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The resistive wall impedance of a vacuum chamber with elliptic cross section is of particular interest
for circular particle accelerators as well as for undulators in free electron lasers. By using the electric field
of a point charge and of a small dipole moving at arbitrary speed in an elliptical vacuum chamber,
expressed in terms of Mathieu functions, in this paper we take into account the finite conductivity of the
beam pipe walls by means of the surface impedance, and evaluate the longitudinal and transverse driving
and detuning impedances for any beam velocity. We also extend the definition of the Yokoya form
factors, valid in the thick wall regime, at any beam energy, and show that, in the ultra-relativistic limit,
they coincide with the ones that are found in literature. The method is also extended to the multilayer
vacuum chamber case. Under conditions generally satisfied with particle accelerator beam pipes, the
classical transmission line theory can be used to modelling the impedance seen by a bunch in a vacuum
chamber with several layers as an equivalent circuit with the same number of load impedances, giving, as
result, a surface impedance that can be used in combination with the fields of the elliptic geometry to
obtain the resistive wall impedance in an elliptical multilayer vacuum chamber. The results are also
compared with a more time consuming 3D electromagnetic code and with solutions for known cases of

circular and flat beam pipe.
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I. INTRODUCTION

The coupling impedance [1-5] due to the finite resis-
tivity of the beam vacuum chamber, generally called
resistive wall impedance, can represent an important source
of impedance, as, for example, in LCLS undulator [6],
or even the main contributor, as in the case of the Future
Circular Collider project [7-10].

Among several geometries, the elliptic cross section is
of particular interest because it can be found in circular
machines [11-13] as well as in undulators for free electron
lasers [14].

The problem of calculating the coupling impedance of a
resistive beam pipe with arbitrary cross section has been
derived in the ultrarelativistic limit in Refs. [15-17]. This
impedance can be expressed in terms of form factors, known
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as Yokoya form factors, which depend on the ellipticity of
the beam pipe and correspond to the ratio between the
resistive wall impedance of elliptic shape and the circular
one with the radius equal to the minor semiaxis of the ellipse.
Moreover, the impedance of an elliptic beam pipe, in the
ultrarelativistic limit, has also been addressed in Ref. [14].

The extension to the nonrelativistic case has been
obtained in Ref. [18], where, the choice of the field
expansions has led to complicated expressions of the
electromagnetic field. Another formulation, written as an
integral form, has been also derived in Ref. [19] in the
classical thick wall regime with a good conductor.

Lastly, there also exist numerical codes that give the
beam coupling impedance due to space charge and resistive
wall for arbitrary transverse geometries [20].

In this paper we expand the formalism of previous
works [21-23], in which we derived the longitudinal and
transverse driving and detuning space charge impedances
produced by a point charge and a small dipole traveling on
the axis of a perfectly conducting elliptic vacuum chamber,
by considering the case of a finite resistivity of the beam
pipe walls. The resistive wall term is introduced by using
the concept of surface impedance, which can also be
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FIG. 1.

extended to the multilayer case, of interest for many particle
accelerators (see, e.g., [8]).

The equations we derive allow to obtain the impedances
ranging from the circular shape to the parallel plates, taking
into account any value of ellipticity and beam energy.

In the following Sec. II we briefly review the basic
equations used to express the electromagnetic fields
and the impedances by means of the Mathieu functions,
for which we considered, as reference work, the book
of McLachlan [24]. Then, in Secs. III and IV, we obtain
the longitudinal electric field of a point charge and a
dipole including the finite conductivity of the pipe
walls. In Sec. V we write the longitudinal and transverse
driving and detuning impedances expressed in terms of
the surface impedance, and, in Sec. VI, we derive the
Yokoya form factors, extending their validity to any beam
energy. In the following sections we show the impedances
under different conditions. In particular, in Sec. VII we
shortly review the surface impedance for simple cases
that can be treated analytically, in Sec. VIII we discuss
the multilayer vacuum chamber, while some benchmarks
with a 3D electromagnetic code are shown in Sec. IX.
Finally, Sec. X is dedicated to concluding remarks.

II. LONGITUDINAL ELECTRIC FIELD
IN A PERFECTLY CONDUCTING
ELLIPTICAL BEAM PIPE

In the following we suppose to have a beam pipe with
elliptical cross section. For the expansions of the fields and
the impedances, we use the transverse elliptical coordinates

Elliptical coordinates. The ¢ coordinate describes a series of hyperbolas having the same foci. The u coordinate describes
confocal ellipses centered in the origin of the coordinate system.

@ and u, describing respectively a set of hyperbolas having
the same foci, and a set of confocal ellipses, as shown
in Fig. 1.

The relations between elliptical and Cartesian coordi-
nates are given by

{x:Fcosh,ucosga (1)

y = Fsinh y sin ¢,

where F' is the focal distance of the ellipse, related to the
major and minor semiaxes a and b by

F=+Va*-b? (2)

and cosh and sinh are the hyperbolic functions.

With these notations the origin of the coordinate system
is given by (u =0, ¢ = z/2), and the boundary of the
beam pipe by

U, = arccosh (%) (3)

In Ref. [21] we have written, in frequency domain, the
longitudinal electric field of a point charge moving with a
generic velocity v = fic, with ¢ the speed of light and S
the relativistic velocity factor, on the axis of a perfectly
conducting elliptic vacuum chamber (monopolar term) as a
series of combinations of Mathieu functions of the kind
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Here Q is the point charge, y the relativistic energy
factor, Z, the vacuum impedance, k, the wave number in
free space, equal to w/c, and we have used the elliptic
Mathieu functions described in [24]. In Appendix A we
have summarized all the Mathieu functions used through-
out the paper and how the expansion coefficients can be
determined.

