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Finding a truly local observable for perturbations of the linear beam dynamics is a nontrivial task,
contrary to the nonlinear regime, where local resonance driving terms already exist. The phase beating
between two locations depends on errors outside of this region. However, phase advances between four
nearby locations can be arranged in a way to cancel the contributions from errors outside of this region up to
first order. The resulting local observable contains valuable information about quadrupolar lattice
imperfections. This report seeks to explore this local phase beating observable and to test its usefulness
for gaining insight in the linear optics imperfections of a circular accelerator.
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I. INTRODUCTION

The measurement and control of the optics of an
accelerator is a critical task for machine performance. In
the LHC, machine protection also imposes constraints on
optics aberrations. Linear optics corrections have achieved
remarkable performance in the past years [1–7], pushing
the precision and accuracy of β function and transverse
coupling measurements further.
Special accelerator segments like the interaction regions

of colliders need a precise control of local optics which
becomes a challenging task if the optics are pushed to more
extreme settings. New methods and more precise hardware
are required to measure and correct machine imperfections
such as quadrupole errors. In the case of a collider the exact
measurement and control of the β function at the interaction
point (IP) is important for operation of the machine and to
optimize luminosity [8].
In order to locate error sources we are interested in

local observables, i.e., terms that only depend on
lattice parameters and error sources in a localized region.
Such a local observable does not exist for linear lattice
imperfections. For the nonlinear ones one has been found
so far [9,10]:

χðNÞ ¼ x̂1ðNÞ
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χðNÞ is built with the signal of three beam position
monitors (BPMs) at positions s1, s2, s3. In the equation
above x̂i ≡ xiffiffiffi

βi
p , φx;ij is the horizontal betatron phase

advance between the BPMs at positions i and j and in
this work we adopt the notation

φz;ab ¼ φz;b − φz;a ð2Þ

as the phase advance of plane z between elements a and b.
An extension of χðNÞ into the linear regime does not

seem possible since measured amplitude and phase are
used in a way to remove information on the linear beam
dynamics.
Certain optics parameters (e.g. the β function or cou-

pling) can be calculated from the phase advances between
two or three BPMs [11–13] independently from BPM
calibration errors [14]. The phase advance measured from a
Fourier transform [15,16] turn-by-turn data is independent
of the amplitude of the signal and, thus, not affected by
calibration errors.
The phase advance between two elements of an accel-

erator depends, in general, on all the elements in the ring.
Under the assumption that coupling and higher order

imperfections are negligible we study the effect of quad-
rupolar field errors on the phase advance up to first order
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and construct an observable for linear lattice imperfections
that is local. For second order considerations we find a
formula for phase beating but global contributions cannot
be eliminated.
The focus of this work lies on circular machines where

phase advance can be measured accurately by exciting
an oscillation of the beam. Excitation methods include
single kicks and driven oscillation by an ac dipole [17]
which generate a stable coherent motion of the beam.
Conceptually the local observable described in this work
applies also to linear machines but accurate measurements
of phase advances remain challenging and the application
of the proposed technique might not be practical. Instead
model-based fitting methods [18] might be more suited to
retrieve optics parameters directly.
This article is organized in the following structure:
Section II derives a local expression from the phase

advance beating. This expression depends solely on the
phase advances between four different BPMs. It reduces to
just two BPMs if their mutual model phase advance is an
exact multiple of π.
Section III examines the robustness of the local observ-

able against noise and explores the visibility of strong error
sources in the arc.
Section IV shows an example of a real LHC measure-

ment of the local observable and the results are discussed.

II. LOCAL OBSERVABLE

We define the phase advance beating between element a
and element b as

Δφz;ab ¼ φz;ab − φm
z;ab: ð3Þ

A superscript (m) denotes model values. The effect of linear
lattice imperfections on the resonance driving terms
(RDTs) and their impact on the betatron phase is studied.
We express the betatron motion in the language of normal
form and Courant-Snyder coordinates [19].
The phase beating due to quadrupolar field errors is

given by

Δφij ¼ h̄ij − 8sin2φm
ijRffig − 8 sinφm

ij cosφ
m
ijIffig

þOðf2Þ ð4Þ

with

h̄ij ¼
X
w∈I

βmwδK1;wsin2φm
wj; ð5Þ

fi ¼ f2000;i ¼
P

W
w K1;wβx;we2iφx;wj

8ð1 − e4πiQxÞ : ð6Þ

h̄ij only depends on quadrupole errors inside the range
½i; j� and is therefore a local term. The RDTs fi in Eq. (4),

on the other hand, contain global contributions. In the
Appendix A the details of the derivation of Eq. (4) are
carried out.
The following subsections describe the derivation of an

expression for local phase beating in two distinct cases:
The first is the general case with arbitrary phase advances
between the BPMs. A combination of four BPMs is
necessary to calculate a pure local term. The second case
considers only two BPMs with a phase advance of π.

