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Statistical theory of a self-seeded free electron laser
with noise pedestal growth
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We study the impact of a spectral noise pedestal on the statistical properties of a self-seeded free electron
laser (FEL). The broad pedestal is assumed to come from self amplified spontaneous emission (SASE) in
the second stage of the self-seeding system and is uncorrelated with the narrowband amplified seed. An
analytic description is developed based on the statistical theory of a one-dimensional FEL in the high gain
linear regime. The theory shows good agreement with experimental data, which show that the presence of a
SASE background can have a strong impact on the statistical behavior of self-seeding systems.
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I. INTRODUCTION

Free electron lasers (FELs) use a beam of relativistic
electrons to produce intense pulses of light down to hard
x-ray wavelengths. Most short-wavelength single-pass
FELs operate in SASE (self amplified spontaneous emis-
sion) mode, where density fluctuations from shot noise in
the electron beam provide the input signal that is then
amplified to saturation levels. Originating from noise, the
output pulse of SASE FELs is also noisy and contains many
uncorrelated temporal and frequency spikes within the
~1073 relative bandwidth [1,2].

To produce a narrower and cleaner output spectrum, self-
seeded FELs rely on a spectral filter (such as a grating or
crystal) to isolate a narrow region of SASE frequencies for
amplification [3,4]. As such, self-seeded FELs are effec-
tively split into two sections; the SASE stage that first
provides the pulse to be spectrally filtered, and the seed stage
that then amplifies the isolated narrowband (~107*) seed
pulse up to saturation. The pulse in the seed stage (i.e., the
seed pulse) thus inherits some of the statistical properties of
the upstream SASE pulse, depending on the linewidth of the
spectral filter ¢,,. Narrow linewidth filters (monochroma-
tors) select only a single coherent frequency spike from the
SASE pulse, which has a shot-averaged bandwidth
04 > o, In this case, the seed has only a single temporal
mode M =1/ 0% which has 100% relative intensity fluctua-
tions o¢ due to its noise origin [5]. Filters with wider
linewidths that select multiple coherent spikes produce
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pulses that are overall more stable in integrated intensity,
but come at the expense of a seed pulse that has multiple
frequencies and thus more than one temporal mode.

In the seeded section, the seed pulse transmitted by the
spectral filter must have enough power to overcome SASE
growth in the second stage. Otherwise, the second stage
will simply behave as a second SASE FEL starting from
noise. Even for a strong seed, this can occur in different
parts of the beam if the seed power varies strongly with
time. For example, when the filter is wide enough to pass
multiple temporal modes, there are low power regions of
the pulse between coherent spikes that will not have enough
seed power to overcome SASE growth in the seeded stage.
The resulting FEL output spectrum will be a combination
of the amplified narrow seed spikes and a broader SASE
pedestal. This can be the case, for example, at the soft x-ray
self-seeding system (SXRSS) at LCLS using electron
beams longer than 10 fs [6,7]. The Fourier limited pulse
length of the grating monochromator bandwidth is shorter
than the electron beam, so the second stage is seeded by
multiple temporal modes. The SASE growth impacts not
just the spectrum, but the statistical behavior of the output.
This is one motivation for the study presented here, where
we extend previous work on the statistical properties of
SASE FELs to include the effects of SASE growth during
self-seeding.

The statistical properties of undulator and bend magnet
radiation [8—11] and SASE FELs [12,13] have been studied
previously. For a SASE FEL in the linear high-gain regime,
a comprehensive treatment was provided by Saldin et al.,
in [5]. Therein, the authors derive an expression for the
statistical fluctuations of a spectrally filtered FEL output
that depend on the SASE bandwidth, the filter bandwidth,
and the electron beam bunch length. A one dimensional
system is assumed in which the electron beam is long
compared to the coherence length of the radiation.

Published by the American Physical Society
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Here, we closely follow this description in extending the
analysis to include the second amplification stage of both
the main seed and an uncorrelated SASE background. We
show that a SASE background will always increase the
effective number of observed modes in the seed as
characterized by the level of spectral energy fluctuations.
The associated probability density function (PDF) of the
combined SASE and seed output, here derived from a
convolution of the individual gamma function distributions
of the independent sources, skews the statistics toward the
mean energy of the combined signal. Results of the analytic
theory are then compared with experimental self-seeding
data and are found to be in good agreement. This suggests
that the seed and SASE in the second stage are indeed
uncorrelated, and that the general framework serves to
model the statistical behavior of the combined signal in the
high-gain linear growth regime.

