
 

Pulse front tilt steering in laser plasma accelerators
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We report on the effect of laser spatiotemporal coupling in laser plasma accelerators. Pulse front tilt in
the driving laser causes asymmetry in the wakefield, resulting in deflection of the electron beam from the
laser axis. We explore the physical mechanisms and propose a quantitative model of electron steering,
which is validated with particle-in-cell simulations. Even a small amount of pulse front tilt can result in
beam steering in the final down ramp of the plasma profile, which may lead to unexpected beam-pointing
errors or fluctuations. On the other hand, it can be used to govern the final beam direction, which has
consequences for staging laser plasma accelerators in a high-energy physics collider as well as x-ray
generation for biological imaging.
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In the past two decades, laser plasma accelerators (LPAs)
have produced electron beams with increasing quality and
energy. The plasma waves generated by a high-intensity
laser pulse can sustain accelerating gradients of tens of
GV/m [1], thus surpassing the electric field achievable with
conventional radio-frequency-based technology by orders
of magnitude and allowing smaller accelerating structures
[2]. The current energy record is 4.2 GeV using a 9 cm
accelerating structure [3].
Improving electron beam quality and understanding

beam degradation is an active field of research. Defects
and spatiotemporal coupling in the laser pulse were shown
to modify the electron beam dynamics [4]. One particular
form of spatiotemporal coupling, pulse front tilt (PFT), was
observed to affect the electron trajectories in particle-in-cell
(PIC) simulations and in experiments [5,6], resulting in
deflection of the accelerated electrons with respect to the
laser axis. Furthermore, PFT can cause large-amplitude
coherent betatron oscillations, hence allowing brighter
x-ray sources based on betatron radiation used to image
biological samples [7].
Electron-pointing control and stability are crucial for

numerous LPA applications like high-energy physics [8],
x-ray generation [9], radiation biology [10], and the study

of quantum electro-dynamics effect [11,12]. As an exam-
ple, an LPA-based collider [13] requires a chain of tens of
consecutive LPA stages [14], and pointing fluctuations in
the range of 1 mrad at the end of an accelerator stage lead
to an unacceptable offset of 1 mm at the entrance of the
following stage 1 m further.
In this paper, we propose a model for electron steering

due to pulse front tilt in a laser wakefield accelerator. The
model is verified by comparison with PIC simulations of
an LPA performed with codes WarpX [15] and Warp [16].
It provides quantitative information on the acceptable PFT
fluctuations as well as a practical way to control the final
electron beam direction in an LPA. Moreover, we show
that, in the presence of pulse front tilt, the shape of the
plasma tail can have a severe impact on the final beam
pointing.
Spatiotemporal coupling of a laser pulse is the non-

separability of the space and time dependence of the fields:
fðx; tÞ ≠ fxðxÞ × ftðtÞ, where f can be the electric or the
magnetic field, x is a transverse coordinate, and t is time.
PFT is defined by linear dependence of the laser group
delay on the transverse coordinate, resulting in an angle
between the laser intensity front and phase fronts. It has
been shown to deflect the accelerated electron beams [5]
or enhance off-axis electron injection into the laser wake
and partially polarize the resulting betatron x rays [6]. The
PFT angle depends on the main spatiotemporal coupling
parameters as [17]

tanψ ¼ c

�
kLβ þ φ2

ζ

ζ2 þ w2τ2

4

�
; ð1Þ

where ψ is the PFT angle, c is the speed of light, kL is the
laser central wave number, w is the pulse transverse width,
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and τ is the bandwidth-limited pulse duration and we used
the definitions of Ref. [17] for β, φ2, and ζ, the angular,
temporal, and spatial chirp, respectively. This equation is
valid for a Gaussian pulse, and the evolution of β, φ2, and ζ
can be altered through propagation in a plasma.
A laser pulse propagates through a plasma with electron

