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Self-seeding is one of the most promising methods to improve the longitudinal coherence and spectral
purity of free-electron lasers (FELs). Measurements of the multishot-averaged, soft x-ray self-seeding
spectrum at the Linac Coherent Light Source (LCLS) FEL often have a pedestal-like distribution around the
seeded wavelength. In this paper, a theoretical model based on the mechanism of spectral sideband
generation is developed to explain the statistical behavior of the seed and pedestal. The model is in good
agreement with statistical analysis of numerical FEL simulations and experimental measurements that
show that pedestal fluctuations reflect the level of long-wavelength microbunching structures in the beam,
and are driven by fluctuations of the seed.
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I. INTRODUCTION

The self-seeding scheme [1–7] has been demonstrated to
increase the longitudinal coherence of x-ray FELs without
requiring the use of an external laser seed. In this scheme,
the self-amplified spontaneous emission (SASE) from
upstream undulator sections is filtered to a narrow band-
width and used to seed downstream undulator sections. At
soft x-ray (SXR) wavelengths, a conventional grating
monochromator serves as the filter. A magnetic chicane
between the two undulator stages acts to wash out any
residual SASE bunching structure while also diverting the
electron beam around the x-ray optics, and providing a
delay to establish longitudinal overlap with the filtered seed
radiation. The downstream FEL sections are sufficiently
long for the new narrow-bandwidth FEL radiation to reach
full saturation.
Recent SXR self-seeding measurements at the LCLS

[5,8] show that the narrow spectral line of the amplified
seed can also be surrounded by a broad spectral pedestal
that fills the FEL bandwidth, especially when the FEL
power approaches saturation levels. The wavelength-
integrated pedestal strength can approach 20% or greater
of the total integrated pulse energy, a portion of which can
be attributed to a SASE background. However, there are a

number of strong indications that the pedestal also includes
a sideband component driven by frequency mixing of
the amplified seed radiation with the microbunching-
instability-induced (μBI-induced) modulations in the
electron beam [9,10]. These indications include [8]:
(1) a pedestal strength that decreases with increasing laser
heater (LH) strength, (2) a positive correlation between the
strengths of pedestal wavelength components which are
symmetrically offset from the central seed wavelength,
and (3) the pedestal strength approaches that corresponding
to normal SASE emission when the seed strength is
strongly decreased by detuning the electron beam energy
from resonance.
The growth rate of the μBI-induced pedestal components

along the undulator has been studied previously with one-
dimensional FEL theory, where it was shown that the
relative growth rate scales quadratically with the undulator
length [11]. This relation has been confirmed by the three-
dimensional simulation and a new method was proposed
to suppress the pedestal [12]. However, the connection
between the statistical energy fluctuations of the seed and
that of the pedestal has been less clear. One issue in
particular is whether shot-to-shot fluctuations in the ped-
estal (e.g., arising from fluctuations in the μBI power
spectrum) can drive fluctuations in the amplified seed. Here
we find the opposite is true: fluctuations in the seed drive
fluctuations in the spectral pedestal, but microbunching
fluctuations have little impact on the seed fluctuations.
In this paper, we study the statistical properties of the

self-seeding XFEL output generated by an electron beam
with μBI-induced structure. Analysis of the experimentally
measured spectra at the LCLS suggests a correlation
between the statistical properties of the spectral pedestal
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and the level of μBI in the electron beam. To explain this
correlation, we develop theoretical models and then per-
form numerical simulations. In Sec. II, we first present the
theoretical models with some definitions and notation that
are used for the statistical analysis. Numerical simulations
are shown in Sec. III with different conditions of μBI to
verify the theoretical models. Lastly in Sec. IV, we present
the results of the statistical analysis for the recent self-
seeding spectra obtained at the LCLS [8].

II. THEORETICAL ANALYSIS

The statistical properties of SASE FELs have been
rigorously studied in the past (e.g., see [13–17] and
references therein) where it was found that the radiation
was characteristic of a single polarized chaotic source. The
SASE FEL, therefore, can be described rather well within
the framework of statistical optics [18]. In this paper,
however, we study the statistical properties of self-seeded
radiation in the presence of strong μBI-induced electron
beam modulations. The radiation produced and amplified
downstream of the self-seeding monochromator is therefore
potentially composed of three distinct sources each with
potentially different statistical properties. First, the mono-
chromatized SASE radiation from the upstream undulators,
the seed, may not be transform limited if the Fourier-limited
pulse length of the monochromator bandwidth is shorter
than the length of the electron beam. That is, multiple
SASE frequency spikes can be transmitted through the
monochromator, which modifies the statistics compared to
a single frequency spike. Second, the seed radiation
frequency-mixes with the modulations on the electron
beam to drive the amplification of spectral components
outside of the primary seeded region. These spectral
components constitute on average what is often referred
to as the spectral pedestal (see Sec. II B below). Third,
SASE radiation is produced in the downstream post-
monochromator undulators that is uncorrelated with the
monochromatized SASE radiation from the upstream
undulators [19]. This occurs because the magnetic chicane
that bridges the upstream and downstream undulator
sections resets the shot noise in the electron beam that is
assumed to be uncorrelated with the initial shot noise.
These three sources of radiation together influence the
spectral fluctuations seen by a post-undulator spectrometer.
At a fixed undulator position before saturation, consider

