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Space-charge effects play an important role in high intensity accelerators. These effects can be studied
self-consistently by solving the Poisson equation with the dynamically evolved charge density distribution
subject to appropriate boundary conditions. In this paper, two computationally efficient methods are
proposed to solve the Poisson equation inside an elliptical perfectly conducting pipe. One method uses a
spectral method and the other uses a spectral finite difference method. The former method has a high
accuracy and the latter one has a computational complexity of O(N log(N)), where N is the total number of
unknowns. These methods implemented in a beam dynamics tracking code enable the fast simulation of
space-charge effects in an accelerator with an elliptical conducting pipe.
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I. INTRODUCTION

The nonlinear space-charge effects play an important
role in high intensity accelerators by driving beam insta-
bility, causing beam emittance growth, halo formation,
and even particle loss. These effects can be studied self-
consistently using a particle-in-cell (PIC) method [1-11].
In the PIC method, at each time step, macroparticles that
represent the phase space distribution of charged particle
beam in the accelerator are transformed from the laboratory
frame into the moving beam frame following the relativistic
Lorentz transformation and are deposited onto a two-
dimensional (2D) or three-dimensional (3D) computational
grid to attain the charge density distribution in spatial
domain. Next, the Poisson equation is solved in the beam
frame, the space-charge electric fields are calculated and
transformed back to the laboratory frame following the
field Lorentz transformation. Then, the space-charge fields
are interpolated to the individual macroparticle location
from the computational grid. These space-charge fields
together with the external accelerating and focusing fields
are used to advance the macroparticle momenta through
the time step. The updated momenta are used to advance
macroparticle positions in the spatial domain. This process
is repeated for many time steps until the stopping condition
is reached.

To calculate the space-charge fields, one needs to solve
the Poisson equation for a given charge density distribution.
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A key issue in the PIC simulation is to solve the Poisson
equation subject to appropriate boundary conditions effi-
ciently at each time step. In some accelerators such as the
Proton Synchrotron at CERN, the conducting pipe that
contains a train of charged particle bunches has an elliptical
transverse shape. To study the space-charge effects inside
those accelerators, an efficient three-dimensional (3D)
Poisson solver subject to the transverse elliptical perfectly
conducting wall and longitudinal periodic or open boun-
dary conditions is needed.

In previous studies, a number of efficient Poisson solvers
have been developed in the community [12-29]. Those
solvers will not handle transverse elliptical conducting pipe
and longitudinally open or periodic boundary conditions.
Finite difference methods were proposed to solve the
Poisson equation subject to irregular boundary geometry
[30-32]. These methods use finite-difference approxima-
tion to the differential operator in the Poisson equation.
Near the boundary, the curved geometry is approximated
by stepwise grid and the boundary conditions are applied
on the grid points. However, for an elliptical shape
boundary, those approximations can be avoided. By using
an elliptical coordinate system as shown in Fig. 1 [33], the
curved elliptical boundary can be transformed into a regular
rectangular geometry.

In this paper, two new methods are proposed to solve the
3D Poisson equation inside an elliptical conducting pipe
with longitudinal periodic or open boundary conditions.
One method is based on the transverse pseudospectral and
longitudinal spectral Galerkin method. The other method is
based on the transverse Galerkin spectral finite-difference
method and longitudinal spectral Galerkin method. The
former method has the advantage of exponential conver-
gence of a spectral method [34] and can be used in
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FIG. 1. A schematic plot of an elliptical coordinate system. The
red line defines an elliptical boundary. The length of the major
axis is given by 2a cosh(b) and the length of the minor axis is
given by 2a sinh(b).

simulations where high precision is needed. The latter
method has a second-order accuracy and a computational
complexity scaling of O(Nlog(N)), and can be used in
simulations where quick results are needed.

In the beam frame, the three-dimensional normalized
Poisson equation in Cartesian coordinates can be written as:

(')2¢ 8245 8245
W a—yz a—ZZZ—P(x»%Z) (1)

where, ¢ denotes the normalized electric potential inside
the beam, p denotes the normalized charge density dis-
tribution of the beam, and x, y, and z denote the horizontal,
vertical, and longitudinal normalized dimensionless coor-
dinates, respectively. The boundary conditions for the
electric potential on the elliptical perfectly conducting
pipe are

$(x. 5, 2) oo =0 (2)

where (x,y) € 0Q and satisfies the following elliptical
equation:
$2 2
R - 2
[acosh(b)]*  [asinh(D)]