A. The general case—Phase advances
different from nπ

Equation (4) still carries a dependence on the global error
distribution in the form of the terms fi. We can eliminate
those terms by carefully summing up phase advances
between different pairs of BPMs as described in
Appendix B and illustrated in Fig. 1.
The resummation yields an observable

Φmeas
ijkl ¼ cotφm

jlΔφjl − cotφm
jkΔφjk

þ cotφm
ikΔφik − cotφm

ilΔφil ð7Þ

which only depends on measured phase advances between
the four BPMs i, j, k and l. Up to first order it is equal to an
analytic expression

Φmodel
ijkl ¼ cotφm

jlðh̄il − h̄ijÞ − cotφm
jkðh̄ij − h̄ikÞ

þ cotφm
ikh̄ik − cotφm

il h̄il ð8Þ

which depends only on local error sources. There are no
global contributions left and the two quantities defined in
Eqs. (7) and (8) are truly local up to first order.

FIG. 1. The interval of BPMs with corresponding phase
advances.

FIG. 2. The phase advances appearing in Eqs. (7) and (8). The
phase advances φij and φkl do not appear in the final form of the
local observable.
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The measurement uncertainty can be propagated to
Φmeas

ijkl :

σ2Φ ¼ cot2φm
jlσ

2
φjl

þ cot2φm
jkσ

2
φjk

þ cot2φm
ikσ

2
φik

þ cot2φm
ilσ

2
φil
: ð9Þ

Equation (9) is used to calculate the size of the error bars in
local observable plots.
A consideration of degrees of freedom suggests that

three BPMs should suffice to reconstruct the local linear
optics errors. However, this reconstruction would depend
on the amplitude which, in turn, may suffer from calibration
errors. The local observable presented here is independent
of BPM calibration errors.
Figure 3 illustrates the impact of a quadrupole error on

the local observable. The plot shows an LHC arc which is
constructed from 23 FODO cells of alternating focusing
and defocusing quadrupoles with a total phase advance of
90° and bending dipoles placed in between the quadru-
poles. Two BPMs are placed in one FODO cell, directly in
front of the focusing or defocusing quadrupoles, respec-
tively. The BPMs i, j, k and l are chosen to be consecutive
ones. A relative field error of 0.1% was introduced at
magnet MQ.22R4. Since the data points corresponding to a
value of Φmeas

ijkl are placed at the position si, only the three
points that precede the introduced error are affected; those
for which the introduced error lies in the interval ½si; sl�.
The first of the three affected points has a very small value
because of the proximity of the quadrupole to the BPM.

B. Exact multiples of π

If the model phase advance is φm
ij ¼ nπ, the phase

advance beating between two positions, Eq. (4) reduces to

Δφij ¼ h̄ij; ð10Þ

which implies that Δφij is directly a local observable when
φm
ij ¼ nπ. In this case the number of BPMs is reduced to

two at positions i and j. In general, phase advances that are
sufficiently close to multiples of π might not be present in
standard operation of an accelerator—an exception is
for example the achromatic telescopic squeezing (ATS)
optics [20] that is now used in LHC and which is the
proposed baseline for its high luminosity upgrade—but it
would be conceivable to prepare special optics settings for a
corresponding measurement in any accelerator. The error of
the local observable in this case,

σΔφij
¼ σφij

; ð11Þ
is smaller than for the general local observable.

C. Exploring the second order

The details of the second order calculations can be found
in Appendix C. Here we summarize the results. The
detuning Hamiltonian term h1100;ij as well as the RDT
fi have to be extended to second order:

h1100;ij → hð1Þ1100;ij þ hð2Þ1100;ij ð12Þ

fi → fð1Þi þ fð2Þi : ð13Þ

The total phase advance beating is, then,

Δφij ¼ −2hð1Þ1100;ij − 2hð2Þ1100;ij þ 4R
n
fð1Þj − fð1Þi

o

þ 4R
n
fð2Þj − fð2Þi

o
þ 16

�
R
n
fð1Þj

o
I
n
fð1Þj

o

−R
n
fð1Þi

o
I
n
fð1Þi

o�
þOðK3Þ: ð14Þ

The same resummation techniques as for the first order
will not suffice to eliminate global RDTs fi and fj. If we
reformulate the third line of Eq. (14) as

RffjgIffjg −RffigIffig

¼ 1

2
Iff2jg −

1

2
Iff2i g

¼ 1

2
I
n
A2
ij þ 2Aijfie

2iφm
ij þ ðe4iφm

ij − 1Þf2i
o
; ð15Þ

we see that it is not possible to separate the global fi from
the local term Aij. This separation was the key to be able to
eliminate the global terms in the first order approximation.
For φm

ij ¼ nπ a second order term can be derived
analogously:

Δφij ¼ h̄ij − 2hð2Þ1100;ij

þ 4R
n
fð2Þj − fð2Þi

o
þ 8IfA2

ij þ 2Aijfig: ð16Þ

This term also contains the global f1 and f2 and there are
no common factors that can be exploited to eliminate them.

