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Radiation from a charged particle bunch in a circular waveguide
having areas with corrugated and smooth walls
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We analyze the wave field of a charged particle bunch moving in a circular waveguide consisting of two
parts: the first one has a corrugated wall and the other one has a smooth wall. It is assumed that the period
and the depth of the corrugation are much less than the waveguide radius and wavelengths under
consideration. The influence of corrugation on the electromagnetic field is analyzed using the method of
equivalent boundary conditions (EBC). The cases of the bunch moving in both directions inside of such a
waveguide are considered. We obtain analytical expressions for the main part of the field having discrete
spectrum. Figures of a typical mode distribution of radiation are presented. We also perform numerical
simulations in software package CST Particle Studio. Comparison of analytical and numerical results

confirms the validity of the EBC method.
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I. INTRODUCTION

Periodic waveguide structures have achieved widespread
use in many areas of physics and technology. Currently,
essential attention has been paid to the use of corrugated
waveguides as sources of terahertz radiation [1-5]. The
main attention has been focused on the study of Smith-
Purcell radiation when the wavelengths are comparable to
the structure period (e.g., [6]). However, it is also interest-
ing to study long wave radiation with wavelengths which
are much greater than the structure period [1,4,5,7,8]. The
generation of radiation in the terahertz frequency range via
ultrarelativistic electron bunch moving through a cylindri-
cal periodic structure with small corrugations is described
in [1,4]. The charge moving with arbitrary velocity is
considered in the paper [7]. Note, as well, that methods of
powerful nanosecond pulses generation in the millimeter
wavelength range using oversized corrugated waveguides
are currently studied [9,10]. The other field for application
of periodic structures is connected with new nondestructive
methods of bunches diagnostic. The bunch energy meas-
uring by means of circular waveguide having walls with
small rectangular cells is described in the paper [11].
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This paper is devoted to the investigation of radiation
produced by charged particle bunch intersecting the boun-
dary between the corrugated waveguide area (corrugations
have rectangular forms) and the area with smooth wall.
Although problems with small rectangular corrugated
waveguides have been considered earlier (e.g., [1,7,12]),
the presence of a boundary between different waveguide
areas was not taken into account.

The work has the following structure. The first part is
devoted to formulation of eigenmodes of the periodical
corrugated circular waveguide with respect to the condition
that corrugation period and depth are small in comparison
with waveguide radius and wavelength. These restrictions
allow using the equivalent boundary conditions (EBC) [13]
instead of setting the boundary conditions on the compli-
cated corrugated surface. Further the analytical investiga-
tion of the wave field of the bunch is performed. The work
is focused on the analysis of the so called free field which
describes the influence of the boundary between corrugated
and smooth areas. We also perform the direct numerical
simulations in CST Particle Studio that allows testing the
correctness of EBC usage.

It should be noted that there is another approach to finely
corrugated structures which is equivalent to the method of
EBC. It consists in replacing a corrugated structure with the
conductive smooth surface covered with some thin material
layer [14,15]. This idea was developed and corresponding
surface impedance was calculated in work [12] where
the corrugated waveguide is replaced with some smooth
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waveguide with a dielectric-magnetic layer. In order to
demonstrate the two approaches equivalence, one can
obtain, for example, the frequency of the mode excited
by the relativistic bunch moving in the infinite corrugated
waveguide in two ways. The calculation shows that for the
structure considered in [12] (waveguide radius is equal
to 3 mm, corrugation period—1 mm, corrugation depth—
0.45 mm, corrugation width—0.75 mm) the frequency
given in [12] differs from the frequency calculated with the
use of EBC by 0.4% only. This small difference is easily
explained by the rounded value of the equivalent dielectric
constant given in [12]. Note that the results presented in the
book [13] were obtained by Vainshtein and Sivov much
earlier than all other analogues results in the area of finely
corrugated surfaces electrodynamics.

II. CORRUGATED WAVEGUIDE PROPER WAVES

Before investigating the charge field, it is advisable to
describe eigenmodes properties of a periodic perfectly
conducting cylindrical waveguide with small corrugations
(Fig. 1). We suppose that the following conditions are
satisfied:

d<a, d; < a, d <, dy <2, (1)
where a means the waveguide radius, d and d; are
corrugation period and depth respectively, 4 is a mode
wavelength. Note that the following analysis will be per-

formed for the electromagnetic field Fourier transforms

(Ew ﬁw) In addition, for further purpose we may confine
ourselves with considering the transverse-magnetic (TM)
eigenmodes only.