=1 (3)

where 2a cosh(b) denotes the length of the major axis and
2asinh(b) the length of the minor axis. A direct solution
to the above Poisson equation subject to the transverse
elliptical boundary condition has to handle the irregular
curved geometric shape of the boundary. However, this
irregular shape of the boundary can be transformed into a
regular shape if one uses an elliptical coordinate system
as shown in Fig. 1. In the scaled dimensionless elliptical
coordinate system (r,0), the Cartesian coordinates are
given by:

x = acosh(br) cos(0) (4)
y = asinh(br) sin(6). (5)

The Poisson Eq. (1) in the scaled elliptical coordinate
system can be rewritten as:

1 Py 0 0%
&2(sinh?(b7) + sin?()) <b28r2 * ae2> T2 T
(6)
and the transverse boundary conditions become:
Pp(r=1,0,z)=0 (7)
d(r,0+2m,z) = P(r,0,z). (8)

The longitudinal boundary condition can be either periodic
if one assumes a train of identical bunches or open if one
neglects the interactions among multiple bunches.

The organization of this paper is as follows: After the
Introduction, the pseudospectral method for a 2D coasting
beam inside an elliptical perfectly conducting pipe is
discussed in Sec. II; the 3D spectral solver for a bunched
beam subject to transverse elliptical boundary and longi-
tudinal periodic or open boundary conditions is presented
in Sec. III; the 3D spectral finite-difference solver for the
bunched beam is presented in Sec. IV, and conclusions are
drawn in Sec. V.

II. THE PSEUDOSPECTRAL SOLVER
FOR A 2D COASTING BEAM

A 2D coasting beam with no longitudinal dependency
inside a transverse elliptical conducting pipe is considered
first. In this case, the Poisson equation in elliptical
coordinates is reduced into:

? ?
bz—;;2 + a_ef — _(sinh2(br) + sin(0))p(br.0)  (9)
and the transverse boundary conditions become:

Pp(r=1,0)=0 (10)

¢(r,0+2x) = ¢(r,0). (11)

Equation (9) can be solved efficiently using a pseudospec-
tral method.

Using the Chebyshev collocation points along the radial
r dimension and the uniform points along the € dimension,
that is,

r; = cos(lz/L)., [=0,1,....L (12)

0, =m2r/M, m=0,1,...,M-1 (13)
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where L + 1 and M are number of grid points in each
dimension respectively, the electric potential can be
approximated by:

L M-1

Zz¢linpl fm (14)

=0 m=

where ¢, is the solution of the electric potential at the grid
point (I,m), and p;(r) and f,(0) are corresponding
cardinal functions in the r and the € dimension respectively,
and given by [35,36]:

plr)= T —* (15)
k=021 "1 T Tk
sin[3 (0 — 6,,)]

fn(0) =

Mtan[(0—0,,)/2] (16)

Given the above cardinal functions, the differentiation
matrix D, in radial dimension is given by:

i (=1)

e (=)

L
rzz: Z Drlj (18)

d#j ij=0,..L (17)

J=0.j#i
where
2: i=0 or L
¢ = . (19)
1: otherwise

and the differentiation matrix Dy in the @ dimension is
given by:

0:
Dy = -
04 { L(=1)=D cot(i —

Using these differentiation matrices, the derivative of the
electric potential with respect to the radial dimension at grid
point r; can be written as:

i=j

. (20)
otherwise.

J=/M]:

ad) rl’ ZDrll rl’e (21)

Similarly the derivative with respect to the € dimension at
grid point 6,, can be written as:

0,) = Dy,ui(r.0)). (22)
Jj=0

Assuming that Eq. (14) is correct at each grid point and
substituting the above representation for the second-order

derivative into the original Poisson Eq. (9), the electric
potential ¢;,, at each grid point (/, m) can be obtained from
the solution of the following algebraic equations:

M-1

L-
1
Z_z 3,li¢im + Z Dg,jm‘ﬁlj
i=1 j=0
— —@[sink?(bry) + sin?(0,,)]p(br.6,)  (23)

where D7, = (D,)}; and Dy, = (Dy)3,.
equation, the Dirichlet boundary condition at the pipe wall,
i.e., ¢on = ¢, =0, is used. The solutions of this group
of algebraic equations yield electric potentials inside
the domain (—1,1) ® [0,27) due to the fact that the
Chebyshev collocation points map the original radial
domain from [0, 1] to [—1, 1]. These solutions are not all
independent of each other. The point (—r, 2z — ) and the
point (r,0) in the elliptical coordinate system represent
the same point in the Cartesian coordinate. Moreover,
there is no need to find the solutions inside the domain
[-1,0) ® [0,27). Using the same location condition,
i€, @jm=Pr—jym-m for j>L/2, Eq. (23) can be
rewritten as:

In the above

L/2 L/2-1

Z rll¢lﬂ’l + Z b2

+ Z ¢1;D} ;,, = —a’[sinh?(bry) + sin®(0,,)]p(br;.6,,)

¢1M m)

(24)

The number of unknowns in the above equation is L /2 x M
instead of the original (L — 1) x M in the Eq. (23). This
group of linear algebraic equations can be solved using a
lower-upper (LU) decomposition method [30].