the integrated energy within a specified bandwidth in a
single pulse,

W ∝
Z

ω0þΔω=2

ω0−Δω=2
ĨðωÞdω; ð1Þ

where ω0 and Δω are respectively the center frequency and
bandwidth of interest and ĨðωÞ is the instantaneous spectral
power density. The fluctuation (σ) of the energy within this
bandwidth defines the effective number of modes M,

σ2 ¼ hðW − hWiÞ2i
hWi2 ≡ 1

M
: ð2Þ

We note that for a single polarized chaotic source, this
definition relates directly to the fluctuations described by a
gamma probability density distribution

pWðWÞ ¼ MMΓ
Γ

ΓðMΓÞ
�

W
hWi

�
MΓ−1

×
1

hWi exp
�
−MΓ

W
hWi

�
; ð3Þ

whereMΓ is the number of modes according to the gamma
distribution. In this paper, however, we study the statistical
properties of the self-seeding FEL output with μBI, which
models the sum and product of multiple chaotic sources. In
this case, it is not clear a priori that the resultant probability
distribution is well modeled by a gamma function and its
associated mode number. Consequently, for the remainder
of this paper we refer to the effective number of modes M
as determined from the normalized fluctuation σ via
Eq. (2).

A. Mode analysis at the seed frequency

We first consider the statistical behavior of the seed
spectrum in the presence of a small SASE background
pedestal, but in the absence of μBI. Let the center of the
integration bandwidth ω0 in Eq. (1) be set to the seed
frequency. We can assume that the total output energy (W)
includes the seed signal (W1) and the SASE radiation (W0)
only from the second stage. The ensemble-averaged total
energy is

hWi ¼ hW1i þ hW0i: ð4Þ

The spectrum of the seed is set by the effective transmission
bandwidth of the monochromator σm used in the experi-
ments [13], which we presume to have a Gaussian profile.
The SASE radiation from the second stage is characterized
by the corresponding FEL bandwidth, σA ≫ σm. According
to the definition of fluctuations in Eq. (2), the effective
number of total modesM can be derived as a function of the
integration bandwidth Δω with the assumption of inde-
pendent sources, i.e., hðW1 − hW1iÞðW0 − hW0iÞi ¼ 0,

M ¼ ðhW1i þ hW0iÞ2
hW1i2=M1 þ hW0i2=M0

: ð5Þ

HereM0 andM1 are the effective numbers of modes within
the bandwidth Δω of the SASE and seed radiation at the
second stage, respectively. For Δω → ∞ we can
assume M0 ≫ M1.
By allowing Δω to vary, we can study and compare the

statistical properties of the two sources that have different
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bandwidths and intensities. For example, from the energy
fluctuations within a narrow window around the seed spike,
one can determine the number of coherent seed modesM1.
For a rectangular electron beam temporal profile, the
smallest spectral interval of coherence is inversely propor-
tional to the electron bunch duration Tb,

Ω ¼ 2π

Tb
: ð6Þ

When the integration window is smaller than the spectral
interval of coherence, Δω < Ω=2π, the individual mode
numbers approach unity,

M0 ¼ 1; M1 ¼ 1: ð7Þ

In this regime, the total number of modes as expressed by
Eq. (5) is

M ¼ ðhW1i þ hW0iÞ2
hW1i2 þ hW0i2

: ð8Þ

Note that 1 ≤ M ≤ 2, and it is never unity unless either
source vanishes. Consequently, the presence of SASE will
always make it appear that there is more than one mode in
the seed.
If the frequency integration window is larger than that

corresponding to spectral coherence width but smaller than
the seed bandwidth, Ω=2π < Δω < σm, both the mode
numbers are identical and grow linearly with Δω,

M0 ¼ M1 ¼
Δω
Ω

: ð9Þ

Normally, the energy of the seed is much larger than that of
SASE in this range, so the effective number of total modes
in Eq. (5) can be simplified as

