
 

Wakefields in conducting waveguides with a lossy dielectric channel
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The resonant properties of the impedance of a two-layer circular metal-dielectric waveguide are
investigated by taking into account the finite conductivity of the metallic pipe and the dissipation of the
radiated energy in the dielectric layer. The dispersion relations for azimuthally symmetric monopole TM
modes are analyzed. It is shown that, for an outer metallic layer with finite conductivity and a thin internal
dielectric cover, the waveguide has only a single slowly propagating TM01 mode. The point charge
longitudinal wake potentials are evaluated for thin and thick internal layers.

DOI: 10.1103/PhysRevAccelBeams.23.041301

I. INTRODUCTION

Metal-dielectric [1–25], bimetallic [26–28], and corru-
gated [29–32] structures have attracted strong interest for
particle radiation, acceleration, and beam manipulation in
the past decades. Dielectric loaded structures are promising
for beam-based terahertz generation [6–12], two-beam
acceleration [13–16], beam diagnostics [17], and beam
manipulation [18–21]. Recently, it was demonstrated that
the incorporation of a dielectric-lined waveguide located
downstream of a photoinjector gun can provide a sufficient
energy modulation from the self-wake to ballistically bunch
a beam on a meter-scale footprint [22]. Note that a thin
internal dielectric layer also serves as a model for the
mathematical description of corrugated and rough inner
surfaces of accelerating structures [29–32]. The special
case of an aluminum pipe with a dielectric aluminum oxide
layer has been studied in Ref. [25], where the effects of an
oxide layer on the resistive-wall wakefields have been
evaluated numerically by means of a finite element method.
Studies of metal-dielectric structures suffer often from a

gap between theory and practical conditions in the experi-
ment, because simplified models are employed which allow
only a qualitative interpretation of the experimental results.
Usually, in the study of the dielectric loaded waveguides,
the external metal wall is assumed to be an ideal conductor,
and electromagnetic energy losses in the dielectric layer are
neglected. In this case, the structure impedance contains
only an imaginary part, which contains an infinite number

of alternating divergent peaks, which are equally spaced at
the resonance frequencies (cf. Fig. 13, left), while the wake
function turns into an infinite sum of undamped cosinelike
functions. Note that the impedance in this model has an
infinite number of excited synchronous modes for any
thickness of the dielectric layer. Single-mode radiation can
then be achieved only by using an extended bunch length,
providing exponential damping of high-order modes [4,5].
In this paper, the longitudinal impedance and the point

wake potential for a finite conductivity metallic waveguide
with a lossy internal dielectric layer are studied. It is shown
that, under certain conditions, the finite conductivity of the
outer layer leads to a new dispersion relation for Cherenkov
radiation that is characterized by a single synchronous
TM01 mode. The resistivity of the outer wall substantially
changes the configuration of the impedance curve: it does
not contain divergences, acquires a real component, and,
with a sufficiently thin dielectric layer, becomes single
resonant with the canonical form of a narrow-band imped-
ance. The wake function of the point charge is then
monochromatic. The main differences between the proc-
esses of radiation in a metal-dielectric waveguide with a
thin and a thick internal dielectric layer are examined. We
also evaluate the modifications of the impedance and
wakefields due to a finite metallic conductivity and a lossy
dielectric.

II. ANALYTICAL MODEL OF IMPEDANCE
AND DISPERSION RELATION

Consider a point charge q moving along the axis of a
cylindrical metallic waveguide with an internal dielectric
layer (Fig. 1), where a1 is the inner radius of the waveguide,
a2 > a1 is the inner radius of the metallic wall, d ¼ a2 − a1
is the dielectric layer thickness, and a3 is the outer radius of
the waveguide.

*ivanian@asls.candle.am

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI.