The above solver was tested using a nearly round pipe
with a = 0.036619 and b =4, which results in a pipe
radius close to 1. The normalized charge density distribu-
tion is assumed as:

p(x,y) = 16(x* +y?) (25)

The analytical solution of the normalized electric potential
in this case is:

Px,y) =1=(x* +y*)% (26)

Figure 2 shows the electric potential distribution inside the
elliptical pipe using the above pseudospectral method and
the second-order finite difference method of Ref. [37]
with 32 x 32 grid points. Both methods give qualitatively
similar azimuthal symmetric electric potential distribution.
Figure 3 shows the relative errors of the electric potential
solution from the above pseudospectral method and from
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FIG. 2. Normalized electric potential distribution solution from the pseudospectral method (left) and from the second-order finite

difference method (right) inside a nearly round conducting pipe.

the second-order finite difference method. It is seen that
the pseudospectral method yields an order of magnitude
smaller error than the second-order finite difference
method.

As an application, using the above pseudospectral solver,
the electric potential distribution inside a perfectly con-
ducting elliptical pipe was computed for a normalized
Gaussian density distribution:

x>+ y2>

; (27)

p(x,y) = exp (—

Figure 4 shows the electric potential distribution inside
the pipe with the horizontal to vertical aspect ratio 1, 2, 4,

>
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FIG. 3.

(right) inside a nearly round conducting pipe.

and 10. Here, 64 x 64 grid points were used and the minor
axis length was fixed as 12. As the aspect ratio increases,
the electric field distribution becomes more asymmetric and
extends further in the vertical direction.

III. THE 3D PSEUDOSPECTRAL SOLVER
FOR A BUNCHED BEAM

In most accelerators, the charged particles are longitu-
dinally bunched using rf focusing. In this case, one needs to
solve the 3D Poisson equation to study the space-charge
effects. First, a case with periodic boundary condition in
the longitudinal direction is considered for a train of
identical bunches. With this boundary condition, the
electric potential satisfies:
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Relative electric potential error from the pseudospectral method (left) and from the second-order finite difference method
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0
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FIG. 4. The normalized electric potential solution from a normalized Gaussian density distribution with horizontal to vertical aperture
aspect ratio 1 (top left), 2 (top right), 4 (bottom left), and 10 (bottom right). Both x and y coordinates are dimensionless and the

normalized electric potential is also dimensionless.

#(r,0,z+P) = ¢(r,0,2) (28)

where P is the longitudinal period length. Given the
longitudinal periodic condition, the normalized electric
potential and the charge density function can be approxi-
mated using Fourier mode expansion:

n=N/2

S purO)exp(-iteg)  (29)

n=—N/2+1

p(r.0,z) =

n=N/2

P(r.0.2)= Y du(r.0)exp(=id,z) (30

n=—N/2+1

where

pu(r,0) = %/Opp(r, 0, z) exp(id,z)dz (31)

b, (r.0) % A " (r0. ) expling)dz (32)

and 4, = 2zn/P. Substituting the above expansions into
the Poisson Eq. (6) and making use of the orthonormal
condition of the Fourier mode function yields:

1 ¢y +82¢n
a*[sinh?(br) + sin?(9)] \p?0r*  06*

) _/131¢n = —Pn
(33)

For each Fourier mode n, one can use the pseudospectral
method along r and 6 dimensions as discussed in the
preceding section, the solution of the above equation can be
written as:
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The normalized electric potentials in the middle X — Y plane (upper left), the middle Z — Y plane (upper right) and the middle

Z — X plane (bottom) from the pseudospectral method using a 3D bunched Gaussian density distribution with longitudinal periodic

boundary condition and transverse elliptical conducting wall.

L2 4 L/2-1

1
ZﬁDiud’imn + Z ﬁDil(L—i)gbi(M—m)"
i=1

i=1
M-1

+ Z b1jnDG ,, — a*[sinh*(bry) + sin®(6,,)1 43¢ mn
=0

=—a’ [Sinhz(brl) + Sin2<9m)]pn(brb 9m) (34)
The above equation can be solved using a LU decom-
position method for each mode n.