Moreover, in Ref. [22], we have also derived the
longitudinal electric field produced by a small dipole
oriented along y and x, and moving with velocity fc as

E(z),d). ((p7 H, (’Z)
0 AQHD)
=1Gy Y _(-1)=——ses1(9.—q)
1=0 p2l+l
Gekyyy (p,—q)
x |Gek u,—q)———————=8e ,—q)|,
{ il ) Serri1 (. —4) 21l )
(6)
E(z)dx((pJ’tvq)
) B(121+l)
:ﬂGdZ(—l)l §/ cery1(9.—q)
1=0 21+1
Feky 1 (p,—q)
x |Feky (. —q) ————F——Ceyi1 (4, —q)|.
Pl n=) = 2 Cesy (1)
(7)
with
Pk}
G, = jZy—2_, 8
d J 02”ﬂ3]/3 ( )

and the dipole moment P = 2Qd with 2d the distance
between the two charges of the dipole.

In the above equations, the first term on the right-hand
side gives the direct field, while the second term represents
the scattered (or indirect) field due to the elliptic boundary
conditions.

Starting from the above expressions of the fields, which
are valid for a perfectly conducting vacuum chamber, in
the next two sections we derive the fields in presence of a
finite conductivity of the walls.

III. LONGITUDINAL ELECTRIC FIELD
OF A POINT CHARGE DUE TO THE
FINITE CONDUCTIVITY

Let us suppose to have a perfectly conducting elliptic
beam pipe. The azimuthal transverse magnetic field due to
a point charge in an elliptical vacuum chamber can be
obtained with the directional derivative perpendicular to ¢
of the longitudinal electric field of Eq. (4), which gives

pr V2 OE (9.1, q)
JjkoZy F+/cosh2u —cos2¢p Ou '

H(p,m (C”,/l, Q) =
9)

We now use the hypothesis that the magnetic field does
not change in presence of a finite conductivity of the pipe
walls, that is, we consider a relative magnetic permeability
of about 1. This is a good approximation for copper or
aluminium vacuum chambers, even if they have a thin
coating of NEG or other material to mitigate electron cloud
effects and (or) for pumping purposes [7,8]. As a conse-
quence, we can use Eq. (9) to evaluate the magnetic field
also inside the walls. From the knowledge of this field, we
can determine the new scattered electric field on the walls
due to a finite conductivity o, by using the Leontovich
condition, which gives

Eé,m(q)’/"b’ CI) = ZSHq),m(wv/'lhﬂ Q)v (10)

with Z, the surface impedance. The above equation is valid
for cases when the radius of curvature of the conducting
surface is large with respect to the skin depth & defined as

5= |2 (11)

|w|0cZO

Under this condition, the resulting field inside the
wall can be well approximated by plane waves. When
we evaluate the above fields in p,, we obtain that the term
of Eq. (4) into square brackets becomes proportional to one
of the Wronskians of the Mathieu functions [24], which, by
definition are independent on y, such that we can write

)ZAo CeZI((ﬂv )

QZfZ(

Ei ’ k] -
@ty q) = F 4 ph\/cosh2u, —cos2¢
« W2l.m(_q) ) (12)
CeZI(ﬂba_Q)

with the Wronskian that can be written as
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(13)

In order to determine this electric field also inside the
beam pipe, we suppose that the new total longitudinal
electric field is equal to the sum of that of Eq. (4) with
perfectly conducting walls, plus a term having the same
dependence on ¢ and u as the scattered field in Eq. (4),
with unknown amplitude due to the finite conductivity.
This third term can then be written as

0Z N2 &

Eé.m((p’ﬂv q) = ;7 Z(_l)pDcheZp((/)ﬂ _q)
p=0
x Cey, (1, —q), (14)

with D,,, unknown quantities.

The total field, at the elliptic boundary, must be equal to
Eq. (12). Since Eq. (4) at y = u,, is zero, we remain with the
condition
|

\/Eﬂ-e—(z\r—le)ﬂhF(% +|r—

o0

Z(_ D2pce2p(

p=0

)CeZp (Iub ’ Q)

i le Cezz((/’, -q) Wam(—q) (15)
= ph/cosh2u;, — cos 29 Cey (py, —q)

which can be used to determine the unknown expansion
coefficients. By using the orthogonality properties of the
Mathieu functions, after some manipulations shown in
Appendix B, we obtain

-1 = ) ey (0, —g)cey(5.—q)
D,, = e Z

p (s —q) = Cey(p, —q)
2 2 (-

r=0 t=

DA AT L (), (16)

where

1) /1 1
Lm = Fl5.r=t+5sr—1f + ;e
r,t(ﬂb) F(%)\r—t“ <2 |” |‘|‘2 |’” |—|— 4 )
3 pe—2r2+ (1 t 1 1
Ve 0 Gtr+ )F STttt e ) (17)
() (r+1)! 2 2

with I the gamma function, and F(a, b; c; z) the hypergeometric , F'; function. It is important to highlight that, thanks to the
expansion that we have obtained for L}, involving the hypergeometric functions, the summations for the determination of
the coefficients D,,, are rapidly convergent and only few terms are necessary to obtain accurate results. The longitudinal
electric field due to the finite resistivity of the beam pipe becomes then

