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Beam degradation is examined in a laser-plasma accelerator stage with a parabolic plasma channel when
the laser pulse and/or the electron beam enters the channel off axis. Betatron oscillations in the beam
become incoherent, resulting in a net increase of beam emittance through phase mixing. A quantitative
model for transverse emittance growth due to misalignment in multistage accelerators, valid in the linear
regime, is presented and compared with particle-in-cell simulations. The model is applied to a chain of
laser-plasma accelerator stages, and tolerances are derived on the initial energy spread of the electron beam
and misalignment in the multistage structure, with repercussions in high-energy physics applications of
laser-plasma accelerators.
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I. INTRODUCTION

Progress made in the past decades allowed laser-plasma
accelerators (LPAs) to create electron beams with increas-
ing energy and brightness [1–5]. Such accelerators are seen
as potential alternatives to conventional accelerators to
build a lepton collider, where the desired energy is on the
order of 1 TeV [6]. While a single LPA can accelerate an
electron beam by a few GeV, accelerating a high-quality
electron beam to TeV energy with a single LPA requires a
driver laser pulse energy that is not achievable with current
technology. A solution to reach high energy is to build
an accelerator by cascading tens of LPA stages [7–9]
(a method called staging), each of them accelerating the
electron beam by up to 10 GeV.
A collider requires particle beams with not only high

energy, but also high quality. Emittance is a quantity that
measures the beam quality and, in particular, its focus-
ability [10]. Emittance is a critical parameter for colliders,
where the required number of collisions strongly depends
on the achieved beam spot size. Emittance is also relevant
for most particle beam applications, ranging from medical
imaging to x-ray or gamma-ray generation using an
LPA-driven free-electron laser or betatron oscillations
inherently present in LPAs [11–13]. Hence, a number of

theoretical and experimental studies have been dedicated to
understand and limit beam degradation during beam trap-
ping or acceleration.
Emittance growth has been a vast field of study in the

community of conventional accelerators, and sources of
emittance growth range from nonlinearities in the applied
forces to instabilities and collisions [14]. Misalignment of
one or several beam optics elements results in emittance
growth through emittance dilution, and Ref. [15] contains
an expression for the emittance after full dilution. However,
the emittance does not always reach full dilution within
an LPA stage. For this reason, we derive the emittance
saturated value and its growth rate in the presence of
acceleration, which has not been published yet to the best of
our knowledge.
Several studies describe emittance growth in LPAs.

Emittance growth due to beam transport between stages
has been studied in Refs. [10,16]. Emittance growth due to
betatron frequency mismatch when the electron beam has a
finite duration has been studied in Ref. [17]. The present
article focuses on emittance growth due to laser or beam
transverse misalignment at the entrance of an LPA stage.
Such a misalignment can result from laser pointing fluc-
tuations, which is a well-known issue in the Ti:sapphire
laser technology [18,19]. Furthermore, recent work has
shown that laser imperfections, e.g., pulse front tilt, can
also lead to electron beam or laser pulse deflection at the
end of an LPA stage, thus resulting in transverse misalign-
ment in the consecutive stage [20].
In this article, we present a model of transverse emittance

growth due to transverse misalignment of the electron beam
and/or the laser pulse driver in a plasma channel with a
parabolic transverse density profile, where electron accel-
eration is taken into account. In the presence of a finite
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energy spread in the electron beam, phase mixing of betatron
oscillations results in emittance growth. This effect strongly
depends on the initial misalignment of the electron beam.
Furthermore, laser misalignment results in transverse oscil-
lations of the laser pulse centroid [21], which may lead to
emittance growth in the accelerated beam. The model
assumes that the LPA is operated in the quasilinear regime
with a large plasma channel and that betatron oscillations are
not resonant with transverse laser centroid oscillations. Beam
loading, cavitation, or ion motion effects are not considered.
Section II describes the typical LPA stage used in this

study as well as considerations on beam emittance.
Section III provides the theory for emittance growth due
to laser pulse or electron beam misalignment, assuming
beam-loading effects can be neglected. This model is, in
principle, applicable to any type of accelerator provided the
assumptions in Section II are satisfied. Section IV shows
particle-in-cell (PIC) simulation results and a comparison
with the theory. A mitigating solution is proposed in Sec. V
to reduce emittance growth due to laser pulse misalign-
ment. Finally, the impact on the design of LPAs is discussed
in Sec. VI. Connections between this work and the study of
emittance growth in conventional accelerators are briefly
discussed in the conclusion.

II. LPA STAGE AND REQUIREMENTS

This section describes the typical LPA stage used
throughout this article. A 15 J Gaussian laser pulse with
wavelength λ0 ¼ 0.81 μm and duration τL ¼ 68 fs [where
the temporal profile of the electric field is ∝ expð−t2=τ2LÞ,
equivalent to 80 fs full width at half maximum (FWHM) in
intensity] propagates in the z direction and is focused down
to a vacuum waist w0 ¼ 53 μm. The Système International
system is used throughout this article. The normalized
vector potential a0, defined as a0 ¼ eA=mec, where e is the
elementary charge, A is the laser vector potential, me is the
electron mass, and c is the speed of light, reaches the value
of 1.38 at focus.
The plasma is a 30-cm-long capillary with a preformed

parabolic transverse density profile to avoid laser pulse
diffraction [4,22]. The density profile is radially symmetric,
and the electron density is given by

neðrÞ ¼ n0

�
1þ 4

k2p0

r2

R4
c

�
; ð1Þ

where r is the radial coordinate, n0 is the plasma density on
axis that is equal to 2.2 × 1017 cm−3, Rc is the capillary
matched radius, which is set to Rc ¼ 70 μm hereafter, and
kp0 ¼ ½4πn0e2=ðmec2Þ�1=2 is the plasma wave number on
axis. The plasma wave number at any point in space is
given by kp ¼ kp0ðne=n0Þ1=2. This profile is shown in
Fig. 1(a). The plasma wavelength λp and plasma frequency
ωp are ωp ¼ 2πc=λp ¼ kpc, and their value on axis is

denoted with subscript 0: λp0 and ωp0. The longitudinal
profile is flat with a 2 mm linear up ramp at the entrance of
the capillary and a 1 mm linear down ramp at the capillary
exit, which are common values for these experiments and
were observed to have a minimal effect in the energy range
studied. The laser pulse is focused at the beginning of the
density plateau, and the ramps were kept smaller than the
Rayleigh length of the laser zR ≃ 11 mm. This profile is
shown in Fig. 1(b).
An electron beam is externally injected in the LPA stage

with initial energy E ¼ 4.5 GeV and is accelerated up to
8.5 GeV, so this setup represents a 4 GeV LPA stage. The
electron beam is injected in the second plasma period
behind the laser driver to avoid interaction with the laser
pulse. The beam has a uniform distribution in the longi-
tudinal direction, with length Lbeam ¼ 8 μm and a trans-
verse Gaussian distribution with width σx;y ¼ 0.8 μm
(σ stands for rms size throughout the article). The beam
has a Gaussian distribution in longitudinal and transverse
momenta with divergence σθ ¼ 0.11 mrad, and the energy
spread is ΔE=E ¼ 2.5%. The beam total charge is small
enough for beam loading to be negligible (< 1 fC) in this
study. For an electron beam with transverse Gaussian
distribution and peak density nb, this condition reads
k3pσxσyLbeamnb=n0 ≪ 1. Though beam loading is expected
to affect the wakefield amplitude experienced by the
electron beam in an LPA-based collider, we expect the
main conclusions of this study to be valid in the presence of
weak beam loading. All laser pulse, plasma, and beam
parameters are summarized in Table I. Apart from the beam
charge, these are typical parameters used for LPA experi-
ments on the Petawatt system [23] of the BELLA
(BErkeley Laboratory Laser Accelerator) center at the
Lawrence Berkeley National Laboratory.
Beam quality is described in terms of the rms (root-

mean-square) normalized emittance as defined in
Ref. [10] by

ϵx ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hx2ihu2xi − hxuxi2

q
; ð2Þ

where x is a transverse direction, ux is the normalized
momentum in the x direction defined from the momentum
as ux ¼ px=ðmecÞ, and hi stands for average over particles
in the beam. Here, the beam is assumed to propagate along

