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We propose a scheme to modulate a low-emittance electron beam at THz frequency using a low-power
optical THz source (seed). In this scheme, a matching section introduces tunable angular dispersion and
focusing to the electrons. It helps to slice the electrons into “energy layers” and largely cancels out the
impact of uncorrelated energy spread on electron modulation. Analytical and numerical studies have been
carried out to demonstrate the proposed scheme. It is found that a strong electron density modulation
(bunching) over the frequency range from 1 to 6 THz can be achieved when the peak power of THz seed is
no more than 1 kW. The bunched beam can be used to generate superradiant undulator radiation with the
peak power of 10s MW.
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I. INTRODUCTION

Terahertz (THz) radiation has many scientific and
technological applications, such as molecular spectroscopy,
remote sensing, security screening, medical, and biological
imaging [1–3]. Among the numerous THz radiation sources,
the accelerator-based THz sources are relatively complex but
can generate high peak power beyond megawatt (MW) level
[4,5], which is considerably attractive for its unique appli-
cation in driving new nonlinear phenomena of materials [6].
Recently, there has been great interest in generating intense
narrowband THz radiation from electron beams bunched at
picosecond (ps) and sub-ps scale [7–11]. For such a purpose,
several electron density modulation (also referred to as
“bunching”) methods have been proposed, based upon
techniques of phase space exchange [12,13], photocathode
drive laser modulation [10,14], and electron energy modu-
lation [9,15–23], etc.
The electron energy modulation can be induced by a

wakefield [17–19] or an optical laser copropagating with
the electron beam in an undualtor [9,15,16,20–23]. This
energy modulation will then be converted into density
modulation by dispersive optics, e.g., a magnetic chicane.
As the development of laser technologies, laser-based
electron bunching has been implemented widely, in which
case the energy modulation is at the scale of the laser

wavelength. However, typical lasers used for energy
modulation have a wavelength below 1 μm, which is much
shorter than that of THz radiation. To modulate the electron
beam for THz radiation, two novel schemes have been
proposed. One is based on the echo-enabled harmonic
generation (EEHG) technique [20–22], which uses two
lasers with different wavelengths for electron energy
modulation. The other is based on energy spread modu-
lation of electron temporal slices [9], which uses a laser
pulse with periodic intensity. Both schemes are supposed to
generate density modulation at THz frequency.
Inspired by a recent technique proposed to introduce

strong microbunching into the storage ring beam for gen-
erating coherent EUVand x-ray radiation [24], we propose a
scheme to produce strong electron density modulation at
THz frequency using an external THz source directly. In this
scheme, the electron modulator comprises a matching
section, an energy modulator resonant at THz frequency,
and a dispersion section. The matching section introduces
tunable angular dispersion and focusing to the electrons.
It slices the electrons into “energy layers” and largely cancels
out the degradation of electron modulation due to uncorre-
lated (initial) energy spread. In this case, the modulation
induced energy deviation dominates the density modulation
process, therefore only slight electron energy modulation is
needed. The required peak power of seed radiation for the
energymodulator is nomore than 1 kW, which is well within
the reach of the state-of-the-art optical THz sources [25–29].
The remaining part of this paper is organized as follows.

In Sec. II, we will first develop a complete analytical model
for this study. We then present the scheme in Sec. III,
followed by the design of a hypothetical beam line according
to the model. In Sec. IV, a simulation study is carried out to
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validate the analytical result. In Sec. V, THz undulator
radiation from the bunched electron beam is analyzed.
Finally, we will give a brief summary in Sec. VI.

