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Density shocks in the relativistic expansion of highly charged
one component plasmas
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In a previous paper we showed that dynamical density shocks occur in the nonrelativistic expansion
of dense single component plasmas relevant to ultrafast electron microscopy; and we showed that fluid
models capture these effects accurately. We show that the nonrelativistic decoupling of the relative and
center of mass motions ceases to apply and this coupling leads to novel behavior in the relativistic dynamics
under planar, cylindrical, and spherical symmetries. In cases where the relative motion of the bunch is
relativistic, we show that a dynamical shock emerges even in the case of a uniform bunch with cold
initial conditions; and that density shocks are in general enhanced when the relative motion becomes
relativistic. Furthermore, we examine the effect of an extraction field on the relativistic dynamics of a

planar symmetric bunch.
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I. INTRODUCTION

The expansion dynamics of highly charged plasmas is a
fundamental problem in areas ranging from astrophysics
to nanotechnology to beam physics. Previous analytic work
has focused on initial conditions where a highly charged
plasma is cold and has uniform density [1-13]; however,
the vast majority of this work, with the exception of
Bynchenkov and Kovalev [13], have assumed nonrelati-
vistic conditions. In ultrafast electron microscopy (UEM)
and some beam physics applications, electron sources are
used to produce dense bunches of charged particles within
an intense extraction field that is used to accelerate the
distribution to near-luminal speeds. In addition, for suffi-
cient densities, the bunch self-field can result in relativistic
velocities within the frame of the bunch. These concerns
indicate that a relativistic theory is required in many
practical cases, and here we present the relevant theory.

The typical analytic approach to relativistic expansion
dynamics of such systems is a treatment based on envelope
equations that are predicated on the conservation of emit-
tance and the use of uniform density distributions [2].
Uniform ellipsoidal distributions are particularly amenable
to analysis as the self-electrostatic field in these distributions
is linear and the expansion dynamics results in a simple
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power law growth of the ellipsoid axes—at least in the
nonrelativistic regime. Furthermore, it is fairly straightfor-
ward to show that uniform ellipsoids conserve emittance as
long as the distribution remains uniform and all the particles
can be treated as having identical Lorentz factors. Moreover,
analysis of beam dynamics such as emittance oscillation
[14], emittance compensation [15], and the beam halo [16]
generally assume similar uniformlike conditions. However,
for electron injectors utilizing photoemission the initial
conditions of the bunch is often Gaussian, or at the very
least nonuniform, and it has long been known that charge
redistribution from the nonuniform to the uniform bunch is
one of the major sources of emittance growth [17] suggesting
that uniform distributions are at best an idealization that miss
much of the physics present in the typical situation.
Numerous works within the UEM literature have already
looked at various aspects of the evolution of nonuniform
distributions [18-32]. Reed presented a fluid model that
described the dynamics of nonuniform bunch expansion
under the assumptions that the bunch could be treated as
having planar symmetry in the nonrelativistic regime [25].
Nonuniform density evolution of nonrelativistic distribu-
tions was extended to the planar, cylindrical, and spherical
symmetries by Kovalev and Bynchenkov within the
Coulomb explosion literature [33], and our group recently
rederived this work within the UEM context [32]. These
works show that the expansion dynamics in the planar case
differs greatly from symmetries in higher dimensions and
verified analytic description of the dynamics utilizing both
N-particle and particle-in-cell (PIC) simulations. Within
our notation, the analytic descriptions depend on terms that
can be written as functions multiplied by the quantity
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for planar geometries or by the quantity

Pod
Dyg=—- (2)
Pod

for cylindrical (d = 2) and spherical (d = 3) geometries,
where p, is the initial density at location r, and py, is the
average density within that location. For the uniform
distribution, the local density and the average density are
the same so that Dy; = 0 everywhere and the density
evolution’s dependence on the aforementioned functions
vanishes reducing the dynamics to the uniform dynamics
utilized extensively in the literature. Otherwise, these
functions play a large role in the density evolution leading
to differences in the dynamics of distributions with differ-
ent initial density profiles. Specifically, both Kovalev and
Bychenkov and our group found a density shock, seen in
Coulomb explosion studies [5-8,18,25,34], was present in
the analytic density evolution of initially Gaussian distri-
butions under both cylindrical and spherical symmetries.
We also pointed out that such a shock is absent under planar
symmetry unless an appropriate initial chirp in phase space
is present.

Both works pointed out that the shock arises as the
distribution enters what Kovalev and Bychenkov term the
“multiflow” regime. Such a regime can be visualized by
considering the phase-space density of a continuous dis-
tribution. Initially, the phase density has a nonlinear line
of best fit that is one-to-one between position and velocity;
this one-to-one relation is preserved while the bunch
remains laminar. However, as nonuniform distributions
evolve, particles initially more toward the middle of the
distribution can overtake outer particles, i.e., crossover.
Treating the particles doing the crossover separately from
the particles being crossed over, the resulting phase space
can be thought of as having multiple expected velocities for
the same position, i.e., the distribution is in the multi-flow
regime. Kovalev and Bychenkov found that their model
correctly captures the density evolution if the portion of the
distribution within the multiflow regime is small and the
density monotonically decreases from the center [33].

We noted in our previous work that the density evolution
seen in PIC simulations using an electromagnetic (EM)
solver and relativistic particle pusher, which should capture
all relativistic effects if the initial field is accurate, do not
significantly differ from our analytic description for the
densities analyzed there [32]. Moreover, we have seen that
the PIC simulations using an EM solver do not significantly
differ from those using an electrostatic (ES) solver with
relativistic particle pusher for much higher densities than
those examined in our previous work, or in the work
described here. Assuming the accuracy of the initial fields,
we conclude that the relativistic effects are then adequately

captured within the relativistic particle pusher, which is
equivalent to simply including the relativistic momentum in
the analysis. Precisely such an analysis of the relativistic
free-expansion of a spherically-symmetric, cold uniform
charge distribution was completed by Bychenkov and
Kovalev [13], and part of what we do in this manuscript
is extend this analysis to nonuniform cases as well as
additional symmetries.

Here we treat charge distributions with general initial
spatial distributions starting from rest under planar,
cylindrical and spherical geometries introducing a novel
length scale that is associated with each symmetry. First in
Sec. IT A, we present general results applicable to all cases.
In Sec. II B we derive expressions for planar symmetry for
any arbitrary initial spatial distribution and examine these
expressions in the nonrelativistic and highly relativistic
limits. We then introduce M-shell simulations, which are
simulations of M equally charged planes in 1D, and show
that these simulations reproduce the density evolution
derived analytically. In Secs. IIC and IID, we derive
relativistic density evolution expressions under cylindrical
and spherical symmetries, respectively, for arbitrary initial
distributions, and we show that these expressions are
consistent with PIC calculations using an EM solver and
relativistic particle pusher utilizing the well-known package
Warp [35]. Further, we show that M-shell simulations,
which track M equally charged cylindrical- and spherical-
shells in 2- and 3- dimensions, respectively, also capture the
same density evolution. We validate these expressions
against their nonrelativistic and uniform relativistic coun-
terparts, and we examine the expressions in the highly
relativistic limit. In Sec. III we introduce an external
extraction field in the case of a planar electron bunch,
and we point out that the acceleration from self-fields and
external fields do not decouple in the relativistic case.
Though the analysis is captured by a straightforward
extension of the analysis used for the planar case with
no extraction field, the physical effects are quite interesting
and relevant to ultrafast electron microscopy. In Sec. IV, we
demonstrate how to apply the time dependent distributions
to calculate the statistical width of the distribution.
Section V contains discussions of the underlying physics
of these dynamics; noting in particular the emergence of
density shocks due to relativistic effects, even in planar
uniform systems where a shock does not emerge in the
nonrelativistic limit. Finally, we conclude with Sec. VI.

II. RELATIVISTIC DENSITY EVOLUTION

In this section we consider planar, cylindrical and
spherical geometries in the case of cold initial conditions
and where there is no external electromagnetic field. We
treat the dynamics using the relativistic treatment of
momentum and energy, however we treat the forces
between electrons using electrostatics. We then check
the latter approximation under cylindrical and spherical
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geometries using PIC calculations using a full EM solver
and find excellent agreement. We start with a general
analysis and then specialize in the later three subsections.

A. General considerations
1. General formulation

Consider Lagrangian particles under planar, cylindrical,
and spherical symmetries—these particles can be visua-
lized as planes, cylindrical shells, and spherical shells,
respectively. Let the position of the particles be para-
metrized by z in the planar case, r = y/x*> + y? in the
cylindrical case, and r = \/x*> + y*> + z? in the spherical
case, which in turn reduces all three situation to similar 1D
problems. Further let y, for d =1, 2, 3 represent the
appropriate 1D parameter, i.e., z or r, for the planar,
cylindrical, and spherical symmetric cases. Further, denote
V, as the Jacobian of the transformation from the specific
symmetry to a 1D formulation, namely V| = 1, V, = 2zr,
and V5 = 4zr?. Further, introduce the subscript O to indicate
the initial (at time 0) value of any parameter; for example,
¥o.1 indicates the initial position of a Langragian particle
under the planar model. Likewise, denote Vo, = V;(yo4),
i.e., V01 = 1, V02 = 271'7'0, and V03 = 477:7%.