(a) (b)

FIG. 1. (a) Transverse and (b) longitudinal profiles for the
30-cm-long capillary. The longitudinal profile is given on axis.
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the z axis. The normalized emittance is relevant within
accelerator stages, as it remains constant if all forces are
linear and if each beam slice is matched; i.e., the beam has
no correlation in x and ux, and σx ¼ hx2i1=2 and σux ¼
hu2xi1=2 verify ϵx ¼ σxσux (where the averaging is done
within a slice of the beam), even when the accelerated beam
has a finite energy spread. Figure 2(a) shows the emittance
for several longitudinal 1-μm-thick slices of the electron
beam along propagation in the LPA in a particle-in-cell
simulation.
Particle-in-cell simulations were performed with the

code Warp [24,25], in a boosted frame [26] with Lorentz
factor γboost ¼ 20, giving an expected speedup of 400. The
longitudinal resolution was Δz ¼ λ0=25, and the transverse
resolution was Δx; y ¼ λ0=0.6. The physical box dimen-
sions were 500 μm × 500 μm × 220 μm, with one particle
per cell for both electrons and ions in the plasma and
2 × 105 particles in the accelerated electron beam.
Simulations used the Boris pusher, finite-difference time
domain Cole-Karkkainen solver [27] with Cowan coeffi-
cients [28], and third-order shape factor for current dep-
osition and field gather. The time step was set to the
Courant condition for the Cole-Karkkainen field solver
Δt ¼ Δz=c. Numerical Cherenkov instability was miti-
gated by applying a specific filter [29].
Figure 2(b) shows the projected emittance and the

emittance of each slice averaged over the full beam (here-
after called the slice emittance) along propagation from a
Warp simulation. Applying Eq. (2) on the whole beam
provides the projected emittance. It gives the overall beam
quality, but it may strongly depend on the beam length, as
the head and the tail of the beam experience different

accelerating and focusing forces in the quasilinear regime.
The slice emittance is obtained by applying Eq. (2) on each
slice of the beam and averaging the result. The thickness of
each slice is taken small enough (1 μm) so that the final
result does not depend on the thickness of each slice. The
slice emittance provides the best achievable beam quality.
In practice, it means that reshaping the beam after the
accelerating stage can reduce its projected emittance down
to its slice emittance at best. Hence, the rest of this article
focuses on the slice emittance. By construction, the
projected emittance is always larger than the slice emit-
tance, as illustrated in Fig. 2(b). The model presented in
Sec. III considers electrons located in the same slice, so that
variations of the wave number of betatron oscillations kβ
inside the bunch due to finite length are not considered.
Section III presents a model for emittance growth due to

misalignment in an accelerator stage without beam loading.
The model is confirmed with 3D PIC simulations in
Sec. IV, using the physical parameters presented in Table I.

III. THEORY FOR EMITTANCE GROWTH
WITHOUT BEAM LOADING

Figure 3 shows snapshots of the x − ux phase space of
the beam central slice for different propagation distances
for an electron beam with initial transverse offset
X0 ¼ 5 μm, where x ¼ 0 stands for the capillary axis.
The laser propagates along the z axis. It shows that phase
mixing within a slice is responsible for emittance growth in
these conditions: Electrons with different initial energies
perform betatron oscillations with different frequencies,
leading to decoherence and emittance growth (the same
simulation without energy spread shows a negligible
energy spread). The betatron period for this slice is λβ ≃
3 cm at the entrance of the capillary. Note that electrons
within the same slice undergo the same accelerating and

TABLE I. Simulation parameters. The first column contains
laser pulse parameters: wavelength λ0, energy Elaser, duration τL,
initial waist w0, and normalized amplitude a0. The laser is
polarized in the y direction. The second column contains electron
beam parameters: energy Ebeam, length Lbeam, widths σx;y, energy
spread ΔE=E, and divergence σθ. The third column contains the
plasma parameters: density n0, stage length Lplasma, channel
radius Rc, plasma wavelength λp0, and plasma width in the
capillary wc. Widths are given as rms values, assuming Gaussian
distributions for all quantities.

Laser Beam Plasma

λ0 0.81 μm Ebeam 4.5 GeV n0 2.2 × 1017 cm−3

Elaser 15 J Lbeam 8 μm Lplasma 30 cm
τL 68 fs σx;y 0.8 μm Rc 70 μm
w0 53 μm ΔE=E 2.5% λp0 71 μm
a0 1.4 σθ 0.11 mrad wc 200 μm

(a)

(b)

FIG. 2. Beam emittance along propagation when the laser pulse
and the electron beam propagate along the capillary axis.
(a) Emittance for several beam slices (from blue ζ0 ¼
−123 μm to green ζ0 ¼ −119 μm). (b) Projected emittance
(black) and slice emittance (red). The simulation parameters
are given in Table I. The emittance grows from 0.8 to
1.0 mm mrad, showing that the beam is not perfectly matched.
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focusing fields, so the absolute energy spread ΔE ≃
0.11 GeV remains constant along propagation.
When the laser pulse is injected off axis, another effect

can lead to emittance growth. Let x̄ be the transverse
position of the laser pulse. Figure 4 shows the evolution of
x̄ along the propagation for various initial laser offsets x̄0,
ranging from 0 to 30 μm. The pulse centroid performs
harmonic oscillations with period λ̄ ¼ 2π2R2

c=λ0 (here
λ̄ ≃ 12 cm) independent of the initial offset, consistent
with Ref. [21]. The frequency of centroid oscillations
is ω̄ ¼ 2πc=λ̄.
Several mechanisms responsible for emittance growth

are present when both the laser pulse and the electron beam
are off axis: (i) The energy spread in the electron beam
causes betatron oscillations to decohere, which leads to
emittance growth. (ii) Accelerated electrons follow the
laser, so the electron beam performs the same slow trans-
verse oscillations as the laser pulse, with period λ̄. This can
lead to emittance growth when these oscillations are not

adiabatic, i.e., when condition λ̄ ≫ λβ is not satisfied (see
below). (iii) The plasma density in the capillary is nonho-
mogeneous transversally, which breaks the symmetry of the
laser wake. We hereafter derive an expression for emittance
evolution along propagation by considering these three
factors. In this range of parameters, radiation damping is
small enough to be negligible [30].
Let x̄0 be the initial laser offset in the transverse

direction x. All considerations are given in the x–z plane
for simplicity. The transverse force in the linear regime is
due to the electric field Ex, which can be calculated as in
Ref. [31]. Assuming that the laser offset remains small,
x̄ðtÞ ≪ kp0R2

c, where kp0 is the electron plasma frequency
on the capillary axis, and the electron displacement remains
small, jx − x̄j ≪ w0, the transverse electric field behind the
laser pulse (i.e., in a region where the laser field is zero) and

close to the laser axis is Ex ¼ Eð0Þ
x þ Eð1Þ

x with

Eð0Þ
x ðx; ζÞ ¼ α

mec2

e
a20

ðx − x̄Þ
w2

sinðkp0ζÞ; ð3Þ

Eð1Þ
x ðx; ζÞ ¼ −α

mec2

e
a20

x̄ζ
kp0R4

c
cosðkp0ζÞ; ð4Þ

where only the two first-order terms Eð0Þ
x (transverse field in

a uniform plasma) and Eð1Þ
x (first-order correction, i.e.,

keeping the linear gradient term in a Taylor expansion
around x̄) were kept. The derivation of Eqs. (3) and (4) is

presented in Appendix A. Here, α ¼ ffiffiffiffiffiffiffiffi
π=2

p
ωp0τLe

−ω2
p0τ

2
L=8

is the coupling coefficient between the Gaussian laser
length and the plasma wavelength, ζ ¼ z − ct is the
copropagating variable (with ζ ¼ 0 the longitudinal posi-
tion of the laser pulse centroid), and w is the pulse width.
We also define