II. THEORETICAL BASIS

Let us start with a generalized configuration for electron
density modulation, which comprises a matching section,
an energy modulator, and a dispersion section. We assume
the reference particle orbit is deflected in the horizontal
(x-z) plane only, therefore the electron modulation can be
described in a 4-dimensional phase space with the coor-
dinates defined by ðx; x0; l; δÞ, where x is the horizontal
coordinate, x0 ≡ dx=dz is the horizontal divergence, l is the
longitudinal coordinate within the electron bunch, and δ is
the relative energy deviation with respect to the reference
particle.
Referring to the notations adopted in the widely-used

6 × 6 beam transport matrix [30], the 4 × 4 transfer
matrices for the matching section and the dispersion section
can be formulated as

Ra ¼

0
BBB@

a11 a12 0 a16
a21 a22 0 a26
a51 a52 1 a56
0 0 0 1

1
CCCA ð1Þ

and

Rb ¼

0
BBB@

b11 b12 0 b16
b21 b22 0 b26
b51 b52 1 b56
0 0 0 1

1
CCCA; ð2Þ

respectively. The modulator, comprised of a horizontally
polarized undulator, behaves as a linear transport element
when the induced electron energymodulation is not included.
The corresponding transfer matrix has the form [31]

Rm ¼

0
BBB@

1 m12 0 0

0 1 0 0

0 0 1 m56

0 0 0 1

1
CCCA; ð3Þ

with m12 ¼ Lu þ 3A2=2 − 3A2
1=2Lu and m56 ≈ Lu=γ20 þ

ð1þ 1=2γ20ÞðA2 − A2
1=LuÞ. The scaled field integral factors

A1 ¼ ðe=p0Þ
R Lu
0 dz

R
z
0 BðτÞdτ and A2 ¼ ðe=p0Þ2

R Lu
0 dz

½R z
0 BðτÞdτ�2, in which e is the electron charge, p0 is the

reference particle’s momentum, and BðzÞ is the on-axis
undulator field. When the electron beam is highly relativ-
istic and the undulator is short and has a symmetric field
profile, m12 ≈ Lu and m56 ≈ 0. Under such a condition,
the electron energymodulation due to the interactionwith a

seed radiation in the undulator is equivalent to a time-
dependent energy kick exerted at the undulator exit.
Therefore, a change to δ by an amount of

Δδ ¼ Δγ
γ0

sinðkslaÞ ð4Þ

can be imposed to the electrons exiting the modulator to
account for the energy modulation. In the equation la is the
longitudinal electron coordinate at the exit of matching
section, γ0 is the reference/central energy of electron beam
(scaled by electron’s rest energy), Δγ is the modulation
depth, and ks is the wave number of the seed radiation.
For an electron with the initial coordinate vector

defined by

X⃗0 ¼

0
BBB@

x0
x00
l0
δ0

1
CCCA; ð5Þ

it is easy to show the electron’s longitudinal coordinate at
the exit of dispersion section can be written as

lb ¼ l0 þ Cx0 þ Sx00 þDδ0

þ b56
Δγ
γ0

sin ½ksða51x0 þ a52x00 þ l0 þ a56δ0Þ� ð6Þ

with

C ¼ b51a11 þ b51m12a21 þ b52a21 þ a51

S ¼ b51a12 þ b51m12a22 þ b52a22 þ a52

D ¼ b51a16 þ b51m12a26 þ b52a26 þ a56 þ b56: ð7Þ

To characterize the electron density modulation after the
dispersion section, the bunching factor for the hth harmonic
is widely used, which is defined as [32]

bh ¼ jhe−ihkslbij ð8Þ

¼
����
Z

e−ihkslbFðxb; x0b; lb; δbÞdxbdx0bdlbdδb
����: ð9Þ

Herein F is the normalized electron distribution in the
4-dimensional phase space and the subscript “b” denotes
the coordinates at the exit of dispersion section.
Using the Liouville theorem which derives

Fðxb; x0b; lb; δbÞdxbdx0bdlbdδb
¼ Fðx0; x00; l0; δ0Þdx0dx00dl0dδ0; ð10Þ

plugging in Eq. (6), and applying the Jacobi-Anger
expansion [33], Eq. (9) becomes
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bh ¼
����
Z

e−ihksl0e−ihksCx0e−ihksSx
0
0e−ihksDδ0

×
X∞
n¼−∞

Jn

�
−hksb56

Δγ
γ0

�
einksða51x0þa52x00þl0þa56δ0Þ

× Fðx0; x00; l0; δ0Þdx0dx00dl0dδ0
����: ð11Þ

Considering the case that all initial coordinates (x0, x00,
l0, and δ0) are independent of each other and the bunch
length is much longer than the modulation period, the
integration over l0 can be carried out directly. This yields
nonvanishing bunching when n ¼ h with the bunching
factor

bh ¼ Jh

�
hksjb56j

Δγ
γ0

�Z
e−ihksC̄x0e−ihksS̄x

0
0

× e−ihksD̄δ0fðx0; x00; δ0Þdx0dx00dδ0; ð12Þ

where f is the normalized electron distribution in the
3-dimensional projected space ðx; x0; δÞ and