M ≈M1 ¼
Δω
Ω

: ð10Þ

When the window is larger than the seed bandwidth, but
smaller than the full SASE bandwidth, Ω=2π < σm <
Δω < σA, the number of modes in the amplified seed is
then defined by the monochromator bandwidth, while the
number of modes contributed by SASE depends on the
window width,

M0 ¼
Δω
Ω

; M1 ¼ 2
ffiffiffi
π

p σm
Ω

: ð11Þ

Within this window the contribution of the SASE power in
the pedestal can impact the total number of modes, which
becomes approximately,

M ≈
ðhW1i þ hW0iÞ2

hW1i2
2

ffiffiffi
π

p
σm

Ω
: ð12Þ

Thus as Δω increases, the effective number of modes
gradually increases due to the inclusion of the SASE
outside of the monochromator bandwidth. Finally, when
the window is much larger than the FEL gain bandwidth,
Ω=2π < σm ≪ σA ≪ Δω, the individual modes reach their
asymptotic values

M0 ¼ 2
ffiffiffi
π

p σA
Ω

; M1 ¼ 2
ffiffiffi
π

p σm
Ω

: ð13Þ

B. Analysis for the pedestal

Let us now consider the effective number of modes in the
spectral pedestal when the contribution from μBI-induced
sidebands is also included. Because the μBI structures in
the beam are typically down to visible wavelengths, μBI-
induced sideband emission is usually outside the SXR
monochromator bandwidth. Thus, to ascertain the statis-
tical properties of the pedestal with μBI included, we take
the center of integration in Eq. (1) to be shifted away from
the seed frequency such that we may neglect any amplified
seed contributions and consider only contributions from
SASE and sidebands in this displaced spectral bandwidth.
The average pedestal energy within this window is

hWpedi ¼ hW0i þ hWsi: ð14Þ

The theoretical model presented in Ref. [11] indicates that
within a certain frequency range detuned from the seed, the
energy in the sidebands Ws is proportional to the seed
energyW1 and the square of the μBI modulation amplitude
jAj2 at the corresponding wavelength:

Ws ∝ W1jAj2: ð15Þ

According to the definition of fluctuations in Eq. (2), the
effective number of modes in the sideband Ms is related to
the number of modes in the seedM1 and the “modes” in the
μBI-induced modulations MμBI,

1

Ms
¼ 1

M1

þ 1

MμBI
þ 1

M1MμBI
: ð16Þ

This relation is shown explicitly in the Appendix. Here
MμBI is obtained directly from the fluctuations in the
microbunching spectrum at the wavelength that produces
the spectral sideband. We see that the effective number of
modes of the sidebandMs is always smaller than eitherM1

or MμBI, and it will generally be determined by the smaller
of the two. With this result for Ms, the effective number of
modes in the spectral pedestal Mped can be written as
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Mped ¼
ð1þ ηÞ2M0Ms

Ms þ η2M0

; ð17Þ

where η is defined as the ratio between the sideband and
SASE contributions to the pedestal η ¼ hWsi=hW0i. When
the electron beam has large μBI-induced modulations and
the FEL’s spectral pedestal is dominated by the sidebands
rather than SASE (η ≫ 1), the effective number of pedestal
modes is naturally approximately the same as the number
of sideband modes

Mped ≈Ms: ð18Þ

On the other hand, when η ≪ 1, the effective number of
pedestal modes approaches the SASE value,

Mped ≈M0: ð19Þ

Between the two limits, Mped varies from Ms to M0. Thus,
from Eq. (17), the statistics of the spectral pedestal are
governed by both the SASE statistics and the sideband
statistics, as well as by the relative level of microbunching
in the electron beam.

C. Effects from fluctuations of electron beam
parameters

In addition to the fluctuations from the properties of the
FEL seeding process, there are also many other sources that
will affect the fluctuations of the self-seeding output,
including shot-to-shot variations of the electron beam
parameters. Here we study the shot-to-shot peak current
variations as an example. Considering the case of pure
SASE after many exponential gain lengths of growth, the
FEL intensity coefficient scales as

A0 ∝ e
ffiffi
3

p
ẑ; ð20Þ

where ẑ ¼ 2ρkuz is the scaled distance along the undulator,
2π=ku is the undulator period and ρ is the FEL Pierce
parameter [20]. The parameter ρ scales with I1=30 , and thus
the SASE intensity in the exponential gain regime will
fluctuate as

ΔA0

A0

¼ ẑffiffiffi
3

p ΔI0
I0

: ð21Þ

The resulting modified number of effective SASE modes
is then

M0 →
M0

1þ hðΔA0Þ2i
A2
0

ðM0 þ 1Þ
: ð22Þ

We see that the current fluctuations reduce the effective
mode number from that expected in the absence of any such

fluctuations. Therefore, as previously concluded by Yurkov
[21], simultaneous measurements of such critical beam
parameters influencing the FEL process must be performed
for accurate comparison with the theoretical model for
SASE. Analysis shows that an identical expression as
Eq. (22) can be written for the number of seed modes.
However, because M0 ≫ M1, the SASE shot-to-shot fluc-
tuation level is significantly more sensitive to beam current
fluctuations than that of the amplified seed.