Inequalities (1) allow using EBC on the waveguide
walls, i.e., impedance smooth surface [13], instead of
consideration of strict boundary condition for corrugated
surface. The EBC for TM-field has the form (hereinafter the
cylindrical coordinate system is used)

EZ(1)|r:u = rlmHl/m)|r:a' (2)

where #™ is the impedance. In the geometry under con-
sideration, it can be presented as [13]

da

FIG. 1. Corrugated waveguide cross section.

o [(drd c*h?
’7’":1;<%—5—2)v (3)

w

where c is the speed of light in a vacuum, # is a longitudinal
wave number of the mode. The parameter 6 is written in
the form

td (/e du
0=d;+—
2n o (U —u) (1 —ou)(VT—tu+1)
d o—1
1 . 4
- 2 n( o ) “
where ¢ and ¢ are determined from the following system of
equations:

t V1 — udu :ﬂﬁ
0 u(l —u)(c—u) d’

UL (5)
¢ Ju(l—u)(oc—u) d’

The magnetic field Fourier transform must satisfy the
equation

&H,, 10 ( 0H,, o 1
o7 +;5(’ or >+<?_ﬁ>H<””_O (6)

and the conditions

Hpoll,—g < o0,

in"w 1\-10H
Hf/’w‘r:a = _< + _> -

c a or

(7)
r=a
The first condition means that the source is absent in the
case of the problem for waveguide mode, and the second
one follows from the EBC (2) and Maxwell equations. An
arbitrary solution of the problem (6), (7) can be written as
an expansion in series of eigenfunctions of transversal
operator including differential operator

L _1o( 0y 1
" ror rar 2ot

and conditions (7). For each mode we have:
H(pa)n =J ()(,11") exp (ilhn (a))z), (8)

where h, = \/w?/c* — y2 is the mode longitudinal wave
number. We define the physical sheet of the Riemann

surface by condition Im(#,) > 0 for @ € R, therefore the
wave with the sign “+” propagates in the positive direction
of the z-axis. The parameters y, are determined by the
dispersion equation

Cc
Fap = 110a) = Lodolea) =0 (9)
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It should be noted that the functions J;(yr) possess the
following orthogonality property (bar means the complex
conjugation):

/ TG Gy rdr = Gy (10)
0

where
G = & 172 t) + lrp0)] - - Ioln ) ()

for y,, € R and

[\S]

a

Gm = _[I%(b(m'a)

D) IO(')(m|a)Il(|)(m|a)

= I§(lxmla)] o

for y,, = ily,,|- Ultimately, the electromagnetic field as a set
of eigenmodes which can be written in the following form:

ic & .
Ey=— Z;Bn )xndo(xar) exp (£ih,z),  (1la)
C (o]
E, =+— B h,J +ih,z), 11b
ro a); n(w) n I(an)exp( l nZ) ( )
(Ilc)

B, (0)J(y,r)exp (xih,z),
'}

n

where B, (w) are coefficients of the mode expansion.

III. RADIATION OF A CHARGE MOVING
FROM THE CORRUGATED AREA
TO THE SMOOTH ONE

Consider the radiation of a charge moving in a composite
waveguide structure. The left semi-infinite area is a
periodic corrugated waveguide, the other is a smooth
waveguide (Fig. 2). The charge ¢ moves with uniform
velocity v = cfe, along the waveguide axis from the
corrugated area into the smooth one and intersects the
transverse boundary z = 0 at time ¢ = 0. The main goal
is to investigate the radiation generated in the smooth
waveguide area. The analytical treatment is based on the

FIG.2. Waveguide structure with corrugated (1) and smooth (2)
areas.

representation of the total electromagnetic field as a sum
of so-called forced [with superscript (¢)] and free [with
superscript ()] fields in each waveguide area:

51,2:E5?2)+E52,’2>1 1711,221?1(1(.]2)+FI¥,72>- (12)
The forced field describes the electromagnetic field of the
particle moving in an infinite, longitudinally homo-
geneous waveguide with properties of area (1) or (2).
The free field, in turn, is excited because of the influence
of the boundary between corrugated and smooth areas of
the waveguide.