κ ¼ 1þ ζw2
0

kp0R4
c tanðkp0ζÞ

; ð5Þ

which represents the field deformation of the wake due to
the transverse density gradient when the laser propagates
off-axis. The second term on the right-hand side (rhs)

originates from Eð1Þ
x =Eð0Þ

x . A more accurate description of
the fields when the laser propagates along the axis of a
capillary can be found in Ref. [32]. In particular, the
derivation in Ref. [32] includes the plasma wave front
curvature due to the radial dependence of the plasma
wavelength, which was neglected in this study as we
consider small displacements around the capillary axis.

A. Emittance growth without acceleration

In this section, the beam is assumed to travel with
constant energy within a stage, i.e., ðΓf − Γ0Þ=Γ0 ≪ 1,
where Γ0 and Γf are the initial and final average Lorentz

FIG. 3. Phase diagram x − ux at different z along propagation.
Simulation conditions are given in Table I. The laser pulse
propagated on axis, and the electron beam started with an initial
5 μm transverse offset. Colors represent the electron initial
Lorentz factor.

FIG. 4. Laser transverse position x̄0 along propagation from
Warp simulations. Colors represent different initial transverse
positions between 0 and 30 μm. Simulation conditions are given
in Table I.
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factors for the electron beam, respectively. For a 1 TeV
accelerator with 100 identical 10 GeV stages, this approxi-
mation is valid after ≃10 stages. The emittance growth rate
and saturated value are derived for a slice of an electron
beam. While derived in the context of an LPA stage, this
model is, in principle, applicable to other types of accel-
erators [33,34] with constant accelerating field Ez and a
linear transverse focusing force associated with betatron
frequency ωβ, centered around x̄0 cosðω̄tÞ.
The equation for the transverse position x of an electron

with Lorentz factor γ ¼ γ0 and betatron frequency ωβ ¼
ωβ0 in the laser wake is that of a driven harmonic oscillator:

x00 þ ω2
βx ¼ ω2

βκx̄0e
iω̄t; ð6Þ

where prime symbols stand for time derivative and ωβ is the
betatron frequency given by

ω2
β ¼

αa20c
2

γw2
sinðkp0ζÞ: ð7Þ

The solution of Eq. (6) is

x ¼ ðx0 − ηκx̄0Þ cosðωβtÞ þ
ux0c
γωβ

sinðωβtÞ

þ ηκx̄0 cosðω̄tÞ; ð8Þ
where the first two rhs terms stand for betatron oscillations
and the third rhs term describes the transverse oscillations
of the laser pulse centroid. The additional parameter η was
introduced:

η ¼ ω2
β

ω2
β − ω̄2

ð9Þ

and represents the coupling between betatron oscillations
and transverse oscillations of the laser pulse centroid.
Let us consider a slice of an electron beam, into which all

electrons experience the same accelerating and focusing
fields. Average quantities are denoted with capital letters,
and rms quantities are denoted by σ; e.g., X is the average
transverse position of the electron beam and σx is its width.
Furthermore, subscript 0 stands for initial values at the
entrance of the stage, and hi stands for the average over all
electrons in the slice: Γ ¼ hγi, Ωβ ¼ hωβi.
From the equation of motion for one electron in the

plasma fields, one can follow the procedure used in
the Appendix of Ref. [30] and readily derive ux, X, Ux,
hδx2i1=2, hδu2xi1=2, and hδxδuxi1=2, where δx ¼ x − X
and δux ¼ ux −Ux. The emittance is given by ϵx ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hδx2ihδu2xi − hδxδuxi2

p
.

The mechanism for emittance growth is phase mixing,
which comes up when betatron oscillations of electrons
decohere because of the difference in betatron frequency.
While each electron performs oscillations with constant

amplitude, the average beam transverse position tends
towards the laser axis because of phase mixing. With the
Gaussian distribution in γ considered here, one can com-
pute the averaging hcosðωβtÞi assuming the relative energy
spread is small. The phase term in transverse oscillations of
the electron beam

hcosðωβtÞi ¼ e−ν
2
0
t2 cosðΩβtÞ ð10Þ

shows phase mixing leading to hcosðωβtÞi → 0, and the
phase mixing rate ν0 is given by

ν0 ¼
Ωβσγ

2
ffiffiffi
2

p
Γ
: ð11Þ

Assuming the electron beam is focused at the entrance of
the stage, its emittance grows exponentially from its initial
value ϵx0 ¼ σx0σux0 to its saturated value given by

ϵx;sat ¼
ΩβΓ
2c

�
ðX0 −Hκx̄0Þ2 þ σ2x0 þ

�
cσux0
ΓΩβ

�
2
�
; ð12Þ

where H ¼ hηi and the term Hκx̄0 represents laser dis-
placement. The emittance growth rate is∝ 2ν0 [the factor of
2 comes from the term in Eq. (10), squared to compute the
emittance].
When the beam has no correlations and is matched at the

entrance, i.e., ϵ0 ¼ σxσux0, the emittance does not grow
even in the presence of energy spread, provided all fields
are linear and vary slowly and there is no misalignment.
Further considerations are given in Sec. VI. The matching
condition for the beam width and divergence reads

σx ¼
�
ϵxc
ΓΩβ

�
1=2

; σux ¼
�
ΓϵxΩβ

c

�
1=2

: ð13Þ

When the matching condition is met, the saturated emit-
tance is simply expressed in terms of the initial emittance as

ϵx;sat
ϵx0

¼ 1þ 1

2

�
X0 −Hκx̄0

σx0

�
2

: ð14Þ

Equations (11) and (12) give the main features of emittance
growth, namely, the saturated value and the growth rate. On
the one hand, Eq. (12) shows that the acceptable misalign-
ment is on the order of the beam width if one wants to avoid
dramatic beam degradation. On the other hand, Eq. (11)
shows that the growth rate is proportional to the relative
energy spread σγ=Γ: The emittance grows faster in the
presence of a large energy spread. From Eq. (11), one can
readily show that emittance growth remains small in a
plasma with length L provided σγ=Γ ≪ λβ=L.
These equations give the behavior of emittance growth in

most stages of a multistage LPA and illustrate the involved
mechanisms as well as the role of beam properties.
However, it relies on the strong assumption that the
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betatron frequency and energy of the electrons remain
constant in the whole stage. A more general model for
emittance growth, that is also valid in the first stages, is
derived in the following paragraphs.