FIG. 3. The impact of a focusing error on the local observable.
The plot shows an LHC arc with a relative error of 0.1% of the
magnetic field of focusing quadrupole MQ.22R4 which is
marked by a vertical line.
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Therefore in this work purely local observable cannot be
extracted from the second order phase beating.

III. SIMULATING ERRORS AND NOISE

A. General simulation setup

In order to assess the usability of the local observable
we perform a series of simulations with different quadru-
pole error distributions and compare the prediction of the
analytical calculations with simulated results. We base our
simulations on the nominal LHC lattice at the end of run II
in 2018 with ATS optics and β� ¼ 30 cm.
Figure 4 shows a sketch of a typical LHC arc section.

BPMs are placed directly in front of the quadrupoles of
FODO cells. Additional trim quadrupoles (e.g. MQT) may
be present.
Four cases will be studied: the first one is a set of LHC

design field errors from WISE [21,22], shown in Table I,
in the absence of phase noise. This setup will let us verify
the equality of Eqs. (7) and (8). Then Gaussian noise of
0.7 × 10−3 × 2π rad is added to the simulated phase
advances to illustrate the behavior in the presence of noise.
A third simulation includes an additional strong error
source in one of the quadrupoles, cf. Table II to demonstrate
the impact of single strong error sources and the locality
of the local observable. A last simulation setup demon-
strates the visibility of quadrupolar errors originating from
feed-down of sextupoles via orbit offsets.
There are many different possible combinations of

BPMs. In the following comparison plots we will only
show two of them: one that has a phase advance of 180° in

one of the phase advances appearing in Fig. 5 and one
that avoids such a term and, additionally, the 2-BPM
combination with φij ¼ 180°.
In a real measurement we would consider only the

combinations of closest BPMs to avoid the accumulation
of systematic errors coming from other lattice elements and
therefore we limit our study to only those combinations.
The phase advance over two FODO cells in telescopic arcs
of the ATS optics is tightly matched to π. On the one hand
this provides a continuous set of combinations with similar
phase advances and thus we can more easily compare the
values of Φmodel

ijkl and Φmeas
ijkl at different positions. On the

other hand this gives rise to model phase advances close
to multiples of π for several combinations which gives
the possibility to explore these cases. Table III shows the
closest combinations with all occurring model phase
advances. Reflected combinations are omitted. Model
phase advances close to nπ cause the cotangent terms to
diverge. They are therefore highlighted in red. Since we still
want to study these cases and avoid divergences and the
resulting numerical instabilities we impose a filter on
the phase advances. Those which are closer to nπ than
10−6 × 2π are excluded. The case 45° − 90° − 45° is
sketched in Fig. 5.
Model and measurement values are shown for the

combinations 45° − 45° − 45° and 90° − 45° − 45° and
φm
ij ¼ 180° in Figs. 6–8. Since we get the phase advances

of Table III only for telescopic arcs and for the sake of
readability we limit the plot region to just one telescopic
arc, the one between IR4 and IR5. For simplicity we show
only results for the horizontal plane.

FIG. 4. The probed interval Ip for a typical section inside an
LHC arc. BPMs are represented by rectangles. The phase
advance two consecutive BPMs is approximately 45°. Used
BPMs are shown in orange, unused in gray. Blue diamonds
indicate quadrupoles and trim quadrupoles. Only BPMs and
quadrupoles are shown, other elements such as corrector spool
pieces and the bending dipoles are omitted.

TABLE I. Error distribution for the design LHC lattice at
6.5 TeV with weak errors in the final triplet in order to avoid
higher order effects. K denotes the main field component
(quadrupolar field for quadrupoles, etc.).

Element σK1
=K½10−4�

MQ 12
MQT 75
MQM 12
MQY 11
MQW 15
MQX 1
MB 4

FIG. 5. The phase advances of the combination φij ¼ 45°,
φjk ¼ 90°, φkl ¼ 45°. The phase advance φil ¼ 180° causes
cotφm

jl to diverge.

TABLE II. In addition to design LHC errors distribution we
introduced a single strong error source in arc 45.

Element δK1=K½10−4� σK1
=K½10−4�

MQ.22R4.B1 100 � � �
MQ � � � 12
MQT � � � 75
MQM � � � 12
MQY � � � 11
MQW � � � 15
MQX � � � 1
MB � � � 4
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B. Design field errors

The first case, Fig. 6, is free of noise with the quad error
distribution of Table I. The agreement between analytical
and measurement values is excellent, showing the validity
of Eqs. (7), (8) and (10).
To examine the behavior of the local observable in the

vicinity of nπ we have to scan the accelerator for available
model phase advances. For each BPM i we are looking for
a second one—BPM j—that is placed at Δφij ¼ π � δϕ
downstream. δϕ is a threshold parameter controlling
how many local observable pairs are accepted. We chose
δϕ ¼ 1 × 10−3 × 2π. The telescopic arcs of the ATS optics
provide the needed model phase advances.
The agreement is, as for the general case, very good in

the absence of errors.