C̄ ¼ b51a11 þ b51m12a21 þ b52a21

S̄ ¼ b51a12 þ b51m12a22 þ b52a22

D̄ ¼ b51a16 þ b51m12a26 þ b52a26 þ b56: ð13Þ

Assuming x0, x00, and δ0 have Gaussian distribution with
the root mean square (RMS) values of σx, σx0 and σδ,
respectively, Eq. (12) can then be integrated as

bh ¼ Jh

�
hksjb56j

Δγ
γ0

�
e−

1
2
h2k2s C̄2σ2xe−

1
2
h2k2s S̄2σ2x0e−

1
2
h2k2s D̄2σ2δ :

ð14Þ

To achieve a high bunching factor, the electron modulation
needs to be optimized. However, the coefficients in Eq. (13)
involves a lot of transfer matrix elements, which makes the
situation rather complicated. This can be simplified by
choosing b51 ¼ 0, in which case

C̄ ¼ b52a21

S̄ ¼ b52a22

D̄ ¼ b52a26 þ b56: ð15Þ

Among the three exponential factors in Eq. (14), the one
representing the effect of electron energy spread has a
maximum of unity when D̄ ¼ 0. Since b56 should have a
nonzero value otherwise Jhðhksjb56jΔγ=γ0Þ ¼ 0, nonvan-
ishing matrix elements of a26 and b52 are needed, which
indicates that dipole magnets should be included in the
matching section to introduce angular dispersion (a26).
This angular dispersion, together with a nonzero b52, is

vital for achieving high-efficient bunching when the
amplitude of electron energy modulation is comparable
to the initial uncorrelated energy spread, as will be
discussed later.
The other two exponential factors can also be maximized

to unity by choosing C̄ ¼ 0 and S̄ ¼ 0. This in turn requires
a21 ¼ 0 and a22 ¼ 0, respectively, since b52 has a nonzero
value. It is more straightforward to make just one of them
vanish in beam optics. Herein we choose a21 ¼ 0, which
allows an injected electron beam with a larger horizontal
size. Accordingly, the bunching factor reduces to

bh ¼ Jh

�
hksjb56j

Δγ
γ0

�
e−

1
2
h2k2sa22b52σ2x0 ð16Þ

which has a similar form as presented in [24]. However, the
result herein does not necessarily rely on a stringent
assumption on the beam line. Consequently, it can be applied
to more general cases, e.g., when the dipole magnets cannot
be treated as thin lens. This is very important for the
applications employing lower-energy electron beams.

III. THE MODULATION SCHEME

Based upon the above observations, we propose a
scheme to generate strong subpicosecond density modu-
lation in a low-energy (e.g., a few tens MeV) electron beam,
as illustrated in Fig. 1. For the matching section, one dipole
magnet and two quadrupole magnets are used. The dipole
magnet triggers the angular dispersion of the electron
beam, while the two quadrupole magnets allow adjusting
the strength of focusing (a21) and angular dispersion (a26).
The energy modulator adopts a short undulator and a
kW-level (peak power) coherent THz radiation source. In
this case, the electron beam gets slightly energy-modulated
through interacting with the low-power THz seed radiation.
The dispersion section is a dogleg comprising two bending
magnets of opposite polarities and one quadrupole magnet
in between. These magnets make b51 vanish while provid-
ing the required b56 to maximize the Bessel function in the
bunching factor [see Eq. (14)]. After the dispersion section,
the energy modulation is converted into density modula-
tion. With proper set a21 and a26, C̄ and D̄ approach zero,

FIG. 1. An electron modulation scheme to generate strong
subpicosecond density modulation in relativistic electron beams
with low-power THz seed radiation. B1, B2, and B3 are sector
dipole magnets; Q1, Q2, and Q3 are quadrupole magnets.