Consider the initial probabilitylike density of particles
Po.q such that the number density can be expressed as Npj 4
and the charge density as eNp,,. For simplicity in the
planar case, assume that py; is symmetric about O, i.e.,
po1(—z0) = po1(zo). Further, define the cumulative density
function by

Yo.d
Pys = POd(YO.d) = A Po,d()’d>Vdd)’d (3)

Notice that Py; can be physically interpreted as the
proportion of the distribution between 0 and y,,, and
further that lim, _ . Po; (o) =3 whereas lim, _Po(ro) =
1 for the cylindrically and spherically symmetric cases. The
initial electric field for each symmetry can be written as

=Yoo Erq4Poq (4)

where Q4 is the charge density with units of charge per
area, charge per length, and charge in the planar, cylin-

drically, and spherically symmetric cases, respectively,

_ O
and Er,; = V<;3[€u'

To make analytic progress we make the laminar fluid
approximation, which states that there is no mixing of the
charged particle trajectories. As a result, the symmetries of
the charge distributions are conserved. If we consider a
particle of charge ¢ and rest mass m starting from rest (cold
initial conditions); at position y,,, we want to find the
position and velocity of the particle at later times. In a

planar system we thus want to find z(zy,#) =z and
v(zg,t) = v; while in the cylindrical and spherical cases
we want to find the radial position and radial velocity
r(rg,t) =r; v(rog,t) =v. One approach is to use the
relativistic form of Newton’s second law,

dp
L —gyE 5
=4 (5)
where we are considering the z component of these vectors
in planar geometries and the radial component in cylindri-
cal and spherical geometries. We use the relativistic
expression for the momentum,

p=ymv (6)

where m is the rest mass and

¥y = ——. (7)

Due to the laminar fluid property, the electric field
experienced by a particle at position y,(vgg4,?) can be
related to the electric field this particle experienced at its
initial position, so that

Yod
d;l EOd' (8)
Ya

Ey(yq) =

These expressions may be used with Newton’s second
law to solve for the particle dynamics. Alternatively in an
energy formulation, conservation of energy requires that
the change in kinetic energy equals the change in potential
energy. We use the relativistic form of the kinetic energy,

K = (y—1)mc?. 9)
The change in potential energy is found by integrating the

force, F' = gE, in Eq. (8), and the resulting kinetic energy
in the planar case,

K (z051) = qEo(z(t) = 20), (10)

the cylindrical case,

Ky(ro3t) = quﬂM“(%?)’ (11)

and for the spherical case,

Ks(ro: 1) = qEgsr? (rio - %) (12)

From Egs. (9)-(12) a general relation between the velocity
and position is found to be,
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(-7 -1
V="—"—pF—C. (13)
-5
mc
Moreover, since K only depends explicitly on the position,
this equation may be integrated to find an expression
relating time and position,

'
r—roz/’dy. (14)
¥ v

0

To obtain an expression for the time evolution of the
density, we use the conservation of the charge density under
laminar conditions. This conservation can be stated as

poaVa(yo)dyo = pa(y:1)Va(y)dy (15)

where d is 1, 2, and 3 for the planar, cylindrical, and
spherical symmetry, respectively, and again using y =
{z,r,r} for planar, cylindrical, and spherical symmetric
cases, respectively. In general, this results in the relation-
ship between the density and the initial density of

pa(y;t) :%, (16)

Yo

where ' = f‘fo with the d’s in this last expression represent-

ing differentiation—not dimensionality of the problem.

The original spatial density, pos(yo), can also be used
to obtain an energy density, v,(K,;t), by changing the
variable from y, to K, through the use of Egs. (10)—(12).
Namely, the energy density function is given by

V0aro.a(Yo.a)
(ko= 3 g
YoaER dyoq |

where R represents the set of values of y, , that give the
kinetic energy K, at time ¢. Notice that in the planar case, R
always contains two values, zy and —z,, regardless of the
distribution; however, in the cylindrical and spherical cases,
‘R does depend on the distribution. Conducting the differ-
ential in Eq. (17) we obtain

V(K1) = ! ! 18
1(Ky31) |qET1ZO|‘qET{(W+%(Z’—1)’ (18)
and
va(Kgit) = ! _1
,06R|61E7dr0| ‘% 61_1%((%0)%1# _ 1)‘
(19)

where d represents only 2 or 3 in the second equation.
Notice the similarity between Egs. (18) and (19); however,
also notice that we did the sum in Eq. (17) for the planar
case with the knowledge that every z, appears either with a
positive or a negative sign only. This assumption changes
when the bunch is in the presence of an acceleration field,
which we explicitly show in a later section.

2. Fundamental parameters

Some fundamental parameters need to be considered in
the discussion of high density single component plasmas.
The first is the plasma frequency,

>

q*n
Y 20
“p €om (20)

which describes the frequency of coherent plasma oscil-
lations, where 7 is the number density (number of particles
per unit volume) and ¢ the particle charge. We note that
relativistic effects affect the plasma frequency, but as our
distribution is starting from rest, it is sufficient to consider
the nonrelativistic plasma frequency; however, the plasma
frequency for different symmetries is not apparent from

Eq. (20). We define average initial densities py; = Poy

=,

_ Po - P . .. ..

Po2 = 73, Po3 = 75 Which are the average densities inside
0 3700

distance z, (planar case), or inside radius r, for the

cylindrical and spherical cases. These definitions are used
to define initial plasma frequencies as

o — QQtot,ded: dqEy, 1)
o €ym myO.d,

for d € {1,2,3} for the planar, cylindrical, and spherical
symmetric cases, respectively.
As will be seen below, the time 7(, defined as,

2
Tod = w—od (22)

sets the timescale for the relativistic expansion of high
density charge clouds; as was found in the nonrelativistic
cases [32].

In addition to the plasma frequency, we find it advanta-
geous to define the related 1D-probability-like density as

qEoq  qE7.Poq
Prod = 5 = B (23)
me me

where p,o; has units of inverse length. We call p,o, the
relativistic crossover density for planar, cylindrical, and
spherical symmetries for d = 1, 2, 3, respectively. The
relativistic crossover density is related to the plasma
frequency through
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2

Yo.d @og
= 20d%0d 24
Prod d CZ ( )

The physical interpretation of the relativistic crossover
density is that it provides a scale for the Kkinetic
energy as ;X = po1(2 = 20). 7K = proaroIn(2), and K; =
pro3ro(1 =) for the planar, cylindrical, and spherical
symmetric cases, respectively. The relativistic length scale,
[,04 1s related to the relativistic density through,

- (25)

where [,y, is seen to be independent of the initial distri-
bution. /,o; can be thought of as the distance a particle
experiencing the force obtained by the full distribution
at the given coordinate needs to travel before having
kinetic energy of mc?. Notice, that [, is a constant and
is specifically independent of zy; however, [,y « rg
and /[ 01 X T %

B. Planar symmetry

In this case, Eq. (13) becomes

v = \/(1+pr01(z_20))2_lc (26)

1+ p,01(2 = 20)

where p,q; is from Eq. (23). The integral in Eq. (14) may be
carried out to find,

P \/<1+pr01(Z_ZO>)2_1, (27)

Pro1€

which can be inverted to find z(z, ) as

Z:ZO‘FL(]“](ZQ,I)—I), (28)
Pro1

where

fi(zo t) =/ 1+ (prorct)?, (29)

Taking the time derivative of Eq. (28), the velocity as a
function of time becomes,

_ Pract

U_f1(20,f)c

(30)

From Eq. (16), we find the density dynamics,

Po1
1
(c)? _(fl(z(]’t)_l):| (31)
fi(z0.1) Pror

pi(z;t) = o
1+d—ZO[

where

2

dp,o1 . qQiot1P01 __Po1 _ Po1 Dy
- 2 - = 2 -

dzy €pmc Lot por ¢

(32)

The corresponding expression for the energy density
function from Eq. (18) is

Lo f1(z0.1)
Vl(Kl;t) = 2 2.0
2mc Pr01C t

(33)

The planar energy distribution can be shown to be
independent of the initial spatial distribution by writing
it in terms of v, which is a function of the force which in
turn is a function of particle order only. Specifically,

1 erl

n(Ki o) = 2mc? vt

(34)

In turn, this can be expressed as a function of K; using
Eq. (26) as
K,

1 1 I+ -5
r01 mc (35)

pu— 2 .
2mc- ct /<1+%)2_1

The nonrelativistic limit occurs when p,gct < 1 or
equivalently when ¢ < ¢, where

vi(Ky3t)

1
t, = , (36)
Pro1€

and in this limit the expressions above reduce to the known
density results, i.e., z = zo + gEg 1*/2m and

o1 Po
ping(2;t) = = (37)
1 _’_‘IQ;:;/;;)NZ 1 +%/_f—;’](a)01t)2

where p;yg(z;1) is the density in the nonrelativistic limit
and wy is the plasma frequency defined in Eq. (21) [25,32].