PHYSICAL REVIEW ACCELERATORS AND BEAMS 23, 041301 (2020)

2469-9888=20=23(4)=041301(10) 041301-1 Published by the American Physical Society

https://orcid.org/0000-0001-8340-5617
https://orcid.org/0000-0001-9314-7041
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevAccelBeams.23.041301&domain=pdf&date_stamp=2020-04-22
https://doi.org/10.1103/PhysRevAccelBeams.23.041301
https://doi.org/10.1103/PhysRevAccelBeams.23.041301
https://doi.org/10.1103/PhysRevAccelBeams.23.041301
https://doi.org/10.1103/PhysRevAccelBeams.23.041301
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


For numerical simulations, we will assume a copper
waveguide with a conductivity of σ2 ¼ 58 × 106 Ω−1m−1.
The dielectric constant of the conducting outer layer is
given by ε2 ¼ 1þ jσ2=ε0ω, where ε0 is the vacuum
dielectric constant and ω is the angular frequency. The
real part ε01 of the relative dielectric constant ε1 ¼ ε01 þ jε001
of the dielectric layer is assumed to be ε01 ¼ 10, while the
imaginary part will vary as ε001 ¼ 0, 0.1, 0.5, and 3.0. As an
example of materials for a dielectric layer with ε01 ¼ 10,
some grades of condensed ceramics, micas furan resin,
melamine resin, urea resin, and glasses can be considered
[33,34]. In the framework of our study, we assume the
materials of both layers are nonmagnetic: μ1 ¼ μ2 ¼ 1.
The inner radius of the waveguide is a1 ¼ 2 mm.

Two values of the thickness of the dielectric layer are

considered: relatively thick d ¼ 200 μm and rather thin
d ¼ 2 μm. We assume an infinite outer wall thickness,
which is valid for the outer layer thickness much larger than
the skin depth, an assumption generally satisfied for all
practical cases when considering a copper wall.
Exact formulas for the impedances of infinite homo-

geneous cylindrical waveguides with laminated walls can
be obtained using the matrix formalism [35]. The current
study is based on the exact expression for the longitudinal
monopole impedance of a cylindrical waveguide with a
two-layer wall. For an ultrarelativistic particle moving
along the axis of the waveguide with a speed v equal to
the speed of light c in a vacuum, the longitudinal imped-
ance is expressed as [35]

Zk ¼ j
Z0

πka21

�
1 − 2ε1

a1β1
G

�−1
; ð1Þ

where

G ¼ β2ε1U4 þ β1ε2U3α

β2ε1U2 þ β1ε2U1α
; α ¼ K1ða2β2Þ

K0ða2β2Þ
; ð2Þ

U1 ¼ I0ðβ1a2ÞK0ðβ1a1Þ − I0ðβ1a1ÞK0ðβ1a2Þ ≈ sinhðβ1dÞ=β1
ffiffiffiffiffiffiffiffiffiffi
a1a2

p
;

U2 ¼ I1ðβ1a2ÞK0ðβ1a1Þ þ I0ðβ1a1ÞK1ðβ1a2Þ ≈ coshðβ1dÞ=β1
ffiffiffiffiffiffiffiffiffiffi
a1a2

p
;

U3 ¼ −I0ðβ1a2ÞK1ðβ1a1Þ − I1ðβ1a1ÞK0ðβ1a2Þ ≈ − coshðβ1dÞ=β1
ffiffiffiffiffiffiffiffiffiffi
a1a2

p
;

U4 ¼ I1ðβ1a1ÞK1ðβ1a2Þ − I1ðβ1a2ÞK1ðβ1a1Þ ≈ − sinhðβ1dÞ=β1
ffiffiffiffiffiffiffiffiffiffi
a1a2

p ð3Þ

with the impedance of free space Z0 ¼ 120π Ω, the
modified Bessel functions of the first and second kind
and zero and first order I0;1, K0;1, the transverse wave
numbers for the materials of the first and second layers
β1;2 ¼ k

