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We demonstrate a novel scheme for imposing or removing large energy chirp on relativistic electron
bunches. This method relies on the transverse-to-longitudinal mixing accomplished with a set of transverse
deflecting cavities. The working principles of the new concept are explained using the first-order matrix
formalism in the approximation of the linear single-particle dynamics. The scheme demonstrates versatility
regarding the average beam energy and, hence, positioning along the accelerator beam line. The
performance of the scheme is numerically investigated with the ELEGANT particle-tracking code. It is
shown that the associated nonlinear effects causing emittance deterioration for the extreme quantities of the
total energy spread can be effectively compensated by optimization of the Twiss parameters while relying
on the eigenemittance analysis. The impact of the longitudinal space charge effects on the beam dynamics
in the proposed scheme is also investigated.
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I. INTRODUCTION

Relativistic electron accelerators are used for high-
energy physics studies [1–3] and as light sources [4–12].
These applications require high quality and large peak
current electron bunches. Such beams are subject to
coherent synchrotron radiation (CSR) [13–16], which
results in the variation of the beam energy along the bunch
and degradation of the beam quality. As a result, the
applications demanding the highest beam quality rely on
the linear accelerators [8–10,12] which have a smaller
number of bending magnets compared to circular accel-
erators [3].
The design of these accelerators includes several bunch

compressors (BCs) at different energies for achieving
bunches with a large peak current. Compression is achieved
through imposing an energy slew along the bunch and
passing it through the dispersive element such as a chicane
consisting of four magnetic bends [15]. Electrons in the
bunch have energy chirp. The energy of electrons is larger

at the tail of the bunch and smaller at the head of the bunch.
Electrons with higher energy travel closer to the axis in
magnetic bends due to a higher relativistic γ factor, and
their time of travel through the chicane is smaller compared
to that of the low-energy electrons. As a result, higher-
energy electrons at the tail of the bunch catch up with
electrons at the head, and the chirped bunch compresses
in time.
Conventionally, the bunches are chirped while being

accelerated off crest in the radio frequency (rf) field. For the
off-crest acceleration, longitudinal variation of the rf fields
results in a difference in accelerating gradients along the
bunch. However, the accelerating gradient for off-crest
acceleration is lower than on crest. Imposing the correlated
energy spread on the beam in the off-crest acceleration
results in a trade-off between the accelerating gradient
(∼ cosϕ0) and the induced energy chirp which is defined by
the R65 ∼ sinϕ0 element of the linear transform matrix R:

R65 ¼ −
eE0k sinϕ0

γmc2
s; ð1Þ

where E0 and k are, respectively, the amplitude and wave
number of the rf field, ϕ0 is the rf phase, γ is the normalized
average energy of the bunch, s is the effective length of the
rf structure, m and e are the mass and charge, respectively,
of the electron, and c is the speed of light. The larger energy
chirp in the beam requires off-crest acceleration at a lower
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gradient and results in a lower final beam energy in a given
linac section. For example, the off-crest acceleration results
in the loss of 1.575 GeV of the beam energy at Linac
Coherent Light Source [17] [−43° rf phase between the first
bunch compressor (BC1) at 250 MeVand the second bunch
compressor (BC2) at 4.54 GeV] and 2.2 GeV of the beam
energy at the Matter-Radiation Interactions in Extremes
(MaRIE) linac [18] (−20° rf phase between BC1 at
250 MeV and BC2 at 1 GeV). Removing residual chirp
after the bunch compression is even more challenging,
since the difference between the accelerating fields at the
head and the tail of the bunch is proportional to the bunch
length, σΔγ=γ ¼ R65σz. As a result, off-crest acceleration is
never used for bunch dechirping in modern linacs.
In this paper, we propose an alternative method for

chirping relativistic electron bunches employing trans-
verse-to-longitudinal mixing accomplished by a set of
transverse deflecting cavities (TCAVs). Such cavities
operate in the TM110 deflecting mode. Both electric and
magnetic fields are zero on axis at zero rf phase, and the
motion of the reference particle characterizing the average
beam dynamics is not affected by TCAVs. The magnetic
field in a TCAV varies longitudinally, providing angular
deflection to electrons which depends on their longitudinal
position in the bunch. The transverse variation of the
longitudinal electric field provides different accelerating
gradients at different transverse locations within the bunch
and may be utilized for imposing correlated energy
variations within the bunch. The efficient longitudinal
chirping of the bunch would require a strong correlation
between the longitudinal and transverse positions of
particles in the bunch. In this case, the transverse variation
of the electrons’ energy also manifests as a longitudinal
chirp. The required x − z correlation inside the bunch can
be created using another TCAV, which deflects electrons at
some angle proportional to their longitudinal coordinate,
followed by the vacuum drift space which translates
angular divergence into the transverse displacement.
Similar methods of imposing x − z correlation are routinely
used for longitudinal diagnostics of relativistic beams [19].
The proposed transverse-deflecting-cavity-based chirper

(TCBC) exploits a great flexibility in manipulations with
the transverse bunch size as opposed to its length, which is
fixed in relativistic beams under acceleration. As a result,
the difference in accelerating fields between two ends of the
bunch is determined by its transverse size, which can easily
be made much larger than its length.

II. LINEAR ANALYSIS

In this section, we introduce a TCBC beam line con-
sisting of three TCAVs. We analyze this scheme in the
approximation of the linear single-particle dynamics and
demonstrate that it is capable of imposing large longi-
tudinal energy chirp on relativistic bunches.