II. THEORY

In [5], it was shown that the electric field of a SASE FEL
pulse just downstream of a spectral filter can be written as

VAH, (@

where A is the intensity, /(@) is the initial electron beam
current spectrum, H,, is the filter transmission function,
and H, is the FEL Green’s function,
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with @, the resonant frequency. The SASE pulse incident
on the spectral filter has a frequency bandwidth

[ 2
o4=3 Eﬂwo (3)

where Z = 2pk,z is the scaled distance of exponential
growth along the undulator, 1, = 2z/k, is the undulator
period, and p is the FEL Pierce parameter [14]. Here we
consider a filter with a Gaussian spectral profile, much like
what one would have for the transverse electron beam size
acting as its own exit slit
2
a0 =ew |- 220
Gm
The filter is centered about the maximum of the FEL gain
bandwidth. From Eq. (1), it follows that the statistical
properties of the field E (w) are determined by the
statistical properties of the initial current spectrum.
Assuming this to be shot noise, |E (w)|? is distributed
according to a negative exponential probability density
function [5].

In self-seeding, E(w) is the seed field that is placed back
on the electron beam to be amplified in the second stage.
The monochromator is typically inside a magnetic chicane
that provides both a delay to temporally overlap the
electron beam with E (), and also resets the electron
beam current back to the shot noise level. We define this
new current spectrum as /y(w), which is uncorrelated with
I (w). Thus the SASE in the first stage is uncorrelated with
the SASE in the second stage. The resulting FEL field at the
end of the second stage is the sum of two uncorrelated
sources; a new SASE field Ey(w) that grows starting from
the beginning of the second stage, and the amplified seed
field E|(w),

E(w) = Eo(w) + E (). (5)

In the spirit of Eq. (1), we explicitly identify the SASE field
with intensity Ay, and the amplified seed field with intensity
A as

Ey(o) :\/A_HA/ )Iy(®)
(@) = VA Hy(@)H,(0)Hp (@) (). (6)

The prime here identifies the second stage FEL Green’s
function H, (@) which has the same form as in Eq. (2),
but is differentiated from the first stage because it may
have a different amplification length 2’ and thus a different
bandwidth 64 according to Eq. (3). We see that the
amplified seed field E|(w) contains the memory of its
origins in the first stage via H,(w) and I, (w), but, like the
new SASE field Ey(w), is amplified in the second stage
according to the second stage FEL Green’s function. Due to
the linearity of the system, it is useful to note that the two
FEL stages can be captured by a single Green’s func-
tion, Hy (w,2 ) Hp(w,2) = Hpy(w,2' + 2).

Defining the frequency-integrated total energy as
W = [dw|E(w)|*, ensemble averaging over multiple
pulses gives the following statistical quantities for the
FEL pulse at the end of the second stage

<m=/wwww
<W%=/ﬁw/wﬂwwwwwv% 7)

The normalized variance, which characterizes the fluc-
tuation levels, is then given by

W= W)
& <W>2
(W= (W) + (Wi -
(Wo+ Wy)?

W)

(8)

In the last step we have used the fact that the seed and the
SASE pulses in the second stage are uncorrelated,
(Wo)(Wy) = (WoWy).
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We use the result from [5] that the first order frequency
correlation in the current spectrum is (/o(w)[j(@')) =
¢*NF(w — @') where F(w) is the Fourier transform of
the average temporal current profile and N is the number of
electrons, and ¢ is the electron charge. The second order
correlation is (|Io(w)*|Io()|*) = ¢*N*(1 + F(w — o')).
The same is true for /;. Combining Eqgs. (6) and (7)
produces general expressions for the first and second
moments of the SASE and seed energies in Eq. (8) (see
the Appendix). We adopt finite integration bounds in the
integral, [wy — Aw/2, wy + Aw/2], to allow us to model a
rectangular spectral filter at the end of the FEL (see Fig. 1).
This can have an effect on the statistical behavior, as the
window can isolate just the seed in a narrow bandwidth
Aw ~ o,,, or can broaden to include the SASE pedestal
Aw ~ o4 . This approach bears resemblance to a previous
experimental study that examined the statistical properties
of SASE at hard x-rays [15].