III. SIMULATION RESULTS

Time-dependent 1D FEL simulations were performed for
different μBI and initial seed signals to study the number of
modes in the self-seeding XFEL output and compare with
the analytic description. Here we adopt parameters (see
Table I) similar to a recent soft x-ray (1 keV) self-seeding
study conducted at LCLS [8].
In the simulations, the electron beam (with or without

μBI-induced density and energy modulations) first gener-
ates strong SASE with ∼7.4 MW average power in the first
stage of undulator. It then passes through a magnetic
chicane that disperses the electron beam and resets the
shot noise, and the SASE radiation is filtered by a second-
order super-Gaussian monochromator with FWHM band-
width 200 meV. The simulated spectra before and after the
monochromator are shown in Fig. 1. In the second stage of
undulator, the filtered radiation interacts with the electron
beam and is amplified through the FEL process. The
monochromator efficiency can be set to be zero to perform
a SASE simulation in the second stage undulators.
Otherwise, the nominal bandwidth and 4% efficiency are
based on the current monochromator parameters at
LCLS [5,8].
To simulate the electron beam with μBI, we modulate the

electron beam current and energy according to measured
μBI spectra at the LCLS with ∼2 μm peak wavelength
and ∼ 0.5 μm cutoff wavelength [22]. The modulation

TABLE I. Simulation parameters in 1-D FEL code.

Parameter Value Unit

Beam energy Ee 4.78 GeV
Slice energy spread σe 1.2 MeV
Normalized emittance εN 0.9 μm
Beam current I 1.4 kA
Bunch length (flat-top) Lt 60 fs
Resonance wavelength λr 1.22 nm
Photon energy Eph 1.02 keV
Undulator period λu 3.0 cm
Undulator peak strength K 3.5
FEL parameter ρ 6.95 × 10−4

Gain length LG 1.98 m
Monochromator FWHM bandwidth 200 meV
Monochromator efficiency 0.04
Chicane R56 300 μm
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amplitude is scaled corresponding to different beam con-
ditions. For simplicity, we first assume a hypothetical μBI
spectrum with central wavelength 2 μm and peak ampli-
tude bμBI, which is shown in Fig. 2. For each wavelength in
the spectrum, we add a sinusoidal density modulation with
random phase to the beam current profile. The modulation
amplitude is set according to the theoretical μBI gain
spectrum [9,10,22]. Figure 2 presents a typical current
profile. The corresponding single-shot bunching spectrum
and the average bunching spectrum over 500 shots are also
given for comparison. The spiky single-shot bunching
spectrum is similar with the measured data in Ref. [22].
The energy modulation can also be added based on the
density bunching. Namely, assuming the electron beam
travels through a long drift before entering the undulator
(150 m in the simulation), the longitudinal space charge

force (and its associated energy modulation) can be
calculated from the derivative of the current profile [23].
Using the methods described above, we performed

numerical simulations with different μBI conditions and
beam shot noise. The resultant FEL spectra, averaged over
500 shots, are shown in Fig. 3. The spectra are extracted at
identical undulator locations (z ¼ 48 m in Fig. 1), where
the FEL is clearly in the linear regime before saturation. It
can be seen that the μBI-induced sidebands increase the
pedestal level significantly and contaminate the spectral
purity. The inserted figure in Fig. 3 shows the fractional
spectral energy as a function of integration bandwidth
centered at the seed photon energy. The inclusion of μBI
decreases the energy fraction from 70% to 56% over the
bandwidth from −0.2 eV to 0.2 eV. Note that the high-
energy pedestal in the self-seeding spectrum is smaller than
the low-energy pedestal. This is because the phase differ-
ence between the energy and density modulations in the
μBI model results in the additional growth at low-energy
sidebands and partial suppression at high-energy side-
bands [11].
In our theoretical analysis, the number of modes in the