The schematics of the beam line is shown in Fig. 1 and
consists of three cavities, namely, TCAV1, TCAV2, and
TCAV3, separated by equal vacuum drifts of lengthD. The
side cavities are identical, their lengths are Lc, and the
normalized deflecting potential (also known as the “cavity
strength”) is κ ¼ eV⊥=ðmc2γaÞ, where a is the character-
istic cavity size on the order of the rf wavelength and V⊥ is
the TCAV’s deflecting voltage. The middle cavity has twice
the deflecting voltage compared to the side cavities and is
twice as long, assuming the same field amplitude in all
TCAVs [20]. Moreover, the middle cavity has a rf phase
shift of π compared to the side cavities at the time of the
bunch arrival which manifests as the deflecting voltage of
an opposite sign.
Beam dynamics of the bunch along the TCBC beam line

can be explained as follows. The bunch acquires angular
deflection in the first cavity that varies with the z coordinate
and starts expanding in the drift space after the cavity. That
expansion results in a strong x − z correlation inside the
bunch, and its transverse size becomes much larger than its
length. The middle cavity changes electrons’ energy based
on their transverse position, which manifests as longi-
tudinal energy chirp in a bunch with strong x − z corre-
lation. At the same time, the middle cavity produces a
z-dependent angular kick to electrons which is twice as
strong as that of the TCAV1 and has the opposite sign. As a
result, the bunch is focused back in the downstream drift
and restores its original shape when it arrives to the last
cavity. TCAV3 predominantly compensates the residual
z-dependent angular deflection in the beam. The beam line
introduces strong correlations between the longitudinal and
transverse phase spaces which are used to impose the
longitudinal energy chirp on the beam with the transversely
dependent accelerating field. All introduced correlations
are removed at the end of the beam line, and the entire
impact of the TCBC represents solely the longitudinal
energy chirp, mainly imposed in the middle cavity.

FIG. 1. The schematics of the TCBC beam line (above)
consisting of three TCAVs for imposing longitudinal energy
chirp in relativistic bunches. Subplots below show the x − z
electron bunch distribution inside each TCAV. Green arrows in
these plots show z-dependent deflection provided by each cavity,
and the color shows the particle energy at the corresponding
location (larger energy is shown as red and lower energy as blue).
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We analyze the performance of the proposed TCBC
scheme within the limits of linear beam optics formalism
under the assumption of the quasimonoenergetic bunch
with a small angular divergence with a geometric size much
smaller than the rf wavelength. The beam is represented as
an ensemble of electrons characterized by coordinates in
the phase space. The effect of each element of the beam line
on the electron phase space is described by the beam
transform matrix M. Our analysis is limited to the four-
dimensional (4D) phase space ðx; x0; z;Δγ=γÞ, since the
dynamics in the transverse phase space ðy; y0Þ is decoupled
from other dimensions and manifests as a simple drift. This
representation is simpler compared to the full 6D descrip-
tion using the full beam transport matrix R. The transform
matrices of the drift space Md and the TCAV Mc [21] are,
respectively,

MdðDÞ ¼

0
BBB@

1 D 0 0

0 1 0 0

0 0 1 0

0 0 0 1

1
CCCA; ð2Þ

Mcðκ; LcÞ ¼

0
BBB@

1 Lc
κLc
2

0

0 1 κ 0

0 0 1 0

κ κLc
2

κ2Lc
6

1

1
CCCA: ð3Þ

The overall transform matrix of the entire beam line can be
found as the product of its structural components MTCBC¼
Mcðκ;LcÞMdðDÞMcð−2κ;2LcÞMdðDÞMcðκ;LcÞ. The resu-
lting matrix is

MTCBC¼

0
BBB@

1 2Dþ4Lc 0 0

0 1 0 0

0 0 1 0

0 0 −2
3
κ2ð3Dþ2LcÞ 1

1
CCCA: ð4Þ

The transverse and the longitudinal phase spaces are
decoupled at the end of the beam line, and the start-to-
end transform matrix is block diagonal. The dynamics in
the transverse phase space represents the drift correspond-
ing to the overall beam line’s length. The matrix element
M43 ≡ R65 < 0 results in the compressing chirp in the
longitudinal phase space, since the head of the bunch
(z > 0) loses energy (Δγ < 0) while the back of the bunch
(z < 0) gains energy (Δγ > 0).
Equation (4) shows clear advantages of the proposed

TCBC scheme over conventional off-crest acceleration.
The R65 element scales quadratically with the cavity’s
strength κ as opposed to the case of the off-crest accel-
eration, which scales linearly with κ, yet the sign of the
chirp in this novel scheme cannot be simply changed by

delaying the rf phase by 180°. For the dipole mode, this
phase delay is equivalent to the rotation of the cavity by
180∘ in the (x, y) plane; see Sec. IV. The quadratic scaling
indicates that the TCBC is a cost-efficient solution for
imposing large energy chirps. Furthermore, the imposed
chirp in the TCBC scheme scales linearly with the lengths
of the drifts between TCAVs. This reduces the cost of the
system by replacing expensive rf cavity sections with cheap
vacuum drifts.
In the limit of a large vacuum drift compared to the length