The highly relativistic limit is when p,gct>1 or
equivalently 7> r. Note that this second inequality
implies that any point in the distribution except the center
point at z, = 0 becomes highly relativistic for sufficient
time; this is part of the nature of the planar symmetry, and
we find similar nature for the cylindrical symmetry below.
In this limit, we find,

7= z9Ect (38)

where the sign of the luminal velocity is determined by on
which side of z, = 0 the particle originated and
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P0o1Pr01
1 po’
Lot Prot

piar(zt) = (39)

Pro1 T

where pyr(z;t) is the density distribution in the highly
relativistic limit. As there is no crossover in this situation,
there is no multi-flow regime in the planar case and this
distribution is exact. The interpretation of this result is
interesting. First, the majority of the distribution essentially
becomes two pulses traveling at near luminal speeds
away from one another. Second, as the particles within
the distribution reach luminal speeds, the density no longer
significantly changes as the particles propagate to the left or
right; that is, the density evolves toward an “asymptotic
density” determined by Eq. (39). If p,q; < po1, then
P1ar — Poipror; however, if pg; > p,o1, then on the edges
Pur — Po1 Whereas as you go further in the distribution
transitions to Pg;p,9;. Additionally, the ion energy distri-

bution functions’ limits under these conditions are #POI

and m%z% This behavior for the uniform and Gaussian

distributions for various ratios of lLiO‘, where L indicates the

original width, may be seen in Fig. 1.

Analytically, for the case of an initial uniform distribu-
tion, pg; = L—IO and Py = ZLL: = 2z0po1 Where L, is the initial

width of the distribution. In this case,

(220)2

. 40
” (220)*Lo + Lo1 L] (40)

P1ur(2)

Thus, the shape of this asymptotic distribution is deter-
mined entirely by the length scale, /,j;, and the initial

— 0.001
0.01

1.0
— 10.0

Lo X pr1HR
|

o
Spo =

—
54
Nas?

FIG. 1.

width, L. For any point zy < [,4;, including the entire
distribution if Ly < 1,9, this asymptotic density is essen-
tially parabolic with zero density at the center and ﬁ at the

edge. This case can be seen in Fig. 3(a). For extremely
dense distributions where Ly > [,4;, the asymptotic den-
sity at the edges approaches the original density, py;. There
is also a period of transition between the parabolic and
original density when the length scale is much smaller than
the original width. Both asymptotic behaviors can be seen
in Fig. 1 for both the uniform and Gaussian cases.

The mechanism for the relativistic peak emergence may
be further seen in Fig. 2 where the density associated with
different Lagrangian particles within the distribution are
tracked and shown to asymptote to various density values
predicted by Eq. (39). One way to describe this mechanism
is to notice that all particles, excepting the center particle, in
a planar model will asymptote to the speed of light. As the
density is physically smooth, the particles’ velocities in
the neighborhood of the Lagrangian particle asymptote
similarly to the speed of light. In other words, the rela-
tive velocity of the particles in the Lagrangian particle’s
neighborhood asymptotes to zero, and the particles cease to
spread in the z dimension. As the z dimension is the only
dimension in which the density is spreading in the planar
model, this is the same as freezing the density to a constant
value—an asymptote. Moreover, as particles toward the
edge of the distribution have larger accelerations, these
particles asymptote earlier than particles farther in. These
differences in “freezing” time result in the middle of the
distribution expanding, and becoming less dense, before
the onset of the relativistic regime. Coupled with the initial

1
Var
Lo
Lo
— 0.001
= 0.01
E — 0.1
Q1| 1.0
X 2V2m
(=]
~
0

0
Z0
Lo
(b)

Shape of the planar symmetric asymptotic density for (a) uniform and (b) Gaussian initial distributions. L, represents the initial

width of the distribution, /,;; = o< s the length scale associated with the density of the particles, and QO is the charge per unit area

T 4001

of the distribution as described in the text. Notice that these graphs are independent of the exact choices of L. Further notice the
quadratic like behavior in the middle as well as at large values of Ii‘—‘o‘ for the uniform distribution. Finally note the fact that the distribution

approaches the original distribution at its maximum value when ZL% is small. What is not displayed is that the maximum peak is

proportional to ﬁ when 1% is large.
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10*

t (ps)

(a) uniform

108 4

105 4

p1 (m1)

104 4

103 4

102 §-

10t

(b) Gaussian

FIG. 2. Theoretical density evolution (solid lines) of specific distribution points in the free expansion of the bunch demonstrating the
origin of the relativistic shock. The dotted lines indicate the asymptotic value determined by Eq. (39). The points correspond to locations
that symmetrically contain approximately 1%, 10%, 50%, and either 100% (uniform) or 99% (Gaussian) of the distribution as indicated
by their Py, value. The timescales of all points inversely correlate with their location in the distribution [see Eq. (36)]. For the uniform
distribution (a), all points start at the same density but converge to different asymptotes according to the inverse relationship between
position and timescale. This leads to a parabolic distribution as seen in Eq. (40) as L, < [, here. For the Gaussian distribution (b), the
fact that the outer points have lower initial densities leads to density trajectories crossing indicating the formation of the density peak that
goes both up and down in contrast to the sharp peak seen in the uniform case.

distribution, this results in the formation of density peaks
toward the edge of the distribution, as is seen in both
the uniform and Gaussian distributions in Fig. 3. In the
nonrelativistic limit, there is no Coulomb shock in planar
bunches with cold initial conditions; while in the relativistic
limit a strong shock emerges and an initial bunch described
by either uniform or a Gaussian density distribution evolves
to a two peak structure with one bunch moving to the right
and the other to the left (see Fig. 3).

Also apparent in Figs. 3(a) and 3(b) is the fact that
stochastic effects are initially strong in simulated density
profiles. However, at long times the theoretical density
and simulated density agree well. This is a real effect.
Specifically, consider the inter-particle distance between
the ith and (i + 1)th shells denoted as d;. For a uniform
distribution, order statistics tells us that d;(0) = 35 + €
where L is the total width of the distribution, M is the
total number of shells, and ¢ is a stochastic factor roughly
of the size MLH Thus, due to stochastic fluctuations, we
would expect some sheets to be bunched together giving
a higher local density than the average and likewise
other sheets to be further apart giving a lower local density
than the average. This is precisely what is seen with the
initial distribution in Fig. 3. However, as these sheets

evolve, the relative nonrelativistic acceleration is 2;’54“, SO
_ 9Er 2 : : : L
d;(t) = d;(0) + L7 ¢*. Given sufficient time, # > T

di(t) ~ % £2. That is, the interparticle distance (and hence
the distribution) is dominated by the space-charge effect
and converges to the space-charge predicted distribution
everywhere. Of course, if the bunch enters the relativistic
regime prior to this smoothing, the stochastic effects will be

preserved. We will see such behavior once we add an
extraction field, but such behavior requires extremely dense
bunches that may not be physically possible in free
expansion experiments.

The energy density evolutions in Figs. 3(c) and 3(d) are
identical—as expected by Eq. (34). More specifically,
while the particles remain nonrelativistic—below the ver-
tical line in Figs. 3(c) and 3(d), the energy density falls for
larger kinetic energies as the energy for a planar particle is
proportional to ¢ and therefore neighboring particles move
apart in energy-space. However, as particles move into the
relativistic regime—above the vertical line in Figs. 3(c)
and 3(d), their energy begins to become proportional to .
Thus neighboring particles simply scale, and the energy
density evolves analogous to nonrelativistic uniform spatial
distributions.

C. Cylindrical symmetry

Now we consider the expansion of an initially cold
charged particle cloud with cylindrical symmetry. In this
case, Eq. (13) becomes

V2018

41
142022 (41)
2 2
2 _1n(r)_—_ K 2 __ropre 0P 0%
where y —ln(ro)—mczpmro, {F =10 = k=4 , with

pro2 coming from Eq. (23). As [, x ry, it should be
apparent that {’s dependence on 7 is completed determined
by Ppy(ro).

From Eq. (41) and (14), we find the implicit relation
between time and radial position through the integral,
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FIG. 3. Theoretical predictions (solid line) and M-shell simulations (hollow dots) of the (a,b) spatial and (c,d) energy densities at (a,b)
4 and (c,d) 5 different times with either (a,c) uniform or (b,d) Gaussian initial spatial distributions. Simulations were accomplished
by randomly sampling M macroparticles and advancing them according to the relativistic position equations derived in the text. Notice
the log-log scale in the energy plots, and the initial energy densities in (c,d) are not shown as they are delta functions at K = 0. The
simulation had either (a,c) L = 0.1 ym or (b,d) 6, = 0.1 um, Q. ; = 10® electrons per x m?, and M = 10000. The extremely high
density was chosen as this density does not require significant expansion of the bunch before the onset of relativistic effects. The dotted
lines in (a) represents the nonrelativistic prediction of the uniform distribution, and the purple dotted line extends beyond the ends of the
x-axis but are not shown to keep the scale of expansion closer to what is seen relativistically; notice that the dotted line is tangent to the
relativistic distribution at the same time at z = 0. The deviation of the theory above the dotted line and toward the center of the bunch
indicates density freezing due to electrons obtaining luminal speeds whereas the nonrelativistic particles become superluminal. The
vertical dashed lines in (c,d) correspond to the rest energy of an electron. Notice that far below this line, the energy density has one slope,
but near this line, the energy density transitions to slope of zero.