density ne, plasma frequency ωp ∝ ffiffiffiffiffi
ne

p
, and plasma wave

number kp ¼ ωp=c. We assume the resonant condition
ωpτ ∼ 1 is satisfied, and we use a0 ¼ eA=mec2 for the
normalized laser vector potential, with A the amplitude of
the laser vector potential and e and me the elementary
charge and electron mass, respectively. The laser drives
plasma density waves in its wake, generating large longi-
tudinal and transverse fields that can accelerate and focus
charged particles. We hereafter demonstrate how PFT in the
driving laser tilts the wake structure and how the evolution
of this tilt results in electron beam steering.
Let z be the laser propagation direction and ξ ¼ z − vgt

the copropagating variable with vg the laser group velocity.
The laser pulse center on axis is located at ξ ¼ 0.
Spatiotemporal coupling is introduced along the transverse
direction x, and the electron dynamics are analyzed in the
x–z plane. We assume that the laser pulse is linearly
polarized and is Gaussian in time and space. The laser
transverse vector potential envelope is defined by

aLðx; ξÞ ¼ a0 exp½− ðξþx tanψÞ2
ðcτÞ2 � exp½− x2

w2�, where w is the

pulse spatial width and ðx=cÞ tanψ is the center of the
temporal envelope, or laser group delay, at position x.
The beam waist, i.e., its transverse width at focus, is
denoted by w0 and is associated to the Rayleigh length
zR through zR ¼ πw2

0=λL, where λL is the laser central
wavelength related to laser central frequency ωL by
ωL ¼ 2πc=λL. In the rest of this article, λL ¼ 0.8 μm.
All PIC simulations were performed with the Boris

pusher, finite-difference time domain Cole-Karkkainen
solver [18] with Cowan coefficients [19] and third-order
shape factor for current deposition and field gather. The
time step is set to the Courant condition for the Cole-
Karkkainen field solver Δt ¼ Δz=c. A filter was applied to
mitigate numerical Cherenkov instability [20]. All boun-
daries have an absorbing condition. Simulations were
performed in a boosted frame [21]. We used the field
expressions from Ref. [17].
In the presence of PFT, the wake is distorted and trapped

electrons propagate at x ≠ 0, as illustrated in Fig. 1.
Electrons perform betatron oscillations around the wake
line, where the transverse force Fx is zero (Ex ¼ 0 in the
linear regime). The simulation was performed with the PIC
code Warp [16,22]. The 2D x − z simulation box is
500 μm × 120 μm wide with 462 × 4629 cells, with one
particle per cell.
We hereafter derive an equation for this conditions. In

order to calculate the wake profile, the following assump-
tions are made: (i) The interaction takes place in the linear
or quasilinear regime: a0 ≲ 1; (ii) the PFT angle is small:

kpw tanψ ≪ 1. In the linear regime, the pseudopotential Ψ,
defined by Ψ ¼ ϕ − az with ϕ the normalized electrostatic
potential and az the longitudinal vector potential, can be
obtained through integration along the ξ coordinate only
[23]. It reads Ψ ¼ Ψ0 sin½kpðξ − x tanψÞ� expð−2x2=w2Þ
behind the laser, where Ψ0 depends on the pulse intensity
and shape. This equation shows that the plasma phase delay
equals the laser group delay for any x in the quasistatic linear
regime. The wake line, defined by Fx ¼ e∂Ψ=∂x ¼ 0, is
given by

tanψ þ 4x
kpw2

tan½kpðξ − x tanψÞ� ¼ 0: ð2Þ

This expression was used to plot the dashed line in Fig. 1,
which shows excellent agreement with the simulation (gray
line). As this equation cannot be solved analytically to get
x ¼ fðξÞ, we propose a simplified model. A Taylor expan-
sion close to the center of the first bucket ξb ¼ −ðπ=2Þk−1p
(where thewake line intersects the z axis, black dot in Fig. 1)
gives the tilt θw of the wake line:

tan θw ¼ −
�
kpw

2

�
2

tanψ : ð3Þ

An electron located at ξ ¼ ξe behind the laser pulse, with
transverse position xe, performs betatron oscillations
according to ẍe þ c2k2βðxe − xEqÞ ¼ 0, where kβ is the
betatron wave number and xEq is the equilibrium position
given by

