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The technique of microbunched electron cooling (MBEC) is an attractive coherent cooling scheme with

potential applications in future high-energy circular colliders. In our previous work, we analyzed the

cooling of the energy spread using a one-dimensional (1D) technique that tracks the dynamics of

microscopic fluctuations in the hadron and electron beams. In this paper, we extend this approach so that it

covers the transverse emittance cooling as well. In order to do so, it is necessary to consider the betatron

motion of the hadron beam and take into account effects of the momentum dispersion in the modulator and
kicker regions. We derive relatively simple analytical expressions for the emittance and energy spread
cooling times in terms of the various beam and lattice parameters, allowing us to perform fast optimization

studies for an MBEC configuration. Verified through comparison with simulation, our theory can also

incorporate features such as plasma amplification stages, which are crucial components of a realistic

cooling system.
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I. INTRODUCTION

The technique of microbunched electron cooling
(MBEC), first proposed in Ref. [1], is a promising novel
scheme for enhancing the brightness of stored hadron
beams in future high-energy circular colliders. This require-
ment is a crucial one for achieving the high luminosities
needed for experiments in prospective hadron-hadron and
electron-ion machines. In common with other coherent
cooling schemes [2,3], in MBEC, the hadron beam first
imprints an energy modulation on a copropagating (cooler)
electron beam in a segment of the machine known as the
modulator. This energy modulation is then converted into a
density modulation (bunching) after the e-beam passes
through a dispersive chicane section with strength Rg?
(Fig. 1). In the meantime, the hadrons are transported
through their own—separate—section of the lattice, which

also includes a chicane with strength Rg}é). The bunched
electron beam then once again interacts with the hadrons in
a subsequent section of the machine (the kicker), in a way
that can ultimately lead to a significant reduction in the
hadron energy spread and transverse emittance after many
passages through the cooling section. In order to accelerate
this process and ensure that the cooling timescale is small
enough for practical purposes, additional amplification
stages are typically required, in which the bunching of
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the electron beam is boosted through the space charge (or
plasma) effect. The latter feature is the main difference
between MBEC and other contemporary iterations of
coherent cooling, which typically rely on a narrow-band
gain mechanism in order to enhance the bunching (for
instance, the coherent cooling scheme of Ref. [3] utilizes a
free electron laser for this purpose, while that of [4] uses a
parametric resonance).

In our previous work [5,6], we presented a one-
dimensional (1D) theory for MBEC that described the
cooling of the hadron energy spread. Our analysis, which
only considered the longitudinal portion of the motion, was
based on a kinetic theory approach that tracks the evolution
of fluctuations in the hadron and electron beams as they
move through the cooling lattice. In particular, even though
both beams start from a state of uncorrelated shot noise,
their propagation develops correlations that can signifi-
cantly alter the value of macroscopic properties such as the
energy spread, leading to cooling. In this paper, we extend
this technique so that it can also deal with the mechanism of
transverse emittance cooling. In order to achieve this, it is
necessary to consider the transverse motion of the hadron
beam, including the momentum dispersion, whose inter-
play with the longitudinal dynamics is the root cause of
transverse cooling. We note, however, that our treatment is

0
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FIG. 1. Schematic of a simple MBEC configuration.
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by no means a fully three-dimensional one: the other
essential components of our analysis, such as the motion
of the electron beam and the space charge effect, are still
being studied in a 1D context. Our main objective is to
derive usable analytical expressions for the cooling times of
the emittance and energy spread, which would enhance our
understanding of the underlying physics and facilitate
simple optimization studies.

This paper is organized as follows: in Sec. II, we
introduce the basic concepts regarding the betatron motion
of the hadrons (including the action-angle variables) and
review the description of the hadron shot noise in terms of
the fluctuation part of the beam distribution function. In
Sec. III, we study the evolution of fluctuations in the hadron
beam as the latter passes through the various stages of the
cooling system. The influence of the cooler electrons is
quantified by the space charge impedance, which—to a
large extent—is already known from our previous analysis.
In Sec. IV, the results of this study lead us to the
formulation of a kinetic equation for the averaged distri-
bution function of the hadrons, derived in the limit of small
chicane strength and weak vertical dispersion. For this
simplified case, we can show that the hadron energy spread
and emittance follow simple exponential decay laws. The
assumption of small dispersion and hadron chicane strength
is dropped in Sec. V, which derives a generalized version of
the kinetic equation. In Sec. VI, we utilize the above-
mentioned equation and its corollaries in order to obtain
analytical formulas that express the transverse and longi-
tudinal cooling times as functions of the various system
properties. Using these formulas, we optimize a simple
MBEC configuration for the parameters of the proposed
eRHIC electron-ion collider. In Sec. VII, we benchmark
our analytical expressions by comparing their predictions to
the output of a simple simulation algorithm, showing good
agreement between the two. In Sec. VIII, we discuss how to
include plasma amplification stages in our formalism,
outlining the modified expressions for the cooling time-
scales and providing an updated numerical estimate for
eRHIC. Finally, Sec. IX summarizes the basic conclusions
of our study. We use the Gaussian system of units through-
out this paper.

II. HADRON BEAM SHOT NOISE

In our previous work [5,6], we studied one-dimensional
(1D) shot noise effects in a particle beam by examining the
fluctuations in the beam distribution function. Here, we
extend this technique by also considering the transverse
motion of the beam, which was neglected in our earlier
treatment. Doing so is essential when we seek to describe
the mechanism of hadron transverse emittance cooling in
MBEC, a process which cannot be analyzed in a purely
one-dimensional fashion. That being said, we stress that the
motion of the cooler electron beam and the space charge
interaction in the modulator, plasma and kicker sections

are still being treated in the 1D limit. To start with, we
introduce some key variables related to the betatron motion
of the hadron beam, as the latter is transported from the
modulator to the kicker. Specifically, we need to define the
action-angle variables (J,¢) in terms of the original
betatron coordinates (y, P =y = dy/ds), where y is the
vertical displacement and s refers to the longitudinal
coordinate along the ring. To simplify our analysis, we
only consider the vertical motion of the beam (i.e., the
motion in the y-direction), neglecting its horizontal
counterpart. The action variable J is given by

1 2

+{B(s)[P =nD'(s)] + a(s)[y = nD(s)]}?). (1)

where f3(s) and a(s) = —p'(s)/2 are the standard Courant-
Snyder parameters, D(s) is the vertical dispersion, and =
AE/E, is the relative energy deviation of a hadron with
respect to the nominal energy E, = ym,,c%. Here, we clarify
that the prime over the lattice functions denotes differ-
entiation with respect to s, just like in y’. For pure betatron
motion (that is, in the absence of any effects that can change
the hadron energy), J is a constant of the motion. For the
betatron angle ¢, we have the relation

cos¢p = y —nD(s) (2)

V2B() T

with d¢p(s)/ds = 1/(s). We also require the relations that
express the original coordinates in terms of the action-angle
variables, namely

y =nD(s) + \/26(s)J cos ¢,

(s) — 2—Jsin a(s)cos
Pzgan(s) ﬁ(s)( ¢ +a(s)cosg). (3)

The initial distribution function, which describes the
state of the hadron beam before the latter enters the
modulator section, can be written as

finizm J, @) = nopFr(n, J) +0f(z,n. 1, ), (4)

where, in keeping with our earlier notation, z = s — vyt
refers to the longitudinal coordinate inside the bunch
[vg=c(1—y~2)"/? is the nominal velocity]. Additionally,
noy, 1s the linear density of the hadron beam (number of
particles per unit length), F, is the equilibrium beam
distribution and df is the fluctuation part that contains
the shot noise. Here, we assume that the equilibrium hadron
distribution F,(#, J) does not depend on the internal bunch
position z—an approximation which is justified by the fact
that we only consider fluctuations on a scale that is much
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smaller than the bunch length. Moreover, F), does not
depend on the betatron angle ¢; this reflects the fact that the
cooling timescale is much larger than the revolution period
of the ring. As a result, any ¢-dependence is eventually
washed out over multiple turns. Lastly, the normalization of
F,, is defined by

[an [Tas [T agrin

:2n/_:dnf°dJF,,(q,J):1. (5)

The function 6f(z,n,J, ¢) describes the statistical fluc-
tuations in the hadron beam and has an average value equal
to zero, so that (6f(z,n,J,¢)) =0, where the brackets
denote ensemble averaging. It is worth noting that, in order
to simplify our notation, we have dropped the independent
variable s from the arguments of Jf as we will only be
calculating of at specific locations along the MBEC Iattice.
The one-dimensional Fourier transformation of of is
defined by