Forced fields for both areas have been investigated
earlier [7,16]:

E(KI) —

1.2z

_% (1= B*)(Ko(kr) + Ry 1o (kr))

b4
iwz

xexp| — |,
v

(13a)
(q) qk iwz
E k Ri»I,(k — |, 13b
Yo = S 1K) - Rian e (). (130)
H\ = PE,, (13¢)

Here subscripts 1 and 2 mean the corrugated waveguide
and the smooth one respectively,

_ _ Ko(ka) + gkaK,(ka) _ Ky(ka)
! Io(ka) — gkal, (ka) 27 Iy(ka)

d»d
Si-s g‘a(liﬂ%(z“ )

Io(x) are modified Bessel functions of the first kind,
Ky 1 (x) are Macdonald functions.

The free field {E®), A} in areas (1) and (2) can be
presented as an expansion by corrugated waveguide
eigenmodes (11)-(2) and smooth waveguide eigenmodes
correspondingly (such method is widely used in various
problems [17-20]):

k=

E{), = g;Bl (@)tndo(rar) exp (=inz),  (14a)
Bl = =S B @ e (i), (1)
Hip, = gBl (@) () exp (—ihy)z). (14c)
=X : B2 @ do (1) exp (72). (150
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Zrm - ; Z B’(lz ( > eXp (lh’(’lZ)Z)v (15b)
n=1
2<ow 23512 ( > exp (ihi)z). (15c¢)
n=1

where B{?) (@) are unknown mode excitation coefficients,
» should be determined by dispersion equation 9), n, is

the Bessel function zero (J(17,) = 0), by’ = /@?/c?

and h = ®*/c* —ni/a* are longltudlnal wavenum-
bers [Im(h,(ll'z)) >0 for w € R].

In order to find coefficients BS}'” we use the continuity
conditions for tangential components of the total electro-

magnetic field (12) at z = 0. Further the obtained relations
are multiplied by complex conjugate eigenfunction of

corrugated waveguide J,(y,,r) and integrated over the
radial variable r from O to a. After the series transformation
using the orthogonal property (10) the following infinite
system of equations can be formulated:

> M, BY (@) =Py(0).  m=12... (16)
n=l1
J
My = 100 (’_7;> S (A + n), (17)
’7 —Xmd

k
P (w) = —192° ) <1 +hly) %)

rvcly(ka
U
X = - L . (18
T Zndlo(ka) — gary (k)] )
Here
U, = /a Iy(kr)J (g r)rdr,
0
ia? ) )
U, =3 Ii(ka) — I (ka) — —Iy(ka)l,(ka)
if y,, = ik, (19)

and

_akly(ka)J,(7ma) —ay,1i(ka)Jo(¥ma)
N K>+,

m

if y,, # ik.

Mode coefficients B,(ql)(w) for corrugated waveguide

area are determined as follows

3— I~ 0
(1) a )(mJO(Zma) 2) J (”n)
B, (w :—E B;, —_
(@) Gn S (@) My = Ima’
7cG,ly(ka)[ly(ka) — gkal(ka)]’

where parameters G(w) are specified by Eq. (10).

Note that the forced field does not possess the wave part in
the smooth vacuum waveguide area. The wave field in this
area arises out of the free field only. Our analysis will be
focused on the investigation of the discrete spectrum of the
free field without consideration the continuous spectrum.
The free field discrete part is determined by singularities of
Fourier transforms (15a)—(15¢), namely, by function poles.
Analysis of expressions (16)—(18) reveals that each function

lez) (w) possesses the poles determined by the equation

F,. (@) = Iy(ka) — gkal,(ka) = 0, (21)
This equation has been considered in the paper [7]. Note that
real roots +w; of Eq. (21) determine the wave field
frequency for infinite corrugated waveguide. Comparison
of Eq. (21) with dispersion equation (9) at frequency o,
reveals that y;(w;) = ik(w).

In accordance with (15b) the free field radial component
can be written as a sum of modes:

E2r Z E2rn’

(2)
o Bn
Eyn = ¢y (’7" ) / 9) 42 () exp @, (@)] o,

0 [0

(22)

where @, (w) = ih?)z — iwt. Tn order to approximately
calculate the free field with separation of the discrete
spectrum, we use the steepest descent method (SDM)
for integral in Eq. (22). The integral behavior investigation
by SDM includes saddle points determination, steepest
descent path (SDP) building and transformation of the
initial integration path toward the SDP.