E,‘ (¢ U q) QZ \/_Z( ) C€2p(§0, )CEZP(:“’ _q)
zm\@¥s K F = Cezp(ﬂb,—q)
= C€21 (0,—q) Cezz 2,— bl . 2p (21)
x AP AR Lm (4, 18
;;; - j;:;g; " () (18)

IV. LONGITUDINAL ELECTRIC FIELD OF A SMALL DIPOLE DUE
TO THE FINITE CONDUCTIVITY

The procedure to determine the longitudinal electric field of a small dipole in case of a finite conductivity of the pipe
walls is similar as that of the point charge. We first obtain the azimuthal magnetic field as in Eq. (9) by using the longitudinal
electric field of the vertical or horizontal dipole of Eqs. (6) and (7), and then we suppose that the magnetic field does not
change in presence of a finite conductivity, so that the new scattered electric field on the walls in the two planes can be
written as

PZkoV2 S (—1 )lA(le)SezHl((ﬂ,
2pyF

~q) Warr1.4,(—9)
= Phi1V/€0sh 2y, — cos 2¢ Sesr1(p,—q)’

Eé,dy((pJ’tbv q) (19)
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2By py i
w —q) = —(=1)/ 220 el (0, - ~.—q), 21
2+1.4,(=4) ) ﬂkoA(121+1)Fsezl+1( q)seans 54 (21)
2pys: z
w —q) = (=1) 2L 0,—q)cey. (=, —q |- 22
21+1,dx( q) = (-1) ﬂkoB(lzm)Fcele( 6])cezm 5 q (22)

We then use, for the scattered field inside the beam pipe, an expression similar to that of Eq. (14), but with azimuthal and
radial dependencies as sey; 1 (@, —q) and Se,; (1, —q) for the vertical plane and ce,; (¢, —q) and Ce,y, i (1, —q) for the
horizontal one. By following calculations similar to those of Appendix B, we finally obtain

; PZ N2 & )Pserp i1 (@, —q)Serpi1(p:—q)
E4(om0) == Z
F Serp i1ty —q)
S‘321+1 (0,—=g)sex:1(5. —4) o (2p+1) 4 (21+1) ;, d,
x 1) AR AR LS )y (23
Z S€21+1(,Mb _q) ;;( 2r+1 2t+1 t b) )
; _ Pz V2 & (—1)Pcer, i (@, —q)Cerpyr (1. —q)
Ezd (o, 1. q) 22F2 Z
F Cerpi1 (Hp:—q)
= C€21 100, =q)cel 1 (5. —q) = , 2p+1) (2141) 5 d,
e L2 LN S (=1 BE BS L (). (24)
— Ceyri1(Hp, —q) pafhpwry

where

d \/iﬂe—<2\r—tl+l)uhr(% +lr—t) /1 1
L = Fl=,lr—tl4+=:|r—t+ 1;e %
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rG(r+t+1)! 2

3
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with the upper sign for the horizontal plane and the minus for the vertical one.

V. RESISTIVE WALL IMPEDANCES FOR ELLIPTICAL GEOMETRIES

From the fields given by Eqs. (18), (23), and (24), it is possible to derive all the coupling impedances. In particular, the
longitudinal impedance is

Z” — ElZm(gg - %7/1 - 07 Q) _ ZsZ\/EZ(_l)p Cezp(% ’ _q)ce2p<07 _q)
Q nF Ce2p(:ub’ _q>

« i 6621 (0.-q) CeZl i io 1) A 2lJ )Lm (). (26)
—0 (=

=0 C€21 (/"4]77

while the transverse driving impedances [25] are
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and the detuning (or quadrupolar) ones are
. __ B OE, _ZpV2 i 1y cezy(5.—q)Ce,(0.-q)
-y FszO 6/12 @=5.u=0 ”2k0F3 p=0 CeZp(lub’ _q)
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|
All the above impedances have been written per unit PZ K L
length. They depend on the frequency, on the relativistic E; 4, mrc( r.0) = _7‘9201”7“11 01, (()r)’ (32)
parameters # and y and on the pipe geometry, that is a and 2rbpy 1 (/?—y) Br
b. These impedances can also be used with surface
impedances other than that of the resistive wall, as the  from which we derive the impedances [26]
case of wall roughness, or small corrugations in elliptic
vacuum chambers. Z,
It is important to underline that, despite the quadruple [|.circ = TZ(I‘O) (33)
infinite sums appearing in the expressions of the imped- Br
ances, due to the very rapid convergence of the Mathieu
functions, only a number of terms in the order of 10-30 can i Zk 4
be used for the cases of interest in particle accelerators. Lcire 4mbpy> 12<@>’ (34)
When the vacuum chamber tends to be flat, the number of N pr
terms must be a bit higher, up to 50. However, even in the
worse case, such calculations require a few tens of seconds .  _ Zko (35)
on a normal PC. Lcire 4xbpy? 13(%) '

Similar fields and impedances have been obtained from
the Bessel functions for the circular geometry with radius b.
For example for the point charge and a vertical dipole at any

energy we have
QZ kor
E;mmrc():_ 2Skb IO |
2zbI5(p)) \Pr

(31)

In Appendix C we show that, in the limit when a — b,
Egs. (26)-(30) become (33)—(35). It is important to observe
that a quadrupolar impedance different from zero exists
also in a circular beam pipe and, in case of high energy
(f = 1) and not too high frequency such that the argument
of the Bessel functions is much lower than 1, we obtain the
well-known expression
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Z, b’w
ZHaCiTC = ﬁ = (2—C> Zji_.circ’ (36)
while the quadrupolar impedance tends to zero.