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ε1;2μ1;2

p
, and thewave number k ¼ ω=c. Note

that, for a high conductivity of the outer wall, α ≈ 1. The
approximations in Eq. (3) are valid for jβ1ja1 ≫ 1. By
substituting the approximate expressions into Eq. (2), we
can obtain the short-wave asymptotic representation for the
impedance (1) (compare with Ref. [32]):

Zk ¼ j
Z0

πka21

�
1þ 2ε1

a1β1

thðβ1dÞ þ u
1þ u thðβ1dÞ

�−1
; u ¼ β1ε2

β2ε1
:

ð4Þ

The factor G [Eq. (2)] can be divided into two terms, the
first of which contains only the parameters of the internal
dielectric layer and the second of which vanishes as the
conductivity of the outer metal layer tends to infinity:

G ¼
�
U3

U1

þ 1

β21a1a2

ε1
U1

1

ε1U2 þ β1U1
ε2
β2
α

�
: ð5Þ

In deriving Eq. (5), the following relation has been used:

U4U1 −U3U2 ¼
1

β21a1a2
: ð6Þ

The impedance [Eq. (1)] can now be written as a sum of
two parallel connected resistances: Zdiel and Zres. The first
describes the impedance of a metal-dielectric waveguide
with an ideally conducting outer wall, and the second one
takes into account the contribution of the finite conductivity
of the outer wall:

Zk ¼ fZ−1
diel þ Z−1

resg−1; ð7Þ

Zdiel ¼ j
Z0

πka21

�
1 − 2ε1

a1β1

U3

U1

�−1
; ð8Þ

FIG. 1. Round two-layer metal-dielectric waveguide.
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Zres ¼ −j Z0

2πkε1
β31a2U1

�
U2 þ

β1
ε1

ε2
β2

U1α

�
: ð9Þ

Note that the resistive part of the impedance [Eq. (9)] is
included as a parallel additive to its purely dielectric
component [Eq. (8)]. Its contribution, besides the outer
layer conductivity σ2, depends on the parameters of the
internal dielectric layer ε1, a1, and a2. This term is due to
the energy dissipation in the metal wall modified by the
dielectric layer.
If the outer wall of the waveguide is an ideal conductor

ðσ2 → ∞Þ, expression (7) turns to Zdiel (8):

Zk ¼ Zdiel: ð10Þ

In the alternative limiting case ε1 → ε0, expression (7)
tends to the impedance of an unbound single-layer resistive
tube [36] with inner radius a2:

Zk ¼ Z̃res ¼ j
Z0

πka2

�
2ε2
β2

þ a2

�−1
≈
Z0s0
2πa22

�
1− jffiffiffi

κ
p þ jκ

2

�−1
:

ð11Þ

Here κ ¼ ks0 is the dimensionless wave number, and

s0 ¼ ð 2a2
2

Z0σ2
Þ1=3 is a characteristic distance. In the case of

ε001 ¼ 0, Eq. (8) corresponds to the perfectly conducting
waveguide with a lossless internal dielectric layer.
The dispersion relation connects the longitudinal wave

number p with the frequency p ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 − ν20=a

2
1

p
, where ν0

is the desired mode-dependent dimensionless transverse
wave number of the TM mode in the vacuum region. The
transverse wave numbers of all modes are obtained using
the field-matching conditions at the boundaries of the
layers, which for the azimuthally symmetric modes TM0i
(i ¼ 1; 2; 3…) is given by the relation [37]

ε1ν0J0ðν0ÞW3 þ ν1J1ðν0ÞW1

ε1ν0J0ðν0ÞW4 þ ν1J1ðν0ÞW2

þ ε1ν2
ε2ν1

Hð1Þ
0 ðξν2Þ

Hð1Þ
1 ðξν2Þ

¼ 0 ð12Þ

with the initial conditions ν0 → χ0i (i ¼ 1; 2; 3…) for
k → 0, where χ0i is the ith root of the zero-order Bessel
function [J0ðχ0iÞ ¼ 0]. Together with the continuity
requirement of the function ν0ðkÞ, the above initial con-
ditions uniquely determine the transverse wave numbers ν0i
of the TM0i modes and the corresponding dispersion
relations.
In the lossy structures under consideration, the transverse

