at the center (F) can be expressed as

F≡ gðxtsÞ=gð0Þ ¼ expð−9π=16Þ=2 sinϕ: ðB12Þ

The relationship between F and ϕ can be expressed as

ϕ ¼ sin−1½expð−9π=16Þ=2F�: ðB13Þ

As shown in Eq. (B13), F can be expressed as a general
parameter without dependence on the Twiss parameter for
both the target and the octupole magnet. To confirm this
result, we performed some calculations with beam tracking
for various values of phase advance, ϕ. In Table III, the
dependence of F on ϕ is shown. Note that the case of
F ¼ 1=e has the same value of ϕ ¼ 13.4° as in the previous
work [55] for the Chinese Spallation Neutron Source,
which is, however, discussed for limited optics with having
a waist (i.e., α ¼ 0) at the octupole magnet. The relative
beam shape is given by K8 and the phase advance, so that
beam shape can be described irrespective of the Twiss
parameter of α at the octupole and the target creating a
degree of freedom for beam tuning with nonlinear optics.
Table III also shows the beam loss for various F. The

beam loss was calculated for the aperture having �3σ-
width of the linear optics at the position where the
maximum beam loss occurs cotφ ¼ −0.5 as shown in
Fig. 7. As F increases, the beam loss increases because the
required K�

8 becomes larger.

TABLE III. Relationship between relative intensity at edge to
center (F), phase advance ϕ of obtained using Eq. (B13), K�

8

obtained using Eqs. (A13) and (16), and the maximum beam loss
for the aperture having �3σ of the linear optics at cotφ ¼ −0.5.

F ϕ [deg] cotϕ K�
8 Beam loss

1 4.9 11.6 6.6 1.9 × 10−1

0.7 7.0 8.1 4.6 1.5 × 10−1

0.5 9.8 5.8 3.3 1.1 × 10−1

0.37ð¼ e−1Þ 13.4 4.2 2.4 8.2 × 10−2
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APPENDIX C: BEAM LOSS WITH
FILAMENT-APPROXIMATION MODEL

In a high-intensity facility, control over beam loss is
crucial. Owing to the defocusing caused by nonlinear
optics, beam size at the tail, which is described by a
certain emittance ϵ in the phase space, can be expressed in
terms of Eq. (A6) and the K8 value obtained using
Eq. (A13),

x2 ¼
ffiffiffiffiffiffiffi
ϵβ2

p 				 ϵK8β
2
1 sinϕ
6

− cosφ

				
¼

ffiffiffiffiffiffiffi
ϵβ2

p 				 8ϵ sinφ
27πϵσ tanϕ

− cosφ

				: ðC1Þ

Thus, the maximum size of the beam envelope is given
by the following equation:

x2 ≤
8

27π

ffiffiffiffiffiffiffi
ϵβ2

p
ðϵ=ϵσÞ cotϕ: ðC2Þ

As shown in Eq. (C2), beam size is greater than that in
the linear-optics case, and this increase is proportional to
cotϕ and the relative amplitude of emittance is proportional
to rms (ϵσ). Again, to achieve lower beam loss, a lower
value of cotϕ should be selected. On the contrary, for the
case of larger cotϕ ∼ 11, a relatively flat distribution can be
obtained. As a matter of fact, a tradeoff is required to
achieve the contradictory demands of low beam loss and
flat shape. As shown in Fig. 23(b), the bell-shaped beam
corresponding to cotϕ ∼ 3 and a phase advance of 18° can
be thought of as a solution for simultaneously achieving the
requirements of beam flattening and reduced beam loss. In
general, the beam size increases at the focus and defocus of
the quadrupole magnets in the horizontal and vertical
planes, respectively. In the defocus phase with nonlinear
optics, beam expansion is proportional to emittance and
cotϕ. From Eq. (C1), it can be seen that beam expansion
appears when φ ¼ nπ þ π=2 (for n ¼ 0; 1; 2;…). Because
the beam expansion in the linear optics appears at the
focusing and defocusing magnets’ midplane in the hori-
zontal and vertical directions, respectively, beam expansion
can be minimized by choosing suitable ϕ values at each
quadrupole magnet between the octupole and the quadru-
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