C. Phase noise

The noise to signal ratio decreases with increasing
oscillation amplitude and thus with increasing β function
at the BPM. In the LHC FODO cells BPMs are installed
close to the focusing and defocusing quadrupoles and
those lie at β function maxima and minima, respectively.
Therefore we can divide the arc BPMs in two categories,
those with low β function and those with high β function.
The β function minima are usually around 30 m and the
maxima at 180 m. The phase advance uncertainties σφij

fall
into three categories: both BPMs have high β function, only
one of them has high β and both have low β.
For this set of simulations we introduce phase noise

which corresponds to noise values of the LHC signal that
we typically achieve taking five data acquisitions and after
cleaning [23] and harmonic analysis. We group BPMs into
the before mentioned categories and apply a Gaussian error
distribution to the phase values according to measurement
statistics.
With the introduced phase noise the agreement decreases

significantly (cf. Fig. 7). The noise is of the same order of
magnitude as Φmeas

ijkl itself. Therefore the LHC arc quad-
rupolar errors cannot be identified with this phase advance
resolution. The combination 45° − 45° − 45° shows the
worst behavior under noise because the β function alter-
nates between high and low values from BPM to BPM and

so within the four neighboring BPMs there are always two
with low β function.
The case of exact π phase advances shows the smallest

errors as only one phase advance error enters in the error
propagation.

D. Single strong error source

For the next simulation, we assume that there is a single
strong error in one of the quadrupoles. We assign 1% of
relative error to MQ.22R4 to show the effect of a strong
error source. Figure 8 shows that this error creates a visible
peak in the local observable. The peak in the local
observable is situated immediately in front of the location
of the error source because the plot shows the local

TABLE III. Indices i, j, k, l and phases appearing model phase
advances for the closest combinations. The actual model phase
advances depend on the respective model settings and differ
slightly from the exact values above.

Sketch of combination φjl − φjk − φik − φil

90° − 45° − 90° − 135°
90° − 45° − 135° − 180°

135° − 90° − 135° − 180°
135° − 45° − 135° − 225°

FIG. 6. This figure shows the first two combinations of Table III
and the case φm

ij ¼ π from simulations. Top: the combination
45° − 45° − 45°. Center: the combination 90° − 45° − 45°. The
absolute value of the local observable in the telescopic arc (right
of IP4) is 4 orders of magnitude higher than in the top plot. The
plots only show values where the phase advances do not differ
more than 1° from the target values displayed in Table III in order
to ensure comparability between the values. Additionally values
with a model phase advance in nπ � 10−6 are excluded to avoid
numerical instabilities. This causes the IR to be empty of local
phase advances. Note that in the middle plot the values are 4
orders of magnitude higher than in the other two. This originates
from the cotφm

il terms which are high because of φm
il ≈ π. The

bottom plot shows the local observable for model phase advances
of 180°. In all three plots the agreement between model and
simulation is excellent.
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observable at the position of BPM i but the errors of the
interval ðsi; slÞ enter in the calculation of the observable.
In the presence of model phase advances close to nπ the

values of the local observable in the telescopic arcs are
clearly enhanced (cf. bottom plot of Figs. 6 and 7).
The simulations above show that strong quadrupolar

error sources (≥ 1%) can be detected with the local
observables under the studied phase resolution. For the
detection of smaller errors a higher precision of the phase
measurement would be needed. More precise BPMs like
DOROS-BPMs [24] currently installed in the LHC inter-
action region and a higher excitation amplitude as well as
the acquisition of a higher number of turns can increase the
resolution of the phase measurement.

E. Feed-down from sextupoles

As a final test case we introduce orbit offset into the
machine around the IPs by activating dedicated dispersion
bumps. These are used in the ATS optics to compensate
dispersion created by the crossing angles at the IPs. The
transverse displacement of the beam creates quadrupolar-
like errors inside sextupoles via feed-down:

ΔK1;sext ¼ δxK2; ð17Þ

where δx denotes horizontal offset and K2 is the strength of
the sextupole. K1;sext can now be used for the calculation of
the local observable.
Figure 9 shows the local observable in this case. Regular

bumps created by the feed-down appear which are con-
sistent in all three cases but less pronounced in the nearest
neighbors case. With the given noise level those bumps can
be measured. The local observable is not affected by feed-
down in the center of the arc because sextupoles at places
with high orbit offset are turned off. In comparison to the
previous examples, Figs. 7 and 8, the values of the local
observable did not change in this region.
The bottom plot of Fig. 9 shows the changed orbit for

reference. The peaks of the local observable can be
identified with the peaks in the orbit. Again the local
observable is in advance of the error source.

IV. EXPERIMENTAL VERIFICATION

We calculate the local observable from a measurement
taken during the LHC beam commissioning in 2018.
The measurement can be seen in Fig. 10 for the

combinations 45°−45°−45° (top plot) and 90°−45°−45°
(bottom plot).