B. Emittance growth with acceleration

The equation of motion for an electron in the accelerator
stage with fields given by Eqs. (3) and (4) reads

x00 þ γ0

γ
x0 þ ω2

βx ¼ ω2
βκx̄0e

iω̄t: ð15Þ

The orbit of an electron in these fields (see Appendix B) is

xðtÞ ¼ þ
�
γ0
γ

�
1=4

½x0 − ηκx̄0� cos
�Z

ωβ

�

þ
�
γ0
γ

�
1=4 ux0c

γ0ωβ
sin

�Z
ωβ

�
þ ηκx̄0 cosðω̄tÞ; ð16Þ

uxðtÞ¼−
�
γ0
γ

�
1=4

½x0−ηκx̄0�γ
ωβ

c
sin

�Z
ωβ

�

þ
�
γ0
γ

�
1=4

ux0 cos

�Z
ωβ

�
− γ

ω̄

c
ηκx̄0 sinðω̄tÞ; ð17Þ

where
R
ωβ is a shorthand for

R
t
0 ωβðsÞds, where s stands

for time. These expressions are exact in the WKB

approximation when x̄0 ¼ 0. When the laser is off axis
(x̄0 ≠ 0), laser centroid oscillations are assumed to be
much slower than betatron oscillations, so that η ≃ 1. Also
assumed is

ω̄
γ0

γ
≪ jω2

β − ω̄2j: ð18Þ

This nonresonance assumption is similar to the WKB
approximation for a driven harmonic oscillator (see
Appendix B). We emphasize that this is a strong
assumption when studying acceleration up to 1 TeV, as
ωβ ≫ ω̄ in the first stages while ωβ ≪ ω̄ in the last stages.
However, as shown in the last section of this article,
emittance growth occurs in the first few stages of a chain
of accelerators, where this approximation is valid.
An electron beam is assumed to have Gaussian distri-

butions in position transversally (x and y) and momentum
(ux, uy, and uz), and the same notations are used as in the
previous section. The beam still has a uniform distribution
longitudinally. The beam is assumed to have a narrow
energy spread σγ ≪ Γ. The beam width σx ¼ hx2i1=2,
normalized transverse momentum spread hu2xi1=2, and
position-momentum correlation hxuxi along the x direction
required to calculate the beam emittance ϵx are, respec-
tively, given by

2

�
γ

γ0

�
1=2

hδx2i ¼ þ½ðX0 −Hκx̄0Þ2 þ σ2x0� ×
�
1þ cos

�
2

Z
Ωβ

�
e−4ν

2t2
�

þ c2σ2ux0
Γ2
0Ω2

β0

×

�
1 − cos

�
2

Z
Ωβ

�
e−4ν

2t2
�
− ðX0 −Hκx̄0Þ2e−2ν2t2 ×

�
1þ cos

�
2

Z
Ωβ

��
;

2

�
γ

γ0

�
1=2 c2

γ2Ω2
β

hδu2xi ¼ þ½ðX0 −Hκx̄0Þ2 þ σ2x0� ×
�
1 − cos

�
2

Z
Ωβ

�
e−4ν

2t2
�

þ c2σ2ux0
Γ2
0Ω2

β0

×

�
1þ cos

�
2

Z
Ωβ

�
e−4ν

2t2
�
− ðX0 −Hκx̄0Þ2e−2ν2t2 ×

�
1 − cos

�
2

Z
Ωβ

��
;

2

�
γ

γ0

�
1=2 c

γΩβ
hδxδuxi ¼ −½ðX0 −Hκx̄0Þ2 þ σ2x0� × sin

�
2

Z
Ωβ

�
e−4ν

2t2

þ c2σ2ux0
Γ2
0Ω2

β0

× sin

�
2

Z
Ωβ

�
e−4ν

2t2 þ ðX0 −Hκx̄0Þ2e−2ν2t2 × sin

�
2

Z
Ωβ

�
; ð19Þ

where

νðtÞ ¼ 1 − ð1þ τÞ−1=2ffiffiffi
2

p
τ

Ωβ0σγ0
Γ0

; ð20Þ

with

τ ¼ Γ0
0t
Γ0

: ð21Þ

The saturated value for the emittance is

ϵx;sat ¼
Ωβ0Γ0

2c
×

�
ðX0−Hκx̄0Þ2þσ2x0 þ

�
cσux0
Γ0Ωβ0

�
2
�
; ð22Þ

which is the same expression as in the previous case
Eq. (12) with initial values of the average Lorentz factor
and betatron frequency. One can verify that Eq. (11) can be
derived from Eq. (20) in the limit τ → 0.
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All the above expressions for x, ux, hδx2i, hδu2xi, and
hδxδuxi were compared to results from a test-particle code
assuming a constant accelerating force and constant linear
focusing force and show perfect agreement when the laser
is on axis. Good agreement is also found when the
nonresonance assumption Eq. (18) is not strictly satisfied.
This procedure could also be applied to derive the projected
emittance.
Overall, in the presence of misalignment, the emittance

grows from initial value ϵx0 to saturated value ϵx;sat with
growth rate νðtÞ. The saturated emittance depends on the
distance between the laser axis and beam axis. The growth
rate is proportional to the relative energy spread σγ=Γ, and
the emittance reaches a significant fraction of the saturated
value at the end of a plasma stage with length L if
σγ=Γ≳ λβ=L.

IV. NUMERICAL SIMULATIONS

This section presents results of PIC simulations of the
physical conditions of Sec. II. It provides a comparison
with expressions presented in Sec. III. In particular, PIC
simulations are presented where (i) the laser pulse is on axis
and the electron beam is off axis (x̄0 ¼ 0, X0 ≠ 0) and
(ii) the laser pulse is off axis and the electron beam is
aligned with the laser pulse (x̄0 ≠ 0, X0 ¼ x̄0). Note that
emittance degradation due to the plasma inhomogeneity
was enhanced in this study by injecting the electron beam
in the second bucket of the wake and can be reduced by
injecting the beam into the first bucket. This enhancement
can be understood by considering the factor ζ in Eq. (4),
which is ≃λp0 in the first bucket and ≃2λp0 in the second
bucket.

A. Electron beam off axis

Figures 5(a) and 5(b) show, respectively, the projected
and slice emittance along propagation in the same con-
ditions as Fig. 2, i.e., in a typical GeV-scale LPA stage,
from PIC simulations. The final emittance for a beam
initially on axis is ϵx ≃ 1 mmmrad, and transverse mis-
alignment can have dramatic impact: A 1 μm (5 μm) offset
results in a 2× (10×) factor on the final emittance
degradation. Similar trends are observed for projected
and slice emittance. Theoretical predictions are shown in
Fig. 5(c), in fairly good agreement with the PIC simulation
results for a transverse offset up to 10 μm, where simu-
lations show that the transverse fields depend linearly on x.
For larger offsets x0 ¼ 20–30 μm, the emittance grows
faster in the PIC simulations, because the beam interacts
with regions where the transverse fields are nonlinear,
which is not described in the model.
For simplicity, in computing the bunch emittance starting

from the second-order moments given by Eqs. (19), several

approximations were made. First, Eð0Þ
x and Eð1Þ

x were
evaluated at their peak value, i.e., neglecting dependency

on ζ. The model does not include two effects that occur in
the simulation: (i) The electron beam experiences longi-
tudinal dephasing with respect to the wake, and (ii) the laser
pulse width oscillates around the matched value, which in
turn results in oscillations of the wake structure as well as
laser width w and amplitude a0. Both effects are neglected
in the theory, and the electron beam is assumed to
experience constant forces, taken from the tightest focus
in the simulations a0 ¼ 1.4 and w ¼ 45 μm. Furthermore,
the interaction takes place in the quasilinear regime, and
magnetic force is neglected (the magnetic force is 5 times
smaller than the electric force in this study). The absolute
energy spread within each slice is assumed to be constant to
its initial value, and the beam mean energy Γ is taken from
the simulation.
Even with these approximations, the model reproduces

well the evolution of slice emittance along propagation as
long as X0 < 10 μm. For higher values of initial displace-
ment X0, the theory breaks down, as jx − x̄j ≪ w0 is no
longer valid. Note that here we examined a higher
offset than what is achievable in experiments, where the
electron beam and the laser pulse can routinely satisfy
jX0j; jx̄0j≲ ð1–5Þ μm, where the theory gives very good
predictions.