FIG. 1. Transverse electric field (GV/m) in a 2D LPA simu-
lation with a τ ¼ 60 fs, w0 ¼ 70 μm y-polarized laser pulse with
a0 ¼ 0.1 propagating in a plasma with density 2 × 1017 cm−3.
The PFT angle ψ ≃ 30 mrad at the snapshot location is due to
β ¼ 0, φ2 ¼ 500 fs2, and ζ ¼ 0.5 mm fs at focus, resulting in an
8.5% intensity drop. The black solid-line ellipse is an isocontour
of 1=4 laser intensity. A short electron beam (red) is at
equilibrium off axis, as can be seen in the enlargement (inset).
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xEq ¼ ðξb − ξeÞ tan θw: ð4Þ

In the adiabatic regime, where all quantities evolve slowly
with respect to the betatron frequency, the beam position
equals the equilibrium position xEq at all time. We hereafter
present general considerations on the adiabatic regime and
then explore the effect of the final plasma down ramp,
where the condition of adiabaticity breaks.
Pulse front tilt results in electron steering in the adiabatic

regime if at least one of these conditions is met: (i) The
laser properties evolve (ψ , w ≠ const); (ii) the density is not
constant (kp ≠ const); or (iii) there is significant electron
dephasing (ξe ≠ const). To clarify the mechanisms, we
present a concrete example of case (i), which we refer to as
dynamic steering, and of case (ii), which we refer to as
down ramp steering, in the adiabatic regime [case (iii) is
somehow uncommon]. In principle, pulse front tilt can also
result in laser steering, where the transverse position of the
laser pulse centroid evolves [24]. In the rest of this study,
this effect is negligible.
Dynamic steering occurs when the laser properties

evolve along propagation: ψ ; w ≠ const. This is typically
the case in a uniform plasma that is longer than the laser
Rayleigh length. Figure 2(a) shows a comparison between
electron trajectories from a numerical simulation and the
model, where the Rayleigh length (2.5 mm) is much
smaller than the plasma length (20 mm). The simulations
are performed with the PIC code WarpX, and the box is
800 μm × 90 μm wide with 493 × 2777 cells, with one
particle per cell. The accelerated electrons, plotted in gray,
perform betatron oscillations around the transverse equi-
librium position. Here, the PFT decreases on average, so
electrons located behind the bucket center are steered
upward, in agreement with Eqs. (3) and (4).
Down ramp steering occurs when the density changes

along propagation: kp ≠ const. Figure 2(b) shows results
from a PIC simulation compared with the theory for
transverse equilibrium position. The electron bunch starts
with its centroid on the wake line (xe ¼ 10 μm) and is
steered downward as the density drops and the bucket
expands. A similar simulation with constant density shows
a constant beam transverse position at xe ≃ 10 μm. Both
cases show good agreement between PIC simulations and
theory. In all cases, the final electron energy depends very
weakly on the presence of PFT.
When the laser propagation is little affected by the

plasma (in particular, when the laser power P verifies
P < Pc, where Pc is the critical power [2]), the equation for
the transverse equilibrium position xEq along propagation
can be derived analytically for a Gaussian pulse focused at
z ¼ zf. In the presence of spatial chirp ζ at focus, the PFT
reads tanψðzÞ ¼ ωLζðz − zfÞ=½ðz − zfÞ2 þ z2R� (see, e.g.,
Ref. [25]). Using Eqs. (3) and (4), the expression for the
transverse equilibrium position reads