VI. THE YOKOYA FORM FACTORS

In case of an ultrarelativistic beam, the resistive wall impedances for the elliptic geometry can be expressed by means of
the Yokoya form factors by using the impedance of a circular pipe [15]. These factors depend only on the coefficient
q, = (a—Db)/(a + b). We can extend the concept of form factors to any energy by dividing Eq. (26) by (33) and (27)—(30)
by (34). We then obtain for all the planes

f”_sz 2( >§°°: cezp —q)Ce,,(0,-q)

C€2p(ﬂb, -q)
= 6‘6210 Q)Cezz —9) o T 2p )
X E E ) A LY 37
1=0 Cexlup, —q /=0 1=0 o) 7

y 4[ 2 p3 i’: ,3€2p+1(3,=4)5¢,,,(0,—q)
Ty ﬁ}’ ko -

S62p+l(ﬂh7 q)

= S€ 0 f] Séy 1 A 2p+1) (2041) , d,
x ) (-1 2 - ZZ D HASTASE LY (), (38)
=0 Sear i1 (up. —q =0 =0

fle= i <_> ( >2 A i Ceé”“(g’_q)cehfﬂ(ov -q)
* Br ) \kob _

Cerpr1(p, —q)

) C62110 qce © o , o) o)
N et Pt ) D) W A ) )
=0 Ceyry1(pps—q o
f _\/_ <k0b> ( )2 b3 i CeZp(£7 _q>Ce/2/p(0’ _q)
o ﬁ}’ CeZp (.ub’ _Q)
Y cezz 0.=g)cen . ~9) $- +1 2p 2D
" )AL A LY (), (40)
; Cey(up,—q Z:; Ay t\Mp
L) )””f: oo
- Pr /) \kob Cezp(ﬂb, q)
o0 Cezl 0 Q)ce2l( _q) (&) (o) (2 ) (21)
X —1)HAVP) A L;" ). 41
; Cex(pp, —q) ;;( ) > Az L (p) (41)

These form factors depend on the geometry and on the parameter k,/fy. They are shown in Fig. 2 as a function of ¢, for
different values of the argument of the Bessel function k, = kyb/fy. We can observe that for a fixed beam velocity and
geometry (moving along the vertical axis), they also change with frequency.

Moreover, the blue curve in all plots (k, = 10~%) corresponds to an ultrarelativistic beam. In this case, that is when
q — 0, it is possible to simplify the form factors showing that they do not depend on the frequency any more. Indeed, as
already discussed in Appendix C, all the coefficients of the Mathieu expansions are negligible except the diagonal ones,
which are all equal to unity except A(()O) = 1/+/2. Therefore we can keep only the first order expansion of the Mathieu
functions which does not depend on g. Moreover the last two summations of the above form factors have only the terms
r = p and t = [. We can then finally write
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with €y, = 1+ 6y, with &), the Kroneker delta and,
for the quadrupolar form factors, the upper sign is for the
vertical plane. Equations. (42)—(45) constitute an alterna-
tive way to express the Yokoya form factors. Indeed, in
Fig. 3 we have compared these expressions with the
longitudinal and dipolar form factors written in terms of

integrals as described in Ref. [1]. This same figure can also
be compared with Fig. 8 of Ref. [15].

As we expect, the worst case for the driving impedances
is represented by the circular geometry, for which the
form factor is always 1. However, for a given ellipticity, in
particular at low energy, the coupling impedances can be
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FIG. 3. Yokoya form factors as a function of ¢, = (a — b)/

(a + b). With (Y) we indicate the form factors as expressed by
the integrals in Ref. [1].

much lower than those evaluated with the Yokoya form
factors. This is also valid for the longitudinal impedance.
The contrary happens for the detuning ones, which are
zero for the circular geometry in the relativistic case.
One interesting result is that the horizontal detuning
form factor changes sign passing from positive to
negatives values. This happens at a fixed geometry
and energy as a function of frequency since k, depends
also on this quantity (on the plots of Fig. 2 we move
along a vertical line). This is due to the fact that the
horizontal detuning impedance for the circular geometry,
with < 1, is equal to the vertical one and they are
both positive, while for the flat geometry it is negative.
Then, with a given ellipticity, there must be a transition
at a given frequency where the impedance passes from
positive to negative values.

VII. RESISTIVE WALL IMPEDANCES
FOR SIMPLE CASES

In some simple conditions, it is possible to write an
analytical expression of the surface impedance. For exam-
ple, in the case of a single layer of infinite thickness, for a
DC model and in the frequency range [4]

-1/3
)%<<w<< be , (46)

where y = 1/(Zy0.b) with o, the conductivity of the beam
pipe, the surface impedance due to the finite resistivity of
the walls can be written as [28]

lw|Z,

Z, = [1 + jsgn(w)] o

(47)

This expression, in combination with Egs. (26)—(30),
allows us to obtain the single layer resistive wall imped-
ances for any ellipticity.