We take the electron beam to have a rectangular temporal
profile of duration 7' such that the first order frequency
correlation for the current spectra is |F(w—a')]> =
sinc’[(w — @')T/2] [5]. The averaged energy quantities
within the scaled integration bandwidth A® = AwT are
then,

(Wo) = ¢2NV 270 4 Agert (22&; /)
(W§) = (Wo)*[1 + 0°(64)]

A
(W) = ¢*NV270A erf <—“’>
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FIG. 1. Model of the averaged seeded output spectrum with

uncorrelated broadband SASE pedestal. A is the SASE intensity,
A, the seed intensity, 64 is the scaled rms SASE bandwidth, 6 the
scaled rms seed bandwidth, and A® is the window of integration.

where the scaled bandwidths are

8m = UmT, &A(’) = GA(')Ta
A2 A AD
R 0,04,0,
6’ = ra (10)

62,(63 +6%) + 6363

Note that the final bandwidth of the averaged seed spike
is close to that of the monochromator 6 = 6, when
G,y K Gy, 04

The normalized variance ¢ of the seed and of the SASE
in the second stage appears in Eq. (9) as a function of the
individual bandwidths. Each can be calculated within the
frequency window A® of interest using the integral

1 Ad \ 2 e
) =y (3y) [ -9

Ad — 2iR2%E Ad + 2ik2E\ 12
x [“f(W) “‘f(Wﬂ @
(11)

where ¥ = 6 or 6. This term gives the level of fluctuations
within the window A®, and comes from integration over
|F(w — @')|*. It characterizes the extent to which the details
of the average beam distribution contribute to the fluctua-
tions (see Appendix). As shown in Fig. 2, the normalized
variance has the following general behavior, depending on
the window A®:

1, for A@ < 1
27/ Ad,
NI

(%) ~ for | < Ad <%

(12)
for ] <X < Aw.

For example, with SASE alone, the fluctuations are given
by 62 (6' A’)-

Inserting the second moments in Eq. (9) into the total
normalized variance in Eq. (8), we obtain an expression for

1
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FIG. 2. Variance ¢ in Eq. (11) as a function of window A for
different bandwidths 6.
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an effective total number of modes when the seed and
SASE contribution are both included [16],

1 Wo + Wp)?
M=t Wt W) g
o (Wo)*/My+ (Wy)*/M,
We can identify the modes associated with the fluctuations
of the individual SASE and seeded spectra

1 ]
o*(6x)’ L)

(14)

We see that, if the SASE component vanishes, M = M,
and 6% = 6°(6).

Figure 3 shows how the total number of modes in
Eq. (13) increases with the mean SASE energy. The
behavior shown is true for any windowed bandwidth
Ad, so it can be seen how the presence of SASE impacts
the statistics of the total signal inside a narrow window
within the seed (when M,/M, ~ 1), or over the whole
spectrum (M,/M, > 1). In either case, if the relative SASE
energy within the window is very small ((Wj)/(W;) < 1),
M increases approximately linearly with (W) /(W ).

From Eqgs. (12) and (14) the number of individual SASE
and seed modes are determined by either the window
bandwidth or the intrinsic bandwidth of each respective
signal. In the A@ — oo limit, one obtains the independent
results My = 6,/+/7 and M| = 6/+/7 that can be retrieved
from Ref. [5]. However, when both sources are present, the
statistical behavior of the system changes according to
Eq. (13). Notably, when the window is smaller than the
spectral interval of coherence, A@w < 1 then My, M|, =1
and

Ay +A))?
:% for Ad <1. (15)
A+ Aj
15f 4 —My/M,; =20
g 5 — My/M; =10
5 My/M, =2
—M()/Ml =1
_10r 0 )
2
=
5 L
0 L
0 1 2 3 4 5
(Wo)/ (W)
FIG. 3. Total mode number in Eq. (13) relative to the number of

seed modes M as a function of the relative SASE energy. As the
SASE energy grows compared to the seed, the number of modes
also grows until M ~ M.