STRONG ELECTRON DENSITY MODULATION WITH … PHYS. REV. ACCEL. BEAMS 22, 060701 (2019)

060701-3



respectively. Therefore, the effects of initial transverse size
and uncorrelated energy spread on the modulation can be
greatly suppressed.
The coherent THz radiation herein can be produced via

stimulated polariton scattering in the polar nonlinear optical
materials (such as LiNbO3 and KTP), namely THz para-
metric amplifier (TPA) [25]. This technology has been well
developed recently and can generate narrow-band THz
radiation with the peak power above 1 kW when driven by
a commercial infrared (e.g., 1064 nm) 100s MW laser.
Moreover, the THz radiation wavelength is tunable within
1–3 THz when using LiNbO3 crystal [26] and 3–6 THz
when using KTP crystal [27].
As an example to demonstrate the scheme, we assume

the input/injected electron beam has an energy of 30 MeV
and an energy spread of 0.1%. We also assume the electron
beam has a uniform current profile with a bunch length of
2.5 ps and a bunch charge of 100 pC. For higher bunching
factor, the electron beam is expected to have a low
emittance and a small horizontal divergence, which are
assumed to be 0.4 μm (normalized) and 11 μrad, respec-
tively. These parameters are realistic and readily available
from many electron accelerators [34–36]. For the energy
modulator, the planar undulator is supposed to have
20 periods with the period length of 4 cm. The THz seed
radiation is assumed to have a wavelength of 50 μm (6 THz
in frequency), a peak power of 1 kW, and a pulse duration
of 10 ps. These parameters have been achieved in our TPA
experiments. The THz seed is supposed to be a Gaussian
beam, whose waist is w0 ¼ 2.2 mm and located at the
middle of undulator. It is worth noting that both the electron
beam and THz seed radiation have relatively large trans-
verse sizes, which would benefit their alignment and lead to
a rather high tolerance to electron beam position jittering in
the undulator. A summary of parameters for the electron
beam and energy modulator is listed in Table I.
The parameters for the matching and dispersion sections

are determined by solving the transfer matrix with a fast
genetic algorithm. One set of results are listed in Table II.
With the above parameters, the bunching factor at the
fundamental wavelength is 0.422 according to Eq. (14). In
the calculation, Δγ=γ0 was evaluated using [37]

Δγ
γ0

¼ au½JJ�
γ20

Lu

κw0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ps½GW�
4.35

r
; ð17Þ

where ½JJ� ¼ J0½ða2u=2Þ=ð1þ a2uÞ� − J1½ða2u=2Þ=ð1þ a2uÞ�,
Lu is the modulating undulator length, Ps is the seed THz
radiation power for energy modulation, and κ is newly
introduced herein to account for the radiation beam size
variation in the undulator, which is defined as the ratio of
the averaged size to the waist radius w0. When the radiation

beam waist is located at the middle of undulator, κ ¼
logðζ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
ζ2 þ 1

p
Þ=2ζ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
ζ2 þ 1

p
=2 with ζ ¼ Lu=2Zr.

In our example, the undulator length is 8=3 times the
radiation Rayleigh range Zr, therefore κ ¼ 1.245.

IV. SIMULATION STUDY

We use the code ELEGANT [38] to track the electron beam
through the matching and dispersion sections with second-
and third-order transport effects and incoherent synchrotron
radiation (ISR) taken into account. The interaction between
electron beam and THz radiation in the modulator is
simulated using the time-dependent code GENESIS [39].
At the exit of the dispersion section, the electron coor-
dinates are exported to calculate the bunching factor
according to Eq. (8), which is referred to as the simulated

TABLE I. Main electron beam and energymodulator parameters.

Parameter Value Unit

Electron beam
Energy 30 MeV
Bunch charge 100 pC
Bunch length 2.5 ps
Energy spread 0.1%
Normalized emittance ϵn 0.4 μm
Horizontal divergence σx0 11 μrad
Seed radiation
Wavelength λs 50 μm
Peak power Ps 1 kW
Pulse length (FWHM) 10 ps
Rayleigh range Zr 0.3 m
Waist radius w0 2.2 mm
Undulator
Period λu 4 cm
Period number Nu 20
RMS deflecting parameter au 2.76

TABLE II. Main parameters of the beam optics in Fig. 1. Not
labeled in the figure are drift sections D1 between Q1 and B1, D2

between B1 and Q2, D3 between B2 and Q3, and D4 between Q3

and B3.