The equation for saddle points w,(f)
obtained in accordance with the equation

can be easily

d®, ()
— =0
do |, .,
and it has the following form:
2= 0 ()1 =0, (23)

where vgfp(a)) means the group velocity of the nth

mode (22):

2.2
M€
La?

(97)

vy, (@) =c\|1— (24)
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FIG. 3.

The integrand of each free field mode (22) possesses two
saddle points

2

(s) nuct
tw, =+——u—u. 25
avc*tr - 72 2)

Figure 3(a) shows the location of the initial integration
path I, the saddle points iw,(f), the poles +w,, the branch

points ia),%y) determined by condition hgll)(a)) =0 and
the branch points +w, = +#,¢/a determined by condition

n? (w) = 0. The branch cuts are made along the lines

Re(hg,l)) =0 and Re(hﬁlz)) =0 correspondingly. The
change of variable @ = w,, cosh(a) results in the following:

the branch cut between —w,, and w,, vanishes, the branch

)

points £w;;’ turn into a,(f?z, the saddle points turn into

aifl) = arcosh(ct/Vc*> — 7?) and 0‘5,32) = o +ir, the

nl
poles turn into aﬁl’g . Also we obtain on the complex plane

a the SDP I'spp [see Fig. 3(b)] consisting of two branch:
(s)

nl

through the saddle point

(s)

nl

/!

' = —sgn(d —a )arccos{

7
cosh (o — a'?)

nl

and through the saddle point affz)

()

' =n+sgn(ad —a,)) arccos[

1
cosh (o —a)))’
nl
As one can see on Fig. 3, the poles ), are crossed during
transformation of the initial integration path toward the

SDP under the condition |a)ff)| < |, |. Taking into account
expressions (23) and (24) it can be shown that the poles
crossing condition is the inequality

II

II1

v

II

(b)

The location of the integration path, the poles, the saddle points and the branch points on the complex plane  (a) and «a (b).

z < 05 (Jay ). (26)

Hence we obtain that the edge of the pole contribution
existence moves in time with the group velocity of the
“free” field mode.

The pole contributions to the integral (22) can be
calculated using the residue theorem. After a series of
mathematical transformations, we obtain the following
expressions for components of the free field discrete part:

N,
(bw) drce (g7) r
E, " = o, ;9[%31 (@)t = Z} Mo <’1n ;)

X Re{ Res [B,(f)(a))} exp {—ia)lt + ihf)(a)])z} }

0=,
(27a)
(bw) 4nc = (gr) (2) r
EY :a)_lz(a{vz" (a)l)t—z}hn (@)1 (1
n=1

X Im{ Res [BS,Z) (a))} exp [—ia)lt +in®? (a)l)z} }

=0

(27b)

Ny
w r r
Hél(’p ' = 4”Z®[Ué€z)(wl)t_ Z]’l (ﬂna>

n=1

X Im{ Res [ng(a))] exp [—ia)lt + ih,(,2>(a)1)z} }

(27¢)

Here function @(vé’ir) ()t — z) is conditioned by inequal-

ity (26) and determines the existence domain of the free

field discrete part, Res (Bf)(a))) is the function B (@)
W=w
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residue, N, is the number of propagation modes in the
smooth area generated at the frequency ;.

The same analysis can be performed for the free field
in the corrugated area z < 0. The continuity conditions in
this case

b
HD, +HD| = (H, +HY) )|,
(Egr()o + E%rl})'zzo = (Eg(f’()u + Eg};i)) 7z=0"

are multiplied by a function J,(5,,7/a) and integrated over
the radial variable r from O to a with the use of orthogon-
ality property

2
a
A Jl(']m )Jl(nn )rdrzjj%(r]m)fsmn-

After some mathematical transformation we obtain the
following system of equations for the mode coefficients in
the corrugated area

©
>
n=1

Il
o

o om=12...  (28)