We see that 1 <M < 2. It is never unity unless either

source vanishes, so the presence of a SASE background

will always make it appear that there is more than one mode

in the seed, even for narrow integration bandwidths. We
2

note that written in the form M = S with the definition

P == it bears a striking resemblance to that of a

T AgtAp
partially polarized wave with P the degree of polariza-
tion [17].

The behavior of the total number of modes as a function
of A® is shown in Fig. 4 for different SASE levels. When
only the amplified seed is present (no SASE pedestal) the
number of modes is small, as defined primarily by the
narrow monochromator bandwidth 6 = 6,,. When only
SASE is present (e.g., if the seed is blocked) the number
of modes is large due to the large SASE bandwidth 6.
Because the SASE bandwidth is much larger than the seed
bandwidth, even a small relative SASE pedestal amplitude
Ag/A; < 1 can have a strong effect on the statistical
behavior of the amplified seed, especially when integrating
over the whole spectrum (64 < A®). For example, for the
parameters used in Fig. 4, when the average SASE spectral
intensity peak is only 5% that of the seed, it still doubles the
effective number of modes measured by the total pulse
energy. This is because, as given in Eq. (9), the integrated
energy in the broadband SASE component can be signifi-
cant. Therefore, in the presence of a SASE pedestal, the
statistical properties of a self-seeded FEL can depend
strongly on the window bandwidth, and thus may inform
the use of a post-FEL monochromator.

A. Probability density function

Clearly the SASE pedestal alters the spectrum and the
level of fluctuations in the self-seeded signal. Thus it
modifies the probability distribution of radiation energy.
Because the SASE and seed signals are independent, the
probability density of their sum is the convolution of their
probability densities [17]. We assume that the seed signal

25 '
— — Seed only
| |—— Ao/A1 =5%
20 AofAy=20%|
—— Ay/A1 = 50%
15 F [ SASE only

=

FIG. 4. Total modes versus window bandwidth for varying
SASE pedestal amplitude. 6,, = 2y/z and 6, = 20,/
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and the SASE signal each obey their own gamma prob-
ability distribution,

(16)

FEL radiation has been measured to exhibit this distribution
in the linear regime at multiple FEL facilities operating at
different photon energies, e.g., in [10,15,18-23]. We also
note that in the limit of a very large M, Eq. (16) asymp-
totically becomes Gaussian.

The probability density function (PDF) of the sum signal
is given by the convolution,

pu(W) = / Y o (W = Dpa (. (17)

The limits of integration are set by bounds on the individual
PDFs, namely py, (x) = 0 for x < 0. The total PDF is then

P =tz () ()

x e MW L | My, Mo+ M, My Mo )yl
: ’ (W) (W)

(18)

Here | F; is the Kummer confluent hypergeometric func-
tion. One can confirm that this total PDF returns the proper
values for the mean of W

(W) = / " Wpu (W)W = (Wo + Wy).  (19)

and the normalized variance,

gé — Awpr(W)dW:i,

Wy w20

where M is defined in Eq. (13). In fact, the nth moment of
W can be found from (W") =20 | where ¢(t) =

i
(exp(itW)) = (1 = it(Wo)/Mo)~Mo(1 = it(W,) /M)
is the total characteristic function of the sum signal. It is the
Fourier transform of the total PDF and, by the convolution
theorem, is the product of the characteristic functions for
the individual PDFs in (16).

In the limit that SASE vanishes (W,) = 0, the total PDF
in (18) returns to a Gamma probability density function for
the seed signal with M| modes and mean (W;). In the
presence of a finite SASE contribution, the total PDF
becomes skewed. Examples are shown in Fig. 5. The SASE
pedestal shifts the peak of the PDF curve toward the mean.