(a)

(b)

(c)

FIG. 5. Emittance growth along propagation due to electron
beam misalignment. The initial transverse beam offset X0

between 0 and 30 μm. The laser pulse propagates on axis.
Simulation conditions are given in Table I. (a)–(c) show the
projected emittance in PIC simulations, slice emittance in PIC
simulations, and theoretical predictions for the slice emittance,
respectively.
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B. Laser pulse off axis

The case where the laser is off axis and the electron beam
starts with the same offset, namely, x̄0 ¼ 5 μm and
X0 ¼ x̄0, is considered in Fig. 6(a). This is of interest,
because it gives the lowest final emittance achievable for a
given laser offset. PIC simulations performed showed that
X0 ≠ x̄0 results in a higher final emittance than X0 ¼ x̄0 for
a given x̄0. Hence, this gives a lower bound to emittance
growth for a given laser offset. The top subplot in Fig. 6(a)
shows the transverse position of the laser pulse centroid and
the average transverse position of the electron beam and
shows that the beam follows the laser pulse oscillations
(here, ωβ=ω̄ ≃ 5). The bottom subplot in Fig. 6(a) shows
the emittance growth in these conditions. Figure 6(b) shows
the same plots for a larger initial offset x̄0 ¼ 20 μm. Here,
again, the theory reproduces well the slice emittance. In
both cases, the emittance growth is mostly due to the field
deformation [factor κ in Eq. (12)]. Note that Eq. (12)
suggests that emittance growth when the laser pulse is off
axis could be considerably reduced by satisfying the
condition X0 ¼ ηκx̄0. This is, however, not achievable in
a realistic case, as κ evolves significantly in the presence of
longitudinal dephasing with respect to the wakefield.

C. Resonance, when ωβ ≃ ω̄

Equation (9) shows that η diverges when the resonance
condition is satisfied ωβ ¼ ω̄, i.e., when the betatron
frequency equals the frequency of laser centroid transverse

oscillations. In this case, one can solve the equations of
motion for an electron [Eq. (15)] assuming the beam energy
is constant, xðtÞ ∝ t sinðωβtÞ, such that the amplitude of
transverse oscillations grows linearly. An example is shown
in Fig. 7, where the laser and plasma parameters were kept
constant and the electron Lorentz factor was increased to
roughly satisfy the resonance condition. One can see that
the electron beam starts to resonate and escapes the
wakefield after half an oscillation (the model assumes
the wake has an infinite width and does not capture the
beam escape, which explains the discrepancy for
z > 10 cm). This is somehow an extreme case, as the
initial offset of 20 μm is much greater than what is expected
in near-future high-repetition rate laser facilities.

D. Effect of energy spread

Figure 8 shows the emittance growth for several values
of the initial energy spread. As expected, the higher the
initial energy spread, the faster the convergence to the
saturated emittance value, when each slice has reached full
decoherence. Hence, full decoherence is reached after
15 cm for a 10% energy spread and after 30 cm for a
5% energy spread. Again, the model reproduces well the
trends observed in the simulations.

E. Emittance growth in x and y directions

Previous considerations were given for electron beam
and laser pulse misalignment in the x direction only. In the
model derivation, ϵx is assumed to depend on misalignment
in the x direction only, and, accordingly, ϵy is assumed to
depend on misalignment in the y direction only. The lack of
coupling between orthogonal transverse directions is
shown in Fig. 9, in the presence of both laser pulse and
electron beam misalignment. Laser misalignment is intro-
duced in the x direction: x̄0 ¼ 10 μm. In Fig. 9(a), two
electron beams are injected with X0¼10 and 12 μm,
respectively, and Y0¼0μm.Beams have differentX0; hence,
they have different final emittance in the x direction ϵx.

(a)

(b)

FIG. 6. Emittance growth along propagation due to laser pulse
misalignment. (a) The top panel shows the transverse position of
the laser pulse (black line) and electron beam (red line). The
initial pulse offset is x̄0 ¼ 5 μm, and the electron beam starts with
X0 ¼ x̄0. The electron beam follows the laser centroid oscilla-
tions. The bottom panel shows the projected and slice emittance
along with the theory for slice emittance. (b) shows the same
quantities for x̄0 ¼ X0 ¼ 20 μm.

FIG. 7. Beam resonance with ωβ ≃ ω̄. The green line shows the
laser pulse centroid position, and other lines show the transverse
position of different slices of the electron beam. The black dashed
line shows the theory for the beam position when the resonance
condition is met. Simulation conditions are given in Table I, except
the initial beam energy Ebeam ¼ 156 GeV. The initial transverse
position of the laser pulse and electron beam is x̄0 ¼ X0 ¼ 20 μm.
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Yet, they have the same Y0, and they have the same ϵy.
Note that ϵy is the same for x̄0 ¼ 0 μm and x̄0 ¼ 10 μm.
Figure 9(b) shows similar results, where electron beams have
the same X0 and different Y0. In this case, both beams have

the same ϵx and different ϵy. As could be expected from
noncoupling of transverse coordinates, emittance growth in
the x and y directions is independent. Hence, the model
presented in Sec. III can be used along direction x or y
independently.

V. PASSIVE PLASMA LENS TO MITIGATE
EMITTANCE GROWTHDUE TOMISALIGNMENT

Using Eq. (12), the saturated emittance, for νt ≫ 1, is

ϵx;sat ¼
ΩβΓ
2c

ðX0 − ηκx̄0Þ2; ð23Þ

where the contributions of the beam width and divergence
were neglected, i.e., σx;0 ≪ X0; x̄0 and cσθ;0=Ωβ ≪ X0; x̄0.
Moreover, nonlinearities in the transverse field are assumed

to be small, Eð1Þ
x ≪ Eð0Þ

x , so that η ≃ 1 and κ ≃ 1. In this
case, the saturated value for the emittance is proportional to
the distance between the initial laser pulse and the initial
electron beam positions jX0 − x̄0j. Hence, minimal emit-
tance growth is obtained when the electron beam enters the
stage behind the laser X0 ¼ x̄0, as was studied in Fig. 6. For
a given laser offset, the emittance growth can be reduced by
adiabatically (i.e., with displacements much slower than the
betatron frequency) positioning the electron beam behind
the laser pulse.
We propose to use a passive plasma lens [35,36] at the

entrance of the plasma stage to position the electron beam
on the laser pulse axis. A low-density few-millimeter
plasma jet was introduced before the accelerator stage to
serve as a plasma lens: The transverse force in the laser
wake kicks the electron beam to bring it close to the laser
axis. For the sake of simplicity, this scheme is tested with a
collimated electron beam σθ;0 ¼ 0. The plasma lens density
was scanned, and the effect of the plasma lens is shown in
Fig. 10. The optimal density does not depend on the initial
transverse displacement. The left column shows the beam
transverse position, the projected emittance, and the slice
emittance along propagation without a plasma lens, and the
right column shows the same quantities when a plasma lens
was used. Different colors represent for different initial
beam positions while the laser pulse starts on axis. The top-
right panel shows that the electron beam is brought on axis
by the plasma lens. As the transverse force in the wake is
linear, the position at which the electron beam reaches
x ¼ 0 does not depend on the initial position. Using a
plasma lens significantly reduces the emittance growth for
all initial transverse positions. More specifically, in the
absence of misalignment (x0 ¼ 0), the plasma lens focuses
the electron beam at the entrance of the plasma channel,
which reduces the emittance [second term in square
brackets in the rhs of Eq. (12)]. In the presence of
misalignment, the dominant term in Eq. (12) is the first
term in the rhs square bracket; using a plasma lens reduces
this term and improves the emittance. An alternative is to

(a)

(b)

(c)

FIG. 8. Emittance growth for various energy spreads. Simu-
lation conditions are given in Table I. The laser pulse propagates
on axis, and the electron beam starts with a 10 μm transverse
offset. (a)–(c) show, respectively, the PIC projected emittance, the
PIC slice emittance, and the theory for slice emittance. The
energy spread is 2.5%, 5%, and 10%, respectively.