As an application, the electric potential function was
calculated for a 3D normalized Gaussian density function:

p(x,v,7) = exp [—% <x2 + 32+ ;é)] . (35

Figure 5 shows the normalized electric potential distribu-
tion in the middle x —y, y — z, and x — z planes inside an

elliptic pipe with horizontal major axis length of 24, vertical
minor axis length of 6, and longitudinal periodic length
P =30 using 64 x 64 transverse grid points and 64
longitudinal modes. The electric potential has a longitudi-
nally periodic distribution that decays quickly toward the
pipe transverse boundary.

If the separation of the bunches inside a bunch train is
large and the interactions among bunches are negligible, the
longitudinal boundary condition of the electric potential for
a single bunch in this dimension can be regarded as an open
boundary condition, that is,

¢(r,0,7=+c0) =0. (36)
This open boundary condition can be approximated using a
closed Dirichlet boundary condition as long as the longi-
tudinal domain is large enough. The longitudinal boundary
condition for the electric potential can be written as:
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P(r.0.2=+T) =0 (37) pu(r,0) = % / T o(r0.2)sin(@2)dz (40)
0

where 27T is the longitudinal domain size. Using the above

1 for
boundary condition, the electric potential and density ¢, (r,0) =7 / (r,0,z)sin(a,z)dz (41)
distribution can be approximated using Sine function 0

expansion:

and a,, = nx/(2T). Substituting the above expansions into
the Poisson Eq. (6) and making use of the orthonormal

n=N condition of the sine function yield:
p(r.0.2) = 3 p,(r.0) sin(a,2) (38)
n=1 1 P, | P,
PPN ) 2¢2+ ¢2 — XGhy = —Pu-
a*[sinh*(br) + sin*(0)] \b=0r* 06
(42)

n=N
$(r.0.2) = > ,(r,0)sin(,2) (39)
n=1 For each mode ¢,,, using the pseudospectral method along
r and € dimensions in the preceding section, the solution

where of the above equation can be written as:
BRED
14 ’
1.2 ]
0 20 40 60 80
z

Z

FIG. 6. The normalized electric potentials in the middle X — Y plane (upper left), the middle Z — Y plane (upper right), and the middle
Z — X plane (bottom) from the pseudospectral method using a 3D bunched Gaussian density distribution with longitudinal open
boundary condition and transverse elliptical conducting wall.
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L2 L2l
ZﬁDz,n‘r/’imn + Z ﬁD%,I(L—i)qsi(M—m)"
f i=1
M-1
+ D P15 — @ [sinh? (bry) + sin® (6,,) 6 by
=0
= —a?[sinh?(br;) + sin(0,,)]p,(br1, 6,,). (43)

The above equation can be solved using the same LU
decomposition method for each mode  as the preceding case.

As an application, the electric potential was calculated
for the above 3D Gaussian density distribution inside the
elliptical pipe with a longitudinal domain size of 100, i.e.,
T = 50. Figure 6 shows the electric potential distribution in
the middle x — y, y — z, and x — z planes inside the elliptic
pipe using 64 x 64 transverse grid points and 64 longi-
tudinal modes. The electric potential decays quickly in both
longitudinal and transverse dimensions.

IV. THE 3D SPECTRAL FINITE-DIFFERENCE
SOLVER FOR A BUNCHED BEAM

The pseudospectral method in the transverse plane
derived in the previous section results in a group of
algebraic equations that need to be solved using the LU
decomposition method. In this section, another method is
presented to approximate the transverse Laplacian operator
and results in a sparse matrix that can be solved efficiently
using an iterative method.

The Poisson Eq. (6) in the elliptical coordinate can be
rewritten as

Py P 1, toall)
<b28r2 + ﬁ) + 54 [cosh(2br) — cos(26)] 2

_ _%az [cosh(2br) — cos(20)]p(br 0, 2) (44)