spectra without μBI can be calculated by three methods.
The first is based on the spectral bandwidths σm and σA
given in Eqs. (11) and (13). The root-mean-square (rms)
bandwidths obtained by Gaussian fitting the self-seeding
and SASE spectra in Fig. 3 are σm ¼ 88 meV and
σA ¼ 830 meV, respectively. The calculated number of
modesM1 andM0 are shown in the top row of Table II. To
calculate the total number of modes from Eq. (5), we
integrate the spectra to obtain the average energy from each
source. The integrated spectral energy ratio of SASE and
seed (hW0i=hW1i) is 0.12 within the full seed bandwidth
(�3σm) and 0.62 within the full SASE bandwidth (�3σA).
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The calculatedM values are also shown in Table II, and can
be compared with the values calculated with the second
method. The second method uses the fluctuations of the
spectra within the given bandwidth and Eq. (2) to calculate
the effective number of modes. In this case, the effective
number of modes in the SASE and sum signal are
calculated directly from the simulation data while the
values of the pure seed can be derived from Eq. (5).
Lastly, the number of modes can also be estimated by
fitting the Γ-distribution in Eq. (3) to the histograms of the
simulation data to get the number of modes of SASE and
total signal. The mode numbers of the pure seed can be also
derived by Eq. (5). It can be observed from Table II that the
three methods give similar values for the number of modes
without μBI in the beam. Figure 4 shows the normalized (to
average) integrated spectral intensity over the full SASE
bandwidth histograms (blue bars) of 500-shot self-seeding
and SASE output without μBI. Empirical gamma function
fits (red curves) using Eq. (3) are also presented for
comparison.
The effective number of modes will be different when

there is μBI in the beam, as indicated by Eq. (17). Figure 5
shows the effective number of modes in the self-seeding
and SASE spectra with and without μBI as a function of

integration bandwidth Δω. The center of the integration
bandwidth ω0 is fixed at the photon energy of the seed
signal. In the self-seeding scheme, the bandwidth where the
slope starts to change roughly equals the full width of the
seed spectrum. We see that μBI has little effect on the mode
number of the seed signal, even though there are significant
current modulations in the beam (see Fig. 2). For pure SASE,
however, the μBI has a stronger effect; it reduces the number
of the modes (i.e., increases the fluctuations), especially at a
large bandwidth. When viewing μBI as current fluctuations
along the beam, this is consistent with the expectation
of Eq. (22) in which SASE is predicted to be more sensitive
to current fluctuations because M0 ≫ M1.
The statistical analysis can be performed for spectral

regions that are detuned from the main seed spike, i.e., the
spectral pedestals. As shown in Fig. 3, the low-energy
spectral pedestal maximizes around −0.7 eV offset from
the seed. For this spectral region, the effective number of
modes are shown in Fig. 6 for different μBI conditions.

TABLE II. The number of modes of the SASE (M0), seed (M1)
and sum signal (M) at full seed (�3σm) and full SASE (�3σA)
bandwidth.

Δω �3σm �3σA

<W0>=<W1> 0.12 0.62

M0 M1 M M0 M1 M

Bandwidth 7.7 4.5 5.7 42.8 4.5 11.3
Fluctuation 7.5 4.4 5.5 43.0 4.3 10.8
Γ-fitting 7.6 4.3 5.3 40.4 4.1 10.3
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When there is no μBI, the pedestal mode number is very
close to that of SASE. As the μBI increases, the number of
modes in the pedestal decreases from the SASE value until
the pedestal is dominated by the sidebands. At this point,
the number of modes in the pedestal is smaller than the
number of modes in the seed, i.e., μBI increases the
fluctuations in the pedestal. It does not, however, increase
the fluctuations in the seed. This is shown in Fig. 7, where
the number of pedestal modes are plotted versus the
amplitude of the modeled μBI spectra. There is a clear
decrease in the pedestal mode number as the μBI amplitude
increases. The statistics of the seed, however, are unaffected
by the μBI strength in the electron beam. The number of
modes in the seed stays approximately constant as the μBI
amplitude grows.
The simulation results above demonstrate the behavior of

the effective number of modes in the pedestal under
different μBI conditions. In order to compare with the
theoretical model for the sideband statistics quantitatively,
[Eq. (16), for example] we performed two sets of ideal
simulations using a fresh beam with controlled μBI, but
without shot noise in the amplified seed stage. Thus, there
is no SASE background. This situation corresponds to the
η ≫ 1 limit described by Eq. (18), where the number of
pedestal modes is predicted to match the number of
sideband modes, Mped ¼ Ms. The beam and undulator
parameters are the same as in Table I, and the spectra of the
radiation are output at the same undulator length. The first
set of simulations employed normal typical self-seeding. In
the absence of μBI, the fluctuations of the spectra all come
from the seed, so the effective number of modes isM1. This
is shown as the red solid line in Fig. 8. For comparison, in
the second set of simulations we adopt a constant and
uniform seed whose power equals the average power of the
seed signals in the first set of simulations. In this case, the
fluctuations of the spectra all come from the μBI, so from
Eq. (16), the modes in the sideband equal the modes in
microbunching Ms ¼ MμBI. Accordingly, because μBI

