
 

Nondipolarity of axial channeling radiation at GeV beam energies
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We consider the nondipolarity of axial channeling radiation generated in a tungsten single crystal at
electron-beam energies of several GeV. The calculations are based on the realistic axial continuous
potential. It could be shown that, compared to the dipole approximation, the nondipole approximation
results in a considerable variation of the channeling radiation spectrum. In a simulation of positron
production via conversion of γ radiation into eþe− pairs, the observed effect may play an important role.
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I. INTRODUCTION

Assessing today, it is really remarkable that the phe-
nomenon of channeling of charged particles (ions) when
moving through a single crystal along selected directions
(crystallographic planes or axes) was discovered by means
of computer simulations in 1963 [1]. Shortly later, the
effect was confirmed experimentally in 1964 [2] and was
explained theoretically in 1965 [3].
Governed by the so-called continuous planar or axial

potential [3], the classical description of channeling of
relativistic light charged particles (electrons or positrons)
results in a sinusoidal or, respectively, ellipsoidal motion
which, consequently, leads to the emission of electromag-
netic radiation. Figured out in 1976 [4,5], channeling
radiation (CR) turned out to be an intense, tunable, non-
conventional source of x and γ rays. After its observation in
1978 [6], CR was the object of numerous investigations;
a comprehensive survey of them may be found in the
extensive reference lists of relevant monographs [7–14].
While the first CR x-ray source was presented in

Ref. [15], an interesting application of high-energy CR γ
rays consists in their conversion into eþe− pairs to create an
intense positron source for future eþe− colliders (see, e.g.,
Ref. [16]). An axially oriented tungsten (W) crystal serving
at the same time as the radiator and converter was used at
the KEKB factory in Ref. [17]. An advanced method, the

so-called hybrid positron source, was proposed in Ref. [18]
and has further been investigated in Refs. [19–21].
Based on realistic continuous potentials, we developed

Mathematica [22] computer codes for the classical calcu-
lation of planar as well as axial CR valid at particle energies
higher than about 100 MeV [23,24]. Dechanneling was
evaluated in Ref. [25] (see also Refs. [26,27]) but first
already applied for the simulation of positron production in
a hybrid scheme in Ref. [28].
Classical CR calculations are based on the computation

of particle trajectories in the continuous planar or axial
potentials. For relativistic channeled particles, the longi-
tudinal velocity vz ≈ c (c means the velocity of light).
Hence, the emission of CR is caused by their transverse
motion. Over a rather large interval of particle energy, the
transverse motion may be assumed to be quasi-independent
on the longitudinal one and even nonrelativistic, which
allows the calculation of CR in a dipole approximation
[13]. This is valid if the energy of radiated photons is much
smaller than the particle energy. The assumed condition
successively weakens when the energy of the channeled
particle approaches values near one GeV [13,29,30], which
leads to remarkable changes of the photon spectrum and
the CR intensity. As in general considered in Ref. [31]
for the particle motion through a flat undulator, we cal-
culated the effect of nondipolarity on planar electron CR in
Ref. [32]. The present paper deals with axial electron CR in
a nondipole approximation.
Theoretically, nondipolarity of axial CR is considered in

Refs. [29,30,33–36]. The analytic approach of the problem
is rather complicated and requires analog modeling (i.e.,
approximation) of the continuous axial potential. The numeri-
cal treatment applied in Ref. [31] as well as in the present
paper enables one to solve the equations of motion for
realistic periodic continuous (planar or axial) potentials given
in their most common 1D or 2D form, respectively [37].
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Spectral-angular and energy distributions of CR are then
calculated using classical electrodynamics [38].
Since the axial continuous potential is mostly deeper than

the planar one, axial CR in a W crystal was preferred to the
planar one in Refs. [17–21]. Therefore, we also restrict our
calculations to a W single-crystal radiator, because, due to its
large atomic number, the CR yield is expected to be larger
than that for diamond, Si, or Ge crystals.

II. COUPLED MOTION OF THE
CHANNELED PARTICLE

By analogy with the nondipole approximation applied
for planar channeling in Ref. [32], we consider the coupling
of longitudinal and transverse motion at axial channeling
by adding the two transverse velocity components vx and
vy to the equation of motion of the relativistic channeled
particle:

dp
dt

¼ d
dt

 
mvffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − v2xþv2yþv2z
c2

q
!
; ð1Þ

where m is the electron rest mass, p is the electron
momentum, v is the particle velocity, and vz is its
longitudinal component.
For vx;y ≪ vz ≈ c, one obtains the equations of particle

motion [24]:

γmẍ ¼ Fx ¼ −∂Uðx; yÞ
∂x ; ð2Þ

γmÿ ¼ Fy ¼ −∂Uðx; yÞ
∂y ; ð3Þ

γm̈z ¼ Fz ¼ 0; ð4Þ

where γ ¼ 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2

p
means the Lorentz factor and

β ¼ v=c.
The realistic continuous potential for axial electron

channeling reads [24]