5fx(n.J. ) = / " dze 5 (2, 0, ),

—0o0

1 © A
Sf(en ) =5 / dke:5T,(n 0. p).  (6)

Neglecting the interaction between the hadrons, the corre-
lator for the random fluctuation part 6f at two different
points in phase space is given by

(6f (zom, J.)of (2", T ')
=nouFy(1,J)8(z=2")8(n—n")6(J =T )s(p—¢').  (7)

The above relation is the basic result governing the initial
shot noise in the hadron beam. A corresponding relation for

5}]( is

<5}k(”7jv¢)5}k/(’7/"]/’¢l)>
=2zmno,Fy(n.J)8(k+K)o(n—n')o(J =1 )s(p—¢'). (8)

Introducing the density fluctuation

[ 0 2
ontz) = ["an [T ar [T agorns.an o)
) 0 0
one can readily show that
(6n(z)on(Z)) = nond(z — 7'), (10)
which is identical to the result of the one-dimensional

analysis [5]. Another important quantity is the Fourier
spectrum of §n(z), which is given by

Sy = /_: dze=*5n(z)
_ /: d%‘” djf”dqaéﬂ(n,f, ). (1)

The correlator for this new variable is simply
<5ﬁk5ﬁk’> = 271'1’10;,5(]{ + k/) (12)

Finally, by integrating Eq. (7) over #/, J' and ¢’ and taking
the Fourier transform over 7/, we obtain the following result
(frequently used in Appendixes A and B):

(0f (z.n. . 9)dMx) = nop Fy(n, J)e™™. (13

III. DYNAMICS OF FLUCTUATIONS
IN THE HADRON BEAM

Propagating the hadron beam through the cooling
section results in a modification of its input distribution
function, a process which can lead to a cooling effect
(for both the emittance and the energy spread) after many
revolutions. In this section, we seek to quantify this
modification by tracking the evolution of the hadron
fluctuations from the modulator to the kicker. To start
with, we assume that the initial distribution function of the
hadrons is given by Eq. (4) and that the beam is in a state
with uncorrelated shot noise, as described by Eq. (7). To
distinguish between the initial fluctuation part of the
distribution function and its final counterpart, we will
change the notation 5f in Eq. (4) to 6f), where M refers
to the modulator. The hadron beam first interacts with the
electrons in the aforementioned section, where each hadron
creates a perturbation in the electron beam. This perturba-
tion is localized in the immediate vicinity of the hadron.
Strictly speaking, electrons also perturb the hadron beam
during this interaction, but we will neglect this effect in our
analysis. The energy modulation imprinted on the electrons
in the modulator, like the subsequent kick that they impart
on the hadrons in the kicker, is the same as in our original
1D model. This is so because both of these energy changes
are produced by longitudinal density fluctuations, on which
transverse effects such as dispersion have no big impact
(apart from modifying the beam cross section). Moreover,
we assume that the modulator and kicker lengths are
relatively small, so that the lattice functions a, f and
D—as well as the orbit coordinate y and its slope y =
P—<can be treated as constants for these two segments.
Thus, the vector (y,P,z,n)T, which contains the phase
space coordinates of a single hadron, is not changed by
passage through the modulator and neither is the hadron
distribution function (here, T denotes the transpose).

On the other hand, tracking the distribution function
through the hadron transfer line between the modulator and
the kicker requires a more involved analysis. Since we are
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primarily interested in the interplay between the longi-
tudinal and the vertical degrees of freedom (d.o.f.), we need
to define a four-dimensional transport matrix R, for the
hadrons, which is given by

R'33 R34 0 R36
R — Rys Ry 0 Ry 14
" | Ry Ry 1 RW (14)
53 54 56
0 0 0 1

This matrix acts on the coordinate vector (v, P, z,7)" and
propagates it from the end of the modulator section to the
start of the kicker. A useful set of general expressions for
the various matrix elements is given in Ref. [7]:

P . .
Ry = ﬂ—z(cos,u + ay sinp), R3y = /P1prsinp,
I

R A% cos 1+ ma sin
3= H———=sinpu,
VP15 VP12
B .
Ry = (|=(cosp — a sinp), (15)
2
and

R3s = Dy — Ry3Dy — Ry D)

R4us = Dy — Ry3Dy — RyuD)|

Rs3 = Ry3R36 — R33Ryg

Rsy = RysR36 — R34 Ry6. (16)

Here, the subscripts 1/2 refer to the beginning/end of the
hadron transfer line (respectively) while y = ¢, — ¢; is the
total phase advance for the same segment. We note that, in
the absence of dispersion, the matrix R, becomes block-
diagonal and no coupling exists between the transverse and
longitudinal d.o.f. In addition, we emphasize that R, is a
symplectic matrix, i.e., it satisfies the equality RT QR, = Q,
with

0 1 0 0
-1 0 0 0
Q= (17)
0 0 0 1
0 0 -1 0

Making use of this property is necessary when one seeks to
derive the analytical results of Egs. (15)—(16). Starting from
first principles, this calculation also utilizes Eq. (3).

The passage through the transfer line with transport
matrix R, introduces a phase space transformation
(zismsJ1s91) = (22,12, J25 ¢2), With =1y, Ty =4,
¢y = ¢ + p and

h
23 = 21 + Rs3y1 + Rsa Py +R§6>m- (18)

This changes the initial hadron distribution function fi;
in the modulator into a different function f, at the start of
the kicker, so that fi.; = f; — f2. The new distribution
function is obtained by expressing the old arguments in
terms of the new ones.' For this, we need the backward
transformation from the kicker to the modulator, which is
given by the inverse matrix R, = R;'. Using the sym-
plectic character of R,, we can show that R, = —QR’ Q.
Calculating R, and then multiplying this matrix by
(yz, Pz, Zz,ﬂz)T, one finds that

h
21 = 2o + Ryeyr — R3gPr — R(56>’12
= 25 + Ru6(12D2 + /2> J cos ¢b,)

2J .
— R3¢ (’YZDlz 1 /E@m ¢, + ay cos ¢2)> - Rgé)’?z-

(19)
Thus, the new hadron distribution function is

h
f2(z.n.J. §) = finie(2 + Ragy — R36P — Rg6)'7, nJ.¢d—u)
= npF(n.J) + 8fM (2 + Rygy — Ry6P

where we have made use of Eq. (19). We note that we have
dropped the index 2 in the notation for the variables z, y, P
and ¢—the fact that this distribution function refers to the
start of the kicker region is now indicated by indexing the
function f. In this expression, y and P are understood as

functions of J, ¢, and #, as shown in Egs. (3). In particular,

we note that the important quantity Q = Rgy — R36P — Rg’é)n

can be written as

0(n.J.¢) = -0+ O(J.p)
= —Qun + VJ(Qscos¢+ Qpsing), (21)

where
= RYW — RysD; + RssD
Qo 36 46D + R36D5,

Oy = \/§<R46\/ﬂ_2+ Rss\j—;—)
R3¢

Op = \/i\/—[T (22)

'Here we implicitly assume that the hadron motion from the
kicker to the modulator is Hamiltonian. As a result, the value of
the distribution function remains constant along individual phase
space trajectories.
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Lastly, we consider the passage through the kicker
section. In the latter, the hadrons change energy due to
the interaction with the fluctuational longitudinal electric
field of the electron beam, from an initial energy 7, to a
final energy 775 (so that 75 = 1, + A" (z,), where Ay is
the energy change and the index 3 refers to the end of the
kicker). Here, we assume that the hadron longitudinal
positions are unchanged, z3 = z,, which is valid for a
short kicker segment. This energy variation results in a
corresponding change of the action-angle variables: J; =
T+ AJN (20,05, 3) and 3 = py + AP") (23, )2, h2).
Analytical expressions for the shifts AJ) and A¢") can
be obtained in the following way: using Eq. (1), one can
show that an energy change Ar](h)(zz) alters the action
variable by an amount equal to

AJ(h) <Z27 ‘]2’ ¢2)

— Aq(zy) %{(/321)/2 + ayDy) sin by — Dy cos i)
2
A (h) 2
ey R RN RS Y

where we recall that «, f and D are treated as constants in
the kicker. Note that, in contrast to the energy, action and
betatron angle, the longitudinal electric field does not
change the offset y and the variable P, so y; =y, and
P; = P,. A result of the synergy between dispersion and
energy change, this variation in the action is eventually
responsible for the emittance cooling effect. From Eq. (2),
the corresponding change in the angle ¢ is

AP (25,7, o)
Ay (z,)