xEqðzÞ ¼
�

π

2kp
þ ξe

��
kpw0

2

�
2

ωLζ
z − zf
z2R

: ð5Þ

In a homogeneous plasma (kp ¼ const), xEq increases
linearly with z when ζ > 0 due to laser pulse diffraction.
In the tail of the plasmaprofile,kp → 0 as thedensity drops to
zero, so that steering always occurs in the final down ramp,
leading to beam deflection. The rest of this article inves-
tigates this effect.
We hereafter present numerical results and general con-

siderations on the steep ramp regime (dne=dz ≫ ne=λβ) with
λβ the betatron wavelength, where the hypothesis of adia-
baticity breaks and electrons receive a transverse kick in the
down ramp. The transition to the smooth ramp regime
(dne=dz ≪ ne=λβ), where the condition of adiabaticity holds
and the beam follows xEqðzÞ [see Fig. 2(b)], is considered
thereafter. In practice, the betatron wavelength increases
(λβ → ∞) as the density goes to 0 at the end of the plasma
down ramp.

(a)

(b)

FIG. 2. (a) Electrons transverse position along propagation
from a 2D PIC simulation (gray) and theory for transverse
equilibrium position (red line) for dynamic steering: The plasma
density is constant at ne ¼ 3 × 1017 cm−3. The 24 fs y-polarized
laser pulse is focused to a 20 μm waist at z ¼ 10 mm with
a0 ¼ 1.3, where quasilinear approximation roughly holds.
The subset shows the PFT angle evolution due to β ¼ 0 s,
ζ ¼ −0.5 mm fs, and φ2 ¼ 500 fs2 at focus, leading to a 50%
intensity drop. The initial electron energy is 10 MeV. The
discrepancy for z < 2.5 mm is due to the beam injection at
z ¼ 0 mm. (b) The same quantities plotted for down ramp
steering: The density drops linearly from 5 to 2 × 1016 cm−3

between z ¼ 5 mm and z ¼ 20 mm. The laser pulse with w0 ¼
180 μm and a0 ¼ 0.5 is collimated, with a constant PFT angle
ψ ≃ 64 mrad due to τ ¼ 150 fs, β ¼ 0.02 fs, ζ ¼ 0 fsm, and
φ2 ¼ 100 fs2 at focus. The initial electron energy is 5 MeV. The
intensity drop is 1.2%.
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A scan of 3D PIC simulations was performed using the
code WarpX in the steep ramp regime, achieved in a majority
of LPA experiments. A 2 J laser pulse propagates through
a 4.59 mm plasma jet with density ne ¼ 6 × 1017 cm−3

preceded with a 200 μm high-density plateau (ne ¼
3 × 1018 cm−3) at the end of which the electron beam is
injected through down ramp injection.
The plasma profile contains three cosine-shaped ramps

neðzÞ ∝ 0.5½1þ cosðπz=LrampÞ� with lengths 200 μm,
10 μm (for injection), and 0 → 2 mm, respectively. The
simulation box is 320 μm × 320 μm × 80 μm wide with
384 × 384 × 3072 grid points, and we used eight particles
per cell. Convergence tests show that this resolution is high
enough to resolve the laser evolution and the pointing of
the electron beam (see the Appendix). The simulations ran
in a boosted frame with Lorentz factor γboost ¼ 6.
Figure 3(a) shows the plasma profile and the energy of

trapped electrons along propagation. The laser evolution,
shown in Fig. 3(b), differs significantly from vacuum
propagation: The beam is self-focused around z ¼ 2 mm,
and the PFT is consistently higher in the plasma than it is in
vacuum. Because of dynamic steering in the low-density
plateau (z > 4.01 mm), the beam transverse offset reaches
xe ¼ 4 μm, as shown in Fig. 3(c). Our model (dashed line)
shows good agreement with the simulations in spite of the