ν0i and longitudinal p wave numbers are complex quan-
tities. In this case, the transverse propagation constant is
essentially the real component of the transverse wave
number Refpg, while its imaginary component Imfpg is
responsible for the attenuation of the wave. Thus, the

condition for synchronization of the phase velocity of the
waveguide mode with the velocity of an ultrarelativistic
particle is the equality k ¼ Refpg (Figs. 4 and 9) or Δk ¼
k − Refpg ¼ 0 (Fig. 11).
In Eq. (12), ξ is the ratio a2=a1, and ν1 and ν2 are the

transverse wave numbers of the same mode in the inner
layer and in the outer wall, respectively:

ν1;2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2a21ðε1;2μ1;2 − 1Þ þ ν20

q
: ð13Þ

J0;1 and H
ð1Þ
0;1 are Bessel and Hankel functions of the first

kind and zero and first order, respectively:

W1 ¼ Hð1Þ
0 ðν1ÞJ0ðξν1Þ − J0ðν1ÞHð1Þ

0 ðξν1Þ;
W2 ¼ −Hð1Þ

0 ðν1ÞJ1ðξν1Þ þ J0ðν1ÞHð1Þ
1 ðξν1Þ;

W3 ¼ −Hð1Þ
1 ðν1ÞJ0ðξν1Þ þ J1ðν1ÞHð1Þ

0 ðξν1Þ;
W4 ¼ Hð1Þ

1 ðν1ÞJ1ðξν1Þ − J1ðν1ÞHð1Þ
1 ðξν1Þ: ð14Þ

With an ideally conducting outer wall (ε2 → ∞),
Eq. (12) is simplified to

ε1ν0J0ðν0ÞW3 þ ν1J1ðν0ÞW1 ¼ 0: ð15Þ

III. LONGITUDINAL IMPEDANCE
AND WAKE FUNCTION—THICK

INNER LAYER

Figure 2 presents graphs of the longitudinal impedance
of a metal-dielectric tube with a thick (d ¼ 200 μm)
internal dielectric coating with relatively small values of
the imaginary part of the dielectric constant (ε001 ¼ 0, 0.1,
and 0.5). Figure 3 presents the impedance for the case
of a relatively large imaginary part of the dielectric
constant (ε001 ¼ 3).
The impedances (Fig. 2) are characterized by multiple

resonant frequencies. In the cases presented in Figs. 2 and
3, the ratio d=a1 ¼ 0.1 is small. In accordance with this, the
resonance values of the impedances rather rapidly decrease
with increasing frequencies of the resonances, even at
ε001 ¼ 0. In the latter case, the attenuation is solely due to the
resistivity of the outer wall material. As one can see, even
such a highly conductive material as copper leads to a
significant attenuation.
In Fig. 4, the dispersion curves for the first three modes

(TM0i, i ¼ 1, 2, 3) are presented for different values of the
imaginary component of the dielectric constant of the inner
coating. Note that the synchronous frequencies (the phase
velocity is equal to the velocity of light) correspond to the
resonant frequencies of the longitudinal impedance in
Fig. 2. The effect of higher resonant frequencies on the
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test particle can be evaluated by studying the shape of the
corresponding wake functions, presented in Fig. 5.
Hereinafter, the wake function is calculated as the

inverse Fourier transform of the impedance (1):