V2T [Dysing + (B,D5 + ayDy) cos ¢y ]. (24)

For the angular shift A¢("), it is only necessary to keep
terms linear in Axn"). For the transformation of the
distribution function, we will need to express the initial
variables in terms of the final ones, which can only be done
in an approximate fashion. Keeping terms up to linear order
in Ay for all variables except the action (for which—as
before—we need to go up to second order), the result is

2 = 13,
=13 — A (z3),
Jy =J3 = ATM (23,75, ¢3).

by =3 — A¢(h)(Z3Js, b3). (25)

where

ATM (2, T, @)
= AT (7,0, ¢) + AT (7,7, ¢)

2J
= An"(z) E[(ﬂzD/z + ayD,) sin¢p — D, cos )]

(h) (712
_ % [D3 + (B2D + a:D,)?], 26

where AJ_(h’l)(z,J ,¢) is the part that is proportional to
An™(z) while AJ"2)(z,J, ¢) is the quadratic term. This

transformation results in a new hadron distribution function
after the Kicker, i.e., f, — f3, where

f3(zn J.d) = folzon — A, J = AT ¢p — Agp™))
= npFy(n — An™, J — AJM)

+ 5f(M)(Z + R46y — R36P — Rg?}’]
+ RS An™) = Ag®), ] — AT,
¢ —pu—2pM). (27)

For brevity, in Eq. (27) we have omitted the argument z in
the function Ay and (z,J, ¢) in both AT and A¢p"). An
additional clarification is in order regarding a more subtle
point of Eq. (27): since the backward transformation of
Eq. (25) keeps y and P constant, the shift defined by it
only affects 1 out of the three arguments of the quan-
tity Q.. ) = Rugy — RysP — RS .

As far as the specific expression for the hadron energy

change An"(z) is concerned, we can reuse the result
derived in our 1D analysis [5], namely

DT akz(ksaMetts,  (28)
7 Jooo

A" (z) =

where Z(k) is the impedance associated with the hadron-

electron interaction, 5ﬁ,<{M)

is the Fourier transform of the
initial density modulation 6n™)(z)—obtained by setting
5f — 7M™ in Eq. (11)—and r, = (Ze)?/myc? (where
Ze is the hadron charge and my is the hadron mass).
Introducing the Fourier transform

Al = / " dze=* A (z), (29)

[s+]
we also obtain

rpc

. Z(k)saM™. (30)

N
A =

An analytical formula for the impedance Z(k) will be
introduced in Sec. VI. Even in this general form, Eq. (28)
is essential for calculating shot noise-related statistical
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averages (see Appendixes A and B). It is also important to
remember that éﬁliM) is associated with the density fluc-
tuations in the modulator—the place where the initial
hadron fluctuations are imprinted on the electrons. These
fluctuations should be calculated using the initial fluc-
tuation part of the distribution function SfM) (z,n,J, ).
When hadrons arrive at end of the kicker, their distribution
function has changed to f5, as given by Eq. (27).

IV. COHERENT COOLING IN THE LIMIT OF
WEAK DISPERSION AND SMALL HADRON
CHICANE STRENGTH

As we have already seen, the distribution function of the
hadron beam is altered as a result of the passage through the
cooling section. Introducing the difference

Af:f3(Z”7’J7¢)_finit(zvn7j’¢)7 (31)
we anticipate that the ensemble-averaged value (A f) would
be nonzero (but much smaller in absolute value than
no,F). This behavior is due to transport-related correla-
tions developing in the beam, which shift it away from its
initial state of uncorrelated shot noise [see the arguments of
SfM) in Eq. (27)]. As in our original 1D analysis, we
associate this average value of Af with the change of the
|

<Af> - ”0h<AJ

1 1
V0, F), + 2”0h<<A'I N2 0y F i + non(AnWATHDYD, ) 4 = ngy ((ATH

equilibrium distribution function F;, during one revolution
period T

I

”0hT% = (Af). (32)
In a manner analogous to the study of synchrotron oscil-
lations in a ring, this partial differential equation describes
the temporal evolution of the hadron beam over a timescale
that is much larger than 7. This essentially allows us to
replace an iterative map formalism with one that assumes a
slow, continuous dependence with respect to ¢.

In what follows, our immediate objective is to calculate
(Af). To simplify our analysis, we will assume that the
longitudinal shift Q = Ry — R3gP — Rg? n is small and
neglect terms of higher than the first order in this expres-
sion. Reviewing Eqs. (15)—(16) and (21)—(22), we can
easily establish that Q has a small value when Rg}é), R34, and
R,¢ are, in turn, small. For the last two matrix elements, this
is equivalent to stating that the dispersion is weak. In
addition, we will use the smallness of the fluctuations in the
beam and treat Ay") and 5fM) as small quantities as well
(~e), neglecting terms of order & and higher. Using the
Taylor expansion in terms of the parameter ¢ (and recalling
the decomposition of the action shift given by Eq. (26), we
obtain

5 D201 Fy

— (An™9,6 ) — (ATD 3,5 M) — (ApMO5F M) — (Riy — RaeP — RS m) (An™0,, 50

— (Rygy — Rs6P — RWn) (ATD 9,570y —
+ R56 <A’7 ) 5f >

where, for purposes of notational simplicity, we have
omitted the arguments x, J in the function F, and

2., J.¢p —pin 6fM)_ In obtaining the result given above,
we have used the fact that (5f™)) =0 and (Ay") =
(AJ"1)Y = (Agp™) = 0. The last (triple) equality can be
justified as follows: taking the Fourier transform of the
relation (5f™)) = 0, we obtain <5]Af,(CM)> =0. In view of
Egs. (11) and (28), this implies that "™y =0 and
(Apth > = 0. Since AJ"1) and A" are both proportional

to An [see Egs. (26) and (24)], the remaining two
equations follow directly.
Calculating all the terms on the right-hand side (RHS) of

Egs. (33) is a lengthy analytical exercise that is carried
out in Appendix A. Here, we only state the final result,
which is a kinetic equation for the averaged distribution
function F,:

(Rigy — RasP = RSgn) (ApM 0,60
(33)
[
w2 s-RE 2]

where S = RysD> — R3sD5, w'(0) is the value of the wake
derivative dw(z)/dz at z = 0 (the wake function w(z) being
defined in Eq. (A8) in terms of the impedance) and

ng, (Trypc 2 o0 2
D,=—|— dk|Z(k
! 47[T(7> /—oo 2@

D3 + (p,D} + ay D;)?
D,,
P2
are the diffusion coefficients. The Ilatter are labeled

so because the first two terms on the RHS of Eq. (34)
describe the diffusion, whereas the remaining three terms

D, =

(35)
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describe the cooling. Here, we must clarify that we have
neglected the contribution due to the wake at the origin
given by Eq. (A7), which would have added a term equal
to —(ry/Ty)w(0)9,Fy = (ryc/2xTy)[[*, dkZ(k)|0,F) to
the RHS of Eq. (34).

The first thing one has to verify is that Eq. (34) conserves
particles. For this we integrate both sides of the kinetic
equation by [% dn [5° dJ. After integration by parts, we
indeed find that the total number of particles is conserved, i.e.,

d

E % an [T arF, =o. 36
| [T, (36)

Next, we calculate the rate of change for the beam
energy spread o, and the transverse emittance e, which are

defined by
a%l :27r/ dﬂ% din*F,,,

€=2n / " dn /  dIIF, (37)
—o0 0

Here, the 2z factor comes from the normalization given by
Eq. (5). Combining Eq. (34) with the definitions given
above, we obtain

do? rh ) o;

7: = —2W/(O)Fy(s - R56 )0]% + 2D,7 = —NTChT"l' 2D,7,
de Lo T €

& W)L Se+D, =———+D,, 38
= WO JESe+ D, = gt D, (39)

where we have introduced the cooling times for energy
spread and emittance (N and N¢) in terms of the revolution
period T'. Neglecting the diffusion effects quantified by D,
and D,, we can see that simultaneous exponential cooling of
the energy spread and the emittance is possible if w'(0)S < 0

and w'(0)(S —Rg?) > 0. The effect of the dispersion is
contained in the parameter S = RysD, — R3¢D). Using
|

Egs. (15) and (16), we obtain a general expression for this
quantity, namely

_ DD,

S =
Vb5

+ D D)y /ﬁz(a] sinp + cos p)
1

B . .
- DD, ;—;(cosy —aysinp) + D\ D5~/ f1f, sin .