1.2 . ‘
— — Seed only
I —— (Wo)/ (W) = 20% -
(Wo)/(Wh) = 50%
> 0.8+
=
=
/@Z 0.6
£ 04f
0.2¢
0 ‘ —————
. 2 25 3
W/ (W)
1.2 ' '
— — Seed only
ki —— (Wo)/(W1) = 20% |
(Wo)/(Wh) = 50%
=
=

1 1.5 2 25 3
W/(W)

FIG. 5. Total PDF with My =20 SASE modes and M; = 1

seed mode (top) and M; = 2 seed modes (bottom). The SASE

background increases the likelihood of the radiation energy for a

given shot occurring near the mean, and reduces the likelihood of
small signals.

It also sharply reduces the probability of measuring small
signals near W = 0.

III. COMPARISON WITH EXPERIMENT

The analytic model can be compared directly with
experimental data obtained from recent soft x-ray self-
seeding (SXRSS) experiments at LCLS [7,16]. Experi-
ments were performed at a photon energy of 1 keV, and the
averaged spectral output is shown in Fig. 6. Spectral
measurements over 2335 independent shots were recorded
at a fixed position corresponding to a scaled length 2’ =
6—7 downstream of the SXRSS system where there is near
full transverse coherence [24,25]. The SXRSS system itself
is at a similar length through the first stage of undulators, so
the SASE bandwidths in each stage are approximately
equal (64 = 64/). Because saturation occurs near Z = 9, the
lengths of both stages are within the high gain linear mode
of FEL operation where the present theory is presumed
applicable. Additional details of the SXRSS system and
experimental data can be found in [6,7,16].

From Fig. 6, the main seed line sits atop a small SASE
pedestal from the second stage, which can be measured
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—— SASE only
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S 5000
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0.15+
= o1}
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S
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FIG. 6. Top: Averaged measured self-seeding spectrum at
LCLS U15 undulator. With the seed blocked, the SASE from
the second stage can be measured directly, and used to compute
the contribution from the seed alone. Bottom: Measured average
ratio of SASE to seeded energy versus bandwidth.

independently by blocking the seed in the SXRSS system.
The laser heater was set to 30 uJ, which is large enough to
strongly suppress the microbunching-driven pedestal. The
relative pure SASE amplitude is Ay/A; = 2.4%, and the
SASE bandwidth is o4 = 1.15 eV using a Gaussian fit.
The design FWHM bandwidth of the grating monochro-
mator and x-ray optics system in the SXRSS is 200 meV,
corresponding to an intrinsic rms bandwidth of the seed of
0,, = 85 meV. Due to the roughly 250 meV point-spread
function of the spectrometer [7] and some spectral broad-
ening from resistive wall wakefields in the undulator
chambers [26], this narrow width cannot be fully resolved
in the measured data. The relative energy ratio of the SASE
to the seed (Wy)/(W,) as a function of Aw can also be
obtained from the averaged spectra, first by the measure of
SASE contribution alone ((W,)) and then computed for the
seed using the total signal (W) = (W,) + (W;) from
Eq. (20). This ratio is shown in the lower plot of Fig. 6.

Using these quantities from the averaged spectra, the
total number of modes M can be calculated from the theory
using Eq. (13) and assuming an electron beam duration of
T = 55 fs. The result is plotted in Fig. 7. Also plotted is the
total number of modes calculated directly from fluctuations
of the multishot spectra. Good agreement is found in the

— — seed only (theory)
theory 1
measured

0 1 2 3 4
Aw [eV]
FIG. 7. Total measured number of modes versus bandwidth.

The black line is calculated from the expression in Eq. (13), and
the dotted line is directly from measured fluctuations.