FIG. 7. Similar plots as in Fig. 6 but including a phase error
of 0.7 × 10−3 × 2π rad for high β function values and 1.8 ×
10−3 × 2π rad for low βs. The agreement between model and
simulation and measurement is highly deteriorated. The error bars
have been calculated using Eqs. (9) and (11). The case φm

ij ¼ π is
affected less by the error since only one phase advance error is
propagated.

FIG. 8. The local observable with the error distribution of
Table II, including a strong error source at MQ.22R4.B1 and
phase noise of 0.7 × 10−3 × 2π rad. The position of the strong
error source is marked by a green line.
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We take a model lattice where dispersion bumps are
turned off in order to see the impact on the local observable.
As discussed in Sec. III, the feed-down of sextupole fields
due to the orbit offset of those bumps changes the local
observable. Figure 10 shows in blue the measured local
observable which features similar spikes as the simulation
(cf. Fig. 9). In red the effect of feed-down from sextupoles
via the orbit offset on the local observable is shown. The
feed-down has been calculated by introducing the
dispersion bump knob into the model that was turned on
during the measurement and calculating δK1;sext from
Eq. (17). The pattern of the model values is also present
in the measurement which confirms that their origin is
indeed the feed-down. Since the Φmodel

ijkl contains only the
expected feed-down from sextupoles and no other error
sources (like normal quadrupole imperfections) the differ-
ence between model and measurement is then the actual
local observable created by those error sources. The center
region of the arc is free of a high peak because, as in the
simulation, no sextupole is active at high orbit offsets.

V. CONCLUSION AND OUTLOOK

We showed the existence of a local observable for linear
lattice imperfections in circular accelerators. The locality of
the observable holds up to first order in the quadrupole
error δK1.
Phase measurement noise is an issue with the current

precision of turn-by-turn measurements and a higher
resolution in the measurement would be of advantage.
For certain use cases, new techniques are needed to
improve the control of the machine and hardware upgrades
are a justified solution. Simulations show that strong error
sources can be identified even with current precision of
LHC measurements as they generate distinguishable peaks.
The calculated local observable of an actual measure-

ment shows a picture that is compatible with simulations.
Feed-down of orbit offsets via sextupoles can be seen in
measurement data and be reproduced in simulations.
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APPENDIX A: INFLUENCE OF LINEAR
LATTICE IMPERFECTIONS
ON BETATRON PHASES

This section revises the derivation of phase advance
beating from quadrupolar field errors by reproducing the
steps of [25,26]. We consider normal quadrupolar field
errors only. In this case the generating function F reads

FðsjÞ ¼ f2000;jðζþx;sjÞ2 þ f0200;jðζ−x;sjÞ2;

where the RDT fjklm up to first order at the position i is
given by

fjklm;a ¼
−
P

whw;jklme
i½ðj−kÞφx;waþðl−mÞφy;wa�

1 − ei½ðj−kÞQxþðl−mÞQy� : ðA1Þ

For normal multipole componentsKn the coefficient hw;jklm
reads

hw;jklm ¼ −Kw;n−1ilþmðβw;xÞ
jþk
2 ðβw;yÞlþm

2

j!k!l!m!2jþkþlþm : ðA2Þ

The complex Courant-Snyder coordinates can be calculated
from the normal form coordinates by [19,27]

hþx ðsj; NÞ ¼ e∶F∶ζþx;sjðNÞ
¼ ζþx;sjðNÞ þ 4if�2000;jζ

−
x;sjðNÞ

þ j4f2000;jj2ζþx;sjðNÞ þOðf3Þ; ðA3Þ

where ∶F∶x ¼ ½F; x� and the normal form coordinate in
turn N is ζ�x;sjðNÞ ¼ ζ�x;sje

2πNQx . The normal form coor-

dinates ζ�z are given by [9]

ζ�z;s ¼
ffiffiffiffiffiffiffi
2Iz

p
e∓iðψzþψ0Þ; z ∈ fx; yg; ðA4Þ

where s is the longitudinal position in the ring, Iz is the
linear invariant, and Qz is the tune of plane z.
We used the fact that f�2000 ¼ f0200 to simplify the

expression. The Oðf3Þ term collects all third order con-
tributions of Rff2000;jg, Iff2000;jg and jf2000;jj.
We are interested in the phase of the real signal x̂j ¼

Rfhþx ðsjÞg which reads, up to first order,

x̂j ¼ R
n
ð1þ 4if�2000;jÞ

ffiffiffiffiffiffiffi
2Ix

p
e−i½NQxþψx;0j�

o
: ðA5Þ

The effect of the RDTs fjklm;i on the phase of the main tune
line is the argument of the term in parentheses in Eq. (A5):

arg ð1þ 4if�2000;jÞ

¼ atan

�
−4Rff2000;ig

1þ 4Iff2000;j þ j4f2000;jj2g
�

≈ −4Rff2000;ig − 16Rff2000;igIff2000;ig: ðA6Þ

Since only f2000 appears in the phase beating we will
suppress the indices 2000 from now on. A detuning ΔQz is
generated by the phase independent Hamiltonian terms
hw;iijj. The only quadrupolar contribution comes from the
term h1100. The tune in Eq. (A5) consists of