[(ayas + 1) sinp + (@ — ay) cos |

(39)

This is in agreement with Ref. [7]. In the absence of
dispersion, S = 0 and only cooling of the energy spread
is possible (which is essentially the 1D case studied before).
Itis also worth noting that the scaled cooling rates satisfy the
relation

1 1 , ry (h)
—+—=-w(0)—=Rs/, 40
v+ e = (O R (40)
the RHS of which does not depend on the dispersion
(provided we neglect a small, quadratic dependence of the
wake with respect to the dispersion). On the other hand, the

ratio of the rates is given by N¢/N{ = 2(R§f;> -9)/S.

V. ANALYSIS FOR ARBITRARY VALUES
OF THE MATRIX ELEMENTS

In this section, we generalize the kinetic equation for the
hadron distribution function F, by removing the
assumption about the smallness of the various transport

matrix elements (namely Rzq, R46, and Rg’é)). This gener-
alization does not change the expressions for the diffusion
terms but it does modify the calculation for the cooling
terms. The details of this updated derivation are contained
in Appendix B. After going through it, we find that the new
kinetic equation is

8F; ath 0 th ryc 0 ©0 .
"~ D D.— ]+ — | F Z ikQon J (kRVJ) — 1
ot T on? + D aJ / oJ 27yT On h /_oo dkZ (k)i =00k \/j) }
e .o 0 o0 ikoun 2V (KRVT)
+ ZﬂyTlsﬁJ <Fh /_oo dkZ(k)e — % ) (41)

where we have included the diffusion terms from Eq. (34) and (again) subtracted the effect of the wake at the
origin. Additionally, we clarify that J,, are the Bessel functions of the first kind and recall that Q, = Rg? — S. An expression
for the important new parameter R = (Q% + sz;)l/ 2 can be obtained using Egs. (15), (16), and (22). The end result is

1 2 1 2 1 — i
R2=7 ;lal D242 ;20!2 D - 4( + aja) Coi;ﬂliﬂz(al ) sm,uDlD2 28D — /s cos uD! Dy + 25 D5
+4a,D D' 4 4a,D, D), + 4, /%{sin,u —ajcosp)D Dy —4 ﬁ—;(siny + a;y cos u) D, D). (42)
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In the limit of small R and Q, Eq. (41) reduces to Eq. (34)
in the previous section (recall that [ dkikZ(k)=
—27zw'(0)/c). Moreover, we can easily show that the
generalized kinetic equation conserves the total number
of hadrons, i.e., it satisfies Eq. (36).

Next, we seek general expressions that govern the
evolution of key beam parameters, in a manner analogous
to Eq. (38). Combining the definitions for the energy spread
o}, and the emittance ¢ [Eq. (37)] with the new evolution
equation for F) and neglecting the diffusion effects, we
eventually obtain the expressions

doj _ _ o
dt NIT
4
S rthe/ dkZ(k / dn/ dJ
yT 0
X nF y[e*01J o (kRVT) — 1] (43)
and
ﬁ_ €
dt  N¢T
4
r;cRe / dkZ (k / dn / dJ
X EFh\/jJI (kRV/T)e*Con, (44)

where we have performed some integration by parts and
also used the general property Z(—k) = Z*(k). Here, we
have also reintroduced the scaled cooling times N'and N <
first discussed in the previous section.

At this point, we find it useful to clarify a subtlety that
could be potentially confusing. Since our aim is to describe
the dynamics of the cooling process, the average hadron
beam distribution function F), apart from 5 and J, also
depends on the time 7. As a result, beam properties that are
expressible as moments of F, (like the energy spread and
emittance) are also functions of . However, the reader will
note that we have suppressed this time dependence in the
derivation of the RHS of the kinetic equation [Egs. (34) and
(41)]. This has been done for reasons of notation simpli-
fication but it should be borne in mind that these equations
are, in fact, valid for all 7. Of course, the temporal evolution
described by them is slow in the sense that its characteristic
timescale is much larger than the revolution period T

For the limiting case of small dispersion and chicane
strength, we have seen that the cooling effect follows a
simple exponential decay law [expressed by Eq. (38) if the
diffusion terms are neglected]. For this example, the scaled
cooling times N¢, N¢ are constant. For the more general
evolution laws given by Eq. (43)—(44), the decay pattern of
the beam properties is not exactly exponential and cannot
be determined analytically. Moreover, the cooling times
(being related to the logarithmic derivatives of the energy

spread and emittance) are now functions of time. In this
case, we are typically more concerned with the values of the
cooling times at ¢ = 0. This allows us to use the initial value
of the distribution function F, in the RHS of Egs. (43) and
(44), which is quite useful since the function F(5,J,t=0)
can be expressed analytically. Apart from facilitating our
further analysis, this approximation has some practical
applications as well. For some scenarios, the cooling is only
meant to counteract effects such as intrabeam scattering
(IBS), which would tend to reduce the brightness of the
hadron beam in a collider. In such a case, we are primarily
interested in matching the initial cooling times to their IBS
counterparts. Having such a setup in mind, in the following
section, we seek to derive expressions for the initial cooling
times for the purpose of optimizing them with respect to the
lattice and beam parameters.

VI. OPTIMIZATION OF THE COOLING RATES

To start with, we introduce some simplifications regard-
ing the MBEC configuration under consideration. In
particular, we assume that #; = 3, = By, Dy = D, = D,
ay=ay =0 and D| =D, =0. In this case we have
Ry3=Rys=cosp, Ry = Posinp, Ryz = —sinpu/Po, Ryg =
—(1 +cosu)Dy, and Rus = DO sinu/fy. Moreover, S =
Djsinu/py and R? = 8D} sin?(u/2)/p,. For the initial
hadron distribution function, we select

1 > J)
=————exp|(—=5|exp(—=],
(27)*%6€ P 207 P\7e

(45)

Fh:Fh(i’],J,t:O)

where € is the transverse (vertical) emittance and o}, is the
energy spread. The fact that # and D have the same values
at the modulator and the kicker ensures that the vertical size
%, of the hadron beam is the same at these two locations.
The latter quantity is expressed by X, = (22 + Doah)‘/ 2
where ¥, = \/efj, is the vertical size in the absence of
dispersion. We also assume that the same is true of the
horizontal beam size X, =%, which does not have a
dispersive contribution. Thus, in our model, the hadron
beam has a common (in general, elliptical) cross section in
the two cooling modules where it interacts with the electron
beam. The size aspect ratio of the hadron beam is
r=3%,/X= + D07 /%2, where ry=X,/T is the
aspect ratio for zero dispersion. To further simplify our
treatment, we also assume that the cooler electron beam has
an elliptical cross section that perfectly overlaps with that
of the hadron beam at the modulator and the kicker.
Next, we introduce the following scaled quantities:

~ ] A

k=kZ/y, q, = Ré?rw/ﬁ, qs A: Sony/Z, Qo = qn — 4.
q, =yR\/€/Z, 1 =n/oy,, and J = J/e. In terms of this
scaling, the relations for the cooling times become
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1 deryc © s oo [ ze* (12
T ReA de(k)/_mdnA dJ FZ:—§<D<§J>. (50)
X AF (M0 (q,k V/T) 1) (46)

The function ®(Z, ) is studied extensively in Appendix C,

where a fitting formula for it is given. In Fig. 2 we plot this

and function for several values of the beam aspect ratio r. Also

included is a companion plot of the function H (k, r). We

i _ der the / 00 iz ( IAc) / 0 i / 0 4 note that, gompared to our 'earlier calculgtion of Z in

N¢ z 0 e 0 Ref. [5], switching to an elliptical cross section for the two

beams only affects the interaction function ®, leaving the
other details of our derivation unchanged.