Parameter Value Unit

Matching section
Bending angle θB1

11 degree
Bending length LB1

0.22 m
Quadrupole strength KQ1

2.00 m−2

Quadrupole strength KQ2
−4.09 m−2

Quadrupole length LQ1;Q2 0.1 m
Drift space length LD1;D2

0.1 m
Dispersion section
Bending angle θB2;B3

12 degree
Bending length LB2;B3

0.12 m
Quadrupole strength KQ3

−6.67 m−2

Quadrupole length LQ3
0.1 m

Drift space length LD3
0.33 m

Drift space length LD4
0.67 m

ZHAO, ZHAO, HUANG, and LIU PHYS. REV. ACCEL. BEAMS 22, 060701 (2019)

060701-4



bunching factor hereafter. Figure 2 shows a comparison of
the simulated bunching factors to the analytical result
[calculated using Eq. (14)] for various harmonic numbers.
From the figure, one can see good agreement between the
simulation and analytical formula. At the fundamental
wavelength, the simulated bunching factor is 0.424, which
is very close to the analytical result.
So far both analytical method and simulation have shown

that strong sub-picosecond electron bunching can be
generated by modulating the electron beam via a kW
(peak power) THz radiation. To illustrate the physical
picture of this strong bunching, we plot the longitudinal
phase space distribution of the electron beam at the exits of
energy modulator and dispersion section in Fig. 3. For
clarity, we slice the electrons according to their angular
divergence x0 at the entrance of the energy modulator in
Fig. 3(a) and 3(d). Herein x0 can represent the intrinsic
energy deviation of electrons, since the matching section
induced angular dispersion is much larger than the initial

divergence. This is clearly shown in Fig. 3(a) and 3(d),
where all electron slices become distinct “energy layers” in
the longitudinal phase space.
From Fig 3(a), one can see obvious energy modulation

in each layer. According to Eq. (17), the energy modulation
amplitude is 1.6 × 10−4, which is only 1=6 of the
beam’s uncorrelated energy spread. In typical electron
density modulation cases (e.g., High-Gain Harmonic
Generation), such an energy modulation is incapable of
evolving into efficient density modulation. With this
scheme, however, the effect of initial energy deviation
on electrons’ path length will be cancelled out since D̄ ¼ 0.
Therefore, in ideal case, only the modulation induced
energy deviation contributes to the bunching process and
strong density modulation is eventually formed after the
dispersion section. This is clearly shown in Fig. 3(d), where
the energy modulation of each layer is converted into
density modulation, while the process is nearly indepen-
dent of the layers’ energy.
As mentioned above, to generate high density modula-

tion via this scheme, the electron beam is expected to have
a low emittance and a small horizontal divergence. To
investigate the impact of emittance and horizontal diver-
gence on the bunching factor, we carried out three sets of
simulation with the normalized emittance of 0.4, 0.6, and
0.8 μm, respectively. For each set of simulation, the initial
horizontal angular divergence σ0x is scanned from 3 to
30 μrad, and accordingly the horizontal beam size is varied
to maintain a same emittance. All other parameters,
including those of the matching section, energy modulator,
and dispersion section, are kept unchanged. The simulation
results are plotted in Fig. 4. We can see from the figure that
for all cases the bunching factor reaches its maximum when
σx0 is around 11 μrad. This is a balance between the
horizontal divergence and beam size—as the divergence
decreases, the beam size would increase accordingly, which

0 1 2 3 4 5
harmonic number 

0

0.2

0.4

0.6

0.8

1

bu
nc

hi
ng

 f
ac

to
r 

b h

simulation
analytical

FIG. 2. Comparison of the bunching factors obtained via
simulation and analytical formula.