J
o =2V 02y ()
nm Vl

=

~ qgwk? 1 2) v
= 1= hy' —), 30
ncvF, (o) 2 + k*a® ( ® (30)

where F,,(w) is equal to (21).
We are interested in calculation of the free field discrete
part which is determined by contributions of the functions

m

Bﬁ,”(a)) poles. These poles, as before, are located at
frequencies +w;. Poles contributions can be obtained a
similar to the analysis of the integral (22) way. Thus, we
give only the final expressions for the free field discrete
part in the corrugated area

bw) 4 c
" Z@m o)t - 2]

x Re{, (01)Jolxa(@))r] Res [B ()]

x exp [—iwyt — ihi) (w,)2]}, (31a)
;,w B 4rcc
ZG o)t - [m{As (o)
X\ [ta(on)r|Res (B, (o)
X exp [—iwt — ihg,”(a)l)z]}, (31b)

@)t = 2lIm{ 4 [z, (1]r)

—47[2@

x Res[B,(1>(w)]exp[ it — ihi (@)z]}, (31c)

W=

where function @(v(lflr)(a)l)t —|z]) is determined by the

requirement of crossing the pole w; due to the trans-
formation of the initial integration path toward the SDP,
vﬁi’[)(w) = Ow/0h" is the group velocity of the free field
mode, N is the number of propagation modes in the
corrugated area.

Expressions (27a)-(27¢), (31a)-(31c) allow calculating
the averaged power (IT,,.) of radiation (averaging is
performed over time which is much greater than periods
of all modes):

t+1

1
<H1 2z> = lim — Hl,ZZdt,

=00 T J;

bw (bw)
5, = / / 12r 12¢ rdrde. (32)

Here subscript 1 denotes the corrugated area and subscript
2 denotes the smooth one. Thus, we obtain the following
expression for averaged power of radiation:

Nl.2
(I o0) = Z<Hl 2en)>
n=1
Az’ ) (1) 12
(M) = - hw(01)Gy(@1)| Res [Bi ()], (33)
272 ca?
(M) = === 3 m) s’ (o) |Res [B7 @))F, - (34)

where G,(w) is specified by Eq. (10), N;, means the
number of propagating modes in the corrugated and smooth
area correspondingly.

An example of the distribution of the averaged power
(IT; 5,,) of the free field propagating modes is shown in
Fig. 4 for different charge velocities. As one can see, in
case the charge velocity is not very close to ¢ (# = 0.85 and
p =0.9) several modes make a significant contribution
to the averaged power in the smooth area. In the ultra-
relativistic cases (f = 0.95 and f = 0.99999), however, the
vast majority of the radiation power is transferred by the
first mode only. Thus, it is possible to generate both single-
mode and multi-mode radiation in the smooth area depend-
ing on the charge velocity. As for the averaged radiation
power in the corrugated area, its value is less by two orders
in comparison with the one in the smooth area. Thus,
almost all the radiation generated in the corrugated struc-
ture penetrates into the smooth waveguide area.
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n=1 n=2

I8v, = 0.85¢ .
00w, =0.9¢ E
lovs = 0.95¢ 1
00w, =0.99999¢ |
&; =
< E
ii‘ 2
:g -
= ]
1 1
1 I ]
Il Il Il Il
lov, =0.85¢ ]
av, = 0.9¢ E
lovs = 0.95¢ ]
Dow, =0.99999¢ §
<
S =
~
()
™
=
/§ 2 E
\E(i =
| -

n=3 n=4

FIG. 4. Distribution of averaged power [(I1;,,)| (top) and (II,.,) (bottom) of free field discrete part on a logarithmic scale for
a=1cm,d; =0.03 cm, d, = 0.04 cm, d; = 0.1 cm. Different bars correspond to different charge velocities, n means the number of

propagating mode.

IV. RADIATION OF A CHARGE MOVING
FROM THE SMOOTH AREA INTO THE
CORRUGATED ONE

Now we perform a similar analysis for the case of the
reverse motion of the charge from the smooth waveguide
area into the corrugated one. The application of the
methods described above leads to the following system
of equations:

S 4,,BP (@) =U,. m=12.. (35)
n=1
where

Indona) (1) | L)
Ay =520 () + hy), 36
M = @*xn ) (36)

qa)k2g (1) 1
U, =—\14+hy — | ———, 37
" zcvF, (o) < T A (37)

B (w) is the free field mode expansion coefficient for
the corrugated waveguide area, function F,,(®) is deter-

mined by Eq. (21), hy) = Va?/c* —ni/a* and hE,z) =
V?/c? =2 (Im(h1?) > 0 forw € R) are the free field
longitudinal wave numbers (now indexes 1 and 2 denote to
the smooth area and the corrugated one correspondingly).
Coefficients for the free field in the smooth area can be
calculated as follows

o) = g [ T

J1 (1) | = Mo — a*xs
qgk?
ncF,(w)(nh, + Ka?)|

(38)