Another interesting application is the case of a beam pipe
with a thin layer of coating to reduce the secondary electron
yield for electron cloud mitigation and, in some cases, to
help the pumping process [29]. As discussed in Ref. [7],
under the condition of a good conductor with 6, > we with
¢ the material dielectric constant, and with wb/(yfc) < 1,
the surface impedance can be written as

. w|Z, atanh [71+j55g“([") Al +1
Z, = [1 + jsgn(w)] @120 1‘+ eno) (48)
20.¢ 4 tanh Al

where ¢, is the skin depth of the coating, A its correspond-
ing thickness, and, for a good conductor, a ~ §; /§,, with &,
the skin depth of the substrate, which is supposed to be of
infinite thickness. Again, this surface impedance, in com-
bination with Egs. (26)—(30), allows to obtain the resistive
wall impedance for an elliptical beam pipe with a thin
coating. When A — 0 and §; = J, we obtain the simple
case of single layer with infinite thickness.

VIII. RESISTIVE WALL IMPEDANCE
FOR A MULTILAYER BEAM PIPE

The surface impedance concept can be extended to the
case of beam pipe with multi-layer structure of the wall by
using the transmission line (TL) theory. TLWALL [30] is a
code developed at CERN and based on the TL theory that,
resuming the studies of L. Vos [31-33], allows computing
the resistive wall impedance of round chambers.

In spite of its simplicity, the TL theory with some
modification can be used to model the resistive wall
impedance of multilayer structures without loss of general-
ity. The theory can be applied to calculate the surface
impedance of a round chamber loaded by a structure
made of an arbitrary number of layers of finite thickness,
allowing for PEC, vacuum or conductive wall (lossy
materials, i.e., finite electrical conductivity and/or with
complex permeability/permittivity) boundary conditions.

In order to evaluate the coupling impedance for an
elliptic geometry with a multilayer structure, we use the
equivalent surface impedance Z, computed by TLWALL in
combination with the fields of the previous sections.

The impedance obtained from TLWALL also includes the
inductive bypass effect introduced by Vos [32,34] and the
attenuation due to propagation of cylindrical wave intro-
duced in [30] to overcome the limitations of the trans-
mission line approach when the penetration depth becomes
comparable to the pipe radius b.

The application of the method requires the validity of the
Leontovich condition. Moreover, the attenuation due to
propagation of cylindrical waves and the inductive bypass
concept have been derived for round chambers and are then
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not exact for elliptical chambers. The theory of TLWALL and
all the validity limits, which obviously extend to our
approach, are discussed in pages 86 to 89 of Ref. [30].

TLWALL has been shown to give very accurate results in a
large frequency range (from kHz to GHz range) in several
cases of interest: metal with vacuum boundary, metal with
material (magnetic) boundary, metal with PEC boundary,
metal coatings, ceramic insert, ceramic coatings, metama-
terials [30,35,36].

IX. BENCHMARK EXAMPLES AND
APPLICATIONS

In this section we show some examples by comparing the
results of Egs. (26)—(30), in combination with the surface
impedance of TLwALL for a multilayer structure, with
the 3D electromagnetic simulation software ST [37] and
w2D [27], a 2D code developed at CERN for the evaluation

of the wall impedance (resistive wall plus space charge) in
circular and flat multilayer geometries.

As a first example we evaluate the impedance of a two-
layer elliptic beam pipe. The vacuum chamber that we have
considered consisted in a first layer with a small conduc-
tivity (6 = 400 S/m) with a thickness of 5 mm followed
by a perfect electric conductor. One reason for the small
conductivity is due to the fact that we want to compare the
results with ST and we need an impedance per meter of
structure well above the numerical noise level. In addition
to this, CST has two ways of dealing with the resistive wall
impedance: if a material is defined “lossy metal,” then CST
uses the definition of surface impedance similarly to our
case; if we define instead the material as “normal,” then CST
evaluates the fields inside of it in order to determine the
coupling impedance, and this is the method we want to use
to check our results. Since a small conductivity gives quite
a large skin depth, this, associated to the thickness that we
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FIG. 4. Coupling impedances per unit of length as given by Egs. (26)—(30) compared to the results of cST. The beam pipe has
a first layer with ¢ =400 S/m and thickness of 5 mm, followed by a perfect electric conductor. The relativistic factor is

y =27.7 and ¢, = 0.29.
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have used, allows to evaluate the fields inside the material
with a high number of mesh cells, but not excessive.

For the geometrical parameters, we considered a minor
semiaxis b =25 mm and a major semiaxis a =45 mm
(g, = 0.29). These values, as well as y = 27.7 are repre-
sentative of the CERN Super Proton Synchrotron vacuum
chamber. It is worth mentioning that each simulation is
optimized for one frequency decade by using the scaling
technique described at page 96 of Ref. [30]. Since the
simulations are quite heavy due to the large number of
mesh cells required to have a dense mesh in the penetration
depth, only two frequency decades have been investigated.
The simulations have been performed between 10 MHz
and 1 GHz. The choice of the decades is such that all the
three resistive wall regimes (thin wall, intermediate, and
thick wall) are covered.

In Fig. 4 we show the results of Egs. (26)—(30) compared
to csT simulations. The curves have been obtained with
50 terms to get the expansion coefficients A and B, and with
30 terms in all the summations. The impedances are given
per unit of length. The agreement is very good for all the
impedances in the frequency range that we have chosen.