starts from noise, MμBI should grow larger with increased
integrated bandwidth. This behavior is shown in blue in
Fig. 8. The slope ofMμBI with bandwidth is consistent with
the value estimated from the bunch length. Thus, combin-
ingM1 obtained from the first set of simulations withMμBI

obtained from the second set, the effective number of
modes in the sidebands can be calculated directly with
Eq. (16). This is shown in dot-dashed purple line in Fig. 8.
These derived values are compared with the effective
number of modes in the sidebands obtained from the
simulations with both filtered seed from upstream and
μBI in the beam, which is shown in Fig. 8 with the yellow
dashed line. The good agreement between the simulations
and theoretical model corroborates the posited relationship
between the seed and the μBI-induced sidebands statistics
in Eq. (16).
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Lastly, we performed numerical simulations to verify the
effects of electron beam current fluctuations. For the pure
SASE simulation without μBI, we add controllable random
variation to the peak current for each shot and analyze the
output to get the number of modes, which is shown in
Fig. 9. According to the simulation results, a 4% peak
current fluctuation reduces the effective number of modes
at full SASE bandwidth from 43 to 22. This is consistent
with the theoretical prediction of Eq. (22). Using the
parameters of the simulations in the next section,
I0 ¼ 1.3 kA, ẑ ¼ 7, we see that a 4% fluctuation in the
peak current will reduce the effective number of modes
from 43 to 24.

IV. ANALYSIS OF A SELF-SEEDING
EXPERIMENT AT LCLS

For comparison with the analytic description and sim-
ulation results, we performed a statistical analysis on soft
x-ray self-seeding (SXRSS) spectral data at LCLS [5,8].
Table III summarizes the typical electron beam and FEL
operating parameters. The electron beam longitudinal
phase space was optimized for producing narrow band-
width SASE radiation from the first 6 or 7 undulator
sections to maximize the monochromator throughput.
Typical longitudinal phase spaces measurements made
by the downstream X-band deflector [24] for lasing off
and lasing on are shown in Fig. 10 together with current and
slice energy spread profiles. The experiment controlled the
level of the μBI in the electron beam by tuning the LH pulse
energy [22,25]. Larger LH pulse energy results in weaker
μBI in the electron beam. In the experiment, there are three
LH pulse energies, 12 μJ (weak heating), 20 μJ (optimal
heating) and 30 μJ (over heating).
The overall SXRSS experimental configuration, which

occupies 9th undulator girder location (U9), can be found
in Ref. [5]. The operating photon energy was 1 keV. The
200 meV (FWHM) bandwidth of the monochromator is
significantly smaller than the 1–2 eV FWHM SASE
bandwidth at the end of U8. It is important to note that
the associated Fourier limited pulse length of the seed is
roughly 9 fs (FWHM), which is shorter than the length of

the electron beam. Therefore, the system nominally seeds
with multiple temporal and frequency spikes, i.e., consist-
ing of several modes (M1 > 1).
The FEL output was measured at the effective undulator

location U15 in November 2017 [8], which is approxi-
mately at the scaled position ẑ ¼ 6–7 in the second stage.
The spectra of the self-seeding and SASE output were
measured at three LH pulse energy settings: 12 μJ, 20 μJ
and 30 μJ. Figure 11 shows the average spectral intensity as
a function of electron beam energy and photon energy. The
FWHM resolution of the spectrometer is ∼270 meV [8].

TABLE III. Experimental parameters of the soft X-ray self-
seeding at the LCLS.

Parameter Value Unit

Electron beam energy Ee 4.74 GeV
Electron beam current I 1.3 kA
Bunch charge Q 140 pC
Slice energy spread σE 1.5 MeV
Normalized emittance εN 0.6 μm
Average focusing β 11 m
Seeding photon energy hν 1.0 keV
Experimental gain length LG 1.9 m

-50 0 50
t (fs)

-50

0

50

E
 (

M
eV

)

-50 0 50
t (fs)

-50

0

50

E
 (

M
eV

)

-50 0 50
t (fs)

0

1

2

cu
rr

en
t (

kA
)

-50 0 50
t (fs)

0

10

20

30

E
 (

M
eV

)

FIG. 10. Typical measured longitudinal phase space of the
electron beam when lasing off (top left) and laser on (top right).
Bottom-left: beam current profile and Bottom-right: slice energy
spread profile of the two phase spaces for lasing off (solid line)
and lasing on (dotted line).