Qx ¼ Qm
x þ ΔQx; ðA7Þ

where Qm
x is the model horizontal tune and

2πΔQx ¼ −
∂hHiφ
∂Jx ¼ −

∂2Jxh1100
∂Jx ¼ −2h1100 þOðJxÞ:

ðA8Þ

The Hamiltonian of the whole accelerator reads

HðsaÞ ¼
XW
w

X
n

X
jþkþlþm¼n

hw;jklmei½ðj−kÞφx;waþðl−mÞφy;wa�

× ðhþx Þjðh−x Þkðhþy Þlðh−y Þm ðA9Þ

with h�z being the normalized complex Courant-Snyder
coordinate,

h�z ¼ ẑ� ip̂z; ðA10Þ

and n denotes the order of the magnetic component (2 for
quadrupole, 3 for sextupole, etc.). The sum over w in
Eqs. (A1) and (A9) runs over each element w in the
accelerator. The accumulated phase shift due to the detun-
ing between elements i and j reads

h1100;ij ≡ −
sgnðj − iÞ

4

X
I

βmw;xδK1;w þOðδK2
1Þ: ðA11Þ

I is the interval ½minði; jÞ;maxði; jÞ� and sgnðxÞ denotes the
sign function:

sgnðxÞ ¼

8>><
>>:

−1 if x < 0

0 if x ¼ 0

1 if x > 0:

ðA12Þ

The total phase advance beating is then the sum of
the accumulated detuning from Hamiltonian terms and the
phase beating from the RDTs:
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Δφx;ij ¼ −2h1100;ij − 4Rffj − fig þOðf2Þ: ðA13Þ

With the following identity [9,10],

fj ¼ sgnðj − iÞ 1
8

X
w∈I

βmwδK1;we
2iφm

wj þ fie
2iφm

ij ; ðA14Þ

we can eliminate fj from Eq. (A13). Here and in the
following we consider only the horizontal plane and thus

we omit the index x in the optical functions ϕab; βa and the
quadrupole field K1;a. For compactness we rename the first
part of fj to

Aij ¼ sgnðj − iÞ 1
8

X
w∈I

βmwδK1;we
2iφm

wj : ðA15Þ

We can simplify the last term of Eq. (A13) [25]:

Rffj − fig ¼ −RfAijg þRfe2iφm
ijgIffig þ Ife2iφm

ijgRffig −Rffig
¼ −RfAijg þ ð1 − 2sin2φm

ijÞRffig − 2 sinφm
ij cosφ

m
ijIffig −Rffig

¼ −RfAijg þRffigð−2sin2φm
ijÞ − I ½fi�2 sinφm

ij cosφ
m
ij: ðA16Þ

Equation (A13) now reads

Δφij ¼ −2h1100;ij − 4RfAijg − 8sin2φm
ijRffig

− 8 sinφm
ij cosφ

m
ijIffig þOðf2Þ

¼ h̄ij − 8sin2φm
ijRffig

− 8 sinφm
ij cosφ

m
ijIffig þOðf2Þ: ðA17Þ

We simplified the equation with the definition

h̄ij ≡ −2h1100;ij − 4RfAijg ¼
X
w∈I

βmwδK1;wsin2φm
wj: ðA18Þ

h̄ij only depends on quadrupole errors inside the range ½i; j�
and is therefore a local term. The RDTs fi in Eq. (4), on the
other hand, contain global contributions.

APPENDIX B: ELIMINATING GLOBAL
CONTRIBUTIONS

The goal of this section is to eliminate global contribu-
tions to Eq. (4). This can be achieved by a careful
resummation of phase advances between four BPMs.
The global term Rffig can be eliminated by taking a

third BPM k and divide by the respective factor:

Δφij

sin2φm
ij
−

Δφik

sin2φm
ik

¼ h̄ij
sin2φm

ij
−

h̄ik
sin2φm

ik

− 8ðcotφm
ij − cotφm

ikÞIffig: ðB1Þ

Proceeding similarly with the factor in front of Iffig,
Δφij

sin2φm
ij
− Δφik

sin2φm
ik

cotφm
ij − cotφm

ik
¼

h̄ij
sin2φm

ij
− h̄ik

sin2φm
ik

cotφm
ij − cotφm

ik
− 8Iffig: ðB2Þ

We can simplify the lhs to

Δφij

sin2φm
ij
− Δφik

sin2φm
ik

cotφm
ij − cotφm

ik
¼ Δφij

sin2φm
ijðcotφm

ij − cotφm
ikÞ

−
Δφik

sin2φm
ikðcotφm

ij − cotφm
ikÞ

¼ Δφij sinφm
ij sinφ

m
ik

sin2φm
ijðcosφm

ij sinφ
m
ik − cosφm

ik sinφ
m
ijÞ

−
Δφik sinφm

ij sinφ
m
ik

sin2φm
ikðcosφm

ij sinφ
m
ik − cosφm

ik sinφ
m
ijÞ

¼ Δφijðsinφm
ij cosφ

m
jk þ cosφm

ij sinφ
m
jkÞ

sinφm
ij sinφ

m
jk

−
Δφikðsinφm

ik cosφ
m
jk − cosφm

ik sinφ
m
jkÞ

sinφm
ik sinφ

m
jk

¼ Δφijðcotφm
ij þ cotφm

jkÞ − Δφjkðcotφm
jk − cotφm

ikÞ: ðB3Þ

The rhs of Eq. (B2) can be simplified analogously and we can rewrite it to

Δφijðcotφm
ij þ cotφm

jkÞ − Δφjkðcotφm
jk − cotφm

ikÞ
¼ h̄ijðcotφm

ij þ cotφm
jkÞ − h̄jkðcotφm

jk − cotφm
ikÞ − Iffig: ðB4Þ
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To finally eliminate Iffig we take a fourth BPM, l, and
subtract

Δφijðcotφm
ij þ cotφm

jlÞ − Δφjlðcotφm
jl − cotφm

il Þ

from Eq. (B4) and end up with

cotφm
jlðΔφil − ΔφijÞ þ cotφm

jkðΔφij − ΔφikÞ
− cotφm

kiΔφik þ cotφm
liΔφil

¼ cotφm
jlðh̄il − h̄ijÞ þ cotφm

jkðh̄ij − h̄ikÞ
− cotφm

kiΔφik þ cotφm
li h̄il: ðB5Þ

Figure 2 illustrates the collection of four BPMs used to
construct Eq. (B5). The left-hand side of Eq. (B5) can be
further simplified to

cotφm
jlðΔφil − ΔφijÞ þ cotφm

jkðΔφij − ΔφikÞ
− cotφm

kiΔφik þ cotφm
liΔφil

¼ cotφm
jlΔφjl − cotφm

jkΔφjk þ cotφm
ikΔφik

− cotφm
ilΔφil: ðB6Þ

Now we can rewrite Eq. (B5) as

Φmeas
ijkl ¼ Φmodel

ijkl ðB7Þ

by defining

Φmeas
ijkl ≡ cotφm

jlΔφjl − cotφm
jkΔφjk

þ cotφm
ikΔφik − cotφm

ilΔφil ðB8Þ

and

Φmodel
ijkl ≡ cotφm

jlðh̄il − h̄ijÞ − cotφm
jkðh̄ij − h̄ikÞ

þ cotφm
ikh̄ik − cotφm

il h̄il: ðB9Þ

Those terms are truly local to the region in between the
four BPMs.

APPENDIX C: SECOND ORDER DERIVATIONS

1. Second order RDTs

This section briefly summarizes the calculation of second
order resonance driving terms (Appendix A of [25]) and uses
the method to calculate the second order contributions from
quadrupolar field errors. We use the following conventions:

A‡ ≡ A − hAiφ
AðsaÞ ¼ Aa; ðC1Þ

whereA is a Hamiltonian term of arbitrary order. The general
first order Hamiltonian is given by

Hð1Þ
w;a ¼

X
j1k1l1m1

hw;j1k1l1m1
ei½ðj1−k1Þφx;waþðl1−m1Þφy;wa�

× ðhþx Þj1ðh−x Þk1ðhþy Þl1ðh−y Þm1 : ðC2Þ

We only consider errors in normal quadrupole components,
no perturbation in coupling or higher order multipole terms.
Therefore Hð1Þ only contains the following terms:

Hð1Þ
w;a ¼ hw;1100hþx h−x þ hw;2000e2iφwaðhþx Þ2

þ hw;0200e−2iφwaðh−x Þ2 ðC3Þ

hHð1Þ
w;aiφ ¼ hw;1100hþx h−x ðC4Þ

Hð1Þ‡
w;a ¼ hw;2000e2iφwaðhþx Þ2 þ hw;0200e−2iφwaðh−x Þ2: ðC5Þ

The formula for second order RDTs Fð2Þ from the first and
second order Hamiltonian terms Hð1Þ and Hð2Þ is