Wk ¼
1

2π

Z
∞

−∞
Zke−jsω=cdω; ð16Þ

where s is the distance to the test particle. The calculations
are performed numerically, and the area of integration is
gradually increased, which leads to the vanishing of the
wake function in front of the leading ultrarelativistic charge
(s < 0) due to the causality principle.
The distortion imposed by the higher resonant frequen-

cies is clearly visible in Fig. 5; however, they weaken as the
imaginary part of the dielectric constant increases due to
damping. In particular, with ε001 ¼ 0.5, the effect of the
higher-order resonances appears only in the immediate
vicinity of the particle (with s < 10 mm). Further away, the
damped cosinelike curve clearly arises, due to the prevail-
ing contribution of the fundamental TM01 mode.
In Fig. 6, the contributions of the first three resonant

frequencies to the wake function for the cases ε001 ¼ 0 and
ε001 ¼ 0.5 are separately highlighted.
In the first case (no attenuation, ε001 ¼ 0), all three

harmonics make a significant contribution to the total wake
function. The sum of the contributions of the first three
harmonics (Fig. 7) basically repeats the form of the full
wake function (Fig. 5, blue curve), except for the imme-
diate vicinity of the particle.
In the second case ðε001 ¼ 0.5Þ, the convergence of the

harmonics to the full wake function is faster. Mainly the
first two harmonics participate in the formation of the wake
function (Fig. 8).
Note that higher-order harmonics need to be taken into

account for numerical simulations to assure the causality
principle, i.e., the vanishing of the field ahead of an
ultrarelativistic charge ðs < 0Þ.
For relatively large attenuation values as ε001 ¼ 3 (Fig. 3),

the situation becomes fundamentally different. While
multiple resonance peaks are still present in the impedance
(Fig. 3), only the main resonance frequency turns out to be
in phase with the particle velocity (Fig. 9, left). The
dispersion curves of the higher harmonics approach the

FIG. 2. The real part of longitudinal monopole impedance of a two-layer metal-dielectric waveguide for ε01 ¼ 10 and for three different
values of ε001: ε

00
1 ¼ 0 (blue line), 0.1 (red line), and 0.5 (black line). Left: Wide terahertz range of impedance distribution. Right: The

resonant frequencies of the first three extremes of the same resonance curve are shown; fmin1 and fmin2 are the local minima of the real
part of impedance, separating the contributions of individual modes.

FIG. 3. The real part of longitudinal monopole impedance of a
two-layer metal-dielectric waveguide for a1¼2mm, d¼200μm,
ε01 ¼ 10, and ε001 ¼ 3.

FIG. 4. Overlapping dispersion curves of the first three TM
modes of a metal-dielectric waveguide for a lossless ε001 ¼ 0 (blue,
dashed line) and low-loss ε001 ¼ 0.5 (black, solid line) dielectric.
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FIG. 5. Longitudinal monopole wake function of the considered bilayer metal-dielectric structure at various values of ε001: ε
00
1 ¼ 0 (blue

line), ε001 ¼ 0.1 (red line), and ε001 ¼ 0.5 (black line).

FIG. 6. Separated contributions of the first three resonances to the wake function: ε001 ¼ 0 (left) and ε001 ¼ 0.5 (right).

FIG. 7. The total contribution of the first three resonances to the
wake function for ε001 ¼ 0.

FIG. 8. Comparison of the sum of the first two resonance
contributions to the wake function (red, dashed line) with the full
wake function (black, solid line) for ε001 ¼ 0.5.
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speed of light line but do not cross it. Thus, the phase
velocities of the higher harmonics turn out to be greater
than the speed of light; i.e., they are rapidly propagating. As
a result, the wake function becomes harmonious, although
it decreases rapidly (Fig. 9, right).

IV. LONGITUDINAL IMPEDANCE AND WAKE
FUNCTION—THIN DIELECTRIC LAYER

As demonstrated in the previous section, the metal-
dielectric structure with a relatively thick dielectric inner
layer ðd=a1 ¼ 0.1Þ is a multimode structure from the point
of view of particle radiation. Note that, for the ideally
conducting outer layer, the structure is also multimodal for
any thickness of the inner dielectric layer. However, for a
finite conductivity of the outer layer, the thin inner dielectric
layer can lead to a single-mode structure, where only the
fundamental TM01 mode can be excited. The following
section provides an example of such a structure with a
significantly smaller thickness of the internal dielectric
coating: d=a1 ¼ 10−3, which for a1 ¼ 2 mm means

d ¼ 2 μm. The real part of the relative dielectric constant
is still equal to ε01 ¼ 10, and the outer wall of the waveguide
is copper.
In this case, only a single resonant frequency is found