(a)

(b)

FIG. 9. Growth of slice emittance ϵx and ϵy in both transverse
directions x and y along propagation in the presence of laser pulse
and electron beam misalignments from Warp simulations. The
simulation conditions are given in Table I. The laser pulse initial
position is x̄0 ¼ 10 μm. (a) Two electron beams start with X0 ¼
10 μm and X0 ¼ 12 μm, respectively, with Y0 ¼ 0 μm. The ϵy
emittance is the same for both beams. (b) shows the same result
for beams with the same X0 ¼ 10 μm and with Y0 ¼ 0 and 2 μm,
respectively. In this case, both beams have the same ϵx emittance
evolution.
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taper the entrance of the LPA stage with a smooth plasma
density ramp.

VI. IMPACT FOR A 1 TEV STAGED LPA

In this section, we consider the impact of misalignment
on the design of a staged LPA made of N identical stages of
acceleration with ΔE ¼ mec2ΔΓ each. The emittance at the
entrance of each stage is assumed to be the one at the end of
the previous stage, and the beam is matched at the entrance
of each stage.
The exact evolution of the beam properties depends on a

large number of parameters. The beam emittance would, in
particular, depend on the beam evolution between stages,
e.g., the propagation distance in free space as well as
potential focusing optics, which are neglected in the scope
of this work, as well as ion motion [37,38], beam or laser
hosing, and cavitation. Since emittance growth in the x and
y directions is independent, as shown in Fig. 9, beam
displacement is considered in the x direction.

A. A TeV staged LPA with 1-m stages

In this section, the impact of beam misalignment on the
design of a 1 TeVelectron accelerator made of 100 stages of
10 GeV accelerators is investigated. The laser and plasma
parameters are those used in Table I, except the plasma
length Lstage ¼ 1 m, the initial beam energy is 10 GeV, and

the laser normalized amplitude is a0 ¼ 1. The initial beam
emittance is 10−3 mmmrad. The characteristic length for
emittance growth due to misalignment is given by
Lgrowth ¼ c=2ν, and the saturated value of emittance is
given by ϵx;sat ¼ ΩβΓX2

0=ð2cÞ.
Results are shown in Fig. 11. Figure 11(b) shows Lgrowth

within each stage. As the beam energy increases, the
characteristic length for emittance growth becomes increas-
ingly large, growing much larger than the stage length, after

FIG. 10. Beam properties along propagation without a plasma
lens (left) and with a plasma lens (right) from Warp simulations.
Subplots show, from top to bottom, the transverse position,
projected emittance, and sliced emittance. This image shows
numerical results only; the model is not applied here. Colors
stand for various initial beam transverse positions. Simulation
conditions are given in Table I, where the plasma starts at
z ¼ 2 cm. The plasma lens has an eighth-order super-Gaussian
longitudinal profile with center zlens ¼ 2 mm, length Llens ¼
2.9 mm FWHM, and peak density nlens ¼ 5.5 × 1015 cm−3.

(a)

(b)

(c)

(d)

FIG. 11. Effect of misalignment on each stage of a 1 TeV
collider for a beam with initial emittance ϵx0 ¼ 10−3 mmmrad.
(a) Energy at the end of each stage. (b) Characteristic length for
emittance growth due to phase mixing in the presence of
misalignment within each stage Lgrowth ¼ c=2ν. Cases of 0.1,
1, and 10 GeV energy spread, i.e., 0.01%, 0.1%, and 1% of the
final energy, respectively, were considered. The bottom dashed
line shows the stage length Lstage. The top dashed line shows
5 × Lstage. When Lgrowth > 5 × Lstage, the beam is rigid and the
emittance does not evolve within each stage. (c) Saturated value
for the emittance given by Eq. (23) for different values of initial
offsets. The beam enters each stage with the same offset X0. The
laser propagates on axis. (d) Emittance at the end of each stage
given by Eq. (23), for x̄0 ¼ 0 and two values of energy spread.
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which the emittance is roughly constant within each stage.
A low energy spread is crucial in the very first stages of a
chain of LPAs, as this is where emittance growth occurs.
Figure 11(c) shows the saturated emittance in each stage

given by Eq. (23), i.e., the value the beam emittance would
reach in each stage if Lstage ≫ Lgrowth. The transverse laser
offset was varied between 1 μm (achievable for current
laser systems) down to 100 nm (expected for near-future
systems with a higher repetition rate [23]).
Again, this plot shows how dramatic beam degradation

can be when Lgrowth is small, i.e., when the relative energy
spread is large. Figure 11(d) shows the calculated beam
emittance at the entrance of each stage. While beam quality
can be preserved with a sufficiently low energy spread, the
beam can endure severe degradation with a 1 GeV energy
spread, assumed constant along the LPA chain.
Finally, we emphasize that the model for emittance

growth when the laser is off axis is valid provided that
Eq. (18) is satisfied, which is when the betatron frequency
is far from resonance with the frequency of laser transverse
centroid oscillations. Assuming ωp0 ≫ ω̄ and considering
the first stages of a chained LPA, this condition reads
Γ ≪ π2a20ω

2
0=ω

2
p0. On the other hand, emittance growth

within a stage is negligible provided that Lgrowth ≫ Lstage,

which can be expressed as Γ ≫
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4=2πa0

p ffiffiffiffiffiffiffiffiffiffiffi
σγΔΓ

p
, where

ΔΓ is the increase of the beam Lorentz factor within a
stage. Combining these equations, and taking a0 ¼ 1, the
model can be used to predict emittance growth in the whole
chain of LPAs provided that

σγ ≪
150

ΔΓ

�
ne
nc

�
−2
: ð24Þ

With the physical parameters presented in Table I, the
condition on the energy spread reads σE ≪ 300 GeV,
which is easily satisfied, so that the model can effectively
predict emittance growth in the whole chain in the presence
of laser misalignment.