Since with cST we have considered the electromagnetic
propagation of the fields inside the materials, Fig. 4,
demonstrates that it is possible to combine the fields of
the elliptic geometry with the results of TLWALL even in a
multilayer system and not only in the case of a single layer.

In Fig. 5 we also show a comparison of the horizontal
detuning impedance at quite low beta (0.52) with Tw2D
in the limits of circular and flat geometries. The radius of
the vacuum chamber is 31.3 mm (corresponding to half

N'g‘ 100 L

= oO—

= 0. |— Real (Circular)

g -10 Real (Limit to Circular)

c — Real (Flat)

3 — Real (Limit to Flat)

8 -1 O1 - Real (From Yokoya factor)

=

10’ 108 10°
Frequency [Hz]
FIG. 5. Real part of the horizontal detuning impedance per unit

of length as given by Eq. (30) in the limits of circular and flat
geometries (cyan and blue lines, respectively) for a nonrelativistic
case (# = 0.52), compared with Iw2D (magenta and red lines)
and with a circular pipe multiplied by the Yokoya factor
(green dashed line). The beam pipe, with a radius of 31.3 mm
(corresponding to half aperture for the flat beam pipe), has
three layers of thicknesses 0.4 mm, 3 mm, infinity and respective
conductivities of 7.7 x 10> S/m, 1 x 10* S/m, and zero (vac-
uum boundary).

aperture for the flat beam pipe), and we have used three
layers of thicknesses 0.4 mm, 3 mm, infinity and respective
conductivities of 7.7 x 10> S/m, 1 x 10* S/m, and zero
(vacuum boundary). These values are very close to those of
the CERN PS Booster vacuum chamber. As can be seen
from the figure, the results of Eq. (30) for circular and flat
chambers (cyan and blue curves, respectively) agree very
well with Tw2D (magenta and red curves). Moreover it is
shown that, with these parameters, by using the Yokoya
form factor, some discrepancies appear at frequencies
around 1 GHz (also note that the vertical scale is
logarithmic).

Of course, with our method we can also cover all the
intermediate cases of elliptic geometries that cannot be
obtained with tw2D. Indeed, in some conditions, it is not
always correct to multiply the impedance of a circular
multilayer pipe by the Yokoya form factor to obtain the
corresponding elliptic impedance. This is particularly
evident if we consider the horizontal detuning impedance,
which is zero or positive for a circular pipe and negative for
a flat chamber. In all the intermediate cases it is not possible
to predict at which frequency the impedance changes sign,
and the simple Yokoya form factor (which is negative)
times the dipolar impedance of the circular chamber can
give, in some cases, incorrect results.

This is clearly shown in Fig. 6, where the real part of
the horizontal detuning impedance given by Eq. (30) with
q, = 0.1 and the same other parameters of Fig. 5, in blue,
is compared with tw2D (green line) for a circular pipe
multiplied by the Yokoya form factor. In a frequency range
around 1 GHz, the discrepancy, as expected, is quite large,
with the correct impedance passing from negative to
positive values. This behavior is also confirmed by more
tricky and time consuming CST simulations, shown in the

10°
NE 0
£ 0
S -10
0]
3]
c
I a1
8 -10
£ —Real (qr=0.1)
—Real (From Yokoya factors)
—Real (qr=0.1 from CST simulations)
107 108 10°

Frequency [HZ]

FIG. 6. Real part of the horizontal detuning impedance per
unit of length as given by Eq. (30) for ¢, = 0.1 (blue curve),
compared with IW2D by using the Yokoya factor (green curve).
The beam pipe has three layers of thicknesses 0.4 mm, 3 mm,
infinity and respective conductivities of 7.7 x 10° S/m,
1 x 10* S/m, and zero (vacuum boundary).
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same figure with the red line [38]. Due to the complexity of
the simulations the materials have been modeled using the
CST surface impedance features.

X. CONCLUSIONS

In this paper we have derived the coupling impedances
due to the finite conductivity of an elliptical vacuum
chamber. The developed theory can be used to obtain
the resistive wall impedance in elliptic geometry by using
the concept of surface impedance in combination with the
expansions of the electric fields in terms of Mathieu
functions.

We have also derived the Yokoya form factors, general-
izing them also for the nonrelativistic case and for any
frequency range. In this last case, however, the Leontovich
condition and the surface impedance concept must be valid.

Moreover, with the use of the theory of transmission
lines, we have obtained the resistive wall impedance for a
multilayer vacuum chamber with elliptical cross section.

The comparisons of the results with the electromagnetic
code csT showed a very good agreement for both ultra-
relativistic and low beta cases in a very large frequency
range for multi-layer vacuum chambers with any ellipticity.
We have also compared the results in the extreme cases of
circular and flat geometries with the code Tw2D.

The fields that we have obtained in this paper can also
be used for a more rigorous method which takes into
account the matching conditions between different layers.
In this way we can develop a code able to evaluate the wall
impedance, including also the resistive wall term, for
multilayers vacuum chambers of elliptic cross section
without recurring to the Leontovich condition and the
concept of surface impedance, extending the code 1w2D,
currently developed only for the circular case and parallel
plates.
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APPENDIX A: MATHIEU FUNCTIONS AND
EXPANSION COEFFICIENTS

In this Appendix we summarize all the Mathieu func-
tions used in the paper, considering, as reference work, the
book of McLachlan [24].