region where the spectral window is large Aw > ,, and the
broadband SASE energy drives up the mode number by
reducing the integrated fluctuations. Both approaches pre-
dict M = 4-5 modes in the seed, which is consistent with the
beam length compared to the short 9 fs Fourier limited pulse
length set by the monochromator bandwidth. We note that
there is some uncertainty both in the true monochromator
bandwidth ¢,, and in the effective lasing core of the beam 7',
but that the statistical behavior for Aw > o,, is unaffected
for a reasonable range of alternate values if ¢,,7 = 6,
remains fixed. Within small measurement windows
(Aw — 0) the true o,, could be determined in principle
with better spectral resolution. We see that the lack of
resolution in this range also precludes determination of the
statistics from the fluctuations of the multi-shot spectra.
Figure 8 shows the histograms of the normalized
integrated spectral intensity of the seed over the full seed
bandwidth (Aw = 1.1 eV) and over the full SASE band-
width (Aw = 7.5 eV). Also shown are the gamma PDFs for
a pure seed with M = 4.3 modes, and the total PDFs from
Eq. (18). The total PDFs are calculated using the measured
energy ratio (Wy)/(W,) and mode numbers M, and M,
[calculated from the bandwidths ¢ and o4 and Eq. (14)]
within each window of integration. Results for the narrow
integration window (top plot) show that the statistics
predicted by the total PDF and the Gamma PDF are similar,
and that they both match well with the measured data for a
seed that contains M; = 4.3 modes. The similarity between
the two PDFs is to be expected, as the fractional SASE
energy within the seed is small. For the larger integration
window, however, the fractional SASE energy becomes
large enough to distinguish the two curves. Shown in the
bottom plot, the total PDF predicts a higher probability
of shots with energy near the mean value, and a slight
reduction in the number of shots with less energy. This is
confirmed empirically by the data, which appears to better
follow the statistics of the total PDF rather than a simple
gamma distribution. These results indicate that, in practice,
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FIG. 8. Histograms of the measured SXRSS spectrum from

LCLS within a Aw = 1.1 eV window (top) and a Aw = 7.5 eV
window (bottom). The dashed line denotes a gamma PDF
[Eq. (16)] of a pure seed (no SASE background) with
M =M, =43, as given by FIG. 7. The solid line is the
prediction from the total PDF in Eq. (18) that includes the SASE
contribution. Within the narrow window (top) the measured
SASE portion is small ((W)/(W,) = 6.4%, M, = 16), so the
two PDFs are nearly identical. Within the larger window,
however, the larger SASE contribution ((Wg)/(W,) = 15.7%,
M, = 52) shifts the statistics slightly. In this case the total PDF in
Eq. (18) is qualitatively a better fit to the SXRSS data.

(W) = ¢NA / do|H g (o).

(W1) = ¢2NA, / da|H (@) | H (@) P Hp (o) .

the SASE component of the self-seeding signal should be
incorporated in evaluating the statistical properties of the
FEL, especially if no postmonochromator is used to select a
narrowed region of the spectrum.

IV. CONCLUSION

We have analyzed the statistical properties of a self-
seeded FEL in the presence of SASE growth in the second
stage. Assuming the two sources are uncorrelated, we
derive an expression for the effective total number of
modes in the combined signal which depends on the
number of modes and average energy of each source.
The SASE background is shown to always increase the
number of modes in the seed, particularly when the full
spectrum is included. Experimentally, it may therefore be
advantageous to aperture the spectral window to limit the
number of modes, especially if the SASE background is
appreciable. A probability density function for the com-
bined signal is then derived and matched against the
statistics from SXRSS experiments, showing good agree-
ment. Together, these results suggest that the presented
framework is a reasonable model for the statistical behavior
of self-seeded FEL in the presence of SASE noise.
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APPENDIX

The ensemble-averaged energy moments for the SASE
and seed in the total variance [Eq. (8)] are found by
inserting the expressions for the individual fields [Eq. (6)]
into the integrals in Eq. (7). We obtain

(W2) = ¢*N2A2 / da / da? |H g ()2} H o (@) (1 + [F(o — o)),

(W) =614N2A%/dw/dw’lHAf(w)IleAf(w’)ZIHA(w)|2|HA(w’)I2|Hm(w)|2|Hm(w’)|2(1 +[Fo=-ao)?). (Al
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Using a flattop (rectangular) beam profile, the frequency
correlation is

IF(w— )2 = sinc?[(w— o) T/2].  (A2)

Combined, we obtain the expressions in Eq. (9). Within the
expressions for (W3) and (W?) is the normalized variance
6%, given by the integral in Eq. (11). This integral is the
result of the Fourier transform

sinc?(wT/2) = /tri(é)ein5d§ (A3)
where the triangle function tri(£) = 1 — |&| for |£] < 1, and

tri(¢) = 0 otherwise.
When Ad® — o0, Eq. (11) becomes,

by /mberf(8) + e —1
o (0) = 52

(A4)

which approaches \/z/6 for 6 > 1.
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