2 r

/In(Z) 2.2
Go) 1+28°y" e’ dy. (42) t=——F(9(¢,y).y) (44)
w02 1+ CZ 2 @02 o
where
To make the connection with previous work, we introduce a
generalized Dawson function F through the definition, 14 20%y?
9. y) = (45)

VI+oy

(43)

F(g,x) = e /X g(C, z)ezzdz
0

where { can be written as a function of x. Thus the time-
spatial relation may be expressed as

When ¢({,y) =1, we reproduce the Dawson function,
F(x) = F(1,x). Specifically when we are in the non-
relativistic regime, we have 2y < 1 and ¢(¢,y) =~ 1, so
Eq. (44) reduces to
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2 r
tv L F(y)

(46)
@2 To

which is the result we derived previously in the non-

relativistic case. We can write down the derivative of the

generalized Dawson function by applying the Leibniz rule

dF

1o = ~2xF(9.%) + (¢, %) +;<5g > ¢

o )

Note that in the nonrelativistic limit, g({,y) =1, and
Eq. (47) reduces to the normal Dawson function derivative
df — _2xF(x) + 1.

Following the same reasoning as our previous work [32],
we can obtain an analytic form for the time dependent
density, i.e., the density evolution expression [see Eq. (16)].
Evaluating ' = j—r’o by taking a derivative of Eq. (44) with
respect to ry, we find,

r 29¢F F—CFy
- 14+2Dpy———220 ) (48
ro( (Ly))( 2P0y Q(C,Y)—Znya) (48)

where F is shorthand for F(g(¢,y),y)F is shorthand for
Jg

F ((TC ,¥), and Dy, is from Eq. (2). Note Dy, measures the

deviation from a uniform cylindrically symmetric distri-
bution, and for the uniform cylindrically symmetric dis-
tribution case it is zero for all values of r, where p; is not 0.
Using Eq. (2), the density evolution is found to be,

and the energy density evolution is found by substituting
Eq. (48) into Eq. (19).

Further note that the crossover time for a specific
Lagrangian particle may be obtained by setting Eq. (2)
to 0; analysis of this equation provides insight into

relativistic effects on the onset of the multiflow regime.
2{Fy

9(ly)
zero in the nonrelativistic regime where { ~ O is always in

the range [0, 1). This means that the term (1 — zyéff) adds
no roots to ¥ =0, and all roots must come from
1 + 2D02y()% ThUS,

Dy, [32] can be extended to the relativistic case

which is

First, as can be seen in Fig. 4(a), the term

our previous analysis of

In Fig. 4(b), we plot the evolution of 2y e ) ; as

2)(.7: ’
expected, this analysis reproduces the nonrelativistic
function we identified in our previous work when ¢ = 0.
Two observations are apparent from this figure: (1) for a
specific ¢, this function has a peak and then asymptotes
toward 1 (when ¢ = 0) or 0 and (2) increasing { results in a
smaller max for this function. The first observation results

in the conclusion that the sign of 2D02y%

entirely determined by Dgy,. As ' >0 for all y when
Dy, > —max(vf%fa), the second observation means
7 9(Cy)-29CFy

that D, must be more negative than the nonrelativistic case
to result in crossover. That is, the relativistic effects make
the cylindrical symmetric density evolution more robust
against entering into the multi-flow regime.

In Fig. 5, we compare the predictions of Egs. (49) and (19)
to simulations for both uniform and Gaussian initial dis-
tributions. We choose the initial radius and radial standard

is

(i) = rg P02 49 deviation, respectively, to be 1 cm for N =1 x 10"3
pa(r3t) = 72 (1 _ 2}{}‘8) ( 1+2D ) (49) electrons/cm. We again simulate with Warp using the EM
9(&y) 02Y (5 D= 2>§f 0 solver as well as the 2D version of M-shell simulations.
1.0 2
¢(ro)
— 0
N — 05 - ¢(ro)
I — |k —
“scli’ — 2 & NT’ — 05
¢§0.5- — 5 ¢§1 —1
< — 10 < — 2
S & — 5
— 10
005 2 4 % 10 20
Y Yy
(a) (b)

29(Fy

FIG. 4. Analysis of the functions in r' =X~ (1 —

Notice that y is monotonic increasing in r for a given r,. The term

F-{Fs
ro 9(C. y))(l + 2D,y W), where y = \/7

for various values of ¢ = %2

2¢
zvéf ¢ is plotted in (a) and shows that (1 — 2’(2 ) is greater than 0

for y > 0. The term ZyW is plotted in (b). Notice that the max of this second function decreases as ( is increased.
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FIG.5. Theoretical predictions (solid line), cylindrical M-shell simulations (hollow triangles—right), and PIC simulations using an EM
solver (hollow circles—left) for (a,b) spatial and (c,d) energy density of (a,c) initially uniform and (b,d) initially Gaussian density at
5 different times for the cylindrically symmetric case. The initial energy distribution is not shown in (c,d) as it is a delta function. PIC
simulations were analyzed using the middle 0.2 m from a simulation of a 2 m-long, 3D distribution of electrons with periodic boundary
conditions on the z-axis. The theory spatial density prediction is reflected about the origin as r is strictly greater than 0 and the m-part
and PIC simulations are separated into the second and first quadrant, respectively, for purposes of visualization. Parameters were
N =1 x 10" electrons/cm, Ry = 6, = 1 cm, and M = 50 000. Like the planar symmetric case, the density at the center continues to
decrease nonrelativistically indicating that the density above the density at the center is due to relativistic effects; however, notice that
this peak continues to decrease instead of the evolution freezing at luminal speeds as seen in the planar symmetric case. Further notice
that the theoretical energy density is in excellent agreement for the uniform simulation in (c) but only provides an adequate estimate for
the initially Gaussian simulation in (d); this is due to crossover, and is discussed further in the text.

For the M-shell simulations, the initial radius of the M
cylindrical shells are sampled and then evolved according to

Egs. (41) and (46) but with e, replaced by , /- j;lﬁ;eo where
5.0

in the later simulations having less statistical variation from
the expected distribution. Likewise, the agreement between
the theory and simulation energy density evolution is in
excellent agreement as can be seen in Fig. 5(c) for the

A, is the charge per unit length contained in the cylindrical
shell and r,  is the initial radius of the shell. As can be seen
in Figs. 5(a) and 5(b), the theory and both simulations agree
on the evolution of both the uniform and nonuniform initial
distributions. Similar to the planar case, the initial variance
about the predicted value can be seen to decrease as the
simulations evolve. Again, this indicates that the intershell
distances are dominated by the space-charge effects resulting

uniform case and Fig. 5(d) for the Gaussian case. Of course,
unlike the planar situation where the energy density is
independent of the initial spatial distribution, the energy
density in the cylindrical case is clearly dependent on the
initial spatial distribution.

To validate the density evolution expression, we compare
our results to previous results. In the nonrelativistic regime,
2y <« 1; F - F and {F, — 0. Thus Eq. (49) reduces to
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(ry=T0___Po___ (50)
pn r* 1+ 2DgyF(y)

which is the expression we found in our earlier, non-
relativistic work [32].

Similar to the planar symmetric case, we are also
interested in the density distribution in specific limits.
We were unable to analytically obtain a limit analogous to
the limit we found under planar symmetry in Eq. (39) as
doing so requires evaluating the value of the modified
Dawson function as ln(r—’o) goes to infinity. We were able to

see the freezing of the dimension in the extremely dense
limit where { > 1 as we have shown in Appendix C.
Specifically, the evolution at the edge of the distribution can
be approximated by p,(r; 1) = " p,, which is the evolution
of the uniform distribution under nonrelativistic conditions
in one dimension lower, i.e., 1D. This situation is analogous
to the high density 1D case that causes the edges to
essentially immediately become relativistic likewise result-
ing in evolution of the uniform distribution under non-
relativistic conditions in one-dimension lower, i.e., OD or
constant. However, this condition, { > 1, is analogous to
the 1D case when the entire distribution is essentially in the
highly relativistic limit. We will shortly show that even in
this case, the spherically symmetric evolution can be shown
to freeze out a dimension; however, we believe that this
freezing happens for cylindrically symmetric distributions
regardless of the size of (.

D. Spherical symmetry

Now we consider the expansion of an initially cold
charged particle cloud with spherical symmetry. In this
case, Eq. (13) becomes

p = 20x VI (51)

9>(x) ‘

where x* =1-"= mcz[[,imro, gi1(x) =1+ 8%, go(x) =

1+ 2C2x2, CZ _ roprs — roPos e

2 2603 62
Eq. (23). As I3 o r3, it should be apparent that
& o roPy3(ro).-
From Eq. (41) and (14), we find the implicit relation
between time and radial position through

and p,p3 is from

_ A2 (2 Er/ata+10) (62

- 91(1)0)03

where T'(x) = tanh~!( %}C) Note that the 1 inside the g
functions corresponds to x at infinitely long times, i.e.,
lime_,x =1, so g(1) =1+¢* and go(1) = 1 +2¢
Thig expression is essentially the same expression as
derived by Bychenkov and Kovalev, who first derived it

for the case of uniform initial density distributions [13].
Our expression differs only in the interpretation of @wy; as
ours can be dependent on r, whereas their @, is a constant,
which is the correct interpretation for the uniform distri-
bution. This difference in interpretation allows us to treat
general initial distributions but requires additional consid-
eration when determining the derivative of Eq. (52) with

respect to rq as wj; = 32‘”7003D03, where ' = d%’ with the d’s
in this last expression representing differentiation—not
dimensionality of the problem, and Dg; is from Eq. (2).
We follow the same reasoning as our previous work [32]
in order to obtain the density evolution expression. After
taking the derivative of Eq. (52) with respect to r(, we can

solve for 7 giving

r’:iLx)x <1+§D03Zz(;c>> (53)

pi(x) =gi(1) —szzm—'—z s 7 (1 - ; >

g (1) gi(1) r g:1(1)
+ 232 %T(x) (54)
and
~qi(x) +2§4r7°x2
p2(x) - 91(1)
ro 2o (91 7
+ . (1+4¢%) g%(])T( ). (55)

Plugging Eq. (53) into Eq. (16) we obtain the evolution of
the density distribution

_ ”_8 91(1)g2(x)po (56)

rpi(x) + %D(sz(x)

pa(r;t)

and the evolution of the energy density distribution can be
obtained by plugging Eq. (56) into Eq. (19).