The periodic angular ordinary Mathieu functions are
given by four series of orthogonal equations, which are
called the elliptic cosine even, cosine odd, sine even, and
sine odd functions. For the electric field generated by a
point charge and a dipole in an elliptic geometry, we need

only the first two and the last one with negative argument
—q, expressed by:

cey(p, ZZ 1A cos(2rp)  (AD)
r=0
ceri(@.—q) = (-1) lz 22r]++1l cos[(2r + 1))
r=0
(A2)

sexi(p.=q) = (=1)' Y (=1 AS S sin[(2r + 1)g].

Ms

‘
I
=}

(A3)

and the corresponding radial modified Mathieu functions of
the first and second kind given respectively by

Cesi(t,=q) =263 (=1)AS L)L, () (A4)

S = rp(20+1
C€21+1(/A, _Q) = (221;,11) Z(_l) Bgr-:_l )[Ir(l/l)IH»l(l/Z)

0
+1,4 (Vl)lr(VZ)]

(AS)
P > r a2
Sexi1(n.—q Zii Z ARSI ) (1)
1 r=0
— Ly ()1 (1n)]. (A6)
and
_ Py x40
FekZl(:uv_Q) - (21) A2r Ir(yl)Kr(UZ) (A7)
A —0
0 T
Shi41

21+1
(21+1) B§r+1)[1r(yl)Kr+l(l/2)
ﬂ'Bl —0

- Ir+1 (Vl)Kr(VZ)]

Feky1(u,—q) =

(A8)

Ph I
Gekary (1, =) = =5 >~ ATV 10K (1)
7[A1 r=0
+ 11 (1)K ()], (A9)
with
cey(0, —q)cey (5. —q)
p/21 = (_l)l A(21> 2 (AIO)
0
ce'y1(5.—q)cey1(0,—q)
Shi41 = (=D — 21+1+ (A11)
VB,
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Sery1 (% —Q)Se/zlﬂ (0,—q)
\/Z1A§21H)

andv; = \/ge™ and v, = /ge*. Here I,(x) and K ,(x) are
the modified Bessel functions of first and second kind,
and se,,; and ce),;, | are the derivatives of the respective
functions.

It is important to observe that the radial modified
Mathieu functions of the second kind Fek(u,—g) and
Gek(u, —q) play the role, in elliptic geometry, of what the
modified Bessel function of second kind K (x) represent in
cylindrical one.

P’21+1 = (—1)1 ) (A12)

The expansion coefficients Agzr”, Agiljll), nd Bfrl:ll),

are defined in such a way that the angular functions are
orthogonal [24].

They can then be obtained by solving an eigenvalue
problem for the following truncated matrices:

aAy! — gAY =0
la— 445" — q(245" + A7Y) =0
21 21 21
la = 2rA5) - q(afl, + a0, =0 (r22)
(A13)

i":(

(21+1)

(a—1+¢q)B, —qB(21+1> =0
la—@r+ 12BN - q(BS) +BY) =0 (r21)
(A14)

(a—1- q)Agle) _ qA(321+1) -0
la—@r+12A5 ) —q(aS Y 1 aS ) =0 (r21),
(A15)

[Tt

where the terms “a” represent the eigenvalues and the
expansion coefficients are the eigenvectors of the three
truncated linear equations’ systems.

APPENDIX B: EXPANSION COEFFICIENTS OF
THE SCATTERED LONGITUDINAL ELECTRIC
FIELD OF A POINT CHARGE WITH
CONDUCTIVE WALLS

If we multiply both sides of Eq. (15) by
(=1)"ce,,,(p,—¢q) and integrate in ¢ from —z to z, by
using the orthogonality properties of the Mathieu functions,
we obtain

m) 4 (21
1)+ )A(() )Wzl,m(—CI) 7 cey (@, —q)cer, (@, —Q)d

D2y, Cegy (piys —
" " 1=0 pZICEZI (ﬂb? _q)

_ = A( Wopm(=
1=0 p2[C62[ Hps —

r=0

The last integral can be written as

7 cos (2rg) cos (2t¢) P 1 /ﬂ cos [(2r — 21)¢] + cos [(2r + 21)¢]

_z/cosh2u;, —cos2¢ P73

T

e S Y -

_z  /cosh2u, —cos2g

’“A (2m) 21) 7 cos (2r) cos (2t¢p)

(B1)

_zv/cosh2u;, —cos2¢

de. (B2)

v/cosh2p;, — cos 2¢

If we define p = |r — 7], the first integral on the right-hand side can be written in terms of the gamma function I, and the

hypergeometric ,F, function F(a,b;c;z) [39] as

1 [= cos (2pg) eFr [2n cos (ps)
_ Q= ds
2 J_p +/cosh2u;, — cos 2¢ V2 Jo V1+e ¥ —2e 2 cos s
\/_n'e 2”“)""F( +p) (1 1
F , - 1; —4up . B3
Ol (gt .
A similar expression can be found for the second integral containing (2r + 2¢), such that we find finally
x ) 24 2me=Clr=t+Dum (L —t 1 1
/ cos (2rg) cos (2tg) :\/_”e 1 G+Ir |)F S r—t 455 lr—t 4+ 1 e
—z v/cosh2u;, — cos2¢ rEr—1! 2 2
2r+2t+l)ybr ¢ 1 1
\/_71'6 ( +r—+ )F —,r+t—1——;r+t+1;e—4"" , (B4)
TG)(r+ 0! 2 2