LH=12 J

-5 0 5
h   (eV)

-5

0

5

E
e  (

M
eV

)

LH=12 J

-5 0 5
h   (eV)

-5

0

5

E
e  (

M
eV

)

LH=30 J

-5 0 5
h   (eV)

-5

0

5

E
e  (

M
eV

)

LH=30 J

-5 0 5
h   (eV)

-5

0

5

E
e  (

M
eV

)

(a) (b)

(d)(c)

FIG. 11. Average spectral intensity as a function of electron
beam energy and photon energy for different operation modes
and laser heater (LH) energies at U15. (a): self-seeding and LH
12 μJ. (b): SASE and LH 12 μJ. (c): self-seeding and LH 30 μJ.
(d): SASE and LH 30 μJ. The red dashed lines denote the beam
energy range used for the mode number analysis below.

ZHEN ZHANG et al. PHYS. REV. ACCEL. BEAMS 23, 010704 (2020)

010704-8



The inherent electron beam energy jitter of the LCLS
allows one to examine the correlation between the spectra
and beam energy. It can be seen that the central wavelength
of the self-seeding is very stable as the beam energy
changes while the SASE spectra have a clear correlation
with beam energy. As the LH pulse energy increases from
12 to 30 μJ, the spectral pedestal is reduced significantly,
especially on the low photon energy side of the seed.
For the statistical analysis we limit the electron beam

energy range to near resonance as shown in Fig. 11 by
interval enclosed within the red dashed lines. The average
spectra of the self-seeding and SASE are shown in Fig. 12.
The pedestal for the 12 μJ LH energy is most apparent for
photon energies offset about −1.4 eV from the primary
seed spike. This figure also illustrates the effectiveness of
the LH to suppress some of these features with the pedestal
approaching the SASE limit for the 30 μJ energies. The
inserted figure in Fig. 12 shows the spectral energy fraction
as a function of bandwidth enclosed, centered at the seed
photon energy. The inset also shows that the pedestal
fraction decreases when increasing the LH pulse energy
from 12 μJ to 30 μJ.
The statistical analysis was performed on the measured

spectra employing the same method used in the simula-
tions. For the average self-seeded and SASE output spectra
at 30 μJ LH pulse energy, the rms bandwidth from
Gaussian fitting are σseed ¼ 0.19 eV and σSASE ¼
1.25 eV. Figure 13 displays histograms of the normalized
integrated spectral intensity of the seed and SASE spectra
over the full seed bandwidth (�3σseed) and SASE band-
width (�3σSASE), respectively. Empirically fit probability
density functions are also shown. The effective mode
number calculated from spectral fluctuation of the self-
seeding and SASE output are 4.8 and 25.2 which are very
close to the values (4.1 and 23.8) obtained from the
Γ-distribution fitting. These values are both smaller than
the ones given by the theory and simulations, unless

fluctuations of the beam peak current are included.
During the experiments, the electron beam current was
monitored by the coherent radiation strength at the mag-
netic chicane, which shows 4%–5% peak current fluc-
tuation in the shots used for analysis. The resulting
reduction of the effective number of modes is consistent
with the theory prediction and the simulation results as
shown in Fig. 9.
The effective number of modes versus the integration

bandwidth was calculated from the fluctuations in the
integrated spectral energy under different LH energy
settings, as shown in Fig. 14. With self-seeding one clearly
sees that the slope of the curve changes near the bandwidth
∼0.4 eV, as predicted by theory and verified in the
simulations. The effective number of modes in the
SASE output increases almost linearly over the whole
bandwidth range. Note that the effective number of modes
of the SASE at very small bandwidth is about twice that of
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self-seeding, which probably comes from difference in the
transverse coherence properties between the SASE and
self-seeding, since measured SASE is produced only in the
second stage and thus experiences about half the distance of
exponential gain compared to the seed. The mode number
calculated from the experimental spectra includes both
longitudinal and transverse modes, while the 1D theoretical
analysis and simulation results only focus on the longi-
tudinal modes. According to previous simulation and
experimental studies at the LCLS [26,27], the transverse
coherence of the SASE is about half that of self-seeding at
this ẑ ¼ 6–7 position in the gain curve (saturation occurs
around ẑ ¼ 9), taking lethargy into account.
From the plots in Fig. 14, we see that experimentally the