FIG.7. The normalized electric potentials in the middle X — Y plane (upper left), the middle Z — Y plane (upper right), and the middle
Z — X plane (bottom) from the spectral-finite difference method using a 3D bunched Gaussian density distribution with longitudinal
periodic boundary condition and transverse elliptical conducting wall.
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Given the periodic condition in the & dimension, the L[ }
normalized electric potential and the charge density can Pu(r.2) = 7 A ¢(r.0.2) exp(imf)do (48)

be approximated using the Fourier mode expansion in that Substituting the above expansions into the Poisson Eq. (6)

dimension as: . . .
and making use of the orthonormal condition of the Fourier
mode function yields:

m=M/2
P00 = m=—zM;2+1pm(r7 Sexpl=imo) (43 <62¢m —m*p ) + la2 cosh(2br) s - la2 PP
b*or? " 2 072 4 07?
m=M/2 1 262¢m—2 _
P(r.0,z) = Z ¢m(r.z) exp(—im@)  (46) T2 o2 P (r.2) (49)
m=—M/2+1
where
where
612 2r
- pulr.2) = =5 [ Ceoshab)
pm(7,2) ——/ p(r,0,z) exp(im0)dd  (47) 7.Jo
7Jo —c0s(20))p(br, 0, z) exp(im@)do.  (50)

FIG. 8. The normalized electric potentials in the middle X — Y plane (upper left), the middle Z — Y plane (upper right) and the middle
Z — X plane (bottom) from the spectral-finite difference method using a 3D bunched Gaussian density distribution with longitudinal
open boundary condition and transverse elliptical conducting wall.
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For the longitudinal periodic boundary condition with a
periodic length P, using the above Fourier mode expansion
in the longitudinal dimension for each mode m, the above
equation is reduced into:

0 ) @ a
bzarz —m- = ?ln COSh(ZbI") ¢mn(r) + Zln¢(m+2)n(r)
a _
+Z’In¢(m—2)n(r) :pmn(r)' (51)

The above ordinary differential equations can be solved
using a finite difference method for each mode m and n.
Here, a second-order finite difference approximation to
the above differential operator at radial grid point r; is
adopted as

62¢mn(r1) o ¢(l+l)mn - 2¢lmn + ¢(l—l)mn (52)
orr or? '

This results in the following linear algebraic equations:
a2
Dlisrymn — |2+ b*sr’m?* + bzérz?/lﬁ cosh(2br)) | Pin

a’ a?
+ -1ymn + b25"2?/13¢1(m+2)n + bzérzz/lgt¢l(m—2)n
= b25r2[)1mn. (53)

This group of linear algebraic equations can be solved
using a block Gaussian-Siedel iteration method. For the
given @yni2yns Pi(m—2), and source term py,,, the tridiag-
onal matrix can be quickly solved for ¢,,,, with a computa-
tional cost scaling as O(L). The obtained ¢,,,, is used to
approximate the ¢;(,12),> Pi(m-2), for the next iteration.

The spectral finite difference method was also applied to
the same bunched beam with the Gaussian distribution in
Eq. 35. The electric potential solutions in three middle
planes are given in Fig. 7. It is seen that these solutions
agree with the solutions from the pseudospectral method
very well.

For the longitudinal open boundary condition, the same
sine function expansion in the longitudinal dimension as in
the preceding section and the second-order finite difference
approximation in the radial dimension are used. The
resultant linear algebraic equation is given as:

2
Blrstymm — |2+ 26r2m? + b%ﬂ%aﬁ cosh(267,) | dumn

(12 a2
+du-1ymn + b25”zzai¢l(m+2>n + b*6r? Za%qul(m—Z)n

= b6 i (54)

This group of equations is solved using the same iteration
method. The same bunched beam density distribution

inside the elliptical pipe as the one in the preceding section
was also used to test this method. The electric potentials in
three middle plane are given in Fig. 8. These solutions also
agree with those from the pseudospectral method very well.

V. CONCLUSIONS

In this paper, two efficient computational methods were
presented to solve the Poisson equation inside an elliptical
perfectly conducting pipe subject to longitudinal periodic
or open boundary. One method uses a transverse pseudo-
spectral and longitudinal spectral Galerkin method. The
other uses a transverse Galerkin spectral finite-difference
method and the same longitudinal spectral method. The
former method has the advantage of exponential conver-
gence of the spectral method with smooth density distri-
bution and can be used in the simulation where high
precision of the solution is needed. The latter method has a
second-order accuracy and a computational cost scaling as
O(Nlog(N)). This method can be used in simulations where
the fast return results are needed. The above methods
assume a smooth charge density function in the Poisson
equation. The numerical errors (noise) in the charge density
function obtained from the macroparticles in a PIC sim-
ulation will spoil the exponential convergence of the
pseudospectral method and has less impact on the finite
difference method. However, the numerical noise in the
charge density function can be substantially mitigated by
using a global spectral basis function approximation (e.g.,
sine function) to the density distribution function as
proposed in some recent studies [38—40]. In a future study,
we plan to implement those efficient methods into the
parallel beam dynamics code suite [4,8], IMPACT, to study
the space-charge effects in high intensity accelerators.
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