The main goal now is to analyze the wave field in
the corrugated waveguide area. As follows from (12), it
consists of two terms: the forced field [7] and the free field.
Just as in the previous case, we will consider only the free
field discrete part.
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Here we make a brief analysis of the free field discrete
part by the example of radial component

b = b
B = E,
n=1

)
+oo B,
B = [ TR ) o

(o]

x exp [®,(w)]dw, (39)

where @, (w) = ihﬁz)(a))z — iwt. The asymptotic behavior
of the integral (39) can be considered by means of the
SDM, in much the same way as the integral (22). Since
integrals (22) and (39) have a similar form, the equation
for saddle points is identical to Eq. (23). Now, the group
velocity of the free field eigenmode in the corrugated
waveguide is written in the following form:

U(gi’) (Cl)) — 602/02 _X%(a)) .
o co/cQ _Zna)(n/aw

(40)

Free field discrete part is conditioned by singularities of the
integrand (39) which are crossed at transformation of the

initial integration path toward the SDP namely by poles

of functions BS,Z)(a)). Poles contributions, in turn, are

determined by the residue theorem.

As one can see from (35)-(37) the coefficients B£,2> (w)
and right part of the system U has two pole type
singularities +®; determined by the equation (21). For
the purpose of further analysis convenience, we present the
function U,,(w) (37) as follows

Un(w) = 724, (1)
where
(0] 2 v
P, (@) = —#szaz) (1 + 1Y (o) 5), (42)

Functions Bﬁ,z)(a)) can be also presented in the form

50,
B () =" ((w)). (43)

Thus, substitutions (41), (43) allow us to move from the
system (35) to a more convenient system

S 4,,BY (@) =P, (0), m=12. (44)
n=1

It can be shown that the first column of the matrix A is
proportional to the vector P at the frequency w;

At (1) = —Tzlwa)l)awm(w]). (45)

To derive the Eq. (45) we used the equality y,(w;) =
ik(w;) which results from coincidence between dispersion
equation (9) and Eq. (21) at frequency w,. Hence, the usage
of the Cramers rule for solving the system (44) leads to the
following result:

- iq
3(12) () =

5(2)
— B = =2),
rcal|(kya)’ (@)=0 (n22)

(40)

where k; = k(w;). As follows from the expression (43),

the non-nil Bﬁlz)(a)) function residue at the pole w; is

equal to

)
Res (B =
o (B ()) rcal(k,a)

iq dF,,
dw

wl]_l. (47)

The result is that the free field discrete part contains only
one mode

E(bw):_4_q11(k1r) 1 1
2 a> B(kia) /1 - g2 1 — g*kia?

X sin (“’—]‘:) 0(2)0[ (@)t —2].  (48)

v

Here { = z — vt, vgf”)(a)l) means the group velocity of

the first “free" field mode. Function @[v(z‘?r)(a)l)t —7] in
expression (48) points out that the pole @; is crossed at
transformation of the initial integration path toward the

SDP under condition z < 13 (a;)r.

There is no difficulty to show that the free field discrete
part Egliw) has the equal amplitude but the opposite sign
compared to the forced field wave part [7] generated in the
corrugated waveguide area behind the charge. So these

fields compensate each other and the wave field under
consideration is equal to zero in the area z < Uéi’lr)(a)l)t.
Note that the same effect is observed in the case of vacuum-

dielectric junction in a waveguide [17] and in the case of
vacuum-bilayer area junction [18].
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In accordance with aforesaid the wave field in the
corrugated waveguide area can be written in the following

form:
o _4glolkir) 1 os(%)®<z>®<—c>

= c
= Bka)l - gka?

v
x Oz — vé?lr)(a)l)t], (49a)
(W)_4_q11(k1r) 1 . Cl)_]él
B = 2 B a) 1-p1-ghka sm( v )G(Z)
x O(=0)0z — v (0))1], (49b)
w) _4gpLi(kr) 1 1 , (0’1§>
My = a* I(kya) \/1 - 21— g*kia® M ()
x O(=)8lz — o)) (wy)1]. (49¢)

Here the product of the two theta-functions means that the
wave field exists only in a bounded region vé‘i’]r)(a)l)t <

z < ot and its amplitude is equal to forced field amplitude.