B. General considerations

The matching condition Eq. (13) gives Eq. (14), which
can be written as

ϵx;sat ¼
�
1þ δX2

0

2

�
ϵx0; ð25Þ

where δX0 is the relative misalignment

δX0 ¼
X0 − ηκx̄0

σx0
ð26Þ

at the entrance of each stage (note that σx0 ∝ γ−1=4 depends
on the stage, and its final value can be below 100 nm).
Offsets are assumed to be small, so that field deformation

can be neglected κ ≃ 1 and stages far from resonance are
considered, so that η ≃ 1. In this case, the emittance growth
depends only on the relative offset between the laser pulse
and the electron beam X0 − x̄0, which justifies the use of a
plasma lens presented in Sec. V.
The emittance evolves from initial value ϵx0 to saturation

value ϵx;sat as e−ν
2t2 . Following the scaling laws for the

linear regime in Ref. [2] and assuming that (i) the stage
length is determined by the dephasing length Lstage ¼
Ldeph ¼ λ3p0=ð2λ20Þ and (ii) the laser pulse width is of the
order of the plasma wavelength w ≃ λp0, the emittance
growth within each stage is determined by Eq. (25) and

Lstage

Lgrowth
¼

� ffiffiffi
α

p

2
ffiffiffi
2

p
πa0

�
σγΔΓ
Γ3=2 ∼ σrelγ ΔΓrelΓ1=2; ð27Þ

where σrelγ ¼ σγ=Γ is the relative energy spread and ΔΓrel ¼
ΔΓ=Γ is the relative acceleration within each stage. The
emittance at the end of the stage ϵxf is ϵxf ¼ ϵx0 if Lstage ≪
Lgrowth and ϵxf ¼ ϵx;sat if Lstage ≫ Lgrowth. The first factor
on the rhs of Eq. (27) is on the order of unity for LPAs in the
quasilinear regime.
The beam energy after stage n is Γ0 þ nΔΓ. In the

regime σγΔΓ ≪ Γ3=2
0 , emittance growth occurs mostly in

the first stage, and the relative emittance growth within the
whole staged LPA is ≲δX2

0. This is the regime where a
chain of LPAs for a staged LPA would best operate.
In the regime σγΔΓ > Γ3=2

0 , emittance growth occurs in
several stages, and a simple estimate for the emittance
growth in the full accelerator chain is given by
ϵxf ¼ nsat × ϵx;sat, where nsat is the stage number for which
Lstage ¼ Lgrowth. Assuming all stages have the same relative
offset (alternatively, random error could be assumed), the
final emittance is

ϵxf ¼
�
1þ δX2

0

2

�
nsat

ϵx0; ð28Þ

with

nsat ¼
σ2=3γ ΔΓ2=3 − Γ0

ΔΓ
: ð29Þ

The model presented in Sec. III was used to predict
emittance growth due to misalignment in a given LPA
chain operating with a0 ¼ 1 and Lstage ¼ 1 m. Figure 12
shows the final emittance as a function of the absolute
transverse offset and the energy spread. The dashed line
shows ϵxf ¼ 10−2 mmmrad, which is considered as a
reference value at the interaction point [39]. In practice,
there is a trade-off between acceptable transverse offset and
energy spread: A 1 GeV energy spread requires transverse
alignment to a precision of 100 nm, while a 100 MeV
energy spread relaxes this constraint to 1 μm.
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Figure 13 shows the counterpart of Fig. 12: The
tolerance on misalignment is shown as a function of the
LPA chain parameters (beam initial energy and length of
each stage) for given beam parameters at the end of the

chain. Increasing the length of each stage (even up to an
extreme value of 100 m) has little effect on the tolerance,
while increasing the initial energy greatly loosens the
requirements on absolute alignment.

VII. DISCUSSION AND CONCLUSIONS

Several assumptions were made throughout this work
and will require further investigations in the design of a
staged LPA reaching TeV energy. First, beam loading was
neglected, though it will play a role for efficient LPA
stages. Second, the beam propagation between two con-
secutive stages was not considered, while it can lead to
emittance growth or be used to insert beam-cleaning optics.
Third, the collider model assumed no correlation at the
entrance of each stage hxuxi ¼ 0. Finally, nonlinearities
(including electron cavitation and ion motion) were omit-
ted. Within this scope, the model presented above provides
a quantitative analysis of beam degradation due to mis-
alignment and emphasizes the importance of beam and
laser control in the first few stages. Improving the beam
quality may rely on other techniques, including density
tapering. Besides, misalignment of laser pulse of electron
beam is likely to result in aggravated misalignment in the
consecutive stage, so a stabilizing technique may be
required. The study presented above focuses on a chain
of identical LPAs, but optimization may require varying
LPA stage parameters along the chain. Furthermore,
developments similar to Sec. III A could be used to assess
emittance growth due to misalignment in transport lines
between stages, which could also be a significant source of
beam degradation in the LPA chain.
This article describes how beam and/or laser misalign-

ment results in emittance growth in the presence of a finite
energy spread. This class of effects has been described in
the literature of conventional accelerators, in terms of
filamentation due to chromaticity. Nevertheless, the main
results of this article, the expressions for saturated emit-
tance (22) and growth rate Eq. (20) with beam acceleration,
have not been published yet, to the best of our knowledge.
Equation (14) of Ref. [15], referring to Ref. [40], describes
the saturated emittance in the absence of beam acceleration
and is the same as Eq. (14).
As a conclusion, this article presents a detailed analysis

of beam degradation occurring in an LPA stage in a plasma
channel when the electron beam and/or the laser pulse
enters the stage off the plasma channel axis. A model is
presented for emittance growth without beam loading and
is found to be in good agreement with particle-in-cell
simulations. Apart from the electron beam and laser pulse
offsets, the energy spread is shown to be a critical
parameter, as the emittance growth rate is directly propor-
tional to the energy spread. When the laser pulse enters the
LPA stage with an offset, we propose to use a passive laser-
plasma lens at the entrance of the stage to adiabatically
position the electron beam behind the laser pulse, hence

FIG. 12. Model projection for the final transverse emittance at
the end of a 1 TeV collider with initial emittance ϵx0 ¼
10−3 mmmrad as a function of the initial transverse offset and
initial absolute energy spread. The initial beam width is 26 nm.
Scaling laws presented in Ref. [2] were used, so that using
Lstage ¼ 1 m and a0 ¼ 1 sets all other parameters. The chain
contains 71 stages. The initial laser width verifies w ¼ λp0. The
initial beam energy is 10 GeV. The dashed line shows
ϵxf ¼ 10−2 mmmrad, which is considered as a reference value
at the interaction point [39].

FIG. 13. Model projection for the tolerance on absolute beam
displacement assuming the final beam emittance is ϵxf ¼
0.01 mmmrad as a function of the stage length and initial energy.
The absolute energy spread is constant to 1 GeV, and the initial
beam emittance is ϵx0 ¼ 10−3 mmmrad. Following the scalings in
the linear regime for a0 ≲ 1 fromRef. [2], the energy gain per stage
is ∝ L2=3

stage, so that Lstage ¼ 1 m corresponds to a chain of 70 LPAs
and Lstage ¼ 100 m corresponds to a chain of four LPAs.
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dramatically reducing the emittance growth in the stage.
Finally, the model is applied to estimate the emittance
growth due to misalignment in a chain of LPA accelerators,
which highlights the requirements on laser pointing sta-
bility as well as energy spread.
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APPENDIX A: WAKE DEFORMATION

In this Appendix, expressions for the fields in the laser
wake are derived when the laser pulse propagates off axis in
the capillary. All calculations are performed in the x–z
plane for simplicity, and the Coulomb gauge is used. The
LPA is assumed to operate in the linear regime, so that the
transverse force is given by E⊥ ¼ ð−mec=eÞ∇ψ, where ψ

is the wake pseudopotential ψ ¼ ϕ̃ − az, where ϕ̃ is the
normalized electrostatic potential, obtained from the
electrostatic potential ϕ by ϕ̃ ¼ eϕ=ðmec2Þ, and az is
the z component of the normalized vector potential.
Assuming the channel is wide (w ≪ Rc), the pseudopo-
tential is given by