Combining Eq. (48) with Egs. (46) and (47), we obtain

i85 F N0 (g h VT ek, (47)
q

The analytical expression for the impedance Z when no
plasma amplification stage is present between the modu- 1/N! =
lator and the kicker is given by

4IeLmLkrh
P3ry’lo,0, "
4'IeLmLkrh I

1/Nf = ———
/NG S3ryilo,0, ¢

(51)

4il,L, L,

Z(k) =
() 2yl 40,

qelAc exp(—l%zqg/Z)Hz(iﬁ r), (48)

where I, is the electron beam current, I, = ec/r, ~ 17 kKA o . . )
is the Alfven current (r, = e?/m,c? is the classical electron I, = q.Re / dk kexp(—k*q2/2)H? (k. r)R, (k),

radius), L,,, L, are the lengths of the modulator and kicker 0

sections (respectively), o, is the rms energy spread of the  j — 4 Re / di kexp(—k*q2/2)H* (k, )R, (k). (52)
electron beam and ¢, = Rg?o-ey/ % is the scaled electron 0
chicane strength. Moreover, the function H is given by

H(k,r) =1 / d2D(3, r)e e = / d20(2, r)sin(k2),  R,(k)=4rioye / " dni / mdeh(l—ei%@oﬁJO(q,zéx/f))
- - 0

oo 0 ©

(49) (53)

where ®(2, r) is the space charge interaction function. The ~ and

physical interpretation of @ can be stated as follows: to

describe the space charge interaction between the hadron Re(/}) = 4ﬂgh€ﬁ ® dan / a dJF, JeikOoi Ji (Qr/} \/5)
and electron beams, we subdivide each of them into slices qrJ - 0

with charge Ze and —e (respectively) and a common (54)
elliptical cross section with transverse rms sizes X, = X

and X,. The force between two slices separated by a  Substituting the initial beam distribution of Eq. (45), which

distance z is then given by can be written as
1 ; 3 0.5 ;
—17r =0.5 —7r =0.5
—7r=1.0 | —7r = 1.0/ |
0.5 —7r = 1.5/ 0.4 —r =15
= = 03¢
a0 <
Y T 0.2
-0.5 01l
-1 N H N 1 0 n n n s
-5 0 5 0 2 4 6 8 10
2=~z/% k=kEX/y

FIG. 2. Left panel: Plot of the interaction function @(Z, r) in terms of Z, for three different values of the aspect ratio r. Right panel: Plot
of the function H(k, r) in terms of &, for the same values of r.
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1 e R
F,=———— -4 -

into Egs. (53) and (54), we find that

. A ]’%2"2 ]}2 2
R,(k) = 20pkexp [ - % _Ka (56)
2 4
and
. . ]}2"2 ]}2 2
R = afe (S -5E). (s

As a consequence, the integrals /, and /. become

117 = 2(‘1h - qs)‘]e /0 dl%l%z exp[_l}%z(qg + (Qh - CIS)Z)/2

~ g /4H? (k. r) (58)
and
I = qsqe/ dkk* exp[—k* (g2 + (g1 — q5)%)/2 — K¢} /4]
0
x H2(k,r), (59)

where we recall that QO = q;, — q,. From the above results,
we can readily deduce a simple relationship between the
cooling times for the energy spread and the transverse
emittance, namely

N§_2Qo:2%—qs

NI g, qs

(60)

This result for the ratio of the cooling times is identical to
the one derived (in a different context) at the end of Sec. I'V.
From an inspection of Egs. (58) and (59), we obtain
some important preliminary insight regarding the influence
of dispersion on the cooling effect. To begin with, for zero
dispersion (Dy =0) R> =S =0 so ¢q, = g, = 0. In this
case, I, = 0 and there is no emittance variation (cooling or
heating). Moreover, the expression for the longitudinal
cooling rate [Eq. (58)] reduces to the one obtained in our
earlier 1D analysis—in Ref. [5]. For nonzero dispersion
one can have cooling of both the energy spread and the
transverse emittance, provided that g;, > ¢,. An interesting
situation occurs when the dispersion and the hadron
chicane strength are such that g, = ¢, (or QO =0), in
which case the longitudinal rate becomes zero (1, = 0). For
qn < q,, one still has emittance cooling but now this is
accompanied by heating in terms of the energy spread.
Even though the expressions for the cooling integrals are
more complicated than their 1D counterparts, they still
allow us to optimize the parameters of a relatively simple
MBEC configuration. To demonstrate this, let us consider a

scenario in which all parameters are fixed except D, u,
Rg?, and Rge). Moreover, we choose to confine our
attention to the case of zero cooling for the energy spread.
As we have seen, this simplification removes one d.o.f.
since Rg}é) is always chosen so that g, = ¢,. Our objective
is to maximize the emittance cooling rate 1/N¢, which is
equivalent to optimizing /.. After some manipulation,

Eq. (59) can be rewritten as

I. = g\ uv® — u*/(47?) /w dkk>H? (IAc, roV 1+ 1)2)
0
=
xexp[—(q%—i—u)i]. (61)

Here, we have expressed the beam aspect ratio r as r =

roV'1 +v%, where v = 6,D,/Z, and we have also intro-
duced the variables u = ¢2/2 and Y = ye/(Z0,). The main
advantage of this rearrangement is that the effect of
dispersion is now contained in only two parameters
(u and v). Expressed in this form, /, can be maximized
using a typical unconstrained optimization software pack-
age. For a numerical illustration, we have considered a
parameter set that is representative of the proposed eRHIC
electron-ion collider (see Table I). Assuming f, = f, =
Po~50m, we have X =./¢,,~680um and X, =
\€,Py = \/€fy ~ 250 um. Thus the aspect ratio without
dispersion is rq = Xy/X = 0.37 while T = ye/(Z0),) =
1.24. For these parameters the optimum value of [, is
0.103, obtained for u = 0.229, v = 1.581, and g, = 0.482
(we also have g, = 0.75). In terms of the original (dimen-
sional) quantities, this optimum point yields a dispersion
Dy = po(Yv)/(yro) ~0.87 m and a phase advance u =
2sin~!(y/u/(2Yv)) ~ 0.24. The hadron/electron chicane
strengths are Rg? = q,%/(yo;,) = 3.8 mm and Rge) =
q.2/(yo,) = 1.1 cm.

In order to verify that the above-mentioned parameters
correspond to an optimum solution, we scan the dispersion
while keeping all other quantities fixed and plot the cooling

TABLE 1. Parameters of the eRHIC collider with a hypothetical
MBEC cooling section.

Proton energy ym,c> [GeV] 275
Proton relative energy spread, o, 4.6 x 107
Electron energy ym,c? [MeV] 150
Electron relative energy spread, o, 1x107*
Relativistic factor, y 293
Electron beam current, 7, [A] 30
Electron bunch charge, Q, [nC] 1
Proton rms bunch length, agh) [cm] 5
Revolution period T [s] 1.2 x 1073
Horizontal/vertical proton emittance ¢, /e, [nm] 92/1.3
Modulator and kicker lengths L,,, L; [m] 50
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times as a function of D,. From Eq. (51), we recall that the
scaled cooling times are given by 1/N{ = Apl, and
1/N¢ = Agl,., where the dimensionless prefactor A, is
given by

41 L, Lir),

Ay = .
0 Sryilse,0,

(62)

Here, the peak electron beam current /, has been replaced

by an effective value of I ~cQ,/(v2710") ~ 2.4 A.
This is necessary in order to account for the finite
longitudinal size of both beams, which are assumed to
have Gaussian current profiles (more details can be found
in Ref. [6]). The results of the dispersion scan are given in
Fig. 3. A minimum of the transverse cooling time is indeed
observed at Dy = Dy, = 0.87 m, the minimum value
being ~18 h. As we ramp up the dispersion, we observe
a transition from a state of zero transverse cooling (for
Dy =0) to a state of zero longitudinal cooling (for
Dy = D), followed by heating of the energy spread
and suboptimal cooling of the emittance. We also note
that the case with Dy = 0 corresponds to optimum longi-
tudinal cooling (with a timescale ~7.7 h). Finally, for

Dy ~ 082D ~ 0.72 m, we have 1~ 19 %22 h

VII. COMPARISON WITH SIMULATION

In order to benchmark our analytical theory, we have
carried out simulations of MBEC that take into account the
transverse motion of the hadrons. In these simulations,
electrons and hadrons are represented by macroparticles
(slices) that interact with the force given by Eq. (50).
Initially, NV, electron macroparticles are randomly distrib-

uted in the interval 0 < z < Az with the energy n5e> of the
ith electron randomly assigned from a Gaussian distribu-
tion with an rms width o, . Periodic boundary conditions are
imposed at the boundaries of the interval [0, Az]. As far as

the hadron coordinates are concerned, the energy 7",

T L—
1 ——longitudinal
60 - E ——transverse
1
—_ 1
n 1
=) 1
3 407 '
S |
= !
201 :
1
-------- o - - - ————-
1
1 1 1
00 0.5 1 1.5 2
DO/Dopt

FIG. 3. Transverse and longitudinal cooling times as a function
of dispersion.

vertical slope P = dy/ds and betatron position y are all
drawn from Gaussian distributions with widths ¢;, Xy =

\e/By and Ty = \/ef, (respectively). In the presence of
dispersion the hadron vertical position is y = Dyn'") + 7.
Such a hadron macroparticle is placed at a random location
within the interval and the energy of each electron i is
changed by Ange) = f..L/ym.c? where f_; is the force
exerted by the hadron on electron i. On the next step,
corresponding to the passage of the hadrons from the
modulator to the kicker, the hadron coordinate vector
(z,n(h),y,P)T is transformed according to the transport
matrix R,, which is given by Eq. (14). On the other hand,

the electrons pass through the chicane Rgeﬁ) where they are

shifted longitudinally by Rg? (') + An'*)). Finally, in the

kicker itself, the hadron energy is changed from ;®) to
7" 4+ A" with A" = SN £ Ly /ymyc?, where now
f.i denotes the force acting on the hadron from ith
electron. Because of the dispersion D, this energy kick
also results in a variation of the action variable J. After the
kick, the action change is calculated with the help of
Eq. (1), AJ = Jgpa — Jinie- This procedure is repeated M
times and the longitudinal cooling rate is estimated as an
average over M runs of the difference () + Ap")? — 572,
An entirely analogous procedure for AJ yields the trans-
verse cooling rate.