As in the cylindrical symmetric case, we analyze
Eq. (53) for crossover events, i.e., ¥ =0. As g;(x) > 1
and g,(x) > 1 for all x, we plot p(x) in Fig. 6(a)
demonstrating that p,(x) does not provide roots for r.
Like our previous work and the cylindrical case, this

X
ﬁ?gxg’
times the deviation from uniformity measure, Dy3. As can
be seen in Fig. 6(b), this function again has the same two
properties as the cylindrical function: namely (1) it is
strictly positive approaching 1 at long times and (2) increas-
ing ¢ reduces the value of the function for a given x.
Interestingly, around ¢ = 0.7, this function becomes

reduces to an analysis of the function, in this case
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FIG. 6. Analysis of the functions in ' =
ro 91(1)g2(x)

(1+3Dg3

pa(x)
p1(x)

), where py, pa, g1, and g, are defined in the text. Notice that

r=1- % has a range [0, 1] with is x = 0 occurring at = 0 and x = 1 occurring at = co. The term p, (x) is plotted in (a) and shows
that p; (x) is greater than O for x > 0. The term % is plotted in (b). Notice that the value of this second function for a specific x in (0,1)

decreases as { is increased.

monotonically increasing and the maximum becomes 1 at
long times. So again, relativistic effects make the density
evolution more robust to multiflow onset.

In Fig. 7, we compare the predictions of Egs. (56) and
(19) to simulations for both uniform and Gaussian initial
distributions of N = 1 x 10'® electrons. The simulations
have R =1 cm (uniform) or ¢, = 1 cm (Gaussian). We
again simulate with Warp using the EM solver and as well
as the 3D version of M-shell simulations. For the M-shell
simulations, the initial radius of the M spherical shells are
sampled and then evolved according to Egs. (51) and (52)

3QQS 1
Tar ey where Q; is the charge

but with @wy; replaced by

contained in the shell and ry  is the initial sampled radius of
the shell. As can be seen in Figs. 7(a) and 7(b), the theory
captures the evolution of both the uniform and nonuniform
initial distributions. Similar to both the planar and cylin-
drical cases, the initial variance around the theoretical value
primarily seen in the uniform distribution decreases as the
distribution expands. Also like the other two cases exam-
ined, the energy distributions from theory seen in Figs. 7(c)
and 7(d) are in excellent agreement with simulation;
furthermore, the initial spatial distribution is again seen
to influence the energy density evolution as it did under
cylindrical symmetry.

For further validation, we compare Eq. (56) to the
expression derived by Bychenkov and Kovalev. Their
expression detailed the relativistic density evolution for
the uniform distribution [13], puye(r; ), which should be
equivalent to our expression when Dy; = 0. In this case,
Eq. (56) reduces to

re g1 (1)ga(x)p
P3unit (73 ) :_(3)71( ),(%) 2.

r pi1(x) 57)

This expression for the density evolution for uniform initial
conditions is identical to the expression published in the
English translation of Bychenkov and Kovalev except for
an obvious typo in that work [13].

Next, we compare this expression to our previous,
nonrelativistic expression. In the nonrelativistic regime
2{? < 1. Unlike the planar and cylindrical cases, the
spherical model need never enter the relativistic regime
and therefore this model may be relevant for all time. In this
nonrelativistic regime, Eq. (56) reduces to

£o
1 +3Dg3(x* + 2 x tanh~'x)

;
panr(r;t) = 3 (58)

which is identical to the nonrelativistic expression we
previously derived but with Dy = %D3 in our previous
notation [32].

Again we would like to analyze specific limits of the
density evolution; fortunately, under spherical symmetry
we can analyze the long time limit. In Appendix B we show
that

0
lim p; = —3,0x3(r0)
%—wo r

(59)

2 4 . . .
where p3(rp) :%p% is entirely determined by
the initial conditions. Notice, the prefactor in % is
2703

essentially 1 in the center where { ~ 0 and D3 =~ 0, but that
this value increases as r, increases. The time evolution of
p.3 and the predicted asymptote for this quantity can be
seen in Fig. 8. For the uniform distribution, the increase in
Py as a function of ry is quartic as Dyz = 0 for all values
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FIG. 7. Theoretical predictions (solid line), spherical M-shell simulations (hollow triangles-right), and PIC simulations using an EM
solver (hollow circles—left) of (a,c) initially uniform and (b,d) initially Gaussian (a,b) spatial and (c,d) energy density at 5 different times
for the spherically symmetric case. The spatial theory is reflected about the origin as r is strictly greater than 0 and the M-shell and PIC
simulations are separated into the first and second quadrant, respectively, for purposes of visualization. Parameters were N = 1 x 103
or N =3 x 10'3 electrons for the uniform and Gaussian case, respectively, R, = 6,9 =1cm, and M = 50000. Like the planar and
cylindrical symmetric uniform cases, the density at the center in (a) continues to decrease nonrelativistically indicating that the density
above the density at the center is due to relativistic effects; similar to the cylindrical symmetric case, the relativistic density continues to
evolve. However, the evolution of the peak decreases much faster than the cylindrical case—which is discussed in detail in the text.
The peak in the Gaussian density in (b) is a combination of both relativistic and previously described bunching effects. Likewise, the
evolution of the energy density is captured by theory as seen in (c) and (d)—arguably better than the energy density evolution seen in the
cylindrical case.

of ry. In real distributions, though, there should be a value
for ro where D3 = — % and we see that p 5 has a zero in the
denominator. This violates the assumptions made in the
derivation of p,3, and inspection of Appendix B shows that
¥ becomes 0 in the locality of Dy; = —% suggesting a
violation of the laminar fluid assumption. For the Gaussian
distribution, roughly 80% of the distribution is contained
within the radius where Dg;(ry) = —3 suggesting that at
least the majority of the distribution is captured by this
theory. Furthermore, the precise shape for p,3(ry) for a
uniform and Gaussian distribution may be seen in Fig. 9;
however, in the 1D case, py; truly asymptotes whereas here

po3 continues to decrease eventually with the uniformlike

behavior of }Q This difference is largely due to the fact that
all particles asymptote to the same velocity, ¢, in the planar
case but different velocities in the spherical case.

This analysis leads to the second limit of lim_,, an
unphysical limit, analogous to the 1D and cylindrically
symmetric cases where we saw the density at the edge lose
dimensionality. Likewise, in the spherical-symmetric case
we show in Appendix C that

>
_ r

limps(r31) = =5 po3 (60)

(-0 r
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FIG. 8. The time evolution (solid lines) of p 3, defined in the text, for a distribution with 1.602mC in (a) an initially uniform sphere of
width 1 mm and (b) an initially Gaussian sphere with standard deviation of 1 mm. The dashed lines indicate the corresponding highly-
relativistic limit of p 5 obtained analytically. Again, the formation of the density peak from these relativistic considerations is apparent in
the graphs. Similar to how the planar symmetric density freezes, p,3; can be seen to asymptote; however, this is due to the Lagrangian
particle reaching their terminal velocity, the difference of which is relativistically contracted, as described in the text.
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FIG. 9. The shape of pf—; for various values of Q3 in (a) an initially uniform distribution with radius of 1 mm and (b) an initially
Gaussian distribution with standard deviation of 1 mm as a function of the initial radial coordinate. This, as well as the inset figure
describing the growth of the maximum value of p,3, show the onset of the relativistic regime corresponding to roughly 24 % The main
graph also shows that the peaks sharpen as the density increases. For the Gaussian case, this distribution diverges near ry = 2. This
divergence is an indication that the laminar fluid assumption is being violated, and therefore the nonuniform asymptote for p,; should be
taken as a gross approximation; nonetheless, the expression derived in the text do capture the shape of freely-expanding relativistic
Gaussian distribution in the simulation presented in Fig. 7.