Fð2Þ
a ¼

�
Hð2Þ‡

a þ 1

2

�
hHð1Þ

a iφ;
1þ R
1 − R

Hð1Þ‡
a

�

þ 1

2

�
Hð1Þ‡

a ;
Hð1Þ‡

a

1 − R

��	
ð1 − RÞ: ðC6Þ

Fð2Þ
a will have, analogously to Fð1Þ

a , the form

Fð2Þ
a ¼

X
jklm

fð2Þjklmðζþx Þjðζ−x Þkðζþy Þlðζ−y Þm: ðC7Þ

The second order Hamiltonian can be calculated by

Hð2Þ
a ¼ 1

2

XW
w

XW
u

½Hu;a; Hw;a�: ðC8Þ

For the indices ðjklmÞ ¼ ð2000Þ we get

Hð2Þ
2000;a ¼

XW
w

XW
u

f½hu;1100hþx h−x ; hw;2000ðhþx Þ2�

þ ½hu;2000ðhþx Þ2; hw;1100hþx h−x �g
¼ ihð2Þ2000;aðhþx Þ2

with hð2Þ2000;a ¼
XW
w

XW
u

f2hw;2000hu;1100e2φwa

− 2hw;1100hu;2000e2φuag: ðC9Þ

In the first row we used ½hþ; hþ� ¼ 0 and wrote only those

brackets that are nonzero. hð2Þ0200;a gives a similar result with

hw;2000 replaced by hw;0200. Since hHð2Þ
2000;aiφ ¼ 0 we get

Hð2Þ‡
2000;a ¼ HðaÞ

2000;a: ðC10Þ
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The calculation of the bracket in Eq. (C6) yields similar
terms when we expand the Poisson brackets and therefore
we will not repeat all the steps in detail. The first bracket
reads

1

2

XW
u;w

�
hw;1100hþx h−x ;

1þ e4πQx

1 − e4πQx
hu;2000e2φuaðhþx Þ2

�

¼ 1

2

XW
u;w

2hw;1100hu;2000 cotð4πQxÞe2φuaðhþx Þ2

≕ hð1;1Þ2000ðhþx Þ2 ðC11Þ

and the second one,

�
hw;2000e2iφwaðhþÞ2 þ hw;0200e−2iφwaðhþÞ2;

hw;2000e2iφua þ hw;0200e−2iφua

1 − R
ðhþÞ2

�
; ðC12Þ

reduces to

1

1 − e4iπQ
ð8ihw;2000hu;0200e2iφuw − 8ihw;0200hu;2000e−2iφuwÞ

× hþx h−x ≕ ihð1;1Þ1100h
þ
x h−x : ðC13Þ

Up to second order, the RDT can be calculated using

f2000 ¼ fð1Þ2000 þ fð2Þ2000

¼ fð1Þ2000 þ
1

1 − e4iπQx

n
ihð2Þ2000 þ ihð1;1Þ2000

o
; ðC14Þ

where fð1Þ2000 is Eq. (A1) and the terms hw;1100 and hw;2000 that
appear in the second order expansion are, according to
Eq. (A2),

hw;1100 ¼
−K1;wβw

4
ðC15Þ

hw;2000 ¼
−K1;wβw

8
: ðC16Þ

In total we obtain

f2000;i ¼
1

8ð1 − e4iπQxÞ
XW
w

K1;wβw



e2φwi

þ 1

4

Xw−1
u

K1;uβuðe2φwi − e2φuiÞ

þ 1

4

XW
u

cotð4πQxÞK1;uβuð−e2φuiÞ
�

þOðK3Þ: ðC17Þ

2. Second order tune shift

The tune shift comes from the phase-independent
Hamiltonian in normal forms

Hnorm ¼ Hð1Þ
norm þHð2Þ

norm: ðC18Þ

The first order part of the phase independent Hamiltonian is
just the phase average of the first order Hamiltonian in
Courant-Snyder coordinates

Hð1Þ
norm ¼ hHð1Þiφ ðC19Þ

whereas the second order term is calculated by

Hð2Þ
norm ¼ hHð2Þiφ þ

1

2

��
Hð1Þ‡;

Hð1Þ‡

1 − R

�

φ

: ðC20Þ

Again, the Poisson bracket yields hð1;1Þ1100 of Eq. (C13)

hð1;1Þ1100 ¼
XW
w

XW
u

K1;uK1;wβuβw
8ð1 − e4iπQÞ sinð2φuwÞ; ðC21Þ

and hHð2Þiφ is the sum over all phase independent terms,
i.e., j ¼ k:

XW
w

XW
u

n
4hw;2000hu;0200e2iφwi−2iφui

− 4hw;0200hu;2000e2iφui−2iφwi

o

¼
XW
w

XW
u

K1;uK1;wβuβw
16

i sinð2φwuÞ≕ ihð2Þ1100: ðC22Þ

The contribution to the phase advance is the accumulated
phase shift between elements i and j:

hð2Þ1100;ij þ hð1;1Þ1100;ij

¼ sgnðj − iÞ
X
w∈I

XW
u

K1;uK1;wβuβw
16

× sin ð2φwuÞ
�
1þ 1

1 − e4iπQ

�
: ðC23Þ

3. Phase beating—second order

Combining Eqs. (A6) and (A8) while keeping all terms
up to second order, we obtain the following expression for
the second order phases advance beating Eq. (4):
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Δφij ¼ −2hð1Þ1100;ij − 2hð2Þ1100;ij − 2hð1;1Þ1100;ij

þ 4R
n
fð1Þj − fð1Þi

o
þ 4R

n
fð2Þj − fð2Þi

o

þ 16
�
R
n
fð1Þj

o
I
n
fð1Þj

o
−R

n
fð1Þi

o
I
n
fð1Þi

o�

þOðK3Þ: ðC24Þ

The superscripts (1) and (2) denote first and second order.
The second order terms contain global error contributions
that cannot be eliminated by a new reshuffling and
resummation because of the nested sums in Eqs. (C17)
and (C23).
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