of TCAVs, the chirp imposed by the TCBC can be
approximated asR65 ≈ −2κ2D. The correlated energy varia-
tion in the bunch is acquired predominantly in the middle
deflecting cavity, in which the transverse beam size is the
largest due to the strong transverse-to-longitudinal correla-
tions. The transverse beam size in TCAV2 is on the order of
σx;TCAV2 ≈ ðκDÞσz, and the chirp imposed by the TCBC
beam line is on the order of R65 ≈ −2κðσx;TCAV2=σzÞ.
Consequently, the efficiency of the TCBC over the conven-
tional off-crest acceleration in the cavity of the same strength
−2κ (defined as normalized voltage, similar to that of the
deflecting cavity) is increased by a factor of ðσx;TCAV2=σzÞ.
The transverse beam size is physically limited by the beam
pipe radius and by the rf wavelength and can be extended
intomillimeter and centimeter range, while the bunch length
is typically on the order of 0.1 mm in modern x-ray free-
electron lasers (FELs). Summarizing the above, the TCBC
scheme can be 10–100 times more efficient compared to
conventional off-crest acceleration.

III. DESIGN OF TCBC FOR MaRIE FEL

The MaRIE x-ray FEL proposed at Los Alamos National
Laboratory is currently planned to lase at the wavelength of
0.3 Å [22]. The electron beam will be accelerated in a
1.3 GHz superconducting linac reaching the energy of
12 GeV. The linac includes two bunch compression stages
at 250 MeV and 1 GeV (referred further as BC1 and BC2,
respectively). High requirements on the beam quality can
be met by imposing an excessive energy chirp of �5 MeV
on the bunch in order to reduce the effect of CSR during
compression in BC2 and preserve the required normalized
emittance of εn ¼ 0.1 μm. A low rf frequency and close
energies of the compression stages result in a large off-crest
phase of rf which results in the accelerating gradient about a
factor of 3 smaller than the peak value. This approach is not
cost efficient. Moreover, a low accelerating gradient results
in the increased slice energy growth caused by the micro-
bunching instability driven by the longitudinal space
charge [23,24].
As an alternative solution, we propose to use the TCBC

scheme to provide the required energy chirp. The proposed
parameters of the electron beam and the TCBC components
are listed in Table I. The design was developed through a
compromise between the cost efficiency and simplicity of
operation. The minimal TCBC cost is achieved when the
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ratio of drift and TCAV lengths is roughly the same as the
ratio between costs of rf infrastructure (including the cost of
structures, cryomodules, tunnel, etc.) and vacuum drifts.
The simplicity requirement results in a scheme which can
fit within the length of the integer number of standard
cryomodules, which simplifies replacement. Table I sum-
marizes components of two different designs of the TCBC
at the beam energies of 250 MeV (right after BC1) and
1 GeV (right before BC2). Both designs are based on the
cryomodules [25] and 13-cell 3.9 GHz transverse deflect-
ing cavities [26] designed for the International Linear
Collider (ILC) [3]. The schematic layouts of TCAVs inside
the cryomodules are shown in Fig. 2.

A. Chirper at 250 MeV

The required correlated energy spread of 5 MeV for the
250 MeV beam energy results in Δγ=γ ¼ 0.02 for particles
in the head and the tail of the bunch that is well within the
limits of the linear formalism (requiring Δγ=γ ≪ 1) pre-
sented in Sec. II. Accordingly, the TCBC beam line was
simulated using the particle-tracking code ELEGANT [27]

including nonlinearities of each element up to the third
order, and additionally accounting for the longitudinal
space charge (LSC) for a 100 pC bunch. The latter did
not result in any visible changes in the beam dynamics in
the schemes placed before BC2 which are discussed in this
section [28]. The wakefields were not included in the simu-
lation, since they strongly depend on the geometry of the
cavity and do not represent general findings. Twiss para-
meters are optimized (βx;y ¼ 59 m, αx;y ¼ 2.1) to mini-
mize the increase in the beam’s emittance. Figure 3(a)
demonstrates the evolution of the rms beam sizes along the
beam line. In particular, σx grows significantly in the
middle TCAV due to introduced z-dependent angular
spread. The transverse-to-longitudinal coupling is removed
at the end of the beam line, resulting in σx and σy that are
close to each other and slightly smaller than their initial
values due to focusing in a vacuum drift for the chosen
input Twiss parameters. The longitudinal beam size is
almost unaffected by the transverse-to-longitudinal corre-
lations and remains constant along the beam line. The
energy chirp is defined using the conventional notations:

h ¼ hz · Δγ=γi
hz2i ½m−1�; ð5Þ

where h� � �i denotes the ensemble average. It is predomi-
nantly acquired in TCAV2 [as shown in Fig. 3(b)] as was
predicted by the linear formalism (see Sec. II). Figure 3(c)
demonstrates evolution of the transverse (ϵnx and ϵny) and
longitudinal (ϵnz) normalized emittances along the beam
line. The transverse and longitudinal emittances grow
significantly during beam propagation, since the motions
in the transverse (x, x0) and longitudinal (z, z0) phase spaces
are highly coupled. The transverse emittance ϵnx is 0.21 μm
at the end of the beam line, which is roughly a factor of 2
larger than its initial value of 0.1 μm.
The emittance degradation due to nonlinear and collec-

tive effects in the schemes with transverse-to-longitudinal
mixing can be investigated by using the eigenemittance
analysis. Linear 6D dynamics of relativistic beams allows
three invariants characterizing the electron bunch. They can
be chosen to be the eigenemittances λ̃j, introduced by Dragt
[29,30]:

det ðJΣ − iλ̃jIÞ ¼ 0; ð6Þ

where Σ ¼ hζζTi is the 6D rms beam matrix, ζ ¼
ðx; x0; y; y0; z;Δγ=γÞ is the 6D coordinates of an electron
in the phase space, J is the unit block-diagonal antisym-
metric symplectic matrix satisfying J2 ¼ −I, and I is the
identity matrix. The normalized eigenemittances are
defined as λj ¼ γβλ̃j.
The evolution of the eigenemittances along the beam line

is shown in Fig. 3(d). The transverse dynamics in (y, y0)
phase space is decoupled from other dynamics and results