Uðx; yÞ ¼
X
g

ugeig·r⊥ ; ð5Þ

ug ¼ − 2π

Vc
a0e2

X4
i¼1

αie
−1

4
ð βi
4π2

þ2ρ2Þg2 ; ð6Þ

where the vector g ¼ gm represents all m reciprocal lattice
vectors perpendicular to the axis considered, r⊥ is the
radius vector in cylindrical coordinates, ug denotes m
Fourier coefficients, ρ is the mean-squared thermal-
vibration amplitude, a0 is the Bohr radius, Vc is the volume
of unit cell, and αi and βi are coefficients of potential
approximation after Ref. [37]. The continuous potential of
the h100i axis of a W single crystal is depicted in Fig. 1.

The condition dpz=dt ¼ 0 is necessary to obtain a
convergent solution of the equations of motion. The non-
dipole approximation supposes that the coupling of
transverse and longitudinal velocities is contained in the
Lorentz factor

γ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − v2xþv2yþv2z

c2

q : ð7Þ

With given initial conditions at time t ¼ 0, i.e., at the
point of incidence into the crystal, one finds

vzðtÞ¼ vzð0Þ
�
1− 1

2c2
f½v2xðtÞþv2yðtÞ�− ½v2xð0Þþv2yð0Þ�g

�
:

ð8Þ

From Eqs. (2) and (3), one obtains the transverse
velocities vxðtÞ and vyðtÞ and trajectories xðtÞ and yðtÞ
as well. This allows one to solve Eq. (8) for zð0Þ ¼ 0.
Integration of vzðtÞ gives zðtÞ:

zðtÞ ¼
Zt
0

vzðt0Þdt0 ¼ vzð0Þ
�
1þ 1

2c2
½v2xð0Þ þ v2yð0Þ�

�
t

− vzð0Þ
2c2

Zt
0

½v2xðtÞ þ v2yðtÞ�dt: ð9Þ

Here, the second part in Eq. (9) represents a longitudi-
nally oscillating term.
The longitudinal velocity averaged over one oscillation

period T is

h_zi ¼ β̄z
c
¼ 1

cT

ZT
0

_zðtÞdt: ð10Þ

Finally, the trajectory of the channeled electron reads

rðtÞ ¼ xðtÞex þ yðtÞey þ ½βzctþ zðtÞ�eZ; ð11Þ

FIG. 1. Realistic continuous potential of the h100i axis of a W
single crystal for electron channeling.
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where xðtÞ, yðtÞ, and zðtÞ are periodic with period T and
T=2, respectively.
From now on, we change to spherical coordinates:

n ¼ sinðθÞ cosðϕÞex þ sinðθÞ sinðϕÞey þ cosðθÞez: ð12Þ

The unit vector n points in the direction of photon
emission.

III. NONDIPOLARITY OF AXIAL CR

Obtained the trajectory of the channeled electron in the
approximation of coupled motion, one can calculate the
spectral-angular distributions of CR by applying classical
electrodynamics if the photon energy is sufficiently small
compared to the particle energy:

d2E
dωdΩ

¼ e2

4π2c

����
Zτ
0

eiðω t−k·rÞ n × ½ðn − βÞ × β�
ð1 − βnÞ2 dt

����
2

; ð13Þ

where cβ ¼ _r, k ¼ ωn=c is the wave vector of radiation
with frequency ω, and τ ¼ NT means the time for travers-
ing the crystal, during which the particle executes N
transverse oscillations.
To obtain the CR spectrum for a real electron beam,

averaging over all incidence points into the crystal (means
over all possible trajectories) and integration over the solid
angle dΩ ¼ sin θdθdφmust be performed. The total energy
spectrum of CR is obtained by restricting the observation
angle to θ ≤ 1=γ. All corresponding calculations have been
carried out numerically. For that, we adopted our computer
code developed for planar channeling to the axial case
(cf. Refs. [32,39]). Under the assumption that the number
of transverse oscillations in the crystal is large enough, one
may express Eq. (13) per unit crystal thickness.