which, substituted in Eq. (B1), gives, for D,,, the expression of Eq. (16).
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APPENDIX C: THE LIMIT OF CIRCULAR PIPE kob
Cey(pup > 00,—q = 0) = py Iy . (€1
In the limit of @ — b, we have that ¥ — 0 and ¢ — 0. In ﬁ}'
these conditions it is possible to expand the Mathieu b
functions to first order in g. All the coefficients of the Ce So00.—qg—0)=s, I ( 0 > 2
expansions are negligible except the diagonal ones [24] so 211U 1 ) = sl pr (€2)
that the last two summations in Egs. (26)—(30) have only
r=p and t=[. Moreover, since u, — oo, the radial Sexri1(iy = 00, —q = 0) = ply i1 @ (C3)
Mathieu functions Ce and Se in the denominators of the 2+1\Hp - = Pantai{ g )
equations must be evaluated at very large values. The
asymptotic expansions in this case give [24] so that Egs. (26)—(30) become
ZH _ ZS\/Ei (2217) CeZp(z Cezp iA (21) cey (0, 61)0621(2 -q) Lmz(#b - ) (C4)
= 2 ) ’
n°F p=0 ! 2])12}7(/}7) 1=0 Pzzl2l(/sy) g
d _ s/))f ALPHD 562p+1(2’_Q)Se/2p+1(0’ —q) & (21+1)S€/21+1(0, —Q)S621+1(§,—Q)Ldy (up = ), (C5)
Papiilap1 (G 1=0 Paip1t21+1Gg,
d B sﬂ\/_ pril) ce2p+l(2’_Q)C62p+l(0’ —q) & (21+1) cey1(0,—q)cey, (3, Q)L (uy — ),  (C6)
kg F3 Bopi I kob 20+1 7. (kb pi\Hp = ),
i1 2p+l(ﬁy) =0 o1 21+1(ﬁ,,)
ZBV2SN op) €€2p(5.—0)CL, (0, —q) S~ (1) cex(0, —q)cey (5. —q)
7, =% A 2D iy > ). (CT)
Zi,= ka3 b 21 kob J\Hb ’
’ koF Z ZPIZP([}’;/) ; P/QJIZZ(ﬁ) g
70 = sﬂ\/-z CeZp —q)Cey,(0,—q) & gl ycen(0,—q)cey (5. —q) L™ (4, — o) (C8)
22k F3 ob kob : :
koF prIZP(ﬁy) 1=0 Palu () !
Moreover, by substituting p’ and s’ with the corresponding Mathieu functions, we have
. Ceyp(0.—q) T\ INCT
z 1PAGTIARY =20 (=1)'A5" AG — o Lt (= o0). (C9)
1= " o0~ ) 2 LiGh "
/ [eS]
74 Z,pV2 1Al (2p+1) 4 2p+1) Se5,11(0.—q) 1A @D 4 @1 1 d,
Ly =2 7, 34 Aspi kob (=1)'4; Ayt o L 'y — ), (C10)
bomkF Z ! se/zp+1(07—Q)12p+1<ﬁ)lz(; L)’
ﬂ\/_ 2p+1) p(2p+1) Cezp11(0,—9) = @) e 1 d
z{,= z pHB "By - (=D"™'By By e Ly = o).
- mkoF? pzz: AR (1) _Q)I2p+l(%)l§; " 121+1(];§’yb) "
(C11)
Z ﬂ\/_ 2 2 ) Ce 00 1
z1, 1PAGD AR ()ATAS e Ly~ ), (C12)
- 2k Fz Z CeZp(O LDIZp ﬂL Z:(; l(%) ”
7. = SﬂfZ pagraly o0 Ce i T L~ ). (C13)
ko F? 0.— T _\] 0 I Koby —p.I\Hb .
0 ce2p( ’ Q)CeZP(Q Q) Zp 1=0 21(ﬁy)

Since, as we have already said, all the coefficients of the expansions are negligible except the diagonal ones, we can keep
only the terms p = [ = 0 in the sums. Moreover, when ¢ — 0 we have
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1
AL = ¢ey(0,0) = ceq <g,0) = Ceg(0.0) = .
(C14)
A =B = ¢e,(0,0) = Ce,(0,0)
= 5¢/(0,0) = S¢/(0,0) =1, (C15)
Cel(0,—g — 0) = ce! (;,—q N o> =V2q. (C16)
so that the impedances become
Z,V2
Zy=———7 LI (4 > ), (C17)
[ 0,0\Hb
A’ FI3(%7)
Z,pV2 .,
74 = gLy (u, — ),  (C18
l,y,x ﬂ'szF:iI%(%) q 0,0 (lub ) ( )
Z,pV2
L E———— gLl — 00). C19
Lyx 2ﬂ2k0F3](2) (%) q 0,0 (ﬂh ) ( )

Finally we have also that when since u;, — oo the
hypergeometric functions tend to 1 so that

Lgy = 2V2me ™ = 2\/2memmeosh(@) - (C20)
d e a
Ly = V2me (1 +— > = V2zemmeeosh(®) - (C21)
When F - 0 and a = b
F
; —arccosh(2) _ ~
fie = e
and, by using Eq. (5), we finally obtain
Z
Zy=——r, C23
' 2y uh) (€23)
Z.k
zd =0 (C24)
N Arbpr ()
Zk
a 0 (C25)

74 =50
Ly 4;;%/3%13(%)

which coincide with the impedances in a circular pipe.
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