By a proper scaling of the dimensional variables of
the simulation problem, one can show that it is determined
by several dimensionless parameters. The first one,
v = nyX/y, is equal to the number of electrons within a
length X/y, a quantity that is proportional to the electron
beam current /,. Two more parameters, A; and A,,
characterize the interaction strength in the modulator and
the kicker normalized by the electron and hadron energy
spread, respectively,

ruLy

_Zr.L, B
N Zy>’o;,

-y,

1 2 (63)

Furthermore, apart from the dimensionless chicane
strengths of ¢, and ¢, consideration of the transverse
motion introduces some additional scaled parameters into
the simulation setup. Almost all of these, namely the phase
advance p, the zero-dispersion aspect ratio r, of the hadron
beam and v = 6,D(/%,, have already been mentioned in
the previous sections (the only new addition being the
variable v; = yD/f,). Calculating the numerical values of
v, A| and A, for the eRHIC parameters in Table I, we find
v=15x10% A;=7.8x107"% A,=93x10"19 (64)

Simulations with these values are computationally chal-
lenging due to the large number of required macroparticles
and small values of the interaction strengths. To avoid this
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FIG. 4. Simulated vs theoretical cooling times.

problem we used larger values for A; and A, and smaller
values for v, in particular

v=5x10%, A =2x1072, A,=5x107. (65)
For the other scaled parameters, we use the dispersion and
phase advance values obtained from the optimization study
of the previous section. These yield u = 0.24, roy = 0.37,

v = 1.58 and v; = 5.25. As far as the chicane strengths are
concerned, we scan ¢, around its optimum value of 0.482
for a fixed g, = 1.25¢g, = 0.94. The results of this scan are
shown in Fig. 4, where we plot the scaled cooling times as a
function of g,. Good agreement is observed between theory
and simulation for both the transverse and the longitudinal
cooling time. A deviation of a few percent can probably be
attributed to diffusion effects, which can also be tracked
analytically. Of course, our simulations have a limited
scope in the sense that they do not represent the output of a
fully 3D algorithm. Some preliminary work regarding a 3D
MBEC simulation (and theory) is presented in Ref. [8].

VIII. ADDITION OF PLASMA
AMPLIFICATION STAGES

The analysis carried out so far refers to an MBEC
configuration with no plasma amplification stages. Each of
the latter typically consists of a long drift section (the length
being comparable to the plasma oscillation wavelength of
the electron beam) followed by a chicane. Including any
number of such stages after the first electron chicane would
only change the expression for the impedance, which
would be modified according to Z(k)— Z(k)G(k).

(h)
Rse

Here, G(k) is a gain factor that depends on the various
parameters of the plasma stages (drift lengths, added
chicane strengths, local electron beam size etc).
Analytical expressions for G are available in [6] for some
simple cascade configurations. Incorporating this new
space charge impedance in our formalism is a straightfor-
ward exercise; it merely adds a multiplicative factor « G to
the integrand of /, and /., while also boosting the value of
the prefactor A, by a corresponding constant. Specifically,
for a cascade of two plasma stages (as shown in Fig. 5), the
transverse cooling integral becomes

I/e = {4sqe,1 /0 dl%l%z exp{—lAcz [43,1

+(qn — q,))/2 - Kq2/4}
S Hz(i" )9 (/A‘)gz(if)v (66)

with
. kH (r, k) A
01(k) = \[= a0 exp(-Kq2,/2)
P
Q,L, [2kH,(r,k
xsin(rp pd 17 )> (67)
C }"p
and
. kH | (r, k) R
9(k) = \/r7%3 exp(—k*q25/2)
p
Q,L, [2kH,(r,k
X sin (rp pd 1 )>, (68)
C Vp

being the contributions of the individual plasma stages.
Moreover, H,(k)=H(k.r = 1), Gej = R56 aey/Z (for
j =1, 2, 3) are the scaled electron chicane strengths, L,
is the common length of the two drift sections and Q, =
(¢/r,Z)(1,/7v*14)'/? is the plasma oscillation frequency.
Here, r,X = X, represents the local electron beam size at
the plasma stages, the beam being assumed round at these
two locations. The emittance cooling time is now given by
1/N¢ = ApI., where the new prefactor is expressed by

8(ISM)2L,,Lyry

Al = .
O Brytlielo),

(69)

FIG. 5.

Amplification stage 1 Amplification stage 2

An MBEC configuration with two plasma amplification stages.
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Here, Iz =2""41,1/6\" /o™ is the effective electron

beam current for the case of two plasma stages and age) =

cQ,/(\/2zl,) is the electron rms bunch length. The cool-
ing time for the energy spread can still be expressed
by Eq. (60).

Using these updated expressions a lattice parameter
optimization is possible, in a manner entirely analogous
to the case with no plasma stages. For the eRHIC parameter
set of Table I, we assume that the e-beam at the plasma
stages can be squeezed to a size r,X ~ 135 ym (so that
r, =0.2). The optimum cooling time [~(A{I.)~'] is
now about 4 min. As far as the optimized machine
parameters are concerned, we have Dy~1.3m, y =~ 0.37,

RYW =125cm, RYY=RYY —REY —25cm. The
necessary drift length is L,~Xy*?\/I,/I,~81 m. Thus
we see that, by adding amplification stages, the cooling
time can be greatly reduced, though diffusion effects and
nonlinear behavior in the plasma modules may also become

more important than before [6].

IX. SUMMARY

In this paper, we have developed a theoretical formalism
that describes the influence of transverse beam dynamics
on the mechanism of microbunched electron cooling
(MBEC). Extending our earlier one-dimensional (1D)
treatment, we modify our kinetic theory-based approach
in order to include the transverse (betatron) motion of the
hadron beam. The latter is treated in a systematic and
rigorous fashion that explicitly takes into account the
interplay between the transverse and longitudinal d.o.f.
This allows us to quantify the effect of the various hadron
lattice functions on the cooling of the energy spread. More
importantly, it also enables us to demonstrate how some
of these parameters—in particular, the dispersion—are
responsible for the cooling of the transverse emittance.
The crucial role of dispersion in generating emittance
cooling has also been emphasized in the context of optical
stochastic cooling [9]. To ensure that our analysis does not
become prohibitively cumbersome, we only consider the
vertical component of the hadron betatron motion and keep
the other aspects of our derivation in a purely 1D frame-
work. In particular, the space charge interaction is
described in terms of a 1D Gaussian slice model while
the transverse motion of the cooler electron beam is
completely neglected. These assumptions do impose some
restrictions on the applicability of our model; in particular,
we cannot use it for a fully rigorous study of how the
various details of a realistic beamline would affect MBEC.
However, our work does result in relatively simple ana-
lytical formulas for the transverse and longitudinal cooling
times, which are subsequently verified through comparison
with simulation. We have used these expressions in an

optimization study of a conceptual MBEC configuration
for the eRHIC collider. The basic conclusion is that, by a
proper choice of the hadron lattice properties (i.e.,
dispersion, phase advance etc), one can obtain a similar
degree of cooling for both the emittance and the energy
spread. The resulting requirements for the lattice are not
excessive (the necessary dispersion value being about 1 m,
the chicane strength ~1 cm) but the obtained cooling times
are rather high (~20 h). This can be improved through the
use of plasma amplification stages, which aim to enhance
the bunching of the electron beam and reduce the cooling
times to levels that allow us to counteract effects such as
intrabeam scattering (~1 h or lower). Our analysis can
easily incorporate this important feature, and parameter
optimization is still feasible in this case. The addition of
two plasma stages, each with a length ~80 m, appears to be
sufficient for our purposes. Overall, this work effectively
complements Refs. [5,6] by showing that MBEC can
provide transverse, as well as longitudinal, cooling for a
hadron beam. We expect that the methods outlined in this
paper will be a useful addition to the toolbox required for
future studies of MBEC.
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APPENDIX A: KINETIC EQUATION IN THE
LIMIT OF SMALL DISPERSION AND HADRO
CHICANE STRENGTH

The first four terms of Eq. (33) (i.e., those up to the
second line of the said equation) are responsible for the
diffusion effects. In order to calculate the averages involved
in them, we use Egs. (24) and (26) in conjunction with
Egs. (12) and (28). Moreover, we have the following
complication: since the cooling is a slow process that takes
place over many revolutions around the ring, a particular
hadron each time arrives at the cooler with approximately
the same values of J and 7, but different betatron phases ¢.
Thus, apart from ensemble averaging, we also need to
average Af over the betatron angle ¢. We denote the
averaging over the phase ¢ by the symbols <...>>.
It is straightforward to show that <1(Ay"WAJ"D)> =0
and

<((ATEN) > = —2J(AT"2))

((An™)?)