nonlinear regime, beam loading, and laser pulse evolution.
In the absence of a down ramp (darkest purple line),
the electron beam escapes with a positive angle θx ≃
0.2 mrad > 0 due to dynamic steering. In the presence of
a steep down ramp (Lramp < λβ ≃ 5 mm), the equilibrium
position suddenly goes from x ¼ 4 μm to x ¼ 0 μm [see
Eqs. (3) and (4)]. The electrons do not have time to adapt
adiabatically and instead perform a fraction of a betatron
oscillation, so the beam receives a kick.
Figures 4(a)–4(c) show the final beam distribution as a

function of the final down ramp length in the steep ramp
regime. As can be seen in Fig. 4(a), the beam deflection
angle can be much larger than the beam divergence.
Figure 4(b) shows the final beam direction as a function
of the down ramp length. Since dynamic steering leads to
θx > 0 and down ramp steering kicks the beam downward,
there exists a correcting length (Lramp ≃ 0.1 mm in this
scan) for which down ramp steering exactly compensates
dynamic steering, as shown in the inset in Fig. 4(b). As can

(a)

(b)

(c)

(a)

(b)

(c)

FIG. 3. (a) Plasma density profile and energy of the electron
beam trapped at z ≃ 400 μm. (b) Evolution of laser properties.
The τ ¼ 20 fs pulse is focused to w0 ¼ 30 μm at the end of the
down ramp zf ¼ 410 μm, reaching a0 ¼ 1.77. Pulse front tilt is
introduced with angular chirp only, with ζ ¼ 0.2 mm fs. Dashed
(solid) lines show vacuum (plasma) propagation. (c) Transverse
position of the electron beam upon propagation, for various
lengths of the final down ramp. The dashed line shows model
predictions for xEq [Eq. (4)].

(a)

(b)

(c) (d)

FIG. 4. (a) Final angular profile of the accelerated electron
beam, for three values of the down ramp length. (b) Beam final
direction as a function of the ramp length. Vertical bars show the
beam width (standard deviation) in x. The inset is an enlargement
of the first three points, without error bars. (c) Final beam angle as a
function of spatial chirp at focus ζ for correcting (Lramp ¼ 0.1 mm)
and noncorrecting (Lramp ¼ 0.5 mm) lengths. (d) Final beam
angle as a function of ramp length Lramp. For this subplot only,
the low-density plateau was shortened (see the main text).
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be seen in Fig. 4(c), choosing the correcting length helps
keep the beam deflection below 0.4 mrad for a wide range
of ζ, while it reaches 2 mrad for a noncorrecting ramp
length. Better control on the final direction can be achieved
by fine tailoring of the ramp, as done in Ref. [26] for
emittance conservation.As can be seen in Fig. 4(b), the down
ramp length also has an influence on beam divergence.
Similarly to what is done in Ref. [27] for emittance

preservation, a smooth ramp can also compensate PFT
steering. To do so, the plasma density should drop fast
enough in the down ramp so that down ramp steering
compensates dynamic steering. However, depending on the
laser parameters (focal position and Rayleigh range), it is
not always possible to compensate dynamic steering with
down ramp steering and obtain a final direction for the
electron beam parallel to the z axis. As an illustration,
Fig. 4(d) shows the final angle as a function of Lramp for two
scans with the same parameters as previously (see the
caption of Fig. 3) except that the end of the low-density
plasma plateau zend was reduced from 5 mm to zend ¼
1 mm (2 mm). For zend ¼ 1 mm (2 mm), the betatron
wavelength is 1 mm (1.5 mm), and the beam angle plateaus
at θx ¼ −1 mrad (−1.5 mrad) when the gradient length is
increased up to 4 mm. Even though the beam is not parallel
to the z axis, its final direction is not sensitive to the length of
the down ramp within a few-millimeter range. This might be
an appropriate regime to achieve a stable and consistent
steering, which is valuable for LPA staging experiments.
In this paper, we demonstrate how pulse front tilt in