FIG. 3. Longitudinal phase space distribution of the electron beam at the exit of energy modulator (a–c) and dispersion section (d–f).
In (a) and (d), the electrons are grouped into 6 “layers” according to their angular divergence x0 at the entrance of energy modulator, and
electrons in each layer are represented in a different color. (b) and (d) are pseudocolor plots of electron density distribution, while (c) and
(f) are current profiles.

STRONG ELECTRON DENSITY MODULATION WITH … PHYS. REV. ACCEL. BEAMS 22, 060701 (2019)

060701-5



may reduce the electron-radiation coupling in the
energy modulator. Nevertheless, the bunching factor
remains relatively stable when σx0 changes within a range
∼10 μrad. The figure also shows that when the emittance
grows to 0.8 μm, the bunching factor can still reach 0.36.
We have also investigated the impact of seed radiation

power on the bunching factor. Figure 5 shows the simulation
results, where all other parameters are kept unchanged. This
figure indicates that a considerable bunching factor can be
achieved even if the seed radiation power is reduced to 100s
W and the dispersion strength does not match the energy
modulation amplitude. From the figurewe can also infer that
the bunching factor is rather stable against seed radiation
power fluctuation at 10% level—for TPA, the expected
fluctuation is within 2%.
Finally, we briefly investigate the wavelength tunability

of this schemewhile keeping the transport optics (including

the matching and dispersion sections) unchanged. In the
simulation, the modulation wavelength is scanned from 1 to
6 THz with a step size of 0.25 THz, the electron energy is
varied accordingly to maintain a same au of the energy
modulator, and the electron beam Twiss parameters and the
THz seed radiation waist radius are adjusted to adapt these
changes. Figure 6 presents the simulation result. As shown
in the figure, a bunching factor at the level of 0.4 can be
obtained over the frequency range from 1 to 6 THz.

V. THZ SUPERRADIANT UNDULATOR
RADIATION

Now let us consider the superradiant undulator radiation
of the bunched electron beam. The fundamental radiation
power for such a beam traversing a undulator distance Lu
can be calculated using [40]

P ¼ b21
4
I2pkL

2
u

�
au
γ0

�
2 Z0

A
; ð18Þ

where Z0 ¼ 377Ω is the vacuum impedance, Ipk is the peak
current of electron beam, and A is the effective mode area.
It should be noted that Eq. (18) applies to spontaneous
radiation only. Here we take the 6 THz case as an example.
We assume a 20-period undulator with a period length of
5 cm and a deflecting parameter of 2.47 which is resonant
at 6 THz. The effective mode area can be estimated
according to the fundamental Gaussian mode waist at
the undulator center (assuming Lu is twice the Rayleigh
range), i.e., A ¼ πw2

0=2 ¼ λLu=4. The output THz radia-
tion power is therefore evaluated to be 15 MW, which is
1.5 × 104 times the seed radiation power. The radiation is
expected to have a full spectral width of 5%, depending on
the undulator period number [32]. At last we want to point
out that the chromatic transport in this scheme would lead
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FIG. 4. Bunching factor at fundamental wavelength for various
horizontal divergence and emittance.
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FIG. 5. Bunching factor at fundamental wavelength as a
function of THz seed radiation power.
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FIG. 6. Bunching factor for different frequency with the same
beam line.
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to an increase of electron beam emittance. However, this
issue will not have any significant impact on THz undulator
radiation whose wavelength is much larger than the geo-
metric emittance of electron beam [40].

VI. SUMMARY

In this paper, we have proposed a scheme for generating
strong electron density modulation at THz frequency using
an external THz source directly. We have also developed a
complete analytical model and presented an example of
design according to the model for this scheme. Analytical
calculation at 6 THz (modulation frequency) shows that a
bunching factor above 0.4 can be reached. Numerical study
has been carried out to validate the results and investigate
the impact of some sensitive parameters. The simulations
agree well with the analytical model and show that the
proposed scheme can achieve a bunching factor above 0.35
even as the electron beam emittance doubles or the seed
radiation power reduces by 40%. The wavelength tunability
has also been investigated through simulation, which
indicates that a bunching factor at the level of 0.4 can
be obtained over the frequency range from 1 to 6 THz.
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