=

(D3 + (B.D5 + ayD,)?],
(A1)

in view of which the diffusion terms add up to
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((Ar™)?)

1
5”0h<(A”I N2)0,,F ), +nop, 2%

X D3+ (B, D5 + 3D, (0, Fy +J 0y Fy).  (A2)
The average of (An")? is, in turn, given by
(g = (1€’ / " dkdk Z(k)Z(K')

1 27/ Jew
x eiketik'z <5ﬁ1(<[’w)5ﬁl<cM>>
no, ( € 2 o P

=—(— dk|Z(k)|-. A3

o ()" [ aujz e (A3)

Combining the above, the diffusion terms can be written in
a compact fashion as:

2 2 [
"on <E> / dk|Z(k)|2
4r \ v —oo

O*F n D3 + (ByD) + ayDy)* O J%

(A4)

The next three terms [in the third line of Eq. (33)] are due
to the self-interaction of particles. In fact, we can show that
only the first of these is nonzero. To demonstrate this, we
start from Eq. (13), which can be restated as

(@S (2,0, 0. — ) = noyFy(n. J)e™ . (AS)
As a direct result of the above relation, we have
(6,8 = 1, Fre ™,
<5ﬁ](€M)815f(M)> = I’thaije ikz
(620,51} = 0,
(a0, 5 M)y = —ikny, F e~ (A6)

Combining the first of these results with Eq. (28), we obtain

—(AnMa, M) = ;f; /_ " ak 2 (k) (52 0,5 M) it

ryc o
2] yi’tha Fh /;oo de(k)

= — 0, L w(0)9, ). (A7)

Here, we have introduced the value of the wake function
w(z) at the origin z = 0. The wake is given in terms of the
impedance Z(k) by

(A8)

W) = o / " dkZ(k)elt,

The fact that w(z) is a real quantity requires that Z(—k) =
Z*(k) (see Ref. [5]). The term given by Eq. (A7) does not
have an impact in the cooling process and is typically
ignored in the analysis even if w(0) is nonzero. For the
second of the self-interaction terms, Eq. (A6)—along with
Egs. (26) and (28)—gives

— <Aj(h~,1)aj5f(M)>

rpe  [2J
_) —_—
2my ﬂz

x / " akz(k) (5,500t = 0,

<((B2D5 + ayD,) sinp — D, cos ) >

(A9)

as a result of the ¢-averaging. An entirely analogous
reasoning shows that the final term is zero, i.e.,

(ApMPu5fM)y =0 (A10)

Next, we move on to the remaining four terms of
Eq. (33), which contain the cooling effect. For these we
need a corollary of Eq. (A5), namely

(8 *M)amafww
<5 ny, zJ5f >:—ik”0haJFh€_ikz,
("0, 481

= —iknOhathe_ikZ,

(Al1)

To begin with, we calculate the term proportional to
(AnWo,, 5. We have

- Q <A’7(h) azr/(sf(]m >

- Q1 / " k2 (k). (5aM 50
27y J-oo
lrh

- 2y

= —W/(O) n 10y Qo9 F

1o, Qo0 Fh/ dkk Z(k)

(A12)

where we have used Eq. (A8) to show that i [%_ dkkZ(k) =
—27w'(0)/c and Eq. (21) to obtain <<Qr> = —Qgn. The next
(action-related) term is
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— 0(AJ"V9, ;™)

0 e ZJ/ i
N dkZ(k)e*d._, (7™M s
271_}/ /)72 ZJ< nk f >
0 ””c 1/ aJFh / dkkZ (k)

= QJ?h”OhW/( )\/;aJFhv (A13)
where
0, = <Q((B,D} + ayDy) sinp — D, cos ) >

= (VI/2)[Qp(B2D} + ayD5) — Q4 D]

= (V2827 /2)(R36D5 — Rys D). (A14)

In the last step we have made use of Eq. (22). Combining the
above, we find

— Q(AT"D0 5

— (R36D) — Ry D5) %nOhwl(O)JaJFh- (A15)

The phase-related cooling term is zero since

_Q<A¢(h)az{/)5f(M)>o(/‘X’dkz(k)eikzaz{/)<5ﬁl((M)5f(M)>:
(A16)

Lastly, we turn to the last term in Eq. (33), which is given by

RY (a5 M)

(h) rhc
56 277.']/

=R ;hinthFh / " dkkZ(k) = —R) % -

=R de(k)aZ@fz,ﬁM)af(M))eikz

(A17)

Combining all of the terms derived above with Egs. (32) and
(33), we obtain the relation

OF, PF, B < th>
—t=p
aJ

o~ Prap TP \Uar
811

OF,,
a7 +(S- Rsa)’?a— RgG)Fh

+ w’(O) 7y { SJ—
(A18)

where the diffusion coefficients D, and D, are defined in

Eq. (35). After some minor rearrangement of terms, we arrive
at Eq. (34).

APPENDIX B: KINETIC
EQUATION—GENERAL CASE

By revisiting Eq. (27), we see that, in general, the
cooling and self-interaction terms are contained in the sum

(0.8fM (2 = Qon + 0.1, J, § — )R AnM)
—(0,8fM)(z = Qo + Q. 0. T, — ) An™)
- <635f(M)(Z - QOVI + Q’ n, ]’ ¢ - /’t)Aj(hl)>

— (040 M (2= Qo + Q.0 J.p —u)Ap™),  (BI)

where we have only assumed the smallness of An("),
AT, and A¢p™ but not of Q = Rygy — RagP — Rg?r] =
—Qon + Q. Here, 9, denotes partial differentiation with

respect to the second of the arguments of the function under
question etc. Thus, the first term we need to calculate is

T, =RW (A" .57 (7

_Q0”+Qv’7"]’¢_l’t)>’ (B2)

with the hadron energy variation being expressed by the
familiar expression of Eq. (28). In order to calculate
averages of this kind, we again make use of some relations
that follow directly from Eq. (AS), in this case

(6 0.8 (z — Qon + Q.. J, ¢ — )
= —ikng, F e~ eik(Qun-0)
(6™ 0,50 (z = Qon + Q1. T, b — 1))

Fy e~ ikz pik(Qon—-0)

= Nop— P
(@036 (z = Qo + Q.. p = 1))
= ngy, 88];h e~k gik(Qn=0)
(@ 0,0 (z = Qon + Q.. J.p— ) = 0. (B3)

Thus, we have

h) "'n€

/ de(k)k< ln0h>Fhele0'1€ —ikv/JRsin(¢p+¢)

eznOhFhRgﬁ);Lﬂ; " Ak Z(k)ke* Qo 1y (kRV/T),

—0

(B4)

where R = (Q3 + 0%)"/? and tané = Q,/Qp [so that
Q = VJ(Q4cos ¢+ Qpsing) = v/ JRsin(¢p + £)]. In the

second line of the above result, we have averaged over
the betatron phase ¢ using the Jacobi-Anger identity,
namely

(o]

Z Jn (Z)einﬁ’

n=-—oo

elzsin 0 _

(BS)
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where J,(z) is a Bessel function of the first kind, so that

el = (7). (B6)
Moreover, we can also show that
<cos Peilacosttbsind) s — iy (Z)sinf,  (B7)
and
<sin @eilac0sO+bsinO) s — i (£1)cos @y,  (BS)
where ¢ = (a®> + b*)'/? and 6 = tan"'(a/b). We will use

these properties in a subsequent calculation. Following a
procedure analogous to the one we outlined above, we can
deal with the second term of Eq. (B1), i.e.,

T, = —<A’7(h)325f(M)