(Fig. 10), corresponding to the fundamental TM01 mode.
Moreover, the resonant frequency decreases with increas-
ing losses in the dielectric (Fig. 10, right). The phase
velocity of this mode at the resonance frequency coincides
with the velocity of the particle (Fig. 11). As a result, the
wakefield turns out to be fully monochromatic, as depicted
in Fig. 12.
A smaller dielectric thickness also reduces the total loss

of the lossy dielectric. Figure 12 illustrates the wakefield
amplitude for a thin dielectric layer with low dielectric
losses: In these cases ðε001 ¼ 0; 0.1; 0.5Þ, the decrease in the
amplitude of the wake function is mainly due to the finite
conductivity of the outer wall; however, high-loss dielec-
trics ðε001 ¼ 3Þ can also provide a damping contribution.
As follows from a comparison of Figs. 2 and 10, a smaller

dielectric thickness of the inner coating permits higher
resonant frequencies. In particular, with d ¼ 200 μm the

FIG. 9. Two-layer metal-dielectric waveguide for the case ε001 ¼ 3. Dispersion curves (left) for the TM01 (black, solid line), TM02

(black, dashed line), and TM03 (blue, solid line) modes and longitudinal wake function (right) for ε001 ¼ 3 (red line) and for ε001 ¼ 0.5
(black line, for comparison).

FIG. 10. The longitudinal monopole impedance of a two-layer metal-dielectric structure for different values of ε001 : ε
00
1 ¼ 0 (red line),

0.1 (black line), 0.5 (blue line), and 3 (green line). Left: Wide terahertz range of impedance distribution. Right: The resonance
neighborhood.
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main resonant frequency is in the subterahertz region
(Fig. 2), while with d ¼ 2 μm it reaches to terahertz
frequencies (Fig. 10).
For a thin lossless inner dielectric layer ðε001 ¼ 0Þ with an

ideally conducting outer wall, the fundamental resonant
frequency is determined by the expression [4,5]

fres ¼
c
2π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ε01

ε01 − 1

2

a1d

s
: ð17Þ

The resonant frequency calculated using this formula
for the selected parameters gives fres ¼ 1.1254 THz,
whereas the same frequency calculated for the copper
wall using the exact formulas gives a slightly lower value
of fres ¼ 1.1121 THz (see Fig. 10). The difference
Δfres ¼ 13.2 GHz is due to the finite conductivity of
the outer copper wall. However, the structure with finite
conductivity of the outer layer and thin internal dielectric
layer has only the single synchronous TM01 mode
(Fig. 13, right), while the same structure with the perfectly
conducting outer wall has an infinite number of synchro-
nous modes, as demonstrated in Fig. 13, left.
Note that the impedance of the perfectly conducting

waveguide with the lossless dielectric internal layer has
only an imaginary component and even with a sufficiently
thin internal dielectric layer contains an infinite number of
diverging resonant peaks (Fig. 13, left). It is noteworthy
that the presence of even a small imaginary component in
the dielectric constant of the layer substantially deforms
the shape of the impedance curve: The impedance peaks

FIG. 11. Dispersion curves for the TM01 (black line), TM02 (red line), and TM03 (blue line) modes: ε001 ¼ 0 (left) and ε001 ¼ 3 (right).
Synchronous frequencies correspond to Δk ¼ 0, which is reached only for the TM01 mode.

FIG. 12. Wake functions ðε01 ¼ 10Þ for the cases ε001 ¼ 0 (red
line), 0.1 (black line), 0.5 (blue line), and 3 (green line);
a ¼ 2 mm and d ¼ 2 μm.