The integration over all emission angles has to be
performed using the relation

ω ¼ ωn

ð1 − β̄z cos θmÞ
: ð14Þ

Finally, the spectral distribution of CR per unit crystal
thickness reads

dĒ
dℏω

¼ e2ω
2πℏc2

X∞
n¼1

InðθmÞ; ð15Þ

where InðθmÞ ¼ janj2 − jnanj, ωn ¼ 2πn=T,

an ¼
1

T

ZT
0

βðtÞe−iωcnðφ;θÞ·rðtÞeiωntdt; ð16Þ

and the photon frequencies are restricted by the condition

ωmin ¼
ωn

1þ β
≤ ω ≤

ωn

1 − β
¼ ωmax: ð17Þ

IV. RESULTS OF CALCULATIONS

In what follows, we present a comparison of trajectories
of channeled particles and CR spectra obtained in the
dipole as well as in the nondipole approximation.
Figure 2 shows examples of projected on the x − y plane

transverse electron trajectories of axial channeling along
the h100i axis of a W single crystal calculated for a given
incidence point at parallel incidence with respect to the
crystal axis.
Channeling radiation spectra calculated in the dipole

and nondipole approximation for electrons of energy 0.8, 2,

FIG. 2. Projected on the x − y-plane trajectories for 800 MeVelectrons axially channeled along the h100i axis of a W single crystal for
parallel incidence at given coordinates xð0Þ, yð0Þ. (a) Five oscillation periods, (b) two oscillation periods.
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and 5 GeV channeled along the h100i axis of a 20-μm-thick
W single crystal are shown in Figs. 4–6.
To not confuse the main issue of this paper, we for

the present neglect dechanneling, although multiple scat-
tering strongly diminishes the absolute CR output, if the
crystal thickness is comparable with the dechanneling
length [25]. With reference to analytic Fokker-Planck

calculations of axial dechanneling [40], a rough estima-
tion of the axial dechanneling length for a W crystal
at an electron energy of 1 GeV gives several microns
only. Numerical calculations using realistic potentials
(cf. Refs. [25–27]) were unavailable up to now. Since
dechanneling affects absolute values, the effect of non-
dipolarity of CR should principally hold.

FIG. 3. Electron trajectories relating to the projections shown in Fig. 2. (a) xðtÞ, (b) yðtÞ, (c) zðtÞ. (d) Photon spectrum of one 800 MeV
electron incident at the coordinates given in Fig. 2 and channeled along the h100i axis of a 20-μm-thick W single crystal. Dipole
approximation (yellow line) and nondipole approximation (blue line).

FIG. 4. Comparison of CR spectra calculated in the dipole and
nondipole approximation for electrons of energy 800 MeVaxially
channeled along the h110i axis of a 20-μm-thick W single crystal
at parallel incidence with respect to the crystal axis.

FIG. 5. Comparison of CR spectra calculated in the dipole and
nondipole approximation for electrons of energy 2 GeV axially
channeled along the h100i axis of a 20-μm-thick W single crystal
at parallel incidence with respect to the crystal axis.
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V. DISCUSSION OF OBTAINED RESULTS

The initial conditions for the projected trajectories shown
in Fig. 2 are equally chosen. The example is a very simple
one; more complicated trajectories are possible. Figure 2(b)
accounting for the first two periods only is asymmetric,
and spiraling proceeds not yet around the central axis.
This is realized only after several periods as shown in
Fig. 2(a), where five periods are depicted. Since radiation is
caused by acceleration of the charged particle, asymmetric
spiraling will only slightly influence the photon spectrum.
Figures 3(a) and 3(b) illustrate the interplay of transverse
trajectories. Figure 3(c) shows the doubled oscillation
frequency in the longitudinal direction which is caused
by the oscillating term in Eq. (9). This term induces
radiation not directed into the forward cone θ ≤ 1=γ but
causing radiation losses.
Figures 4–6 reveal a striking difference between the CR

spectra and intensities calculated in the dipole and nondi-
pole approximation. When the photon energy of dipole
radiation increases with an increasing beam energy as
expected, the spectra obtained in the nondipole approxi-
mation shrink towards lower energy. In addition, the
magnitudes of the nondipole spectra rapidly decrease with
an increasing electron energy if compared with the dipole
spectra.
Here it must be noted that, due to the 2D problem,

satisfactory averaging over all possible electron trajectories
is extremely computer-time consuming. It could only partly
be provided by calculating for an ensemble of 1600 beam
particles. Nevertheless, the main trends could be suffi-
ciently demonstrated. Preliminarily concluding, it seems
that, compared to planar channeling [32], the effect of
nondipolarity of CR is more pronounced at axial CR.

VI. CONCLUSIONS

We for the first time investigated the effect of non-
dipolarity of axial electron CR at GeV beam energies,

taking into account the realistic axial continuous potential
of a W crystal. It could be shown that, at such particle
energies, the dipole approximation for CR emission
strongly overestimates the CR yield, as the CR spectrum
and the CR intensity emitted in the beam direction are
substantially modified by the coupling of longitudinal and
transverse motion of axially channeled electrons.
Compared with the results obtained for the 1D case of

planar CR in our previous work [32], it seems that the
nondipole approximation for the 2D case of axial CR plays
a more important role. Further investigations are necessary
to obtain significant conclusions, e.g., for the application of
high-energy CR to produce intense positron beams [28,41].
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