(Z_QOW‘FQJI»JJ?_.“»' <B9)

Using the second result in Eq. (B3) (and recalling that
Q = VJRsin(¢ + &)), we obtain

rhc OF,,

2= 5y de(k)keion"JO(kR\/i), (B10)

after the betatron phase averaging. The third term of
Eq. (B1) is algebraically the most involved one. It is
given by

—(ATN 9y fM

Nz=Qon+ Q.. J.p—p))  (Bll)

and the result we obtain for it after phase averaging is

von 201 (kR\/T
Ts :%i Ohf—s de(k)eleoﬂ41(Rf),

(B12)

where we recall that S = RysD, — R3¢D),. To arrive at this,
we have used the previously-mentioned corollaries of the
Jacobi-Anger identity [Eqgs. (B7) and (B8)], the third result
of Eq. (B3) and the definition of AJ"!) contained in
Eq. (26). Finally, the fourth term in the sum of Eq. (B1) is
zero, as we can see by combining the final result of
Eq. (B3) with the fact that A¢") « Ay®) [according to
Eq. (24)]. Combining the results of this derivation with the
previous expressions for the diffusion terms leads to the
following form of the kinetic equation:

OF,  0°F, 0 ( th>

o Prgp TP \Uar

rpc A )
+ 20/ T F /_ . dkZ(k)ikRs e*ConJ o (kRV/T)
ryc th ik
dkZ ko Jo (kRVT) — 1
T | dkzbotenens kv VD) - 1)
ry,c OF, von 201 (KRV/T)
S dkZ(k)e*Qun =127
+27ryTl VI oJ / (ke R
(B13)

where the wake-at-the-origin contribution of Eq. (A7)
has been subtracted. To transform the above result into
Eq. (41) of the main text, we use the Bessel function
identity J, (&) + &J, (&) = EJy(&) in the form of the
property

(\fjl (kRV)) = kJo(kRVT).  (B14)

Rd]

APPENDIX C: 1D SPACE CHARGE FORCE
FOR BEAMS WITH AN ELLIPTICAL
CROSS SECTION

For our analysis, the effect of space charge—encompassing
both the electromagnetic interaction between the hadron and
electron beams in the modulator/kicker sections and the self-
interaction in a possible plasma amplification module—is of
crucial importance. In our simplified model, space charge is
described in a one-dimensional framework by subdividing
each beam longitudinally into a collection of infinitely thin
segments (slices), which are characterized by a common
charge and a prescribed transverse profile for the charge
density. A similar approach was followed in [10], assuming
an axially symmetric, Gaussian profile. Since the beams we
are dealing with ar
instead choose a Gaussian profile with an elliptical cross
section. In the rest frame of the beam (or in the rest frame
of two beams copropagating with the same velocity), the
interaction between two slices is essentially an electrostatics
problem. Thus, we start our analysis by considering the force
between two slices with charges Q and Qy—belonging, in
general, to different beams—that remain at rest, separated by
a longitudinal distance z. We note that, in this Appendix, the
symbols Q and Qy are unrelated to the quantities introduced
in Eq. (21). The surface charge densities for the two slices
are given by

Qo X5 Y6
. e~ -2 (a
2755y T\ 25%,) P\ T 25y (1)

o . LA y?
= xp [ — xp [ —== |,
2rz,x, P\ T 2x2) P\ T ox

po(x,y) =

p(x,y)
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where (xg,yy) and (x,y) denote the transverse positions
for the two slices while X,,%, and X,, X, are the
corresponding rms beam sizes. The two charge
density functions satisfy [ dx [® dyp(x,y) = Q and
J=. dxg [, dyopo(xo, yo) = Q- The longitudinal electric
field at point (x,y, z) due to the charge Q, is

E_av

~Efronf
—/_oodxo/_wdyo[(x_

where V is the electrostatic potential. As a result, the
longitudinal force between the two slices is given by

Fz:/ dx/ dyp(x,y)E(x,y.2)
= / dx/ dYPx)’/ dxo/ dyopo (%o, ¥o)

Po(X0,Y0)

[(x=x0)%+ (y—y0)> +22]/
zpo(X0,¥0)

x0)2+(y—yo)* + 272

(C3)

[(x = x0)* + (v = yo)* + 2272, (C4)
To facilitate further analysis, we use the identity
14 / " dA22 exp(—22R2) (C5)
Ry Vo ’

with Ry = [(x = x0)> + (y — ¥0)? + 2%]"/? in order to trans-
form Eq. (C4) into

.1

v dir? exp(—ﬂzzz)/ dx/_oo dyp(x,y)

/ dxg / d)’OPO X0, yo

x exp(=A*[(x = x0)* + (y = y0)*]). (Co)
Substituting Egs. (C1) and (C2) into Eq. (C6) yields an
expression for the force after some straightforward Gaussian
integration. The end result is

4 oo
F, = 200 /0 iz

NG
2.2
y exp(—42z?) ()
VI+ 22221 + rg)\/l +22252(1 + 72)

where r, = Z,y/Z, and ry, = X/, For simplification, in
what follows, we will assume full overlap between the two
slices, so X, =%, X, =% and r,=r,= 1. This
assumption is also adopted in the main text. The new
expression for the force can be written as

00,

F, = s

(C8)

Z
e
(ZX )

where r = X /%, is the aspect ratio of the slices and the
scaled interaction function @ is given by

N © .. _"2,\2
4 [ e oeAE)
vz Jo V14421 + 47272

To obtain the force in the laboratory frame, it is only
necessary to set z — yz, where y is the relativistic factor
of the beam. This is so because a Lorentz transformation in
the z-direction (the direction of the beam velocity) does
not alter F, or the transverse sizes of the two slices.
It does, however, result in a length contraction given by

D(z,r) = (C9)

AlUa) — Aj(beam) /1, Thys the longitudinal force in the lab
frame is
000 - (12
F, = > o5 (C10)

Setting Q = Ze and Qg =
main text.

The interaction function @, as defined by Eq. (C9), is
antisymmetric with respect to Z (see left panel of Fig. 2), so
that

—e, we recover Eq. (50) of the

D(-2,r)=-D(2,r) (C11)

As a direct result of this we have ®(Z=0,r)=0.
Moreover, @ satisfies the relation

Oz, 1/r) = r?®(rz, r). (C12)

The latter property can also be deduced from Eq. (C10) in the
following way: selecting which of the transverse dimensions
to label x and which y is, in fact, arbitrary and should not
affect the actual value of the force between the two slices.
As a result, the RHS of Eq. (C10) should remain invariant
under the transformation X, - X, and X, - Z,, so
that ®(yz/Z,.2,/Z,)/27 = ®(yz/%,. Z,/%,)/Z;. Setting
yz/Z; — zand X, /X, — 7, we can see that this is essentially
identical to the relation we seek to prove. In the limit Z — oo,
®(2,7) = 1/5% so the force is F, = QQy/(y*z*). This
corresponds to the case where the slices are so far apart that
they can be treated as point charges. On the other hand, when
2~ 0", we have ®(2,r) ~ 1/(2r).

From a detailed numerical analysis of Eq. (C9), we can
also obtain a very useful fitting formula for the interaction
function @, namely

1 + exp(—a(r)2)
24+ ¢(r)z + b(r)z*’

(2, 7)

~ b(r) (C13)

where
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a(r) = 1.628r705%,
b(r) = 0.499r709%,

&(r) = 0.0919/r17% 1 0058371297, (Cl4)

This formula is meant to be used for z > 0 (and has been
verified for 0.25 < r < 2.5). For Z < 0, we can reconstruct
the function ® by means of Eq. (C11). Furthermore, we can
readily verify that Eq. (C13) reproduces the expected
behavior of @ for 2 — 0" and Z — oo. It also—to a good
approximation—satisfies Eq. (C12).

Lastly, we note that, for the case of slices with a circular
cross section (r = 1), Eq. (C9) reduces to

2 d [ ,exp(—A’3?) 2 dI

Oz, r=1)=—-—— dA———=———.

Gr= \/z‘rdz/) 1+ 47 Vv dz
(C15)

The integral 7 can be shown to be equal to (7/4) exp(32/4)x
erfc(|2]/2), where erfe(x) = (2/y/x) [ dtexp(—1?) is the
complementary error function. Substituting this result back
into Eq. (C15), we obtain

L @exp(22/4)erfc(|2|/2),

Oz, r=1) =
Gr=D =

(C16)

which is the analytical expression that we used in our
earlier, one-dimensional treatment of MBEC (Refs. [5,6]).
Furthermore, the same relation has been discussed in [11].
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