TABLE I. TCBC parameters for the MaRIE x-ray FEL.

BC1 BC2

Electron beam
Beam energy E ¼ γmc2 (MeV) 250 1000
Bunch charge q (pC) 100 100
Bunch length σz (μm) 90 90
Normalized transverse emittances ϵnx; ϵny (μm) 0.1 0.1
Normalized longitudinal emittance ϵnz (μm) 5.72 5.72
Uncorrelated energy spread γmc2σΔγ=γ;u (keV) 32.5 32.5
Correlated energy spread γmc2R65σz (MeV) 6.7 8.1

Beam line components
Total number of cryomodules 2 4
Total number of 13-cell cavities 24 32
Cavity frequency (GHz) 3.9 3.9
Effective rf length in each cavity (m) 0.5 0.5
Deflecting voltage in each cavity (MeV) 2.5 2.5
Number of 13-cell cavities per TCAV 6 8
Drift length D (m) 3.39 6.58
TCAV length Lc (m) 4.28 5.72
TCAV strength κ (m−1) 0.82 0.205
R65 (m−1) −298 −90
Beam line length (m) 25.3 50.6

FIG. 2. The layout of TCAVs inside the cryomodules for the
MaRIE linac. Two design options for TCBC at 250 MeV (above)
and 1 GeV (below) are shown.
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in no visible changes of emittance ϵny and the correspond-
ing eigenemittance λ2 compared to the initial value of
0.1 μm. The longitudinal emittance ϵnz ¼ 31.8 μm as well
as its associated eigenemittance λ3 ¼ 31.9 μm at the end of
the beam line are significantly larger than their initial values

of 5.72 μm. Longitudinal emittances and eigenemittances
grow simultaneously, which indicates that their increase is
caused by nonlinearities of the beam line elements, mostly
due to a large imposed energy spread, Δγ=γ ∼ 0.2. The
eigenemittance λ1 related to the transverse phase space
(x, x0) at the end of the beam line predominantly grows in
the middle deflecting cavity and comes back close to its
original value in the last cavity, resulting in a 5% start-to-
end growth. The increase in the eigenemittances in the
middle of the TCBC beam line and its strong compensation
at the end of the beam line is not a real physical effect. It is
an artifact of the ELEGANT code, which does not use
canonical variables to describe the phase space of the
beam. At the same time, the significant difference between
the transverse emittance ϵnx and its corresponding eigene-
mittance λ1 indicates that the phase space of the beam
remains partially coupled between (x, x0) and (z;Δγ=γ)
phase planes at the end of the TCBC beam line as shown in
Fig. 4. This residual coupling can be explained as follows.
Nonlinear effects slightly change the average beam energy
along the beam line corresponding to γ1 ¼ 489.225,
γ2 ¼ 489.221, γ3 ¼ 489.268, and γ4 ¼ 489.327 at the
entrances to TCAV1, TCAV2, TCAV3, and TCAV4,
respectively. As a result, the strengths of the cavities are
different from the designed values. Consequently, the
effective linear matrix of the TCBC beam line has uncom-
pensated nonzero off-diagonal elements and linear trans-
verse-to-longitudinal correlations.
The remaining coupling between the longitudinal and

transverse phase spaces can be removed through minor
adjustment of the voltage in TCAV4 from 2.5 to
2.5265 MV (ΔV ¼ þ26.5 kV), while all other parameters
of the beam line are unchanged. This adjustment does not
significantly affect the final chirp (less then 0.12% reduc-
tion). Figure 5 illustrates that the minimum of the trans-
verse emittance ϵnx is achieved at the same voltage when

FIG. 3. The rms beam sizes (a), energy chirp (b), emittances (c),
and increase in eigenemittances (d) along the beam line
for the unoptimized Twiss parameters βx ¼ βy ¼ 59 m and
αx ¼ αy ¼ 2.1. Each 13-cell cavity is marked as a yellow
rectangle representing its actual geometric length and position
along the beam line.