III. EXTRACTION FIELD IN THE
PLANAR MODEL

which is again the uniform density evolution of a sym-
metric distribution in one dimension less than the one being
considered. While appearing unphysical, this does have
some physical significance. This suggests that such dis-
tributions evolve toward p, (r() in such a way that the factor

It is straightforward to introduce an extraction field in
the planar model, and this is relevant to dynamics of
electron density distributions in the pancake bunches used

in the denominator exactly cancels out the factor of rTO, 1.e.,
r’ =~ 1 early on. However, as time progresses, the evolution
shifts toward the decay of the uniform distribution in the
appropriate dimension.

in ultrafast electron microscopy. The equations for this case
are nearly identical to the equations derived for the planar
model in the absence of an extraction field with the single
replacement
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Eq

Py = Py + (61)
Er,
which may also be written as
E
Por = Pot +—— (62)
20E7

—a form that is especially helpful in the energy density
expression, Eq. (19). Equivalently, this may be written as

Pro1 = Pro1 T Pa (63)
where p,q; is from Eq. (23) and p, = frf‘g, which also can be

mc?
eE,’
the extraction field. The one caveat that is necessary to note
is that symmetry is broken by the applied field; thus the
analysis of the energy distribution requires the full treat-

ment of R(K;?) so that Eq. (18) becomes

interpreted as a new length scale, [, = associated with

K
Lfae
(14507 =1

mc

1 erl

vi(Kst) = Z 4mc? ct

Z0€ER

(64)

In some regimes, R will have 2 values, while in others,
there will only be one. In the broken symmetry cases, this
results in the density discretely jumping to half of its value
where the energy of the particles accelerating in the
opposite direction from the applied field is maximal.

We choose the applied field to be in the positive z
direction. For applied fields, E,, with E, > E7; (I, < l,o1)
the applied field is sufficiently strong to overcome the space
charge field throughout the bunch, hence accelerating all of
the particles in the same direction. For smaller applied
fields, E, < Ey; (I, > l,o1), particles in the negative z
regions of the initial charge distribution may experience a
stronger intrinsic space charge field than can be overcome

1
L

e

----initial
— 0
0.5
— 1
— 2
— 10

P1HR

|

She

(a) uniform

by the applied field. In this case the initial distribution
breaks up into two bunches moving in opposite directions.
This is the virtual cathode limit defined by Valfells et al.
[36]. We also point out that /,; corresponds to the length
scale of this limit. The fraction of charge in the bunch that
moves in the positive and negative z direction is simply

11+ ng) respectively. The form of the two bunches is

given by Eq. (31), with the substitution given in Eq. (61).
Taking the relativistic limit of this expression, we obtain the
asymptotic form of the two bunches

piur(z3t) =

L1

Po1 < Ea )2
Py + (65)
(Por + 5,','1)2 +poi Er

and the asymptotic form for the uniform and Gaussian
distributions for various applied fields are demonstrated in
Fig. 10. Equation (65) can be written in terms of the plasma
period, wg;, and other terms, but we find that both the
applied field scale, E7{, and the associated length scale,
l,01, are more apparent in this formulation.

For the case of a uniform initial distribution py; = ﬁ on
the domain [—L, L], the field of a particle at position z; is
given by

Z
Ey(z0) +E, = Epy ZO +E,. (66)

Setting the total field to zero gives the point at which the
pulse breaks up into two pulses,

Eq
ET]

Ze = L. (67)

Notice that as E, goes above Er, z, goes below —L
indicating that there is no split in the pulse consistent with
prior analysis. As long as E, < Er;, the peak density of
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0.5
— 1
—_— 2
10

P1HR

0
20
Lo

(b) Gaussian

FIG. 10. Theoretical planar symmetric asymptotic distributions (solid lines) plotted against the initial position for various applied
fields, measured in multiples of E;; = % The black dotted line indicates the initial distribution. Notice that in both cases, the actual
distribution is located at z(¢) at time ¢, but as this has a one-to-one relation with z;,, we use the initial location for the sake of comparison.
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each pulse after it has gone relativistic can be calculated The effect of the extraction field on the time-dependent
from Eq. (65) and is density evolution can be seen in Figs. 11, 12, and 13 which
show the evolution of initially uniform and Gaussian spatial

1 distributions and both of their energy density evolutions,

i3 ) respectively, in the presence of various extraction fields.

2L + Lo (E_Tll +1) First, notice that the inclusion of a nonzero E, breaks the
symmetry of the left and right pulses and that we can see

again with the positive, rightward pulse corresponding to that the double pulses are replaced by a single pulse as the
the + and the negative, leftward pulse corresponding to  applied field crosses the virtual cathode limit, E, = Er;.

Plright/left =

the —. As E, is increased beyond E7;, all Lagrangian particles
12 12
t (fs) . t (fs)
&€ —— initial ﬁ —— initial
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—_ T e — 1 1
T 51— — 3 3
g 61 Sole__L — 5 5
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ol \\./__///
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— 3
— 5
0 0
-2 0 2 -2 0 2
r (um) r (um)
(C) Ea =2 ETl (d) Ea =10 ET1

FIG. 11. Theoretical predictions (solid line) and M-shell simulations (hollow dots) of the planar symmetric density at 4 different

times with different applied extraction fields: (a) E, = 0.5E7, (b) E, = Ery, (c) E, = 2E7;, and E, = 10E;; where Ey| = Qz‘g;‘ and

Oior1 s the total surface-charge density. The simulation had L = 0.1 ym and Qy,; = 1 x 10? electrons per m? and M = 10000.
The extremely high density was chosen as this density not require significant expansion of the bunch before the onset of relativistic
effect. Simulations were similar to those described in Fig. 3, and again the inset graphs show the theoretic density at 2 much
later times (0.5 and 1 ps). While the distributions at later times appear deltalike, they do have at least the same width as seen at earlier
time—however, this width is much smaller than the scale resulting in the deltalike behavior at later times. Notice that in the main
plot the scales are consistent among graphs. Also notice that the extraction fields have little effect on where the front of the bunches
are after 1 ps but have dramatic effect on the bunch distribution—this is partially an artifact of the high density of the initial
distribution that results in the front of the distribution relatively quickly becoming relativistic with or without an extraction field. In

addition to the shape of the asymptotic density, the extraction field determines to what extent the initial variance about the mean-
field theory prediction is lost (an effect explained in the text.)
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eventually become relativistic, and the density “lifts” away
from the axis. Eventually (not shown), the extraction field
should be strong enough that no appreciable expansion
occurs and the initial distribution is simply displaced at the
speed of light; this can be shown to occur when E, > Epy.
Also as can be seen in Figs. (11) and (12), the initial
stochastic variation in the density is lost for simulations
of sufficiently low extraction field but is retained for
E, > 10E;,. This is due to the same effect discussed in
the planar model without an electric field; however, the
relativistic timescale needs to be adjusted, namely

(68)

Trel —

When 7. > 7.,,, we again have the case where the
expansion dynamics dominate and the inter-particle

spacings essentially are equivalent to the interparticle
spacings determined by theory. However, once 7, <
Texps the inter-particle spaces do not expand sufficiently
to overcome the initial stochastics and the variance is
preserved. The new wrinkle is that z,; can be reduced by
simply increasing the extraction field. Therefore, we do
in fact see a distribution evolve that retains the initial
variance, i.e., E, = 10E;, in Fig. 11, as for that simu-
lation 7,¢) << Teyp-

Moreover, the influence of the extraction field is impor-
tant in the highly relativistic regime not only for influencing
the timescale but also influencing the asymptotic distribu-
tion. Specifically, the effect of the extraction field in the
1D model is apparently not to accelerate the front of the
distribution, i.e., all simulations had the front of the bunch
traveling near the speed of light, but instead to shape the
eventual distribution as can be seen in Figs. 11 and (12).

44 t (fs) 4] t (fs)
— initial —— initial
0.5 0.5
—_ n t(ps) { — 1 — T o104 P9 |
= g ety
§2 Q o §2 Q 0.0 4 -
~— ~—" 0 200
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-2 -2 2
(b) Ea = Em
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0.5 .
— T, —1 —_ 7 o)
~ = 3 'T E P f— T
52 = —A\5 32 ol . t (fs)
~ ~ 0 200 —— initial
< < r (pm) 0.5
— 1
— 3
0 0 ’
—2 —2 0 2
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(c) Ea =2 By

(d) Eq = 10 Ey

FIG. 12. Theoretical predictions (solid line) and M-shell simulations (hollow dots) of the planar symmetric density at 4 different
times with different applied extraction fields: (a) E, = 0.5E7, (b) E, = E7q, (¢c) E, = 2E7, and E, = 10E}; where E7; = Quut and

2ey

Q011 1s the total surface-charge density. Parameters and simulations are analogous to those described in Fig. 11 excepting the initial

Gaussian distribution with ¢, = 0.1 ym.
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FIG. 13. Theoretical predictions (solid line) and M-shell simulations (hollow dots) of the planar symmetric energy density at
4 different times with different applied extraction fields: (a) E, = 0.5E, (b) E, = Epy, (¢) E, = 2E7, and E, = 10E;; where

Er = Qz‘;’;' and Q. is the total surface-charge density. The results are independent of the initial profile and were obtained both from
analyzing the simulations described in Figs. 11 and 12. Notice the log-log plot and the discreet jump in density seen when E, = 0.5E7,
in (a), which coincidentally overlaps some of the t = 0.5 fs and # = 1 fs distributions. The energy where this jump occurs corresponds
to the maximum energy of the particles moving in the —z-direction. At and above E, = 1E the jump is missing as the since there are

no particles moving in the —z-direction. Also note that the energy distribution width appears to be constant once it is in the relativistic

regime—this is an optical illusion of the logarithmic scale.