ψ ¼ α
a20
4
sinðkpζÞe−2ðx−x̄w Þ2 ; ðA1Þ

where α is the coupling coefficient between the laser pulse
and the plasma wave given in Sec. III. The plasma channel
is assumed to have a parabolic transverse profile given by
Eq. (1). Assuming small transverse displacement, i.e.,
x; x̄ ≪ k2p0R

4
c, the transverse electric field Ex reads

Ex ¼ −
αmec2a20

4e

�
ð∂xkpÞζ cosðkpζÞ

− 4
x − x̄
w2

sinðkpζÞ
�
; ðA2Þ

where ∂x stands for ∂=∂x. A Taylor expansion of kp and
∂xkp near the center of the capillary gives

Ex ¼ −
mec2

e
αa20

�
cosðkp0ζÞ

�
xζ

kp0R4
c
cos

�
2x2ζ
kp0R4

c

�
−
x − x̄
w2

sin

�
2x2ζ
kp0R4

c

��

− sinðkp0ζÞ
�

xζ
kp0R4

c
sin

�
2x2ζ
kp0R4

c

�
þ x − x̄

w2
cos

�
2x2ζ
kp0R4

c

���
: ðA3Þ

The approximations x; x̄ ≪ w ≪ k2p0R
4
c yield

Ex ¼ −
mec2

e
αa20

�
−
x − x̄
w2

sinðkp0ζÞ

þ x̄ζ
kp0R4

c
cosðkp0ζÞ

�
; ðA4Þ

the result given in Eqs. (3) and (4).

APPENDIX B: ELECTRON ORBITS

In the linear regime, the equation of motion for an
electron in the laser wake is

du
dt

¼ −
e

mec
E: ðB1Þ

We hereafter consider the motion of an electron in constant
fields so that effects like dephasing are neglected ζ ¼ const.
Prime symbols stand for time derivatives, and the deriva-
tion uses complex notations. Assuming (i) the electron

travels with uz ≫ 1 and (ii) the electron travels close to the
laser axis x ≪ w, the equations of motion are

γ0 ¼ −
αa20
4

ωp0 cosðkp0ζÞ; ðB2Þ

x00 þ γ0

γ
x0 þ ω2

βx ¼ ω2
βκx̄0e

iω̄t: ðB3Þ

Equation (B2) yields constant acceleration γ0 ¼ const,
while Eq. (B3) yields damped (betatron) oscillations
(lhs) with a driver at the frequency of transverse laser
centroid oscillations (rhs), ω̄.
The homogeneous equation in χ with x ¼ χei

R
ωβ is

χ00 þ
�
γ0

γ
þ 2iω̄

�
χ0

þ
�
γ0

γ
iω̄þ ω2 − ω̄2

�
χ ¼ ω2x̄0eiω̄t: ðB4Þ

Doing two WKB-like approximations γ0=γ ≪ ω̄ and
ω̄γ0=γ ≪ jω2 − ω̄2j, the first element in each bracket is
neglected. Two independent solutions are given by
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f1ðtÞ ¼
�
γ0
γ

�
1=4

eþi
R

ωβ ; ðB5Þ

f2ðtÞ ¼
�
γ0
γ

�
1=4

e−i
R

ωβ : ðB6Þ

A solution to Eq. (B3) can be found by inserting a solution
of the form x ¼ x1f1 þ x2f2 into the equation. It yields

x01f
0
1 þ x02f

0
2 ¼ ω2

βκx̄0e
iω̄t; ðB7Þ

x01f1 þ x02f2 ¼ 0; ðB8Þ

with solutions

x1 ¼ −
�
γ0
γ

�
1=4

κx̄0
ωβ

2ðω̄ − ωβÞ
eiω̄t−i

R
ωβ ; ðB9Þ

x2 ¼ þ
�
γ0
γ

�
1=4

κx̄0
ωβ

2ðω̄þ ωβÞ
eiω̄tþi

R
ωβ ; ðB10Þ

and

x ¼ κx̄0ηeiω̄t: ðB11Þ

The orbit of an electron is

x ¼ C1

�
γ0
γ

�
1=4

ei
R

ωβ þ ðB12Þ

C2

�
γ0
γ

�
1=4

e−i
R

ωβ þ ηκx̄0eiω̄t; ðB13Þ

ux ¼
iωβC1

c
γ1=40 γ3=4ei

R
ωβ − ðB14Þ

iωβC2

c
γ1=40 γ3=4e−i

R
ωβ þ ηκ

ix̄0 ω̄ γ

c
eiω̄t; ðB15Þ

where C1 and C2 are constants. Solving for initial con-
ditions xðt ¼ 0Þ ¼ x0 and uxðt ¼ 0Þ ¼ ux0 gives Eq. (17).
Parts of this demonstration can be found at the beginning of
chapter 5 in Ref. [41].

APPENDIX C: BEAM QUANTITIES FOR
EMITTANCE

Starting from the orbits of a single electron Eq. (17), the
average properties of a set of electrons given in Eq. (19) are
derived in this Appendix. The variables x, ux, γ, and ωβ are
the transverse position, transverse normalized momentum,
Lorentz factor, and betatron frequency of an electron,
respectively. Capital letters Q ¼ hqi stand for average over
all particles in the beam, where q represents any electron
quantity. Notation hi stands for the average over the set of
electrons. We also use notation δq ¼ q −Q. The beam is

assumed to have Gaussian distributions in position trans-
versally (x and y) and momentum (ux, uy and uz), and (rms)
width of quantity q is denoted by σq ¼ hq2i1=2. Initial
values are denoted by subscript 0.
Assuming the accelerating field Ez is constant along the

propagation of an electron, one has γðtÞ ¼ γ0 þ γ00t, where
γ00 is the constant accelerating gradient, and the phase of
betatron oscillations can be calculated as

Z
t

0

ωβðTÞdT ¼
Z

t

0

ωβðTÞdT ¼ ω̃βðtÞt ðC1Þ

with

ω̃βðtÞ ¼ 2
ð1þ τÞ1=2 − 1

τ
ωβ0; ðC2Þ

where τ ¼ γ00t=γ0. All electrons in the set are assumed to
experience the same accelerating field γ00 ¼ Γ0

0, so that the
absolute energy spread remains constant along propaga-
tion σγ ¼ σγ0.
Furthermore, the energy spread is assumed small

σγ ≪ Γ. This has two consequences: First, τ can be
approximated as τ ¼ Γ0

0t=Γ0, and, second, the ω̃β distri-
bution remains roughly Gaussian with an average value and
rms width given, respectively, by

Ω̃β ¼ hω̃βi ¼ 2
ð1þ τÞ1=2 − 1

τ
Ωβ0; ðC3Þ

σω̃β
¼ hω̃2

βi1=2 ¼
1 − ð1þ τÞ−1=2

τ

Ωβ0σγ0
Γ0

: ðC4Þ

One can then calculate phase mixing terms

	
cos

Z
ωβ



¼ e−ν

2t2 cos
Z

Ωβ; ðC5Þ

	
sin

Z
ωβ



¼ e−ν

2t2 sin
Z

Ωβ; ðC6Þ

where ν ¼ σω̃β
=

ffiffiffi
2

p
is the phase mixing rate. With these

quantities, it is straightforward to derive average values. For
example, the average position is given by

XðtÞ ¼
�
Γ0

Γ

�
1=4

½X0 − ηκx̄0�e−2ν2t2 cos
Z

Ωβ

þ
�
Γ0

Γ

�
1=4 Ux0c

Γ0Ωβ
e−2ν

2t2 sin
Z

Ωβ: ðC7Þ

Equations (19) are then obtained by computing
δx ¼ x − X, performing the averaging hδx2i, and repeating
for ux.
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