FIG. 4. Transverse phase spaces at the exit of TCBC at
250 MeV beam energy in the linear (blue) and nonlinear
regime (red) for the optimal Twiss parameters βx;y ¼ 59 m
and αx;y ¼ 2.1.
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the longitudinal emittance matches the corresponding
eigenemittances. That indicates that the longitudinal and
transverse phase spaces are decoupled in this case, which is
illustrated in Fig. 6.
The adjustment to the TCAV4 voltage depends non-

linearly on its design value, since it should compensate for
the nonlinear effects. The TCBC scheme is independent of
the sign of the deflecting voltage in TCAVs, since changing

the sign is equivalent to rotating the entire beam line by
180° in the x − y plane along the z axis. Therefore,
sgnðΔVÞ ¼ sgnðVÞ, which indicates that ΔV ∝ V3.
Optimization of the TCAV beam line described above
resulted in the following empirical scaling for the adjusted
voltage in the TCAV4:

ΔV½kV� ≈ 1.696 · V3½MV�: ð7Þ

The empirically found dependence matches the theoreti-
cally expected scaling. The exact numerical factor depends
on the details of the TCBC beam line, such as the beam
energy, cavity length, and vacuum drift length.
Twiss parameters can be optimized to minimize the

emittance growth due to the quadratic nonlinearities of the
beam elements. The optimal set of βx ¼ 150 m and
αx ¼ −1.3 are significantly different from the optimized
Twiss parameters prior to correction of TCAV4 voltage
(βx;y ¼ 59 m and αx;y ¼ 2.1), while the vertical Twiss
parameters are unchanged. The transverse emittance ϵnx
and the corresponding eigenemittance λ1 increase by 5%
for the maximum applied chirp of 300 m−1. An identical
increase in these two parameters indicates that the longi-
tudinal and transverse phase spaces are decoupled by the
end of the beam line.
The output longitudinal emittance ϵnz and corresponding

eigenemittance λ3 are 31.86 μm, significantly larger than
their initial values of 5.72 μm. The longitudinal phase
space at the exit of the beam line is illustrated in Fig. 7(a).
The phase space shows the residual quadratic curvature
similar to the one observed during the off-crest acceler-
ation. At the same time, the slice energy spread along the
bunch is roughly the same in both linear and nonlinear
analysis of the TCBC beam line as illustrated in Fig. 7(b).
The curvature in the phase space can be compensated with
the third harmonic cavity placed downstream in the beam
line, similar to how it is done for conventional off-crest
acceleration.

FIG. 5. (a) Transverse and (b) longitudinal emittances and
corresponding eigenemittances as functions of the voltage in
TCAV4. The dotted vertical line shows the optimal voltage at the
minimum of the transverse emittance, which occurs when the
longitudinal regular and eigenemittances match.

FIG. 6. Phase spaces at the exit of the TCBCat 250MeVwith the
tuned voltage ΔV ¼ þ26.5 kV in the last TCAV for the linear
(blue) and nonlinear (red) regimes for βx;y ¼ 59 m and αx;y ¼ 2.1.

FIG. 7. Longitudinal phase space (a) and slice energy spread (b)
at the exit of the TCBC at 250 MeV with tuned voltage ΔV ¼
þ26.5 kV in the last TCAV and the optimized Twiss parameters
of βx;y ¼ 150 m and αx;y ¼ −1.3 in the linear (blue line) and
nonlinear (red line) regimes.
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Figure 8 summarizes the performance of the optimized
TCBC beam line. The emittance degradation depends on
the applied chirp, since it is caused by nonlinear effects
which become more significant at larger values of imposed
chirp. The imposed chirp is controlled by changing the
deflecting voltage simultaneously in all cavities, while the
voltage in the last cavity is adjusted according to the scaling
in Eq. (7). All other parameters of the scheme are not
changed, including the geometry and the Twiss parameters
(Twiss parameters have been optimized for the largest
imposed chirp). Optimization of Twiss parameters for each
deflecting voltage does not result in significant improve-
ment in performance.
We emphasize that optimization of the Twiss parameters

and the voltage in the last cavity are equally important for
the preservation of the beam quality. Optimization of the
Twiss parameters without proper adjustment to the voltage
in TCAV4 resulted in the smallest transverse emittance of
ϵnx ¼ 0.2 μm as shown in Fig. 3(c). On the other hand,
tuning the voltage in TCAV4 without proper optimization
in the Twiss parameters resulted in the smallest emittance
of ϵnx ¼ 0.14 μm as shown in Fig. 5(a). Simultaneous
optimization of these parameters results in the transverse
emittance of ϵnx ¼ 0.105 μm as shown in Fig. 8(a).
The TCBC scheme employs a strong distortion of

the phase space of the beam and its restoration at the
end of the beam line. As a result, the scheme is vulnerable

to imperfection of the beam line elements. It has been
discussed above that the voltage in the TCAV4 needs to be
adjusted in order to eliminate emittance growth. The
numerical example presented in Fig. 5(a) shows that
the transverse emittance doubles if the voltage in
TCAV4 differs from the optimized value by only 1%.
Fortunately, the amplitude stability of modern klystrons
matches this requirement [31]. Moreover, the stability
requirement for the TCAV amplitude can be reduced if
all the cavities are powered by a single klystron. In this
case, the klystron power jitter does not affect the condition
for the perfect decoupling between the longitudinal
and transverse phase spaces κ1 þ κ2 þ κ3 þ κ4 ¼ 0. This
jitter will just result in the same jitter of the chirp
(R65 ∝ κ2 ∝ Pklystron).
The TCBC scheme is not very sensitive to the TCAV

voltage jitter. At the same time, it is strongly sensitive to the
rf phase jitter. The mismatch between the rf phase and the
bunch arrival time results in a transverse kick to the bunch
centroid [32]. That leads to the middle cavity affecting the
mean energy of the bunch in addition to imposing the chirp.
That, in turn, changes the strength of the TCAV4 and
results in the emittance growth as shown in Fig. 5(a). We
have investigated the effect of the rf phase jitter numeri-
cally. The results are shown in Fig. 9. The relative phases of
the fields in TCAVs are fixed as if they are powered by a

FIG. 8. (a) Transverse and (b) longitudinal emittances at the exit
of the optimized TCBC at 250 MeV versus the applied chirp.