FIG. 13. The real (red, dashed line) and imaginary (black, solid line) components of the longitudinal impedance of the lossless thin
dielectric loaded waveguide with a perfectly conducting wall (left) and with finite conducting (copper) walls (right); a1 ¼ 2 mm,
d ¼ 2 μm, and ε01 ¼ 10.
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become finite, and their amplitudes decrease with increas-
ing frequency. With a sufficiently small thickness of the
inner layer, the impedance becomes single resonant with
proportional real and imaginary parts (Fig. 14). The
corresponding wake function is shown in Fig. 15.
The wake function is quasiperiodic, which indicates the

monochromaticity of the wave emitted by the particle.
Because of energy dissipation in the dielectric, the ampli-
tude of the oscillations decreases slightly with increasing
distance from the particle.
It can be shown [38] that, for the metal-dielectric

structure with a thin dielectric layer and high conductive
outer wall (d=a1 ≪ 1 and σ2 ≫ 1), the amplitude of the
real component of the impedance (1) takes the maximum
value for the case

d=a1 ¼ 3=f2ðε021 − 2ε01 þ ε0021 Þg: ð18Þ

For example, for ε001 → 0 and d=a1 ¼ 0.1 condition (18)
corresponds to a dielectric constant of ε01 ≈ 5 and for
d=a1 ¼ 10−3 to a dielectric constant of ε01 ≈ 40.

V. THE GAUSSIAN BUNCH CASE

In conclusion, we consider the transformation of the
wake function in the transition from a point particle to a
Gaussian bunch of charged particles. A long bunch, of
course, suppresses higher harmonics (the high-frequency
part of the impedance distribution). However, this is not
always the case, as illustrated by the example shown in
Fig. 16. Here, the wake function of a Gaussian bunch with
an rms length of 0.5 ps is superimposed on the wake
function of a single particle in a waveguide with an internal
coating of 200 μm thickness (Fig. 5, blue).
On the above example, the presence of a 0.5 ps length

bunch only partially suppresses the contributions from
higher modes, which in practice leads to a slight smoothing
of separate bursts of the point particle wake function, but
does not completely eliminate the effect of the higher
resonant frequencies. Thus, in a waveguide with a thick
(200 μm) dielectric coating, the presence of a sufficiently
long beam (0.5 ps) also does not lead to a wake function
monochromatization. This serves as an additional argument
for the use of a thin coating, of the order of a few microns,
where the initial wake function of a point particle is already
monochromatic and, therefore, the structure is single mode.

VI. CONCLUSION

This work is devoted to the investigation of the reso-
nance properties of a two-layer metal-dielectric cylindrical
waveguide. In contrast to the generally accepted method-
ology, where the outer layer is a perfectly conducting metal
and the inner dielectric layer has no dissipation, here the
finite conductivity of the metal and losses in the dielectric
layer are taken into account. Based on the results of the
simultaneous analysis of the dispersion relations of azi-
muthally symmetric TM modes, the longitudinal monopole
impedances, and wake potentials, new regularities for
the formation of the radiation field of point charges in

FIG. 14. Real (red, dashed line) and imaginary (black, solid
line) components of the longitudinal impedance of a perfectly
conducting waveguide with a thin dielectric layer: a1 ¼ 2 mm,
d ¼ 2 μm, ε01 ¼ 10; and ε001 ¼ 0.1.

FIG. 15. Longitudinal monopole wake function of a perfectly
conducting waveguide with a thin inner dielectric layer;
a1 ¼ 2 mm, d ¼ 2 μm, ε01 ¼ 10; and ε001 ¼ 0.1.

FIG. 16. Comparison of wake functions of a Gaussian bunch
(σ ¼ 0.5 ps, red line) and a point particle (σ ¼ 0, blue line);
ε001 ¼ 0, a ¼ 2 mm, and d ¼ 200 μm. The dotted line indicates
the bunch shape.
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waveguides are established. In the case of a thin inner
dielectric layer, updated mechanisms and new opportuni-
ties for establishing a single-mode regime with a slowly
propagating fundamental TM01 mode are determined.
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