the driving laser of a laser plasma accelerator affects the
electron propagation and deflects the accelerated electron
beam: The wake structure is tilted, and the electron beam
travels off axis. A model of electron steering due to pulse
front tilt is developed in the linear regime and shown to be
in good agreement with particle-in-cell simulations. The
results show that strict control over pulse front tilt is
required to generate high-quality electron beams, needed
for staging laser plasma accelerators or free electron lasers
based on wakefield acceleration [9]. Even with a small
amount of pulse front tilt, a significant deflection of the
electron beam can occur in the plasma down ramp. This
effect might be a cause of beam-pointing fluctuations in
experiments where the laser pulse evolution results in pulse
front tilt and could also be used to deliberately steer the
electron beam to angularly separate the electron beam from
the laser pulse, as can be required in staging experiments.
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APPENDIX: NUMERICAL CONVERGENCE

Convergence tests were performed so as to confirm the
validity of the 3D study presented above. In the quasilinear
regime investigated here, the resolution must be sufficient to
capture the laser pulse width (transversally) and laser
wavelength (longitudinally), to properly describe the laser
pulse propagation, which is equivalent to kLxΔx ≪ 1 and
kLzΔz ≪ 1, where kLx and kLz are the transverse and
longitudinal components, respectively, of the laser wave
vector and Δx and Δz and the transverse and longitudinal
cell sizes, respectively. In this study, we used kLxΔx ¼ 0.015
and kLzΔz ¼ 0.19.
The 3D simulation presented in Figs. 3 and 4 for Lramp ¼

1 mmwas compared to a run with a 1.5× higher resolution.
Figure 5 shows the comparison between the original
resolution (reference) and the higher resolution (high).
As expected, the laser evolution is properly captured
[see Figs. 5(a) and 5(b)].
While the resolution may not be sufficient to fully

resolve the beam injection and beam loading precisely,
we anticipate that the direction of the electron beam should
not be too sensitive to these effects. As a confirmation, the
beam direction is shown in Fig. 5 for the two resolutions

(a)

(c)

(b)

FIG. 5. Evolution of laser pulse and electron beam parameters
during propagation for two simulations with the same physical
parameters, with the reference resolution (transverse and longi-
tudinal cell sizes are 0.833 μmand 26.0 nm, respectively, in black)
and a higher resolution (transverse and longitudinal cell sizes are
0.625 μm and 19.5 nm, respectively, in red). (a) Laser normalized
amplitude a0; (b) laser pulse front tilt angle; (c) electron beam
propagationdirectionθx.The lengthof the finaldownrampis1mm.
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mentioned above. The beam direction shows very little
dependence on the resolution.
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Gonsalves, C. Benedetti, S. Steinke, J. Daniels, R. Lehe,
C. B. Schroeder, J.-L. Vay, E. Esarey, and W. P. Leemans
Laser and Electron Deflection from Lateral Asymmetry in
Laser Plasma Accelerators (to be published).

[25] K. Nakamura, H. S. Mao, A. J. Gonsalves, H. Vincenti,
D. E. Mittelberger, J. Daniels, A. Magana, C. Toth, and
W. P. Leemans, Diagnostics, control and performance
parameters for the BELLA high repetition rate petawatt
class laser, IEEE J. Quantum Electron. 53, 1 (2017).

[26] X. Xu, J. Hua, Y. Wu, C. Zhang, F. Li, Y. Wan, C.-H. Pai,
W. Lu, W. An, P. Yu et al., Physics of Phase Space
Matching for Staging Plasma and Traditional Accelerator
Components Using Longitudinally Tailored Plasma Pro-
files, Phys. Rev. Lett. 116, 124801 (2016).

[27] I. Dornmair, K. Floettmann, and A. R. Maier, Emittance
conservation by tailored focusing profiles in a plasma
accelerator, Phys. Rev. ST Accel. Beams 18, 041302
(2015).
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