FIG. 9. Transverse emittance (a) and sensitivity of the chirp
(a) to the rf phase jitter for the TCBC design at 250 MeVand the
largest anticipated imposed chirp.
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single rf source. The rf phase jitter (or bunch arrival
time jitter) results in the degradation of the emittance.
Typical rf jitter of 0.1° [31] results in the output emittance
of 0.107 μm.

B. Chirper at 1 GeV

The design of the TCBC at 1 GeV fits four cryomodules,
and it is significantly longer than the design of the TCBC at
250 MeV, which fits two cryomodules as illustrated in
Fig. 2. It also requires more rf power, due to the larger
length of the deflecting cavities assuming the same peak
field in TCAVs (see Table I for more details). This differ-
ence is driven by the unfavorable scaling of the TCAV
strength with energy, κ ∝ 1=γ, and strong dependence of
the imposed chirp on the cavity’s strength, R65 ∝ κ2. As a
result, the imposed correlated energy spread is smaller in
high-energy beams: σΔγ ¼ γmc2R65σz ∝ 1=γ. A longer
beam line is required to impose the same correlated energy
spread at higher beam energies.
At the same time, imposing the same correlated energy

spread on the beam at a higher energy results in smaller
relative energy spread Δγ=γ, smaller nonlinear effects, and
smaller residual transverse-to-longitudinal coupling. As a
result, adjustment of the voltage in TCAV4 is not required,
in contrast to the TCBC at 250 MeV. The emittance growth
is significantly smaller at a higher energy as shown in

Fig. 10. The optimized Twiss parameters in this case are
βx ¼ 175 m and αx ¼ 0.3.
The designs of the TCBC at 250 MeV (Sec. III A) and

1 GeV (III B) present a trade-off. The TCBC is more
compact and cheaper at low energy. At the same time,
imposing chirp at a higher energy results in an output beam
of higher quality. Moreover, the space charge effects are
reduced at a higher beam energy. Imposing the chirp at a
higher energy is beneficial for suppressing the micro-
bunching instability, since the beam is accelerated faster.
The choice of the energy for chirping the beam should be
determined from the start-to-end simulations of the linac
and thorough evaluation of the full degradation in the beam
quality.

IV. TCAV-BASED DECHIRPER

The TCAV-based chirper scheme studied in Sec. II
imposes chirp equal to R65 ¼ − 2

3
κ2ð3Dþ 2LcÞ, which

quadratically depends on the cavity’s strength. As a result,
the sign of the chirp cannot be switched by simply changing
the voltage in TCAVs to the opposite sign. Formally, the
R65 matrix element can be positive if jDj > 2

3
Lc andD < 0.

That can be achieved through the use of a FODO lattice
between the TCAVs, with the beam transform matrix
identical to the drift space with a negative drift length.
Details on the design of the effective negative drift can be
found in the Appendix.
Inclusion of quadrupoles in the scheme preserves the

concept of the transverse-to-longitudinal mixing, while the
energy chirp is still predominantly changed in the middle
cavity. The proposed transverse-deflecting-cavity-based
dechirper (TCBD) can be used to eliminate the residual
chirp after compression in the final bunch compressor of
the linac. The TCBD is an active element, unlike the
dechirper based on a wake excitation [33–35]. The perfor-
mance of the scheme does not depend on the bunch charge,
and it is insensitive to the details of the longitudinal bunch
profile. The amplitude of the imposed negative chirp is
controlled with rf power and can be quickly adjusted during
operation.

A. TCBD for MITS

This section describes a TCAV-based dechirper design
for the MaRIE injector test stand (MITS) at a beam energy

FIG. 10. (a) Transverse and (b) longitudinal emittances at the
exit of the optimized TCBC at 1 GeV versus the applied chirp.

Q1 Q1 Q1 Q1

Q2

Q3

Q2 Q2 Q2

Q3

FIG. 11. The layout of the TCAV-based dechirper inside the
cryomodule for MITS. Each 13-cell cavity is represented in
yellow, while the focusing and defocusing quadrupoles in respect
to the (x, x0) phase space are green and purple, respectively.
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of 250 MeV. The design fits inside a single standard ILC
cryomodule [25]. The superconducting quadrupoles with a
reasonable peak gradient are integrated in the scheme to
provide the effective negative drift. The layout of the TCBD
is shown in Fig. 11. The main parameters are listed in
Table II. The MITS dechirper at 250 MeV is designed to
demonstrate the proof of principle of the concept rather
than being a practical application. The proposed design
results in 600 keV of negative correlated energy spread,
which is sufficient for an experimental demonstration.
The TCBD for MITS was analyzed in the approximation

of the input beam with a zero chirp. Thus, the scheme
provides a decompressing energy chirp imposed on the
beam by the end of the beam line. Figure 12 shows the
evolution of the main beam parameters along the beam line.
Growth of the transverse emittances can be reduced by
adjusting the input Twiss parameters of the beam. In contrast
to the chirper beam line, the adjustment of the Twiss
parameters βx and αx should be done independently from
βy and αy for the dechirper beam line. The reason for that is
the lack of symmetry in dynamics in x and y phase spaces.
The optimization results in final transverse emittances of
ϵnx ¼ 0.1029 μm and ϵny ¼ 0.1003 μm and a final longi-
tudinal emittance of ϵnz ¼ 6.08 μmfor the optimal values of
the input Twiss parameters of βx ¼ 28.8 m, βy ¼ 9.8 m,
αx ¼ −7, and αy ¼ 1. The degradation of the beam quality
due to nonlinear effects is not significant at the proper choice
of Twiss parameters.