The asymptotic densities for the initially uniform and
Gaussian distributions and for various extraction fields
can be seen in Fig. 10 where we have used Eq. (39).
Specifically, every point besides the point corresponding to

Py, + EE—I“I = 0 will eventually have |Py, + 5” 72> 1 and

thus the density corresponding to such points will even-

tually become a constant. However, while |Py; + an

not much larger than 1, the density of the point will
decrease toward the eventual constant value.

On the other hand, the main effect of the extraction field
on the energy distribution is that it essentially halves the
distribution once the field is beyond E7;. This is because a
freely expanding bunch has as many particles with v as it

PR
|lm is

does —wv thus doubling the number of particles with a
specific kinetic energy. If E, € (0, E7;), this results in the
discrete jump predicted by the theory in Eq. (64).

IV. APPLICATION OF THE 1D DISTRIBUTION

In this section, we demonstrate one use of the spatial
distributions; specifically, we calculate the width evolution
of UEM-relevant planar-symmetric distributions as a func-
tion of time. Specifically, we define the rms width of the
distribution as

(69)
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FIG. 14. Theoretical predictions (solid line) and M-shell simulations (hollow dots) of the width of an evolving planar-symmetric
initially Gaussian distribution for two experiment relevant regimes. Both cases assumed a geometry of transverse width of 100 gm and
longitudinal width of 0.1 xm, and they differed in the number of electrons in the bunch: (a) 10%¢ corresponding to an Ey; ~ 0.3 MV and
(b) 103¢ corresponding to an E; =~ 3 MV. Notice that the y-axis is logarithmic, and the scales are different between the two plots. Also
notice that relativistic effects of spreading of the bunch in the absence of an accelerating field within this timescale are not significant for
the 10° case but noticeable for the 103 case. Furthermore, the accelerating field effect is noticeable within this timescale when
E, =10 MV for 10° and E, = 30 MV for 10%; however, notice that in the 10% case, the longitudinal beam width is larger than the
transverse width and that the 1D model is probably no longer a valid approximation.

Theoretically (a) = [ ap,dz = [ a(z)po1dzo, and in
simulation (a) =% >V a; where N is the number of
particles in the simulation and a; is the value of a for the
ith particle.

We consider a Gaussian bunch with transverse radius
of 100 ym and longitudinal width of ¢, = 0.1 um, and
we consider both N = 10°, relevant for diffraction studies,
and N = 108, relevant for imaging studies. We treat the
longitudinal expansion with the planar model both using
the nonrelativistic distribution, Eq. (37), as well as the
relativistic version, Eqs. (31) and (63). We calculate the
theoretical expectation numerically for initially Gaussian
distributed planar-symmetric distributions for various val-
ues of E, as well as the nonrelativistic width prediction
and compare the results to the standard deviation of
M = 10*-shell simulations with the same parameters.
Results of this treatment may be seen in Fig. 14.

As can be seen in Fig. 14, the theory and simulations
result in the same width evolution. It is worth noting that
Ery ~03MV/m for N =10°% and E;, ~30 MV/m for
N = 108. As can be seen in the figures, the width growth
does not vary much from the unaccelerated case until an
extraction field is increased beyond ~10Ep, that is the
expansion dynamics will dominate the width determina-
tion until we are far beyond the “total” field within this
400 ps time frame. Also apparent is that, within this time
frame, the dynamics of the unaccelerated bunch does not
differ from the nonrelativistic model; on the other hand,
the higher density dynamics do differ suggesting that
relativistic expansion occurs in the N = 10% planar model.

Of course, as this bunch expands its longitudinal length will
quickly become larger than the transverse width sugges-
ting higher-dimensional dynamics will become important.
Specifically after the transition to higher-dimensional
dynamics, the planar model overestimates the longitudinal
width and underestimates the transverse width. However, if
a sufficient extraction field is obtained, i.e., around 100E7/,
the asymptotic longitudinal width is of sufficiently small
size to result in planar dynamics for the bunch meaning that
the bunch width can be modeled with the planar model in
that regime.

V. DISCUSSION

While these results compare surprisingly well with
simulations, we do need to emphasize that these conclu-
sions are based on analyzing the symmetric models at long
times and that some of the physical assumptions inherent
in the models should be violated at some point. The three
assumptions for these model are (1) the temperature is
small compared to the kinetic energy delivered to the
particle due to Coulomb interaction, (2) the distributions
remain laminar, and (3) the symmetry under consideration
represents the physical situation. While these assumptions
all break down to some extent at some point, we emphasize
that in the simulations we have conducted that the model
almost exactly matches with the PIC simulations.

Note that even as the distribution becomes more and
more diffuse, if a region of the distribution had much less
heat than the kinetic energy delivered to it by space-charge
effects, we would expect the particles’ trajectories to not be
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drastically altered from the trajectory determined by the
space-charge effects alone—as long as the potential energy
is quickly converted to kinetic energy. Nonetheless, there is
always a portion of the center of the distribution that does
not meet this assumption. In the planar and cylindrically
symmetric cases where the kinetic energy is unbounded,
this portion of the distribution is always shrinking; on the
other hand, in the spherically symmetric case, there is a
portion of the distribution that will never become space-
charge dominated as the kinetic energy transferred to the
particles in this region will never overcome the energy
associated with the initial temperature. In other words, in
real world situations, the center of the distribution is
emittance dominated regardless of the fact that farther
out in the distribution the particles may be space-charge
dominated.

The second assumption of laminar behavior is surpris-
ingly robust for the spatial density evolution. Obviously,
having a higher temperature should lead to issues with this
assumption, but for the cases we have examined within the
temperature range where space-charge dominated fluid is
present, this does not seem to be much of an issue—at least
early on. However, the energy density evolution is more
sensitive to violations of the laminar assumption, and
eventually these differences should be reflected in the
spatial distributions. Nonetheless, the biggest success of
the laminar fluid assumption is the planar symmetry case
as the acceleration of successive sheets is monotonically
increasing making laminar fluid assumption violating
events impossible unless the initial velocity distribution
is correctly tuned. The real issue with this assumption,
though, is with the nonuniform bunches under cylindrical
and spherical symmetries. As we have discussed here,
crossover events that violate the laminar fluid assumption
occur when ' = 0. The density shock that ends up forming
in the evolution of a nonuniform bunch can be thought of
as occurring in region(s) of substantial initial density that
have ¥ — 0 relatively quickly. In other words, successive
cylindrical or spherical shells begin to bunch up as they
expand resulting in a relatively higher density in those
regions. In the nonrelativistic case, these shells eventually
crossover into the multiflow regime resulting in a violation
of the laminar fluid assumption (although the model still
predicts the density evolution fairly well even past such
events as pointed out by other authors [33]).

On the other hand, we have considered relativistic effects
here, and relativistic effects result in the density evolution
being less likely to go into the multiflow regime.
Specifically, the speed limit of light results in portions
of the distribution going slower than if they only had
nonrelativistic consideration influencing them. In the
cylindrical case, the expansion may be able to “freeze”
before the crossover point. On the other hand, relativity
does not help the spherically symmetric case as much as
complete freezing never occurs. So while Dg,(ry) may

adopt any negative value that can be corrected by having
sufficient density, Dy; is limited by —% at long times.
However, even in the spherical symmetric case, the Dy; can
be suppressed for arbitrary amounts of time by increasing
the density. Of course for truly uniform distributions,
Dy; = 0 everywhere and this crossover does not happen,
but for any realistic distribution, all values of Dy < 0
are present and crossover should occur eventually.
Specifically, roughly 20% of the Gaussian distribution
has Dy;(rg) < —% and the crossover in this region appa-
rently does not drastically change the evolution of the
distribution as seen in the figures we presented here. As
other authors have claimed that the density evolution theory
captures the coulomb explosion dynamics if the multi-flow
regime is small [33], we would add that relativistic effects
make this agreement even better.

In the UEM community, the planar symmetric model is
applied to a bunch that is thin along one axis with much
larger widths along the other dimensions; we denote this as
Lo < R, where L represents the initial width of the thin
dimension and R, the initial widths of the other two
(equivalent) dimensions. If planar symmetric dynamics
are present, at some time L = R, and the planar symmetric
model should no longer apply instead requiring a higher
dimensional description. The timescale for the expansion of
the bunch is Texp N wim; on the other hand, the timescale

described by Eq. (68) indicates the time at which we would
expect the edges of the distribution to have energy
equivalent to the rest energy of the particle. As we assume
Ly < Ry, we would expect that if these two timescales
are of the same order or the relativistic timescale is shorter
then we would expect relativistic effects described by
the models presented here to occur. This occurs when
l,01 £ L. Likewise, for the cylindrical case in fields like
accelerator physics, it is generally assumed Ry << L;
which again breaks down when L ~ R. Nonetheless,
we again expect the cylindrically symmetric dynamics
described here to be apparent if /,q, < Ry.

Notice that in previous treatments of the evolving density
[25,32], the extraction field was left out of the analysis.
This is accurate as the density evolution in the non-
relativistic limit, Eq. (37) is independent of the effective
field. However, this is not true in the general case as
relativistic effects make the electric field couple to the
dynamics. This leads to an interesting opportunity to
control the density through this coupling -effect.
Specifically, in 1D, the density freezing leads to the concept
of asymptotic density, which is a density that no longer
evolves in time. We showed that this asymptotic density
can be manipulated through the inclusion of an extraction

field, E,. Specifically, the initial density is essentially the
th.l .
Te
extraction field is not sufficiently large, the asymptotic
density can be significant different from the initial density.

asymptotic density when E, > however, when the

114402-20



DENSITY SHOCKS IN THE RELATIVISTIC ...