V. FIELD STRUCTURE

Obtained results (27a)—(27c) and (49a)—(49c) can be
generalized to the case of bunch possessing Gaussian
longitudinal profile with volume charge density

(o _ 4 8(r) exp[=(z — v1)?/(26%)]
P 2w r N2 :

For this case, the field components of the discrete part are
written in the form

{

(50)

(9)(w)

EOW) w

@) o)

00, ) — {0, £

2¢

2
X exp (— )
Figure 5 (top) shows the dependence of the wave field

component E"") on z-coordinate calculated via analytical

approach (51) at the observation moment ¢ = 0.5 ns and
at the point » = 0.5 cm in the case of bunch flying into
the smooth waveguide area. The bunch is at the point
7, = vt~ 14.99 cm at the observation moment. The point
z = 0 cm corresponds to the transverse boundary location.
The free field discrete part contains two propagating modes
at frequency v, = w,/(27) ~31.5 GHz at given parame-
ters of the problem. As follows from the analytical
investigation, the first free field mode exists in the area

(gr)(a)l)tz 13.96 cm). The second mode

z2<z1 (z1 =05,
end point is located at z, = v%)(a)l)tz8.24 cm. The
superposition of these two modes causes the beats in

the area z < z,. The case of the bunch flying into the

2
wio

292

(51)

T T T T T T T T T T T T T T
1 22 121
0.2 - ' i =
1 U
— f
E 1
~ 1
> 1
= oF i i
~ 1 1
© ! :
cB 1 1
~ ™ I 1
R —0.2 - 1 : B
1 1
| | | | | | | | | | | | | |
0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
z (cm)
0.2 F i i i i i i i T T T =
. 01p -
=
S|
—
>
= 0
3
=501} -
B
—0.2 & 1 | | | | | | | | | _

46 48 50 52

(9)(w)

FIG. 5. The dependence of the wave field component Ej

54

56 58

z (cm)

on the z-coordinate in the case of the bunch flying into the smooth

area (top) and in the case of the bunch flying into the corrugated area (bottom). Waveguide and bunch parameters: a = 1 cm,
di=d, =0.05cm, d3 =0.1 cm, ¢ =1 nC, 6 =0.25 cm, v = 0.9999¢, r = 0.5 cm, t = 0.5 ns (top) and ¢ = 2 ns (bottom).
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T
.~y
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— E;
— E<g><w>
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0.4 |-

Eay (MV/m)
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T
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FIG. 6. Time dependence of the component E<2(:ST)

2.85 2.9 2.95 3 3.05 3.1

t (ns)

of the total electromagnetic field calculated via CST simulation (blue line) and the

wave field E(zgr)<w> calculated via analytical approach (red marked line) in the case of the bunch flying into the smooth area (top) and in
the case of the bunch flying into the corrugated area (bottom). Waveguide and bunch parameters are the same as in Fig. 5, observation

point r = 0.5 cm, z = 10 cm (top) and z = 80 cm (bottom).

corrugated waveguide area is presented in Fig. 5(bottom).
The point z, = vt denotes the bunch location at the
observation moment r = 2 ns. A distinctive feature of this
case is that the wave field part with the discrete spectrum

EY™ exists in a restrictive area behind the bunch.
According to [7], the forced field wave part exists at
7 <z, The free field discrete part according to (48)

appears at point 7, = Ugf’f)(a)l)t. So it turns out that the

wave field under consideration is identical to the forced
field in the area z; < z < z, and is equal to zero at z < z;
because of compensation for the forced field wave part with
a free field discrete part.

It should be noted that fields £ presented in Fig. 5
have breakpoints at z; , (top graph) and z; , (bottom graph).
Breakpoints are connected with the fact that analytical
results (27a)—(27c¢) and (492)—(49¢) contain only the part
of the wave field with the discrete spectrum. We used only
the poles contributions in SDM for the free field discrete
part. A comparison with numerical simulations however
shows that the field part under consideration is the most
significant (see Fig. 6).