LH has little effect on either the seed or SASE statistics.
Compared with the simulations, the lack of LH impact on
the SASE in particular is likely because the level of μBI
in the experiments was much smaller, so the effect may
not be resolved.
Regarding the spectral pedestal, however, there are

significant changes in the effective number of modes as
the LH power is increased. These are shown in Fig. 15,
where the integration bandwidth is offset −1.4 eV. When
the LH pulse energy is low (i.e., 12 μJ), the effective mode
number of the pedestal is very close to that of the seed, i.e.,
M ≈ 3–4. Increasing the pulse energy to 30 μJ, we can see
the effective number of modes approach that of SASE. The
behavior of the statistical properties of themeasured spectral
pedestal then agrees well with the theory and simulations in
the previous sections, pointing to the role that μBI plays as a
source of the spectral pedestal in the self-seeding output.
Finally, as predicted by the theoretical analysis, we can

connect the effective number of modes of the spectral
pedestal with η, the ratio of μBI-induced sidebands to
SASE background. For the measured self-seeding spectra,
if we limit the peak intensity of the seed signal to a

relatively narrow range (i.e., stabilizing the seed), the
spectral pedestal can be viewed approximately as the
sum of the μBI-induced sidebands with a SASE back-
ground and a constant seed. Based on this approximation,
we can derive the values of MμBI at different integration
bandwidths. In this case, using Eqs. (16) and (17), we can
solve for η. On the other hand, η can also be obtained by
directly comparing the average spectra of self-seeding and
SASE. Figure 16 shows the comparisons of η calculated by
these two methods under different LH settings. There is
good agreement between the two approaches, especially at
higher LH energies. Again, this indicates that the theoreti-
cal treatment effectively captures the various statistical
contributions to the spectral pedestal in self-seeding.

V. CONCLUSION

We have studied the statistical properties of a self-seeded
XFEL, mainly focusing on the number of modes of the seed
and spectral pedestal, and how they are related. It is
believed that the pedestals in the measured spectra are
often dominated by uBI-induced sidebands. A theoretical
model was developed based on spectral effects produced
both by SASE and μBI sidebands in seeded FELs, and used
to explain the behavior of the statistical properties of the
spectral pedestal under different μBI and seeding condi-
tions. The effective number of modes was defined by the
fluctuation of the integrated energy within a variable
bandwidth, which can straightforwardly be extended to
the sum or product of several sources. The theoretical
model matched well with numerical simulations, including
the number of modes in the main seed and the spectral
pedestal as functions of the integration bandwidth. The
effective number of modes of the seed first increases
rapidly within the seed bandwidth and then more slowly
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with the inclusion of more SASE radiation. When the μBI-
induced modulations in the electron beam are small, for
example, when suppressed by the LH, the effective number
of modes of the pedestal is close to that of the SASE
background. On the other hand, when the pedestal is
dominated by the μBI-induced sidebands, the effective
number of modes in the pedestal is more strongly related to
the effective number of seed modes. The fluctuation of the
pedestal reflects the level of μBI in the beam, but does not
cause significant fluctuations in the seed. The agreement
between the theoretical model and the experimental results
further verifies the μBI-induced sideband as a main source
of the spectral pedestal in self-seeded XFELs.
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APPENDIX

In this Appendix, we present the derivation of the
effective number of sideband modes. As the sideband is
driven by the seed and the μBI-induced modulations, we
will have

Ws ¼ aW1A2; ðA1Þ

where a is the coupling coefficient. Here we assume the
sideband source (e.g., μBI modulations) and the seed
strength are uncorrelated. So the variance of Ms can be
written as

VarðWsÞ
a2

¼ EðW2
1A

4Þ − ½EðW1A2Þ�2

¼ EðW2
1ÞEðA4Þ − ½EðW1Þ�2½EðA2Þ�2

¼ fVarðW1Þ þ ½EðW1Þ�2gfVarðA2Þ þ ½EðA2Þ�2g − ½EðW1Þ�2½EðA2Þ�2
¼ VarðW1ÞVarðA2Þ þ VarðW1Þ½EðA2Þ�2 þ VarðA2Þ½EðW1Þ�2: ðA2Þ

Here EðWÞ means the expectation of the variable W. The
effective numbers of modes are defined as

Ms ¼
½EðWsÞ�2
VarðWsÞ

; ðA3Þ

M1 ¼
½EðW1Þ�2
VarðW1Þ

; ðA4Þ

MμBI ¼
½EðA2Þ�2
VarðA2Þ : ðA5Þ

Replacing all the variances by the product of the expect-
ation and the number of modes and using the fact that
EðaW1WμBIÞ ¼ aEðW1ÞEðWμBIÞ, we can obtain

1

Ms
¼ 1

M1

þ 1

MμBI
þ 1

M1MμBI
: ðA6Þ
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