PHYS. REV. ACCEL. BEAMS 22, 114402 (2019)

This suggests that if we are accelerating a bunch well into
the relativistic regime, we may need to consider this
asymptotic density when determining optimal criteria.
Namely, in the relativistic regime, an initially uniform
distribution should no longer be the distribution with the
smallest emittance as relativistic considerations introduce
nonlinearities in the phase space that may be absent from
correctly chosen initial distributions. We will develop this
idea further in future work.

Recently, Kochikov et al. published an investigation of
an expansion dynamics of a relativistic bunch in drift space
[37]; this work uses a more sophisticated potential than
what has been considered here and therefore captures
additional relativistic effects. Furthermore, it extends
Siwick et al.’s [23] model of bunch dynamics, that treats
the width of the bunch by tracking the position of a
Lagrangian particle on the symmetric axis at the fore
and aft of a cylindrically symmetric bunch, into the
relativistic regime. This model approximates full three-
dimensional effects and therefore should better model the
change in the bunch width than the planar case; however,
we point out that neither model accounts for the expansion
of the bunch due to effective pressure introduced by
emittance. We further discuss this effect in future work.
Regardless, as the drift model does not treat acceleration,
our planar model with acceleration is a natural comple-
ment to this theory. Furthermore, both models reach
similar conclusions about expansion in the highly rela-
tivistic regime; namely that the effective reduction of
the Coulomb force for a relativistic bunch suppresses the
expansion of the bunch. However, we emphasize that this
suppression is density dependent as the forces themselves
are density dependent. Specifically, a denser bunch requires
a larger velocity before the width evolution becomes slow.

VI. CONCLUSIONS

In this work, we extended our previous density evolution
analysis into the relativistic regime. Specifically, we
showed that the uniform distribution in any dimension
develops density shocks as the outer portion of the
distribution becomes relativistic; we also found expressions
for such peaks in other distributions which occur in
competition with the nonuniform Coulomb mechanism
that leads to peaks in such distributions [32]. We showed
that the analytic results accurately predicted 1D-like
M-shell simulation results under all symmetries and PIC
results under cylindrical and spherical symmetries. The PIC
simulations conducted here were completed using an EM
solver with an initial ES solve used to initialize the fields.
As these simulations agree with the theory that is essen-
tially based on electrostatics, it is apparent that EM effects
beyond electrostatics are not significantly affecting the
spatial density evolution and the energy density evolution
for the problems examined.

We emphasize that the mechanism for the relativistic
shock development is distinct from nonrelativistic shock
development seen in the Gaussian distribution [32].
Previously, we demonstrated that shocks arise in nonplanar
nonuniform spatial distribution evolutions due to the
initial distribution leading to nonlinear Lagrangian particle
velocities that lead to inner Lagrangian particles catching
up to outer Lagrangian particles. On the other hand, shock
in a relativistic bunch is caused by the “shrinking” of one-
dimension of the density as the Lagrangian particles
approach the luminal speed limit. This can be seen by
considering the energy of continuum particles within the
distribution. Specifically, as the particles expand, their
kinetic energies increase according to Eq. (9). In the planar
and cylindrically symmetric models, this increase is linear
and logarithmic in their position (and eventually time),
respectively, as can be seen by Egs. (10) and (11). This
leads to all particles in a neighborhood approaching the
speed of light resulting in the “freezing” of the expansion
along the expanding dimension; that is, all planar sym-
metric distributions eventually asymptote to a time inde-
pendent density while all cylindrically symmetric
distributions eventually expand “uniformlike” but with
one dimension less than that being considered, i.e., p, —
rTOApOZ where A is some parameter determined from the
initial conditions. On the other hand, in the spherically
9Q03Pos

4megry
which is finite. As this kinetic energy is dependent on r

through P“—E)’O),

symmetric case, the kinetic energy is bounded by

. the asymptotic velocity of neighboring

continuum particles differs. This is why the density at
long times for highly relativistic portions of the distribution

. . . . r3 .
drops in a uniformlike manner, i.e., p3 = -$Apg3 with

A= % [see Eq. (59)]. While both the planar and
203

cylindrically symmetric cases lost a power to the uniform-

like evolution, i.e., planar cases evolve like rlo and cylin-

drically symmetric cases evolve like ri, the spherically

symmetric case’s uniformlike evolution retains r]—3 This
difference arises as the particles in the spherically sym-
metric case have finite potential energy and thus asymptote
toward a velocity that is a little less than the speed of light.
Now neighboring Lagrangian particles can have very small
differences in their asymptotic velocity leading to the
expansion in the radial direction being slower than what
is seen nonrelativistically; specifically, this is what leads to
A > 1. However, there does remain a nonvanishing small
velocity difference meaning that the distribution continues
to expand in all dimensions. Nonetheless, these effects lead
to density peaks forming toward the edges of the distri-
bution in all cases; regardless, we find it interesting that the
behavior in each dimension is qualitatively unique.

We also added an extraction field to the laminar, planar

theory, and we rederived a threshold field, E;| = Qout that

2¢q °
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is responsible for qualitatively different behavior in the
evolution of the density. This threshold is the virtual
cathode limit identified previously by Valfells [36] and
generally discussed in the accelerator literature. For 108
electrons in a uniform bunch of radius 100 ym, E; =~
30 MV /m; thus an acceleration field of 100 MV, which is
the upper limit of the UEM community used at the Stanford
Linear Accelerator [38—40], is only about 3.5x this
quantity. As we saw in Figs. (11) and (12), in this range
we would still expect space-charge effects that enact
substantial expansion and distortion of the initial distribu-
tion. On the other hand, table top UEM devices typically
have extraction fields up to 5 MV/m [41-44], which is
only slightly more than the total internal field of 10’
electrons in a pancake with a radius of 100 ym, Er| =
3 MV/m and is far below E;; for 10® electrons. Thus 10%
electron bunches are beyond the capability of such table
top devices, and 107 electron bunches should expand
immensely within the extraction field making them very
difficult to work with.

A common effect in all dimensions, was that if the
distribution is given enough time to expand, the stochastic
effects in the initial distribution are overwhelmed by the
space charge effects. This means that under such condi-
tions, repeated instances of similar bunches should look
more or less the same. However, if the bunch is quickly
accelerated into the relativistic regime, the initial stochastic
fluctuations are preserved in the density profile. As we
move to larger accelerating fields, this effect needs to be
further studied as it may be that stochastics will play a
larger role in the limit of very large extraction fields.
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APPENDIX A: CYLINDRICAL SYMMETRIC
DENSITY EVOLUTION IN THE HIGHLY
RELATIVISTIC REGIME

Assuming 2/? > 1 and analyzing all but F and Fj,
Eq. (48) becomes

1
r,%L |:1 + (@— 1) :}'—?—O}'a}
o Po

Po (Al)

However,
\/In(E) . ~
fz@/ " 2Bye’ dy _,B<1 —@> (A2)
r Jo r

and

(A3)

/D
]—“azﬂ/ 0 2ye~V2dy:1—@
r Jo r

Placing these approximations back into Eq. (C1) results
inr 1.

APPENDIX B: LONG-TIME LIMIT

Consider spherical symmetry. Notice that ’—ror’ is a
function of r—r“ so in the limit lim-_, ., these terms go to
0

zero. As a result, x — 1 in the expression for 7/, so

r Pl(l)
ro{”w
ro Pz(l) ro
(V1)
r {(1+%D)(1+ﬁz)}
(1+72(1 +27)
(34> +64°D + 3D)tanh ™! /T -2
(1+77)2(1 +27)

r( 1—|—%D >
— — | =
ro \1 + 38> +2p*

where f = r\‘;—% and where the second term is lost since
C

limL_mr’ =
"0

ro

(B1)

inverse hyperbolic tangent goes to infinity logarithmically
which is slower than i

APPENDIX C: HIGH DENSITY LIMIT

At high densities, the edges of the planar symmetric
distribution do not significantly evolve, and therefore the
distribution is essentially preserved in this region. This
occurs when % > 1. We now extend this to the other
symmetries.

1. Cylindrical symmetry

%2 and analyzing all but

Assuming p> 1, where f = e

F and F,, Eq. (") becomes

1
Pl (1 ¥ (g—"— 1) :f—f—‘b’fa)
Ty 0 p Po
However,

NCE. .
F z@/ " 2fyer dy = ﬂ(l - @) (C2)
r Jo r

(C1)

and

(C3)

\/In() )
.7:3%&/ °2yeydy:1—@
r Jo r
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Placing these approximations back into Eq. (C1) results in

r’ ~ 1. That is, 7' cancels out the factor r—’o term.

2. Spherical symmetry

ro@o3

Assuming B > 1, where ﬁ = "o We see that Eq. (B1)

is approximately 0; therefore we need to return to the full
expression and expand in terms of r—’o We find only keeping

the highest order of /3

o —2p%(1 —2)2
' Nr_o[1+ (-2 ]

(-9

=1 (C4)
So like the planar and cylindrical symmetric cases, super-
highly relativistic densities result in essentially the loss of
one dimension during expansion.
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