Figure 6 shows the comparison between results calcu-
lated via analytical approach (51) and via numerical
simulations in CST Particle Studio for the case of a
Gaussian bunch. We used the waveguide model with the

length of the smooth part 50 cm and the corrugated one is
100 cm. The waveguide and bunch parameters are the same
as in Fig. 5, the observation point is located at » = 0.5 cm,
z=10cm (top) and z =80 cm (bottom). The open
boundary conditions are set at the waveguide ends that
ensures the absence of reflection from the ends. Note that
EBC are not used in modeling. Instead, we consider the
perfectly metallic waveguide with one part being corru-
gated. It should be noted that the first peak of the total
field in Fig. 6 (for both cases) corresponds to the quasi-
Coulomb field of the bunch. Table I demonstrates fre-
quency and amplitude of the radial field component of the

total field EESST) obtained using simulations and the wave

field component E<2’i)<w) obtained analytically. The 1st and

2nd table rows refer to the cases of the bunch flying into the
smooth area and into the corrugated one correspondingly.
As can be seen, the discrepancy between analytical results
and simulations does not exceed 4% for the frequencies
and 6% for the amplitudes. These results confirm the
validity of the EBC method, especially considering that
the small parameters of the problem

d/ﬂ = d3//1zd/a = d3/a =0.1

are greater than obtained discrepancies.
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TABLE I. Key characteristics of the component E&SST) of the

total electromagnetic field calculated via CST simulation and

wave field E(Z?(W) calculated via analytical approach (parameters

are given in the capture if Fig. 6).

Frequency, GHz Amplitude, MV/m

Total field Wave field Total field Wave field
S R SN
a) 30.2 315 0.184 0.195
b) 30.2 315 0.149 0.152
TABLEII. The key characteristics of the wave field component

Eég) ) in the case of corrugated waveguide area and in the case of

bilayer waveguide area at point r = 0.5 cm, z = 30 cm. Bunch
parameters are ¢ = 1 nC, v = 0.9999¢, ¢ = 0.25 cm; corrugated
area parametersarea = 1 cm, d; = d, = 0.05 cm, d3 = 0.1 cm;
bilayer area parameters are a = 1 cm, b = 0.907 cm, ¢; = 2,
e. =1

Frequency, GHz Amplitude, MV/m

0.152
0.161

Corrugated area 31.5
Bilayer area 31.6

As shown in [14], the slightly corrugated waveguide can
act like a smooth one covered with a thin dielectric layer. It
would be interesting to make a similar comparison for our
problem with the transverse boundary. In this connection,
we compare the wave field generated by the Gaussian
bunch flying from the smooth area to the corrugated one
and the wave field generated by the bunch flying into the
area having cylindrical dielectric layer and vacuum channel
[18]. Table II shows wave field frequencies and amplitudes
in these cases. Bunch parameters and the corrugated area
characteristics are the same as in Fig. 5. For the case of
waveguide having bilayer area, the permittivity of the
dielectric layer and the channel radius are chosen so that
the radiation frequency is close to the frequency of the wave
field presented in Fig. 5. As can be seen from the Table II,
the bunch generates almost equal wave fields in the
corrugated area and in the bilayer one.

VI. CONCLUSION

We have considered the electromagnetic field generation
by the charged particle bunch passing through the two-part
waveguide with the corrugated and smooth areas. The
analytical solution has been obtained using EBC for
corrugated wall. The work was mainly focused on the
analysis of the discrete part of the field. It has been shown
that frequencies of the forced field wave part and the free
field discrete part are the same. Typical diagrams of the
mode distribution of the averaged radiation power have
been given.

In the case of the bunch flying from the corrugated
waveguide area, it has been shown that averaged radiation
power penetrating in the smooth area is much greater than
the reflected radiation power. It has been also demonstrated
that the decrease in bunch velocity leads to the more
multifarious radiation structure. In the case of the bunch
flying into the corrugated waveguide area we have shown
that the discrete part of the wave field exists only in some
bounded domain behind the bunch. The back front of the
formed train moves with the group velocity of the mode.
Numerical simulations of the problem performed using
CST software package have confirmed the validity of the
used method.

It was shown that the waveguide under consideration can
behave in the same way as the smooth waveguide having
the semi-infinite part with dielectric layer. However, in
contrast with the smooth partially dielectric waveguide,
the radiation in the partially corrugated waveguide is
monochromatic (in the considered range of relatively
low frequencies). Thus, one of the perspective applications
of corrugated waveguides can be generation of mono-
chromatic radiation.
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