The imposed chirp in the TCBD design for MITS is
about a factor of 10 smaller than in the chirper studied in
Sec. III A. The nonlinear emittance growth due to the
partial correlation between the longitudinal and the trans-
verse phase spaces is not significant for these parameters.
We did not adjust the deflecting voltage in the last TCAV to
minimize emittance growth and did not study emittance
growth versus imposed chirp in this case.

TABLE II. Parameters of the TCAV-based dechirper beam line
and beam for MITS.

MITS MaRIE

Electron beam
Beam energy (MeV) 250 1000
Bunch charge (pC) 100 100
Bunch length (μm) 90 3.9
Uncorrelated energy spread (keV) 32.5 750
Normalized transverse emittance ϵnx; ϵny (μm) 0.1 0.1
Normalized longitudinal emittance ϵnz (μm) 5.72 5.72
Uncorrelated energy spread γmc2σΔγ=γ;u (keV) 32.5 750
Correlated energy spread γmc2R65σz (MeV) 0.6 5.2

Beam line components
Total number of cryomodules 1 6
Total number of 13-cell cavities 8 64
Cavity frequency (GHz) 3.9 3.9
Effective rf length in each cavity (m) 0.5 0.5
Deflecting voltage in each cavity (MeV) 2.5 2.5
TCAV length Lc (m) 1.38 11.51
TCAV strength κ (m−1) 0.82 0.205
Total number of quads 10 10
Quadrupole length (m) 0.05 0.1
Quadrupole 1 geometric strength (m−2) 23.8 2.2
Quadrupole 2 geometric strength (m−2) −28.4 −5.0
Quadrupole 3 geometric strength (m−2) 65.3 16.5
Effective negative drift (m) −5 −65.3
R65 (m) 26.7 1333
Beam line length (m) 13.1 75.9

FIG. 12. Evolution of the normalized emittances (a), corre-
sponding eigenemittances (b), rms beam sizes (c), and energy
chirp (d) along the beam line of the TCAV-based dechirper at
250 MeV.
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B. Dechirper design for the MaRIE linac at 1 GeV

This section describes a practical design of the dechirper
which may be implemented at the MaRIE linac. The overall
design fits in six cryomodules as shown in Fig. 13. The
length of the dechirper is significantly larger than the length
of the chirper at 1 GeV (Sec. III B), since the bunch is
compressed down to 3.9 μm compared to the precom-
pressed value of 90 μm (compression ratio of 23). The
parameters of the beam line elements are listed in Table II.
Identical negative drifts are implemented in the second and
fifth cryomodules. Each negative drift consists of five
quadrupole magnets separated by drifts. Note that the
distances between quadrupoles (Fig. 13) and their strengths
are different from those in a simple double triplet design
described in the Appendix. The design of this negative drift
represents a compromise between its efficiency and quality.
It is compact enough to provide the effective negative drift
of 65 m without much degradation in the beam quality. A
chirp (up to 5.2 MeV) was applied to the beam at the
entrance to the scheme to simulate the beam coming out of
the MaRIE chicane. The TCBD scheme was simulated as
an actual dechirper, and strengths of TCAVs were adjusted
to eliminate the imposed chirp.
Figure 14 demonstrates the evolution of the beam

parameters along the beam line. The chirp is mostly
eliminated in the middle TCAV, similar to the TCBC
scheme. The small residual transverse-to-longitudinal linear
correlations are very small. If critical for larger normalized
energy spread values, they can be adjusted by tuning the
voltage in the last TCAV, similar to what was accomplished
for the 250MeV chirper scheme.We emphasize that, unlike
the chirper design, the voltage in the last cavity must be
reduced compared to the linear case. The Twiss parameters
are optimized to minimize emittance growth. The output
transverse emittances are ϵnx ¼ 0.127 μm, ϵny ¼ 0.104 μm,
and ϵnz ¼ 7.25 μm for the optimal Twiss parameters of
βx ¼ 76 m, βy ¼ 62 m, αx ¼ −2.5, and αy ¼ 1.6.

Q1 Q1

Q2

Q3

Q2

CRM-1 CRM-2 CRM-1` CRM-1`` CRM-2 CRM-1

CRM-1 CRM-2

FIG. 13. The layout of the TCAV-based dechirper at 1 GeV
which fits inside six cryomodules. Cryomodules 1, 3, 4, and 6
have 16 13-cell cavities (shown in yellow). Cryomodules 2 and
5 host negative drift beam lines designed of focusing (green)
and defocusing (purple) quadrupoles in respect to the (x, x0)
phase space.

(a)

(b)

(c)

FIG. 14. The rms beam sizes (a); the total energy spread and
chirp (b) and eigenemittances (c), at a distance s along the beam
line of the TCAV-based dechirper at 1 GeV for Twiss parameters
βx ¼ 76 m, βy ¼ 62 m, αx ¼ −2.5, and αy ¼ 1.6.

FIG. 15. Longitudinal phase space at the entrance (blue) and
exit of the TCAV-based dechirper at 1 GeV with optimized input
Twiss parameters for 0 (red) and 100 pC (green) bunches.
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The effect of the longitudinal space charge must be
accounted for in the MaRIE TCBD design because of the
high peak current I ¼ 3 kA after the beam compression
and relatively low beam energy. In fact, the beam prop-
agates in a strongly space-charge-dominated regime after
compression, since 2I=IA 1

ðβeγÞ3 σ
2
x ≫ ϵ2nx=γ2, where βe ≈ 1

is the relativistic velocity and IA ≈ 17 kA is the Alfvén
current. As a result, the emittances of the output beam are
somewhat larger than what is expected for a bunch with
zero charge (ϵnx ¼ 0.127 μm, ϵny ¼ 0.101 μm, and ϵnz ¼
6.54 μm). The transverse emittances are mostly not
affected by the space charge, but the longitudinal emittance
grows due to the space charge wake. Figure 15 compares
the longitudinal phase space at the entrance (blue) and

exit of the beam line for 0 (red) and 100 pC (green)
bunches.
Emittance growth and the final chirp are plotted versus

initial chirp in Fig. 16 for a 100 pC bunch.

V. SUMMARY

In this paper, we have proposed and studied a novel
scheme for imposing a linear energy chirp on an electron
bunch using a combination of transverse deflecting cavities
separated by drifts. We have designed two chirpers which
can be placed at the beam energies of 250 MeVand 1 GeV,
respectively. These schemes are designed to impose the
required energy chirp of 5 MeV prior to the bunch
compressor BC2. Both chirpers are efficient and cause
only minor degradation to the beam quality (see Figs. 8 and
10). Compensation of the higher-order nonlinear effects is
required at the low energy (250 MeV) due to the large chirp
compared to the energy of the beam. This was successfully
accomplished through adjusting the voltage in the last
transverse deflecting cavity and optimizing the input Twiss
parameters. The design of the TCBC at a higher energy of
1 GeV results in a better quality beam but requires a longer
length of rf structures and drifts.
We have demonstrated that the TCBC concept can be

modified to impose decompressing energy chirp in the
beam. Such a design can be used in conventional linacs for
removing residual chirp in beams after the last bunch
compressor. The design requires the use of FODO lattices
that effectively act as negative drifts between deflecting
cavities. This approach may be superior compared to
passive dechirpers based on the excitation of longitudinal
wakes inside of a corrugated pipe [33–35]. The main
advantage of the proposed novel scheme is full control
over the beam dynamics through beam optics elements. As
a result, the TCBD does not depend on the bunch charge
and the details of the current distribution (although some
degradation of the beam quality may be expected for high
current bunches due to longitudinal space charge effects).
We described the design of the TCBD at 250 MeV for the
proof-of-principle demonstration at MITS and design for
the TCBD dechirper for the MaRIE linac at 1 GeV.
The TCBC and TCBD schemes are flexible and can be

designed at different beam energies. This suggests that they
can be employed for essentially all existing and planned
accelerators where it is required to impose or remove large
energy chirps. This technique is superior to the conven-
tional off-crest acceleration, particularly in terms of rf
power consumption. The inexpensive option of imposing
strong energy chirps may reduce the size of chicanes, which
will mitigate degradation of the beam quality due to CSR.
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FIG. 16. Transverse (a) and longitudinal (b) emittances and
chirp (c) at the exit of the optimized TCBD at 1 GeV versus the
initial chirp for a 100 pC bunch.
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APPENDIX: NEGATIVE DRIFT

Negative drift (R12 ≤ 0 and R34 ≥ 0) is a virtual element
in beam optics, and it can be designed as a sequence of
focusing and defocusing quadrupole magnets separated by
drifts. For example, an effective negative drift along the x
axis can be realized through as a combination of two
triplets. Each triplet consists of two focusing (f < 0) and
one defocusing (f > 0) quadrupoles which are separated
by identical drifts (d ¼ −f). The beam transport matrix
describing a thin focusing or defocusing quadrupole acting
in the 4D transverse phase space (x; x0; y; y0) is

Mq�ðfÞ ¼

0
BBB@

1 0 0 0

�1=f 1 0 0

0 0 1 0

0 0 ∓ 1=f 1

1
CCCA: ðA1Þ

The longitudinal beam dynamics is not affected by the
quadrupole. The triplet matrix can be found as the product
of its structural components:

MtðdÞ ¼ Mq−ðdÞ ·MdðdÞ ·MqþðdÞ ·MdðdÞ ·Mq−ðdÞ;
ðA2Þ

which results in

MtðdÞ ¼

0
BBB@

−1 3d 0 0

0 −1 0 0

0 0 1 d

0 0 0 1

1
CCCA: ðA3Þ

The combination of two triplets results in an effective
negative drift for (x, x0) phase space and a positive drift for
(y, y0) phase space:

Md−ðdÞ ¼ MtðdÞ ·MtðdÞ ¼

0
BBB@

1 −6d 0 0

0 1 0 0

0 0 1 2d

0 0 0 1

1
CCCA: ðA4Þ

In general, the neighboring focusing elements of two
triplets can be combined as a single quadrupole with a
twice shorter focal length.
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